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1. Introduction

In the economics literature two approaches to characterize scale economies are established
(Färe et al. (1988), Forsund (1995)). The first is the neoclassical - production (cost) function
based - approach (see, e.g., Frisch (1965)). The second is the axiomatic approach (see, e.g.,
Shephard (1953)). While the first approach generates quantitative scale measures, the second
approach has mainly been devoted to give qualitative information of scale economies.

An estimation method closely related to the axiomatic approach is the non-parametric linear
programming (LP) approach, dubbed as data envelopment analysis (DEA) by Charnes et al.
(1978). In the recent works, efforts have been made to obtain measures of returns to scale that
give quantitative information in addition to the well-established qualitative measures (Banker
et al. (1994), Forsund (1995)).

In the DEA framework, three methods of obtaining qualitative information of scale economies
have been proposed: the scale efficiency-method, the sum of intensity variables-method and
the dual variable sign-method. These three methods involve scale measures that are defined in
terms of LP specifications for Farrell-type (technical) efficiency measures. Two of the
methods utilize the primal LP formulation, whereas the third is defined in terms of the dual LP
formulation. Banker et al. (1994) established the equivalence of these measures.

Elasticity of scale is defined in terms of derivatives of distance functions, or equivalently in
terms of Farrell efficiency measures. One method of estimating elasticity of scale in DEA-
models has been outlined by Banker et al. (1984) and further developed in Banker and Thrall
(1992)). This scale elasticity estimator is defined in terms of the dual efficiency LP problem,
and is based on the ”slopes” of the separating hyperplanes that constitute the envelope of the
data in DEA-models.

The purpose of this paper is to present various earlier established approaches to estimate scale
characteristics of the technology using primal production data, as well as propose an
alternative estimator of the scale elasticity based on the primal efficiency problem. Another
purpose is to compare the different methods using an illustrative example.

The paper unfolds as follows: section 2 describes the production technology and alternative
ways to characterize returns to scale properties. Section 3 contains a short description of
DEA-models and section 4 presents established estimators of returns to scale in DEA-models.
Section 5 continues with a derivation of an alternative scale elasticity estimator. The
alternative approaches to estimate scale properties are compared using a small dataset in
section 6. Section 7 concludes the paper with a summary.

2. Production technology and returns to scale

In this paper we consider measures of returns to scale for multiple-input, multiple-output
technologies. Let x R N∈ +  denote a vector of inputs used by a decision making unit (DMU) in

the production of y R M∈ +  outputs. In an input-based setting, where the output quantities are
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taken as given and inputs are the choice variables, the production technology can be described
by the input requirement set, defined as

( ) { }L y x x can produce y= : . (1)

For the rest of the paper we assume that the technology satisfies the following set of axioms:
1) inactivity is allowed, 2) ”free lunch” is not allowed, 3) strong disposability of inputs and
outputs and 4) the input requirement set is a compact and convex set. See, e.g., Färe (1988)
for a thorough discussion of these axioms.

A scalar valued representation of the technology, in terms of the input requirement set, is
given by the input distance function (Shephard (1953)),

( ) ( )D x y
x

L yi , max := ∈







θ
θ

. (2)

The input distance function is equal to the inverse of the technical efficiency measure
proposed by Farrell (1957),

( ) ( ){ }F x y x L yi , min := ∈λ λ . (3)

The efficiency measure takes on values less than or equal to unity for a feasible input bundle.
Values equal to one indicate technical efficiency and values less than one indicates technical
inefficiency. Technical efficiency is gauged relative to the isoquant of the input requirement
set defined as

( ) ( ) ( ){ }Isoq L y x x L y x L y = ∈ ∉ <: , ,µ µ 1 . (4)

Consequently, the (input) distance function takes on values greater than or equal to one, with
an equivalent interpretation visa-vis the isoquant of the input requirement set.

Returns to scale

Global measures of returns to scale can be given in terms of ( )L y  (see Färe et al. (1994: pp.

32)). If the technology exhibits constant returns to scale (CRS) then

( ) ( )L y L yδ δ δ= >, 0 (5)

and for non decreasing returns to scale (NDRS) the following holds

( ) ( )υ υ υL y L y⊆ >, 1. (6)

Finally, for non increasing returns to scale (NIRS) we have

( ) ( )L y L yυ υ υ⊆ >, 1 (7)
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A local quantitative measure of returns to scale is given by the scale elasticity. In a single
output, multiple input technology, the scale elasticity is defined as

( )
( ) ( )

( )ε
∂ λ

∂ λ
∂
∂λx

f x f x

x

x

f xn

n

n

N

= ==
=
∑ln

ln 1
1

, (8)

where ( )f x denotes a production function. This can be generalized to multiple-output

technologies by the input or output distance function to define the scale elasticity. A multiple
output, multiple input definition of scale elasticity was proposed by Panzar and Willig (1977),
who also presented an input based (primal) measure of scale elasticity. They provided the
following measure of elasticity of scale:

( )
( )

( )ε

∂φ
∂

∂φ
∂

x y

x y

x
x

x y

y
y

n
n

n

N

m
m

m

M
,

,

,
= − =

=

∑

∑
1

1

, (9)

where ( )φ x y, denotes a transformation function. Färe et al. (1988) define the transformation

function as: ( ) ( )φ x y D y xi, ,= − =1 0. This substitution leads to a scale elasticity measure in
terms of the input distance function, given by (Färe et al. (1986: p 178))

( ) ( )
( )

( )
( )ε

∂
∂

i

i

i

mm

M

m

i

y i

y x
D x y

D x y

y
y

D x y

D x y y
,

,

,

,

,
= − = −

∇ ⋅

=
∑

1

. (10)

Since the input-based efficiency measure is the inverse of the distance function, which implies

that 
( )

∂
∂

∂
∂

D

y F

F

y
i

m i

i

m

= − 1
2 , the scale elasticity can be expressed in terms of the input-based

efficiency measure as

( ) ( )
( )

( )
( )ε

∂
∂

i
i

i

m
m

m

M

i

y i

x y
F x y

F x y

y
y

F x y

F x y y
,

,

,

,

,
= =

∇ ⋅

=
∑

1

. (11)

3. Data envelopment analysis

We will restrict attention to piecewise linear technologies to analyze returns to scale for a set
of decision making units (DMU). Consider K DMUs (observations) employing N inputs in the
production of M outputs. Technical efficiency for the K DMUs can be estimated by solving K
linear programming problems for each technology satisfying either CRS, NIRS or variable
returns to scale (VRS). The estimated efficiency for DMU k when the technology is assumed
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to exhibit CRS, in addition to the axioms listed above, is obtained from the solution to the LP
problem

( ) { }$ , | min : , ,
,

F x y CRS y Yz x Xz z Ri k k
z

k k
K= ≤ ≥ ∈ +θ

θ θ , (12)

where Y is a (M×K) matrix of outputs, X is a (N×K) matrix of inputs and z is a K-vector of
intensity variables. The same efficiency measure, but instead with the assumption of NIRS is
obtained from the solution to the LP problem

( ) { }$ , | min : , , ,
,

F x y NIRS y Yz x Xz z z Ri k k
z

k k K
K= ≤ ≥ ′ ≤ ∈ +θ

θ θ 1 1 (13)

where 1K is a K-vector of one’s. Yet another efficiency estimate, which allows for variable
returns to scale (VRS) is estimated by

( ) { }$ , | min : , , ,
,

F x y VRS y Yz x Xz z z Ri k k
z

k k K
K= ≤ ≥ ′ = ∈ +θ

θ θ 1 1 . (14)

All the three efficiency measures are independent of the unit of measurement and the
following nesting property also holds (see Färe et al. (1994: p. 73)):

( ) ( ) ( )0 1< ≤ ≤ ≤$ , | $ , | $ , |F x y CRS F x y NIRS F x y VRSi k k i k k i k k , (15)

with a value less than one indicating technical inefficiency relative to the isoquant of the input
requirement set.

4. Returns to scale in DEA-models

This section presents reviews and presents already established estimators of scale properties in
DEA-models. Two types of returns to scale measures will be considered. In section 4.1 we
present measures that give qualitative information of returns to scale. That is, a DMU is
determined as operating in a) an increasing returns to scale region, b) a decreasing returns to
scale region, or c) the DMU is determined as being scale efficient. The next type of measures,
considered in section 4.2, refers to estimators of the quantitative scale elasticity measure.

4.1. Qualitative measures

The scale efficiency method

One way to identify the nature of returns to scale for a DMU is to use the scale efficiency
measure outlined in, e.g., Färe et al. (1994), chapter 3, for an input-based setting. A strength
of this method is that scale economies can be inferred directly both for efficient as well as for
inefficient DMUs. This method is not restricted to DEA estimations of the efficiency scores
and can thus be employed in other settings as, e.g., parametric methods (see Forsund and
Hjalmarsson (1979)). The input-based scale efficiency measure is defined as
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( ) ( )
( )S x y

F x y CRS

F x y VRS
i

i

i

1 ,
,

,
= (16)

Since ( ) ( )F x y CRS F x y VRSi i, | , |≤ , Si1 satisfies Si1 1≤ . Si1 = 1 (and ( )F x y CRSi , | = 1)

indicates scale efficiency. A DMU with Si1 = 1 is scale efficient in the sense that the input-
output mix is optimal and maximizes the average productivity. Furthermore, the input-output
mix is equally efficient to the CRS as to the VRS technology.

Given Si1 < 1, the input-output mix is not scale efficient, and to determine in what region the
DMU is operating in, another ratio has to be computed. This second ratio consists of the NIRS
input-based efficiency measure and the equivalent CRS-measure. Thus, the ratio

( ) ( )
( )S x y

F x y CRS

F x y NIRS

IRS

DRS
i

i

i

2

1

1

,
,

,
=

= ⇒

< ⇒






(17)

indicates whether the scale-inefficiency is due to a too small output (IRS) or a too large output
(DRS). Following, e.g., Färe et al. (1994), we thus infer increasing returns to scale when

( )S x y Si i2 1 1 1, < = , and decreasing returns to scale when ( )S x y Si i2 1 1 1, < < .

The scale efficiency method is illustrated in Figure 1 below.

 y

   x 

Figure 1.  Single-input, single-output production technology
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The figure contains input-, output- observations for six DMUs. DMUs A, B, C and D are all
technically efficient relative to the VRS technology, although only B and C are scale efficient.
Note that DMU E is also scale efficient, since it is equally inefficient to the VRS- as to the
CRS technology. DMUs A and F are not scale efficient since Si1 < 1 and both are producing
too small outputs, i.e. Si2 = 1. On the other hand DMU D, which is also scale inefficient is
instead producing a too large output, i.e. Si2 < 1.

The figure also highlights the difference between choosing an input-based or an output-based
scale efficiency measure. DMU F is not scale efficient in an input-based model, although it is
scale efficient in an output-based model1. The opposite holds for DMU E, which is not scale
efficient in an output-based setting. The differences occur because the input and outputs are
treated differently in an input-based model compared to an output-based model. The input-
based scale efficiency measure uses contracted input vectors and the scale properties are
conditioned on outputs. For the output-based scale efficiency measure scale properties are
given by expanded output vectors conditioned on inputs. The input-based and the output-
based scale efficiency measures give the same qualitative result for observations located in
regions like i, ii and iii in Figure 1. However, they will give different results for observations
located in all other regions, as example for DMU E and F (c.f. Färe et al. (1994: pp122)).

The next two measures we consider are DEA specific returns to scale measures. The first
measure is defined in terms of the (sum of) intensity variables in the primal CRS LP-problem.
The second measure is defined in terms of a scalar variable in the dual VRS LP-problem.

The sum of intensity variables-method

An equivalent method to the scale efficiency method was introduced by Banker (1984). This
method involves the sum of the intensity variables in the primal CRS LP-problem (12). The
method was further scrutinized in Banker and Thrall (1992) and Banker et al. (1994). This
further research was in part a response to the skepticism that was raised regarding the ability
of determining returns to scale this way (see Chang and Guh (1991), Färe and Grosskopf
(1994)).

According to Banker (1984) returns to scale can be determined locally by using the value of

zk
k

K
∗

=
∑

1

 in (12), where ”*” denotes an optimal value. The method was extended to alternative

optimal solutions in Banker and Thrall (1992), leading to the following conditions:

If zk
k

K
∗

=
∑ =

1

1 in any alternate optima, then CRS prevail. (18)

If zk
k

K
∗

=
∑ >

1

1for all alternate optima, then DRS prevail. (19)

If zk
k

K
∗

=
∑ <

1

1for all alternate optima, then IRS prevail. (20)

                                                
1 See Appendix 1 for output-based efficiency and scale efficiency measures.
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This approach is computationally appealing since only one LP problem has to be solved, i.e.,
the CRS efficiency problem in (12).

Dual variable-sign-method

A third method of determining returns to scale (qualitatively) was proposed by Banker et al.
(1984). This method exploits the dual to the VRS-efficiency formulation in (14). Returns to
scale properties are characterized in terms of the sign of the variable corresponding to the
intensity variables restrictions in the primal formulation . The dual LP problem to (14) is the
following,

( ) { }$ , | max : , , ,
, ,

F x y VRS u y u v x Y u X v u u R v Ri k k
u v u

k k K K
M N= ′ + ′ = ′ − ′ + ≤ ∈ ∈+ +

0
0 01 1 0 , (21)

where u is a M-vector of virtual output prices, v is a N-vector of virtual input prices and u0 is
an unconstrained scalar. Banker et al. (1984) showed that for a radial efficient observation
with a unique supporting hyperplane, u0 indicates IRS if u0 > 0, DRS if u0 < 0 and finally
CRS if u0 = 0. In general we have several observations that are not radially efficient and in
that case the LP problem in (21) cannot be used directly to infer returns to scale from the
scalar variable, u0. To obtain the relevant results for u0 in a general setting with inefficiencies,
the following LP problem should be used

( ){ }max : $ , $ ’ , ,
, ,u v u

k k
f f

K K
M Nu y u v x Y u X v u u R v R

0
0 01 1 0′ + ′ = ′ − + ≤ ∈ ∈+ + , (22)

where $X f denotes the transformed input matrix. The inputs are transformed so that

( )( ) ( )$ $ , |x F x y VRS x Isoq L y kk
f

i k k k k= ∈ ∀ . This transformation is used since the reference

technology, ( )Isoq L yk , is conditioned on the observed output levels (which are left

untransformed) and the inputs are contracted by the estimated input-based efficiency measure.

The method is generalized to handle multiple optimal solutions in Banker and Thrall (1992).
The generalization is the following: reformulate the LP problem in (22) by adding one more
constraint and keep only the scalar variable in the objective function. This extension gives two
LP problems to be solved to handle the multiple solutions:

     ( ){ }max : , $ ’ , $ , ,
, ,u v u

k
f

K K k
f M Nu u y u Y u X v u v x u R v R

0
0 0 01 1 0 1

+

+ + +
+ +′ + = ′ − + ≤ ′ = ∈ ∈ , (23)

     ( ){ }min : , $ ’ , $ , ,
, ,u v u

k
f

K K k
f M Nu u y u Y u X v u v x u R v R

0
0 0 01 1 0 1

−

− − −
+ +′ + = ′ − + ≤ ′ = ∈ ∈ . (24)

Using the solutions to these two LP problems, returns to scale can be determined by invoking
the theorem proved in Banker and Thrall (1992):

CRS prevails iff u u0 00+ −≥ ≥ (25)
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DRS prevails iff 0 0 0> ≥+ −u u (26)

IRS prevails iff u u0 0 0+ −≥ > (27)

4.2. Elasticity of scale

The hyperplane-approach

Using the dual LP formulation to the ”envelopment” problem, Banker et al. (1984) indicated
how the separate variable, ”u0”, could be used to measure elasticity of scale in DEA models.
They did not explicitly show how elasticity of scale could be estimated by the scalar, u0. The
elasticity of scale estimator was (explicitly) provided in Banker and Thrall (1992), were they
proposed that returns to scale could be quantitatively measured by

( )$ $ ,
’

ε i k
f

k
k

x y
u y u

= =
−

1 1

1 0

. (28)

The connection between the Panzar and Willig-definition and the dual DEA-approach can be
seen by inspecting the LP problem in (22) and the elasticity of scale measure in (9) and (28).
Considering the u and v - vectors as output and input shadow prices, these prices will define
the supporting hyperplane for DMU k (Banker et al. (1984)):

( ){ }HP x y u y v x uk
f

k k k
f= ′ − ′ + =$ , : $ 0 0 . (29)

Let the transformation function ( )φ $ ,x yk
f

k  be represented by the hyperplane restriction in (29),

i.e., ( )φ $ , $x y u y v x uk
f

k k k
f= ′ − ′ + =0 0 (Forsund (1995)). This gives:

( )∇ =y k
f

kk
x y uφ $ ,     and    ( )∇ = −

$
$

$ ,
x k

f
k

k
f x y vφ  . (30)

If we use (30) in (9) we obtain:

( )$ $ ,
$εi k

f
k

k
f

k k

x y
v x

u y u y u
= − − ′

′






 =

′
=

−
1 1

1 0

. (31)

The second equality holds since the sum in the nominator is restricted to be equal to unity in
the LP problem (22). The expression on the far right hand side is derived from the objective
function in (22). Remember that we are considering radially efficient observations, which
means that the value of the objective function is also equal to one, i.e., u y uk’ + =0 1.

Note that (28) is ”valid” estimate of scale elasticity only for a unique optimal solution, and for
radially efficient observations. In the case of multiple solutions, upper and lower bounds have
to be obtained. Banker and Thrall (1992) extended the method to the cases of non-unique
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solutions. By using the same LP problems as in (23) and (24), they proposed the following
procedure to estimate the upper and lower bounds of the scale elasticity:

Upper bound: ( )$ $ ,ε i k
f

kx y
u

+
+=

−
1

1 0

, where u0
+ is obtained from (23).

Lower bound: ( )$ $ ,ε i k
f

kx y
u

−
−=

−
1

1 0

, where u0
−  is obtained from (24).

Note again that the upper and lower bounds ( )u u0 0
+ −, are obtained for radially efficient

combinations of x and y. Hence, ( )$x IsoqL yk
f

k∈ is the radially efficient input for DMU k. To

obtain the bounds for all DMUs, 3⋅K LP problems have to be solved. In the extreme cases
u0 1+ → , which gives $ε i

+ → ∞ and u0
− → −∞, which gives $ε i

− → 0.

5. An alternative scale elasticity estimator

This section presents an alternative approach to estimate the scale elasticity as compared to
the approach presented in section 4.2 above. Based on the definition of the scale elasticity in
(11) we propose an estimator of the elasticity based on differential approximations. The idea
of the approximation is based on the fact that the elasticity definition can be reformulated in
terms of the differential of the efficiency measure. Given this, a discrete difference is used to
approximate the differential of the efficiency measure.

Considering the inputs as fixed, the total differential of the input efficiency measure is given
by

( ) ( )dF x y
F

y
dy F x y dyi

i

m
m y i

m

M

, ,= = ∇ ⋅
=

∑ ∂
∂1

. (32)

Let dy ym n= δ , n=1,...,N, for δ a small positive scalar, the differential can be expressed as

( ) ( )dF x y
F

y
y F x y yi

m

m
m

m

M

y i, ,= = ∇ ⋅
=

∑δ
∂
∂

δ
1

. (33)

Hence, the inner product is given by ( ) ( )
∇ ⋅ =y i

iF x y y
dF x y

,
,

δ
. Substituting this in (11) the

scale elasticity measure can be expressed as

( ) ( )
( )

( )
( )ε

δ
i

i

y i

i

i

x y
F x y

F x y y

F x y

dF x y
,

,

,

,

,
=

∇ ⋅
= . (34)
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An approximation of the differential dFi  can be obtained by the DEA-based difference of the

efficiency measure as ( ) ( ) ( )( ) ( )dF x y F x y F x y F x yi i i i, $ , $ , $ ,≈ = + −∆ 1 δ , where ( )∆ $ ,F x yi  is the

DEA-based difference using the VRS estimates of the efficiency measure in (14). We need to
consider two approximations of the scale elasticity measure depending on whether increases
or decreases in outputs are considered. This leaves us with two approximations of the
differential dFi :

( ) ( ) ( )( ) ( )d F x y F x y F x y F x yi i i i
+ + + +≈ = + −, $ , , $ , $ ,∆ δ δ1 (35a)

( ) ( ) ( ) ( )( )d F x y F x y F x y F x yi i i i
− − − −≈ = − −, $ , , $ , $ ,∆ δ δ1 . (35b)

Note that different relative changes in the outputs are allowed for the right (δ+) and the left
(δ−) approximations.

Given the two differential-approximations, the input based scale elasticity estimators are
defined as2:

( ) ( )
( ) ( )$ , ,
$ ,

$ , , $ $ , ,
ε δ

δ
δ

δ
δi

i

i i
f

x y
F x y

F x y F x y
− +

+

+ +

+

+ += =
∆ ∆

(36a)

and

( ) ( )
( ) ( )$ , ,
$ ,

$ , , $ $ , ,
ε δ

δ
δ

δ
δi

i

i i
f

x y
F x y

F x y F x y
+ −

−

− −

−

− −= =
∆ ∆

. (36b)

For this elasticity of scale estimator, the extreme cases are ( )∆+ + → ∞$ , ,F x yi δ , which implies

that $ε i
− → 0 and ( )∆− − →$ , ,F x yi δ 0 , which implies that $ε i

+ → ∞ .

The equivalence of the alternative and the dual hyperplane approach

It exists a clear connection between the proposed alternative and the above presented dual-
hyperplane approach to estimate scale elasticity. Using the dual formulation in (22) the
differential approximations can be expressed in terms of the dual variables as

( ) ( ) ( )∆+ + + += ′ + + − ′ + = ′$ $ , ,F x y u y u u y u u yi
f δ δ δ1 0 0 (37a)

( ) ( )( )∆− − − −= ′ + − ′ − + = ′$ $ , ,F x y u y u u y u u yi
f δ δ δ0 01 . (37b)

Using this in the scale elasticity expressions (36a) and (36b) implies that the scale elasticity
estimators can be expressed as

( ) ( )$ , , $ , ,ε δ ε δ δ
δi ix y x y

u y u y u
− + + −

⋅

⋅= =
′

=
′

=
−

1 1

1 0

. (38)

                                                
2See Appendix 2 for a derivation of the corresponding output based scale elasticity estimators.
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Hence the upper and lower bound of the scale elasticity estimate coincide. Note that this result
depends on two important implicit assumptions: 1) A unique solution for the dual formulation
in (22) exists, and 2) The deltas used in the differential approximations must not be ”too
large”. I.e., the discrete approximations must be based on efficiency measures relative to the
same, and unique, supporting hyperplane of the envelope of the data.

If these two conditions are not satisfied, then (38) is invalid. If no unique solution in (22)
exists, the same argument as in the previous section on the dual hyperplane approach applies.
That is, the two dual problems specified in (23) and (24) give the same lower and upper bound
for the alternative approach and the hyperplane approach. I.e., the lower bound of the scale

elasticity in (36a) can alternatively be expressed in terms of dual solutions as  ( )$ε i u− −= −1 1 0 .

The upper bound in (36b) can equivalently be expressed as ( )$ε i u+ += −1 1 0 .

Endogenous estimators of the scale elasticity

One problem with the proposed alternative approach is that its accuracy depends crucially on
the choice of the approximation parameter δ. To avoid this we describe below possible
approaches in specifying endogenous estimators, obtained by introducing δ as a parameter in a
formal specification of the scale elasticity optimization problem.

At first, note that the scale elasticity estimators in (36a) and (36b) are monotone functions of
the approximation parameter δ. To be more precise, the lower (upper) bound is negatively
(positively) monotonic in δ, as stated in the following proposition:

Proposition:

 ( ) ( )$ , , $ , ,ε δ ε δi ix y x y− −′′ ≤ ′  and ( ) ( )$ , , $ , ,ε δ ε δ δ δi ix y x y+ +′′ ≥ ′ ∀ ′′ ≥ ′ (39)

Proof: See Appendix 3.

In Appendix 3 it is shown that ( )∆+ $Fi δ  is a piecewise linear increasing function of δ. This

implies that ( )$ , ,ε δi x y−  is a decreasing step function of δ. Hence, a natural definition of the

endogenous delta for the lower bound estimate is given by ( )δ ε δ
δ

0
0

+

≥

− +=
+

arg max $ , ,i x y . In an

analogous way, the endogenous delta for the upper bound estimate is defined by
( )δ ε δ

δ
0

0

−

≥

+ −=
−

arg min $ , ,i x y .

Using the endogenous deltas, the endogenous lower and upper bounds of the elasticity are
defined as

            ( ) ( )$ , $ , ,ε ε δi ix y x y∗
− − += 0  and ( ) ( )$ , $ , ,ε ε δi ix y x y∗

+ + −= 0 . (40), (41)
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This two-step procedure of obtaining endogenous scale elasticity can be performed by a grid-
search procedure, where the (36a) and (36b) are evaluated for successively smaller δ+ and δ–.
However, this procedure can be somewhat tedious. Therefore, we propose an alternative
approach where the lower and upper bounds for the elasticity are obtained directly as solutions
(non-linear) optimization problems given by

( ) ( ) ( )$ , max : , $ , , ,
, ,

ε
δ

λ
δ λ δ

λ δ
i k k

z
k k

f
K

Kx y y Yz x Xz z z R R∗
−

+

+
+ +

+
+

+=
−

+ ≤ ≥ ′ = ∈ ∈






+ + 1

1 1 1 ,  (42)

and

( ) ( ) ( ) [ ]$ , min : , $ , , , ,
, ,

ε
δ

λ
δ λ δ

λ δ
i k k

z
k k

f
K

Kx y y Yz x Xz z z R∗
+

−

−
− −

+
−=

−
− ≤ ≥ ′ = ∈ ∈







− − 1

1 1 1 0 1 .  (43)

A comment on the effects of an ad hoc choice of the approximation parameter δ

The ”quality” of the ad hoc approach can be established by comparing the optimal values of
the endogenous deltas in (41) and (42) with the used δ = 0.01. The following conclusions can
be stated, based on the monotonicity property in (39), on using an ad hoc δ.

-The lower bound estimate:
If δ δ0 0 01+ ≥ = . , the ad hoc and the endogenous approach coincide, i.e., ( ) ( )$ , , $ ,ε δ εi ix y x y−

∗
−= .

If on the other hand δ δ0 0 01+ < = . , the ad hoc and the endogenous approach differ in the

sense that  ( ) ( )$ , , $ ,ε δ εi ix y x y−
∗

−< .

-The upper bound estimate:
If δ δ0 0 01− ≥ = . , the ad hoc and the endogenous approach coincide, i.e., ( ) ( )$ , , $ ,ε δ εi ix y x y+

∗
+= .

If on the other hand δ δ0 0 01− < = . , the ad hoc and the endogenous approach differ in the sense

that  ( ) ( )$ , , $ ,ε δ εi ix y x y+
∗

+> .

In short, the ad hoc approach can lead to a too wide interval for the elasticity. I.e.,

( ) ( ) ( ) ( ) ( )$ , , $ , , $ , $ , ,ε δ ε ε ε ε δi i i ix y x y x y x y x y−
∗

−
∗

+ +≤ ≤ ≤ ≤ . (44)

In section 6 a simple data example is provided that highlights different possibilities where an
ad hoc approach in estimating scale elasticity will be erroneous and differ from the
endogenous approach.
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6. An illustrative example

To give a simple illustration of the different approaches to calculate (estimate) scale properties
we use a simple data example with a single input and single output technology. The dataset is
given in Table 1 and illustrated in Figure 2 below.

Table 1. The data example. A single input (x), single output (y) technology with observations
for K = 10 DMUs.

DMU 1 2 3 4 5 6 7 8 9 10

x 1 1.5 2 2.5 3 4 5 5 5 5
y 1 3.5 6 7 8 9 10 9.95 8.04 5.97

This data is an extended version of the small dataset used in Banker and Thrall (1992). The
first seven DMUs are the same as in Banker and Thrall. The remaining three DMUs are added
to highlight the problem (see (44)) that may occur in the alternative ad hoc estimator of the
scale elasticity described above in section 5. The common property of DMU 8-10 is that the
frontier inputs are all located very close to kink points in the VRS envelope of the data.
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8

9
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0 1 2 3 4 5 6 7 8 9 10

x

y

 1

 2

 3

 7

 6

 5
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 8

 9
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Figure 2. Illustration of the data example in Table 1.

In Table 2, the results3 for the three qualitative methods are shown. In the first and second
column the scale efficiency measures are shown. The third column is the sum of the intensity
variables, followed by the values of the dual variable in column (4) - (6).

                                                
3All the results in this section are computed using LINGO.
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Table 2. Qualitative scale measures. The scale efficiency approach, Si1 and Si2,
the sum of intensity variables approach, z∑ , and sign-of-u0-approach, u0

− , u0 , u0
+ .

DMU Si1 Si2 z∑ u0
− u0 u0

+

(1) (2) (3) (4) (5) (6)

1 0.33 1.00 0.17 0.80 1.00 1.00
2 0.78 1.00 0.58 0.53 0.53 0.53
3 1.00 1.00 1.00 –0.50 0.40 0.40
4 0.93 0.93 1.17 –0.40 –0.40 –0.40
5 0.89 0.89 1.33 –1.67 –0.33 –0.33
6 0.75 0.75 1.50 –1.25 –1.25 –1.25
7 0.67 0.67 1.67 –∞ –1.00 –1.00
8 0.67 0.67 1.66 –1.01 –1.01 –1.01
9 0.88 0.88 1.34 –1.64 –1.64 –1.64
10 0.99 1.00 0.99 0.40 0.40 0.40

The data contains one observation that is technical efficient relative to the CRS technology,
i.e., observation no. 3 is scale efficient. This is identified using either of the three methods.
For observation 3 we thus have  S zi1 1= =∑  and u u0 00+ −≥ ≥ . Further, there are three

DMUs operating a region of IRS (nos. 1, 2 and 10) and six DMUs operating in a region of
DRS (nos. 4 - 9). Again, this information is obtained from all the three methods.

Table 3 contains the dual variables and the corresponding scale elasticity estimates.

Table 3. Scale elasticity estimates using the dual hyperplane approach

DMU u0
− 1

1 0− −u

u0 1

1 0− u
u0

+ 1

1 0− +u

(1) (2) (3) (4) (5) (6)

1 0.800 5.000 1.000 +∞ 1.000 +∞
2 0.533 2.143 0.533 2.143 0.533 2.143
3 –0.500 0.667 0.400 1.667 0.400 1.667
4 –0.400 0.714 –0.400 0.714 –0.400 0.714
5 –1.667 0.375 –0.3333 0.750 –0.333 0.750
6 –1.250 0.444 –1.250 0.444 –1.250 0.444
7 –∞ 0.000 –1.000 0.500 –1.000 0.500
8 –1.010 0.498 –1.010 0.498 –1.010 0.498
9 –1.645 0.378 –1.645 0.378 –1.645 0.378
10 0.401 1.670 0.401 1.670 0.401 1.670

The results in Table 3 confirms the qualitative results in Table 2.

In Table 4 results for the proposed scale elasticity estimators are given both for the
endogenous and the ad hoc approach.  Note that the ad hoc results are based on δ− = δ+ = δ =
0.01.
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Table 4. Scale elasticity estimates. Ad hoc lower, $ε i
− , and upper, $ε i

+ , estimates. Endogenous

lower, $ε i∗
− , and upper, $ε i∗

+ , and the corresponding endogenous delta, δ0
+ , δ0

− .

DMU δ0
+ $ε i∗

− $ε i
− δ0

− $ε i∗
+ $ε i

+

(1) (2) (3) (4) (5) (6)

1 5.000 5.000 5.000 . . .
2 0.714 2.143 2.143 0.714 2.143 2.143
3 0.333 0.667 0.667 0.136 1.667 1.667
4 0.124 0.714 0.714 0.143 0.714 0.714
5 0.250 0.375 0.375 0.250 0.750 0.750
6 0.111 0.444 0.444 0.107 0.444 0.444
7 0.000 0.000 0.000 0.197 0.500 0.500
8 0.005 0.498 0.000 0.196 0.498 0.498
9 0.244 0.378 0.378 0.004 0.378 0.505
10 0.005 1.670 0.956 0.832 1.670 1.670

The estimates of the upper and lower bounds in the hyperplane approach coincide with the
results from the endogenous delta approach for all DMUs.

From the results in Table 4 it is seen that the ad hoc and the endogenous approach differs in
the calculations for DMUs no. 8 and 10 for the lower bounds, where δ0 0 01+ < . and hence

( )$ , . $ε δ εi ix y− +
∗

−= <0 01 , and for DMU no. 9 for the upper bound, where δ0 0 01− < . and hence

( )$ , . $ε δ εi ix y+ ′−
∗

−= >0 01 . This observation confirms the potential problem with the ad hoc

approach stated in (44).

Both the ad hoc and the endogenous approach correctly identifies the different DRS/IRS-
region for almost all cases. The only exception is the ad hoc approach where for DMU no. 10
the lower bound erroneously indicates DRS contrary to the actual IRS, relevant under the
input-based approach used here. However, the fact that the upper bound is larger than one
implies that a conclusion of IRS for DMU no. 10 cannot be rejected.



16

7. Summary and conclusions

This paper presents several approaches to define and calculate estimates of returns to scale
properties for multiple-input multiple-output technologies using DEA-models. Three
approaches to estimate returns qualitatively are presented: the scale efficiency-method, the
sum of intensity variables-method and the dual variable sign-method. The equivalence of
these methods has been established earlier. Two approaches to estimate returns to scale
quantitatively are presented. The first method is the already established ”hyperplane-
approach” presented in a sequence of papers by Banker and colleagues. The second method,
which is the major contribution of this paper, is based on a direct approximation of the
differentials of the efficiency measures in the scale elasticity definition. The connection of this
method to the hyperplane approach is established.

The new approach is introduced in two steps: First a ”naive” version is considered where an
approximation parameter must be specified a priori. We show that this scale elasticity
estimator is a monotonic function of the approximation parameter. The approach is further
developed by defining the estimator as the solution to an optimization problem, free of ad hoc
specification of the approximation parameter. It is shown that the ad hoc approach can lead to
an over- or under-estimated scale elasticity if the observation is located too ”close” to a kink
point on the DEA-frontier.

The different methods are exemplified using a small dataset. As expected, the qualitative
methods give the same results. For the scale elasticity, the results for the hyperplane approach
and the proposed endogenous approach coincide in all cases. The example illustrates the
potential problem with the ad hoc approach in the sense that the lower bound can be under
estimated and the upper bound can be over estimated.
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Appendix 1

The output-based efficiency and scale efficiency measures are based on the inverse of the
output-based distance function

( ) ( ){ }F y x y P xo , max := ∈λ λ (A1.1)

The estimated efficiency under CRS for DMU k, is the solution to the LP problem

( ) { }$ , | max : , ,
,

F y x CRS y Yz x Xz z Ro k k
z

k k
K= ≤ ≥ ∈ +θ

θ θ (A1.2)

The same efficiency measures, but with the assumption of NIRS or VRS are obtained by
varying the restrictions on the intensity variables, as in (13) and (14). The output-based
efficiency measures are bounded by

( ) ( ) ( )$ , | $ , | $ , |F y x CRS F y x NIRS F y x VRSo k k o k k o k k≥ ≥ ≥ 1 . (A1.3)

with a value greater than one indicating technical inefficiency relative to the isoquant of the
output set (see Färe et al. (1994)). The output-based scale efficiency measure is defined as

( ) ( )
( )S y x

F y x CRS

F y x VRS
o

o

o

1 ,
,

,
= . (A1.4)

Since ( ) ( )F y x CRS F y x VRSo o, | , |≥ , So1 satisfies So1 1≥ . So1 = 1 indicates scale efficiency.
Given So1 > 1, the input-output mix is not scale efficient and the ratio

( ) ( )
( )S y x

F y x CRS

F y x NIRS
o

o

o

2 ,
,

,
= (A1.5)

indicates increasing returns to scale when ( )S y x So o2 1 1 1, > = , and decreasing returns to scale

when ( )S y x So o2 1 1 1, > > .
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Appendix 2

In an output-based setting, scale elasticity can be defined in terms of Farrell-type efficiency
measure as (see Färe et al. (1988))

( ) ( )
( )

( )
( )ε

∂
∂o
o

n

n

on

N
x o

o

y x
F y x

x

x

F y x

F y x x

F y x
,

,

,

,

,
= =

∇ ⋅

=
∑

1

(A2.1)

The scale elasticity can be approximated in an output-based setting analogous to the procedure
in section 5. Hence, considering the outputs as fixed and considering equal proportional
changes in each input dimension dx xn n= δ , n=1,...,N, i.e., dx x= δ  for δ a positive scalar, the
total differential of the output efficiency measure can be expressed as

( ) ( )dF y x
F

x
x F y x xo

o

n
n

n

N

x o, ,= = ∇ ⋅
=
∑δ

∂
∂

δ
1

. (A2.2)

Using this, the scale elasticity can be expressed in terms of the differential dFo, as

( ) ( ) ( ) ( )
( )ε

δo
o

x o
o

o

y x
F y x

F y x x
dF y x

F y x
,

,
,

,

,
= ∇ ⋅ =

1
. (A2.3)

The differential dFo can be approximated as ( ) ( ) ( )( ) ( )dF y x F y x F y x F y xo o o o, $ , $ , $ ,≈ = + −∆ 1 δ ,

where ( )∆ $ ,F y xo  is the DEA-based difference of the efficiency measure. As in the input-based
setting we need to consider two DEA-approximations of the (output-based) scale elasticity
measure depending on whether increases or decreases in x are considered. That leaves us with
the approximations:

( ) ( ) ( )( ) ( )d F y x F y x F y x F y xo o o o
+ + + +≈ = + −, $ , , $ , $ ,∆ δ δ1 , (A2.4)

( ) ( ) ( ) ( )( )d F y x F y x F y x F y xo o o o
− − − −≈ = − −, $ , , $ , $ ,∆ δ δ1 . (A2.5)

Given these two differential-approximations, the scale elasticity estimators are given by:

( ) ( )
( )$ , ,

$ ,

$ ,
ε δ

δo
o

o

y x
F y x

F y x
− +

+

+=
∆

, (A2.6)

and

( ) ( )
( )$ , ,

$ ,

$ ,
ε δ

δo
o

o

y x
F y x

F y x
+ −

−

−=
∆

. (A2.7)
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Appendix 3

Proof of the stated monotonicity property of the scale elasticity estimator.

The proof that follows establishes the negative monotonicity of the estimator of the scale
elasticity lower bound.

Proposition:

( ) ( )$ , , $ , ,ε δ ε δ δ δi ix y x y− −′′ ≤ ′ ∀ ′′ ≥ ′ (A3.1)

This proposition is equivalent with the following property of the efficiency measure estimate

( ) ( )∆ ∆+ +′′
′′

≥
′

′
∀ ′′ ≥ ′

$ $F Fi iδ
δ

δ
δ

δ δ . (A3.2)

I.e., the property is equivalent with a non decreasing ”average” efficiency difference function.

Proof:

The proof is based on the concept of supporting hyperplanes. Generally, the hyperplanes are

given by ( ){ }HP x y u y v x u= ′ − ′ + =, : 0 0 .

Consider a radially input efficient  observation ( )$ $x IsoqL yf ∈ . $x f  belongs to a segment of the
isoquant that consists of one of the supporting hyperplanes. Call this hyperplane HP0. I.e., we
have ( )$ ,x y HPf ∈ 0 . Now, increase the output to ( )1+ δ y . Denote the estimate of the input

efficiency measure obtained as a rescaling of the input $x f  relative to HP0 by
( ) ( )( ) ( ) ( )$ $ , $F x y Fi

f
i

0 01+ =δ δ . This efficiency estimate is implicitly obtained by the condition
( ) ( ) ( )( )$ $ ,F x y HPi

f0
01δ δ+ ∈ . I.e., ( ) ( )$Fi

0 δ  is given by the solution to the equation

( ) ( ) ( )′ + − ′ + =u y v F x ui
f1 00

0δ δ$ $ . Imposing the restriction ′ =v x f
$ 1  from the dual LP-

formulation in (22) implies that ( ) ( )$Fi
0 δ  is given by ( ) ( ) ( )$F u y ui

0
01δ δ= ′ + + .

An important point to note here is that the increase in y may be ”too large” in the sense that
HP0 is no longer the supporting hyperplane for the isoquant ( )( )IsoqL y$ 1+ δ of the DEA

estimate of the technology. In other words, δ may be of such a size that a ”kink” point in the
enveloping hyperplanes has been ”jumped” over and the point ( ) ( ) ( )( )$ $ $F x IsoqL yi

f0 1δ δ∉ + .

This means that the efficiency estimate is based on a rescaling of $x f  to another hyperplane
that intersects HP0. Call this alternative supporting hyperplane HP1. The efficiency estimate
obtained from a DEA-analysis for the point ( )( )$ ,x yf 1+ δ is thus given by

( )( ) ( ) ( )$ $ , $F x y Fi
f

i1 1+ =δ δ .

Since ( ) ( ) ( )( )$ $ ,F x y HPi
f1

11δ δ+ ∈ , we have the following inequality
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 ( ) ( ) ( )′ + − ′ + ≤u y v F x ui
f1 01

0δ δ$ $ . This can be rearranged as ( ) ( ) ( ) ( )( )$ $F u y u Fi i
1

0
01δ δ δ≥ ′ + + = .

This result can be stated in terms of the difference ∆+ $Fi  as ( ) ( ) ( ) ( )∆ ∆+ +≥$ $F Fi i
1 0δ δ .

Furthermore, note that the difference function, given that the rescaling are based on a unique
hyperplane, is a linear function of δ. I.e., ( )∆+ = ′ =$F u yi δ δ βδ. These results imply that the
difference function is piecewise linear and positive monotonic in δ. Figure A3.1 below
illustrates a ”typical” ∆+ $Fi . Note that ( )∆+ =$Fi 0 0 .

             ∆+ $Fi

              δ1
∗    δ2

∗ δ

Figure A3.1. Illustration of the function ( )∆+ $Fi δ , where two kink points in the enveloping
 hyperplane surface is encountered for δ δ= ∗

1  and δ δ= ∗
2.

Note that the piecewise linear ( )∆+ $Fi δ  in a general situation with S kink points can be written
as:

( )
( ) ( )

( ) ( )
∆

∆

∆

+

∗

+ ∗ ∗ ∗ ∗

+
−

∗
−

∗
−

∗ ∗

∗

=

≤ ≤
+ − ≤ ≤

+ − ≤ ≤
∞ >













$

, ,
$ , ,

$ , ,

.

F

F

F
i

i

i S S S S S

S

δ

β δ δ δ
δ β δ δ δ δ δ

δ β δ δ δ δ δ
δ δ

                                

 ,                           

1 1

1 2 1 1 2

1 1 1

0

M (A3.3)

Where the slope coefficients β s s S, , ,= 1 K  satisfy the following nested inequalities
β β β βS S> > > >−1 2 1K . Note that the last line in (A3.3) represents the limiting case for a
horizontal segment of the enveloping surface.

The varying intercept terms ( )∆+ ∗ =$ , , ,F s Si sδ 1 K , in (A3.3) can be written in recursive form
as
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( ) ( )∆+ ∗ ∗
−

∗

=
= −∑$Fi s j j j

j

s

δ β δ δ 1
1

, (A3.4)

where δ0 0∗ = .

From (A3.3) it follows that the inequality in (A3.2) holds with equality if 0 1≤ ′ < ′′ ≤ ∗δ δ δ , since
( ) ( )∆ ∆+ +′′
′′

−
′

′
= − =

$ $F Fi iδ
δ

δ
δ

β β1 1 0 . (A3.5)

That is, if both δ’ and δ’’ belong to the same (first) kink segment, (A3.2) holds with equality
and the estimated lower bound of the scale elasticity satisfies ( ) ( )$ , , $ , ,ε δ ε δi ix y x y− −′′ = ′ . If, on

the other hand δ δ δ δs s s S−
∗ ∗≤ ′ < ′′ ≤ =1 2, , ,K ,

( ) ( ) ( ) ( )( )∆ ∆
∆

+ +

−
∗ +

−
∗′′

′′
−

′
′

=
′′ − ′
′ ′′

−
$ $

$
F F

Fi i
s s i s

δ
δ

δ
δ

δ δ
δ δ

β δ δ1 1

                       
( ) ( ) ( )=

′′ − ′
′ ′′

− − −








∗

−
∗

=

−
∗

−
∗

=

−

∑ ∑δ δ
δ δ

β δ δ β δ δs j j
j

s

j j j
j

s

1
1

1

1
1

1

(A3.6)

( ) ( )( )=
′′ − ′
′ ′′

− −








 >∗

−
∗

=

−

∑δ δ
δ δ

β β δ δs j j j
j

s

1
1

1

0.

So, even if δ’ and δ’’ belong to the same kink segment, s = 2, ..., S, but not the first one,
(A3.2) will hold with strict inequality and ( ) ( )$ , , $ , ,ε δ ε δi ix y x y− −′′ < ′ .

Finally, if δ δ δ δ δ′
∗

−
∗ ∗≤ ′ < < ′′ ≤ = ′ = −s s s s S s s1 2 2 1, , , , , ,K K , we have

( ) ( ) ( ) ( )( )∆ ∆
∆

+ +

−
∗ +

′
∗′′

′′
−

′
′

=
′′ − ′
′ ′′

−
$ $

$
F F

Fi i
s s i s

δ
δ

δ
δ

δ δ
δ δ

β δ δ1

                       
( ) ( ) ( )= ′′− ′

′ ′′
− − −









∗

−
∗

=

−
∗

−
∗

=

′
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δ δ

β δ δ β δ δs j j
j

s

j j j
j

s

1
1

1

1
1

(A3.7)

( ) ( ) ( )( )= ′′− ′
′ ′′

− + − −








 >∗

−
∗

= ′+

−
∗

−
∗

=

′

∑ ∑δ δ
δ δ

β δ δ β β δ δs j j
j s

s

s j j j
j

s

1
1

1

1
1

0.

That is, if δ’ and δ’’ belong to different kink segments, the inequality in (A3.2) holds with
strict inequality. Hence, in this case we have ( ) ( )$ , , $ , ,ε δ ε δi ix y x y− −′′ < ′ .

This concludes the proof of the stated property. The positive monotonicity of the upper bound
estimator can be established in an analogous way and is left to the reader.
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