
Eduwohww Fruuhfwlrqv lq Frlqwhjudwlrq Whvwlqj

Wru Mdfrevrq dqg Uroi Oduvvrq

Iluvw yhuvlrq= Rfwrehu 4<<9

Devwudfw

Zkhq whvwlqj iru frlqwhjudwlrq/ wkh dv|pswrwlf lqihuhqfh w|slfdoo| lq xvh
fdq eh sodjxhg e| vl}h glvwruwlrq gxh wr dq lqdghtxdwh �uvw rughu dssur{l0
pdwlrq1 Khqfh/ iru sudfwlfdo sxusrvhv wkh lqihuhqfh fdq eh frpsohwho| plv0
ohdglqj dqg uhvxow lq idovh frqfoxvlrqv uhjduglqj wkh suhvhqfh ri orqj0uxq
uhodwlrqvklsv lq wkh gdwd1 Zklfk/ ri frxuvh/ lq pdq| dssolfdwlrqv lv d nh|
lvvxh1 Zh h{soruh wkh srwhqwldov ri Eduwohww fruuhfwlrq ri wzr frlqwhjudwlrq
whvw vwdwlvwlfv1 Wkh lghd lv wr pxowlso| wkh whvw vwdwlvwlf e| d fruuhfwlqj idfwru
ghulyhg iurp dq dv|pswrwlf h{sdqvlrq ri lwv h{shfwdwlrq1 Dv d frqvhtxhqfh/
wkh uhihuhqfh glvwulexwlrq vkrxog wkhq surylgh d forvhu dssur{lpdwlrq wr wkh
uhvxowlqj dgmxvwhg vwdwlvwlf lq frpsdulvrq zlwk wkh xqdgmxvwhg vwdwlvwlf1 Lq
d vlpsoh elyduldwh iudphzrun zh ghulyh d olnholkrrg udwlr whvw/ dv zhoo dv d
�uvw rughu dssur{lpdwlrq wkhuhri/ iru whvwlqj wkh qxoo k|srwkhvlv ri qr frlq0
whjudwlrq1 Vxlwdeoh Eduwohww fruuhfwlrqv iru wkh wzr whvwv duh vxjjhvwhg dqg
xvlqj Prqwh Fduor vlpxodwlrq zh hydoxdwh wkh h�hfwlyhqhvv ri wkh sursrvhg
phwkrgv1

Nh| zrugv= Eduwohww fruuhfwlrq> Frlqwhjudwlrq whvwlqj> Prqwh Fduor vlpxodwlrq
MHO fodvvl�fdwlrq= F45> F48

3 Fruuhvsrqghqfh wr= Uroi Oduvvrq/ Ghsduwphqw ri Vwdwlvwlfv/ Xqlyhuvlw| ri Vwrfnkrop/ V0439
<4 Vwrfnkrop/ Vzhghq/ yrlfh .79 ; 49 5< <6/ h0pdlo uroi1oduvvrqCvwdw1vx1vh1

Wru Mdfrevrq/ Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv/ Vwrfnkrop Vfkrro ri Hfrqrplfv/ Er{
9834/ V0446 ;6 Vwrfnkrop/ Vzhghq/ yrlfh .79 ; :69 <5 74/ h0pdlo vwwmCkkv1vh1

Zh zrxog olnh wr wkdqn Ndulp Dedglu/ Khupdq ydq Glmn/ Vxqh Nduovvrq/ Khopxwk O wnhsrko
dqg Dqghuv Zduqh iru ydoxdeoh frpphqwv dqg glvfxvvlrq1 Doo uhpdlqlqj huuruv duh wkh dxwkruv
uhvsrqvlelolw|1 Ilqdqfldo vxssruw iurp Vwliwhovhq Ulnvedqnhqv Mxelohxpvirqg dqg Mdq Zdoodqghuv
rfk Wrp Khgholxv* vwliwhovh iùu vdpkçoovyhwhqvndsolj iruvnqlqj lv judwhixoo| dfnqrzohgjhg1



41 Lqwurgxfwlrq

Lw lv suredeo| idlu wr vd| wkdw whvwlqj iru frlqwhjudwlrq/ dorqj zlwk wkh uhodwhg

sureohp ri whvwlqj iru wkh suhvhqfh ri xqlw urrwv/ kdv ehhq rqh ri wkh pruh iuh0

txhqw h{huflvhv shuiruphg lq dssolhg wlph0vhulhv hfrqrphwulfv/ ru hyhq dssolhg

hfrqrphwulfv iru wkdw pdwwhu/ vlqfh wkh lqwurgxfwlrq ri frlqwhjudwlrq dqdo|vlv lq

wkh hduo| 4<;3v1 Lq wklv sdshu zh duh frqfhuqhg zlwk vpdoo vdpsoh surshuwlhv

ri frlqwhjudwlrq whvwv1 Dydlodeoh whvwv duh jhqhudoo| dv|pswrwlf lq wkh vhqvh wkdw

wkh| uho| rq wkh frqyhujhqfh ri wkh glvwulexwlrq iru wkh whvw vwdwlvwlf wr vrph

nqrzq olplw glvwulexwlrq dv wkh vdpsoh vl}h jrhv wr lq�qlw|1 Krzhyhu/ Prqwh

Fduor vlpxodwlrq kdv ghprqvwudwhg wkh lqdghtxdf| ri vxfk dssur{lpdwlrqv iru

�qlwh vdpsohv/ l1h1 frqvlghudeoh vl}h glvwruwlrq kdv w|slfdoo| ehhq irxqg/ vhh h1j1

Edqhumhh/ Grodgr/ Khqgu| dqg Vplwk +4<;9,/ Fkhxqj dqg Odl +4<<6, dqg Mdfre0

vrq +4<<8,1 Iljxuh 414 ehorz surylghv dq looxvwudwlrq ri wkh vl}h sureohp iru wkh

olnholkrrg udwlr frlqwhjudwlrq whvw vxevhtxhqwo| frqvlghuhg lq wkh sdshu1 Zh vhh

wkdw iru d vpdoo qxpehu ri revhuydwlrqv wkh hpslulfdo whvw vl}h lv pruh wkdq wzlfh

wkh ghvluhg qrplqdo vl}h1 Dv wkh qxpehu ri revhuydwlrqv lqfuhdvh wkh sureohp lv

judgxdoo| uhgxfhg1 Khqfh/ iru sudfwlfdo sxusrvhv dv|pswrwlf lqihuhqfh lq vpdoo

vdpsohv fdq eh frpsohwho| plvohdglqj dqg uhvxow lq idovh frqfoxvlrqv uhjduglqj

wkh suhvhqfh ri orqj0uxq uhodwlrqvklsv lq wkh gdwd1 Zklfk/ ri frxuvh/ lv d nh| lvvxh

lq pdq| dssolfdwlrqv1

Rqh frxog ghvfuleh wkh sureohp dv rqh ri odfnlqj frkhuhqfh ehwzhhq wkh whvw

vwdwlvwlf dqg lwv uhihuhqfh glvwulexwlrq dqg wkhuh duh/ lq sulqflsoh/ wzr glvwlqfw

urxwhv wr doohyldwh wkh sureohp> hlwkhu iru jlyhq whvw vwdwlvwlf fruuhfw wkh uhihuhqfh

glvwulexwlrq/ ru/ iru jlyhq uhihuhqfh glvwulexwlrq fruuhfw wkh vwdwlvwlf lq xvh1 +D

wklug srvvlelolw|/ vrphzkdw ohvv vhulrxv dqg fhuwdlqo| ohvv dsshdolqj/ lv wr srvwsrqh

wkh dqdo|vlv lq zdlw iru d vx!flhqw vdpsoh vl}h wr dffuxh$$,

Wkxv/ lq wkh iruphu fdvh zh zrxog frqvlghu d fruuhfwhg glvwulexwlrq iru wkh whvw

vwdwlvwlf dw kdqg/ wkdw lv uhsodfh wkh fulwlfdo ydoxhv ri wkh olplw glvwulexwlrq zlwk

vxfk wkdw zloo jhqhudwh dq dfwxdo whvw vl}h forvhu wr wkh qrplqdo rqh1 Dqdo|wlfdoo|

wklv dprxqwv wr Hgjhzruwk h{sdqvlrqv/ ru uhodwhg whfkqltxhv/ ri wkh glvwulexwlrq

ixqfwlrq/ vhh Eduqgruui0Qlhovhq dqg Fr{ +4<;<, ru Kdoo +4<<5, iru ryhuylhzv1

Errwvwuds k|srwkhvlv whvwlqj lv d sodxvleoh qxphulfdo dowhuqdwlyh/ zklfk lq idfw

fdq eh h{suhvvhg dqg lqwhusuhwhg lq whupv ri Hgjhzruwk h{sdqvlrqv dv vkrzq
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Iljxuh 414= Prqwh Fduor hvwlpdwhg hpslulfdo vl}hv iru d 8( qrplqdo vl}hg olnhol0
krrg udwlr frlqwhjudwlrq whvw/ W @ 8/111/831

0

0.05

0.1

0.15

5 10 15 20 25 30 35 40 45 50
Experimental sample size T

Size

e| Kdoo1 Dowkrxjk wkh frqvlvwhqf| ri errwvwudsslqj lq wkh xqlw urrw frqwh{w

lv vwloo xqfohdu/ Kduulv +4<<5, kdv hydoxdwhg errwvwudsslqj ri Glfnh|0Ixoohu xqlw

urrw whvwv dqg Jlhuvehujhq +4<<9, kdv uhfhqwo| suhvhqwhg surplvlqj uhvxowv iru

wkh pxowlyduldwh pd{lpxp olnholkrrg wudfh whvw iru frlqwhjudwlqj udqn1 Oduvvrq

+4<<8, xvhv vdggohsrlqw whfkqltxhv wr dssur{lpdwh vpdoo vdpsoh fruuhfwlrqv ri

wkh orzhu wdlov ri wkh glvwulexwlrqv iru vrph xqlw urrw whvw vwdwlvwlfv1

Wkh vhfrqg urxwh lqyroyhv fruuhfwlrq ri wkh whvw vwdwlvwlf vr dv wr pdnh wkh

nqrzq olplw glvwulexwlrq dq dffhswdeoh dssur{lpdwlrq1 Wklv lv wkh urxwh zh zloo

dgkhuh wr lq wkh fxuuhqw vwxg| dqg zh zloo/ vshfl�fdoo|/ hydoxdwh zkdw lv zlgho|

nqrzq dv Eduwohww fruuhfwlrq dssolhg wr wzr whvwv ri wkh qxoo k|srwkhvlv ri qr

frlqwhjudwlrq djdlqvw d frlqwhjudwlqj dowhuqdwlyh= +l, d olnholkrrg udwlr whvw dqg +ll,

d forvho| uhodwhg whvw zklfk lv jlyhq e| d Wd|oru h{sdqvlrq ri wkh olnholkrrg udwlr

whvw1 Krzhyhu/ gxh wr wkh lqwulfdwh dqdo|vlv lqyroyhg zh gr qrw wuhdw wkh jhqhudo

fdvh ri d s0glphqvlrqdo v|vwhp doorzlqj iru d frlqwhjudwlqj udqn u> 4 � u ? s/

dv vxjjhvwhg e| Mrkdqvhq +4<;;/4<<4,1 Udwkhu/ wkh sdshu fdq eh vhhq dv dq

h{whqvlrq ri wkh xqlyduldwh dqdo|vlv lq Oduvvrq +4<<7,/ zkhuh Eduwohww fruuhfwlrqv

iru xqlw urrw whvw vwdwlvwlfv duh rewdlqhg/ wr d uhvwulfwhg elyduldwh dqdo|vlv1 Wkxv/

zh ghulyh dqg dqdo|vh wkh olnholkrrg udwlr whvw lq d vlpsoh wzr glphqvlrqdo gdwd
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jhqhudwlqj surfhvv +GJS, zklfk kdv ehhq dqdo|}hg e| l1d1 Edqhumhh hw do1 +4<;9,/

Nuhphuv/ Hulfvvrq/ dqg Grodgr +4<<5, dqg Fdpsrv/ Hulfvvrq/ dqg Khqgu| +4<<9,1

Lq sduwlfxodu/ Nuhphuv hw do1 +4<<5, glvfxvv wkh surshuwlhv ri wzr dssurdfkhv wr

frlqwhjudwlrq whvwlqj> wkh vwdwlf uhvlgxdo0edvhg whvw gxh wr Hqjoh dqg Judqjhu

+4<;:, dqg wkh g|qdplf huuru fruuhfwlrq prgho w0whvw vxjjhvwhg e| Edqhumhh hw

do1 +4<;9,1

Zh zloo forvh wklv vhfwlrq e| d eulhi suhvhqwdwlrq ri wkh lghd xqghuo|lqj Eduwohww

fruuhfwlrq1 Wkh qh{w vhfwlrq fryhuv pd{lpxp olnholkrrg hvwlpdwlrq dqg whvwlqj>

whvw vwdwlvwlfv dqg dv|pswrwlf glvwulexwlrqv1 Lq vhfwlrq 6 zh suhvhqw uhvxowv rq

Eduwohww fruuhfwlrqv iru wkh olnholkrrg udwlr dqg wkh dssur{lpdwhg frlqwhjudwlrq

whvwv1 D Prqwh Fduor h{shulphqw lv shuiruphg lq vhfwlrq 7 wr hydoxdwh wkh hi0

ihfwlyhqhvv ri fruuhfwlqj wkh wzr whvwv1 Zh zloo dovr suhvhqw qxphulfdo uhvxowv ri

wkh phwkrgv sursrvhg lq vhfwlrq 6/ dv zhoo dv frpsdulvrqv zlwk vlpxodwlrq edvhg

hvwlpdwhv ri txdqwlohv dqg h{shfwdwlrqv iru wkh frlqwhjudwlrq whvw1

Eduwohww*v +4<6:, slrqhhulqj sdshu frqyh|hg wkh iroorzlqj lghd1 Frqvlghu d

whvw vwdwlvwlf FA wkdw frqyhujhv wr F
"
/ zlwk huuru whupv ri rughuv W3�> vd|/ ru

vpdoohu1 F
"

kdv d nqrzq glvwulexwlrq zklfk surylghv wkh fulwlfdo ydoxhv iru wkh

dv|pswrwlf whvw1 Qrz/ zh zrxog olnh wr rewdlq d wudqviruphg whvw vwdwlvwlf FW
A
/

vxfk wkdw FW
A
frqyhujhv wr F

"
/ dqg rqo| zlwk huuru whupv ri rughu W32 ru ohvv dw

sod|1 Lq rwkhu zrugv/ zh zdqw d fruuhfwlrq ri FA zklfk holplqdwhv wkh lq xhqfh ri

huuru whupv ri rughuv W3�1 Vxfk d fruuhfwlrq frxog eh edvhg rq wkh h{shfwdwlrq ri

FA / uhfrjql}lqj wkdw �A

.�A
whqgv wr �"

.�"
dv W $4> dqg khqfh FA � HFA

�"

.�"
1

Vlqfh HFA lv qrw nqrzq lq jhqhudo/ wkh phwkrg klqjhv rq wkh h{lvwhqfh ri d vhulhv

h{sdqvlrq xqghu wkh qxoo k|srwkhvlv

HFA @ HF
"

.
U

W
.R

�
4

W 2

�
>

zkhuh U lv hlwkhu nqrzq ru fdq eh frqvlvwhqwo| hvwlpdwhg1 Ljqrulqj wkh R+W32,0

whup/ zh jhw

FA �
�
HF

"
.
U

W

�
F
"

HF
"

>

dqg wkh Eduwohww fruuhfwhg whvw vwdwlvwlf lv

FWA @ FA

�
4 .

Uf

W

�
3�

>

zkhuhUf @ -

.�"
=Xqghu plog uhjxodulw| uhvwulfwlrqv/ F

"
lv w|slfdoo| "20glvwulexwhg

iru wkh olnholkrrg udwlr whvw vwdwlvwlf dqg lq vxfk �vwdqgdug� fdvhv wkh fruuhfwlrq
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kdv ehhq vkrzq wr fruuhfw qrw rqo| wkh �uvw/ exw dovr kljkhu prphqwv dqg iudf0

wlohv +fi1 Mhqvhq +4<<6, dqg uhihuhqfhv wkhuhlq,1 Krzhyhu/ rxuv lv qrw d �vwdqgdug�

fdvh/ dqg lq idfw/ Mhqvhq dqg Zrrg +4<<8, kdyh vkrzq wkdw lq wkh DU+4, fdvh

Eduwohww fruuhfwlrq rqo| fruuhfwv wkh �uvw prphqw1 Lw lv yhu| olnho|/ mxgjlqj iurp

Mhqvhq dqg Zrrg/ wkdw wkh rswlpdo fruuhfwlrq iru kljkhu prphqwv dqg iudfwlohv

lq wkh frlqwhjudwlrq fdvh lv qrw Eduwohww exw vrph rwkhu1 Qhyhuwkhohvv/ dffruglqj

wr wkh Prqwh Fduor uhvxowv lq Qlhovhq +4<<7, iru d pxowlyduldwh frlqwhjudwhg GJS/

d vlpxodwlrq edvhg Eduwohww fruuhfwlrq +l1h1 HFA deryh lv hvwlpdwhg e| xvh ri

vlpxodwlrq, lpsuryhv wkh dv|pswrwlf dssur{lpdwlrq frqvlghudeo|1 Pruhryhu/ wkh

phwkrg lv uhodwlyho| hdv| wr lpsohphqw/ l1h1 lq uhodwlrq wr rwkhu dssurdfkhv1 Iru

d voljkwo| gl�huhqw dssolfdwlrq ri d vlplodu Eduwohww0w|sh lghd/ fi1 Oxfdv +4<<9,1
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51 Pd{lpxp olnholkrrg hvwlpdwlrq dqg whvwlqj> whvw vwdwlvwlfv dqg
dv|pswrwlf glvwulexwlrqv

Lq wklv vhfwlrq zh zloo ehjlq e| suhvhqwlqj wkh iudphzrun iru rxu dqdo|wlfdo dqg

vlpxodwlrq edvhg uhvxowv/ l1h1 d �uvw0rughu elyduldwh gdwd jhqhudwlqj surfhvv1 Qh{w

zh frqvlghu wkh orj olnholkrrg ixqfwlrq dqg wkh lpsolhg pd{lpxp olnholkrrg hvwl0

pdwruv/ dqg/ vxevhtxhqwo|/ olnholkrrg udwlr whvwlqj iru frlqwhjudwlrq1

5141 Wkh gdwd jhqhudwlqj surfhvv

Wkh GJS lq +514, kdv ehhq iuhtxhqwo| dqdo|}hg lq wkh olwhudwxuh lq ydulrxv/ voljkwo|

prgl�hg irupv1 Uhfhqwo| Nuhphuv hw do1 +4<<5, kdyh xvhg lw iru lqyhvwljdwlrq ri

wkh srzhu ixqfwlrqv iru vlqjoh0htxdwlrq frlqwhjudwlrq whvwv/ dqg Fdpsrv hw do1

+4<<9, hydoxdwh frlqwhjudwlrq whvwv lq suhvhqfh ri vwuxfwxudo vkliwv1 Lq lwv huuru

fruuhfwlrq uhsuhvhqwdwlrq wkh surfhvv fdq eh zulwwhq;?= �|
|

@ d�}
|

. e +|
|3� � �}

|3�, . %
|

>

�}
|

@ x
|c

+514,

zkhuh i%
|

j dqg ix
|

j > w @ 4> 5> = = = duh lqghshqghqw vhtxhqfhv ri lqghshqghqw udq0

grp qrupdo yduldeohv zlwk phdq 3 dqg yduldqfhv �2
0

dqg �2
�

/ uhvshfwlyho|/ dqg

|f @ }f @ 31 Wkh sdudphwhuv d dqg e duh xqnqrzq zlwk wkh uhvwulfwlrqv 3 � d � 4

dqg �4 � e � 3/ zkhuhdv � lv dvvxphg wr eh nqrzq1 Erwk yduldeohv duh lqwh0

judwhg ri rughu rqh dqg zkhq wkh huuru fruuhfwlrq frh!flhqw e lv vwulfwo| ohvv wkdq

}hur wkh wzr duh frlqwhjudwhg zlwk frlqwhjudwlqj yhfwru ^4 � �` = Dv srlqwhg rxw

e| Fdpsrv hw do1 +4<<9,/ d dqg � fdq eh lqwhusuhwhg dv vkruw0 dqg orqj0uxq

hodvwlflwlhv/ zlwk d w|slfdoo| vpdoohu wkdq �=

5151 Wkh pd{lpxp olnholkrrg hvwlpdwruv

Kdylqj wdnhq revhuydwlrqv xs wr wlph W dqg gh�qlqj {
|

_iu

@ |
|

� �}
|

>;w/ wkh orj
olnholkrrg ixqfwlrq o

�
d> e> �2

0

> �2

�

�
fdq eh zulwwhq

o
�
d> e> �2

0

> �2
�

�
@ �W

5
orj +5�,� W

5

�
orj �2

0

. orj �2

�

�
� +515,

� 4

5�2
0

[
+�|

|

� d�}
|

� e{
|3�,

2 � 4

5�2
�

[
+�}

|

,2 >
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zkhuh wkh vxppdwlrq/ khuh dqg khqfhiruwk/ jrhv iurp w @ 4 wr W xqohvv rwkhuzlvh

lv h{solflw1 Gl�huhqwldwlqj lq +515,/ zh jhw wkh iroorzlqj uhodwlrqv iru wkh pd{lpxp

olnholkrrg hvwlpdwhv ed>ee> e�2
0
dqg e�2

�
/ zkhuh

edf _iu

@

S
�}

|
�|

|S
+�}

|
,2

+516,

lv wkh pd{lpxp olnholkrrg hvwlpdwru ri d li e @ 3=

ed @ ed
f
� eeS{

|3��}|S
+�}

|
,2

> +517,

ee @ S
{
|3� +�|| � ed�}|,S

{2
|3�

> +518,

e�2
0
@

4

W

[�
�|

|
� ed�}

|
� ee{

|3�

�
2

> +519,

e�2
�
@

4

W

[
+�}

|
,2 = +51:,

Wkxv/ iurp +517, dqg +518,/ zh �qg wkh hvwlpdwru ri wkh huuru fruuhfwlrq frh!flhqw

e lq +515, dv jlyhq e|=4

ee @ S
{
|3�

�|
|

S
+�}

|
,2 �S�}

|
�|

|

S
{
|3�

�}
|S

{2
|3�

S
+�}

|
,2 � +

S
{
|3��}|,

2
= +51;,

5161 Olnholkrrg udwlr whvwlqj

Qh{w zh frqvlghu wkh olnholkrrg udwlr whvw iru frlqwhjudwlrq lq +515,/ l1h1 d whvw ri

wkh qxoo k|srwkhvlvKf = e @ 3 +qr frlqwhjudwlrq, djdlqvw wkh dowhuqdwlyhK� = e ? 3

+frlqwhjudwlrq,1 Iru wkh vdnh ri vlpsolflw| dqg zlwk qr orvv ri jhqhudolw|/ zh

zloo iurp qrz dqg rqzdugv dvvxph xqlw yduldqfhv iru wkh huuru surfhvvhv/ l1h1

�2
0
@ �2

�
@ 41 Ohw xv �uvw gh�qh wkh iroorzlqj wkuhh udqgrp zdonv= V

|c�

_iu

@
S

|

�'�
%
�
>

V
|c2

_iu

@
S

|

�'�
x
�
dqg V

|c�

_iu

@
S

|

�'�
y
�
> zkhuh y

|

_iu

@ +d� �,x
|
. %

|
> w @ 4> = = = > W>

dqg wkh fruuhvsrqglqj Zlhqhu surfhvvhv Z
|c&
> n @ 4> 5> 6> vxfk wkdw W3�*2V

|c&

frqyhujhv wr Z
|
�
c&

dv W $ 4> w� @ w@W= Wkh wkhru| ri zhdn frqyhujhqfh +fi1

Eloolqjvoh|/ 4<9;, lpsolhv wkdw/ xqghu K
f
>

4

W

[
{
|3�

�|
|
@

4

W

[
V
|3�c�

+dx
|
� %

|
,

g$ d

�]
f

Z
|c�
gZ

|c2
.

�]
f

Z
|c�
gZ

|c�
> +51<,

4Iru d gl�huhqw suhvhqwdwlrq ri wkhvh uhvxowv/ vhh Edqhumhh dqg Khqgu| +4<<5,1

:



4

W

[
+�}

|

,2 @
4

W

[
x2
|

g$ 4> +5143,

4

W

[
�}

|

�|
|

@
4

W

�
d
[

x2
|

.
[

%
|

x
|

�
g$ d +5144,

4

W

[
{
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S @ Sf .K> +6144,

zkhuh

K @ yK� .zK2 . uK�> +6145,
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zlwk Sf>K�>K2 dqg K� dv lq wkh wkhruhp1

Ixuwkhupruh/ +6143, dqg +6144, lpso| wkdw

* +v> x> y> z> u, @ �
I

_i|�f

U � � � U hi3 �

2
%

�
M%jsghwSf +5�,

3A �
�hi3 �

2
%

�
M%jg{�c� = = = g{Ac�g{�c2 = = = g{Ac2 @ �

I

_i|�f

H
�
h3

�

2
f

�
Mf

�
>

wdnlqj h{shfwdwlrq zlwk uhvshfw wr wkh 5W glphqvlrqdo udqgrp yhfwru [/ zklfk

lv qrupdoo| glvwulexwhg zlwk fryduldqfh pdwul{ S3�

f
= D Wd|oru h{sdqvlrq ri wkh

h{srqhqwldo |lhogv

* +v> x> y> z> u, @
4s

ghwSf

�
4� 4

5
p� .

4

525$
p2 � 4

5�6$
p� .

4

5e7$
pe � = = =

�
>

+6146,

zkhuh p
�

@ H
�
+[ �K[,

�

�
> l @ 4> 5> = = = duh prphqwv ri d Zlvkduw glvwulexwlrq/

dv fdofxodwhg e| Pdjqxv +4<:;,1 Lq sduwlfxodu

p2 @ wu 2

�
S3�

f
K
�
. 5wu

��
S3�

f
K
�
2

�
> +6147,

p� @ wu �

�
S3�

f
K
�
. 9 wu

�
S3�

f
K
�
wu

��
S3�

f
K
�
2

�
. ;wu

��
S3�

f
K
�
�

�
+6148,

dqg

pe @ wu e
�
S3�

f
K
�
. 65 wu

�
S3�

f
K
�
wu

��
S3�

f
K
�
�

�
. 45 wu 2

��
S3�

f
K
�
2

�
.

.45 wu 2
�
S3�

f
K
�
wu

��
S3�

f
K
�
2

�
. 7; wu

��
S3�

f
K
�
e

�
+6149,

Vlqfh y> z dqg u hqwhu wkhvh h{suhvvlrqv rqo| wkurxjk K @ yK� . zK2 . uK�/

+6147,0+6149, duh sro|qrpldov lq y> z dqg u/ dqg e| lqvhuwlqj wkhvh sro|qrpldov

lqwr +6146, lw lv srvvleoh wr lghqwli| wkh * ghulydwlyhv ri Wkhruhp 6151 Wklv lv krz

+618,0+61;, duh rewdlqhg/ dqg wkh surri lv frpsohwhg1 �

Wkh uhvxowv ri Wkhruhp 614 fdq eh xvhg iru qxphulfdo frpsxwdwlrqv ri wkh

h{shfwdwlrqv lq +614,0+617, iru d �{hg W / dqg yld Ohppd 514 dqg Wkhruhp 614/

zh fdq rewdlq dssur{lpdwh h{shfwdwlrqv ri wkh dssur{lpdwhg dqg wkh olnholkrrg

udwlr whvw vwdwlvwlfv1 Dv dq h{dpsoh/ frqvlghu wkh fdofxodwlrq ri +614,=

41 Frpsxwh +618, iru d +vx!flhqwo| odujh, julg ri v dqg x ydoxhv1

51 Wkh phdq wdnhq ryhu wklv julg jlyhv dq dssur{lpdwlrq ri wkh lqwhjudo1 Wklv
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dssur{lpdwlrq fdq eh lpsuryhg e| uh�qlqj wkh julg dqg e| xvlqj qxphulfdo h{0

wudsrodwlrq whfkqltxhv/ vhh h1j1 Gdkotylvw hw do1 +4<:7,1

Kdqgolqj +616, dqg +617, lv vlpsohu ehfdxvh zh zloo rqo| qhhg d julg ri v ydoxhv1 Lq

wkh qh{w vhfwlrq zh zloo suhvhqw qxphulfdo uhvxowv dqg d frpsdulvrq zlwk Prqwh

Fduor vlpxodwlrq edvhg uhvxowv1

Lq rughu wr uhgxfh wkh glphqvlrqdolw| ri wkh pdwulfhv lqyroyhg lq wkh fdofxod0

wlrq ri +618, +dqg khqfh/ lq wkh grxeoh lqwhjudo ri +614,,/ wkh iroorzlqj fruroodu|

lv xvhixo1

Fruroodu| 6151

C2

Cy2
* +v> x> y> z> 3, @

4t
ghwS �f ghwD2

� +614:,

�
�
4

7
+wuF�� . 5 +d� �, +wuF�2 . wuFW

2�
,,2 .

4

5
wu
�
F2

��

�
. +d� �, wu +F��F�2,.

.
4

5
+d� �,2wu

�
F2

�2

�
.+d� �,wu +FW

��
F�2,.+d� �,2wu +FW

��
F22,.

4

5
+d� �,2wu

�
FW 2

2�

��

zkhuh wkh ghulydwlyh lv wdnhq dw iy @ 3> z @ 3j = Khuh/ F��

_iu

@ E��k�/ F�2

_iu

@

E�2k2/ F2�

_iu

@ E2�k�/ F22

_iu

@ E22k2/ FW

��

_iu

@ E��k
�

2
/ FW

2�

_iu

@ E2�k
�

2
/ S3�

f

_iu

@3C E�� E�2

E2� E22

4D dqg wkh E�� +l> m @ 4> 5,pdwulfhv duh W � W> dqg jlyhq e| E�� @

D3�

�
/ E�2 @ �5v +d� �,S

3�

�f
L D3�

2
/ E2� @ �5v +d� �,S3�

2f
L D3�

�
/ E22 @ D3�

2
/

zlwkD�

_iu

@ S �f�7v2 +d� �,2 L S3�

2f
L dqgD2

_iu

@ S2f�7v2 +d� �,2 L S
3�

�f
L = �

Surri= Wkh uhvxow iroorzv gluhfwo| iurp +618, dqg vwdqgdug olqhdu dojheud1 �

Uhpdun 4= E| lqvshfwlrq ri +614:,/ lw lv vhhq wkdw wkh h{shfwdwlrqv lq +614, dqg

+617, duh v|pphwulf ixqfwlrqv ri +d� �, > +Wklv wxuqv rxw wr eh wuxh dovr iru wkh

h{shfwdwlrq lq +616,1,= Wklv lv dq lqwxlwlyh frqvhtxhqfh ri wkh prgho +514,/ vlqfh d

fkdqjh lq wkh vljq ri +d� �, fruuhvsrqgv wr d fkdqjh ri vljq iru wkh ix|j vhtxhqfh/
dqg fohduo| wkdw grhv qrw d�hfw wkh suredelolvwlf surshuwlhv ri wkh prgho1 Dovr/

qrwh wkdw iru d� � @ 3> wkh uhvxowv ri Wkhruhp 614 dqg Fruroodu| 615 vshfldol}h

wr wkh uhvxowv lq Oduvvrq +4<<7/ 4<<:,1 �

Uhpdun 5= Wkh phwkrgv lq Oduvvrq +4<<7/ 4<<:, frxog srvvleo| eh ghyhorshg ixu0

wkhu lq rughu wr rewdlq pruh wudfwdeoh lqwhjudo h{suhvvlrqv lq +614,0+617,1 Dq lvvxh

iru ixwxuh zrun rq wkh vxemhfw1 �

4:



Uhpdun 6 = Dv srlqwhg rxw e| Qlhovhq +4<<8,/ wkh txdqwlwlhv
S
%2
|

dqg ]
A

duh

lqghshqghqw li d� � @ 3= Khqfh/ lq wklv vshfldo fdvh/ zh kdyh iru q � 4>

H

##�S
V
|3�c�%

2
|

�S
V2
|3�c�

$
?

$
@ H

##S
%2
|

W

$
?

$
H +]?

A

, @
5?�

�
A

2
. q

�
W?�

�
A

2

� H +]?

A

, >

vlpsoli|lqj +614, dqg +615, wr

H +]
A

, @

"]
f

C2

Cy2
* +v> x> y>z> 3,gv

dqg

H
�
]2

A

�
@

W

W . 5

"]
f

v
Ce

Cye
* +v> x> y>z> 3, gv>

uhvshfwlyho|1 �

4;



71 Qxphulfdo hydoxdwlrq

Wkh sxusrvh ri wklv vhfwlrq lv wr hydoxdwh wkh shuirupdqfh ri wkh dssurdfk vxj0

jhvwhg lq wkh suhylrxv vhfwlrq1 Zh zloo/ lq sduwlfxodu/ h{dplqh wkh vl}h glvwruwlrq

sureohpv iru wkh olnholkrrg udwlr frlqwhjudwlrq whvw lq +5148, dqg wkh dssur{lpdwhg

whvw lq +514:,1 Ixuwkhupruh/ zh zloo fdofxodwh wkh h{shfwdwlrq ri ]A > ]2
A
U

E��
A
> dqg

U
E2�
A
> iru vdpsoh vl}hv W @ 8> = = = > 83 dqg d @ 4=3 dqg d @ 3=8 xvlqj wkh qxphulfdo

phwkrg1 D frpsdulvrq ri wkh qxphulfdo uhvxowv zlwk vlpxodwhg frxqwhusduwv zloo

jlyh jxlgdqfh rq wkh dssursuldwhqhvv ri wkh vxjjhvwhg phwkrg1 Ilqdoo|/ vlpxod0

wlrqv ri wkh Eduwohww fruuhfwhg whvwv zloo vkrz wr zkdw h{whqw wkh vl}h sureohp

fdq eh doohyldwhg lq wklv sduwlfxodu frqwh{w1 Lw lv xvhixo wr glvhqwdqjoh wklv lvvxh

lq wzr1 Iluvw/ zkdw lv wkh h�hfw ri fruuhfwlqj dq ryhuvl}hg whvw e| lwv h{shfwd0

wlrq/ l1h1 grhv wkh Eduwohww lghd krogB Zh hydoxdwh wklv e| xvlqj d vlpxodwlrq

hvwlpdwhg h{shfwdwlrq dv d edvlv iru wkh Eduwohww fruuhfwlrq1 Vhfrqg/ krz grhv

wkh Eduwohww fruuhfwlrq edvhg rq wkh sursrvhg qxphulfdo phwkrg shuirupB Lq hi0

ihfw/ zh zloo/ xvlqj vlpxodwlrq/ hvwlpdwh hpslulfdo vl}hv iru wkh xqfruuhfwhg whvwv/

ghqrwhg e| �5 orjTA dqg PA > dqg frpsduh zlwk hpslulfdo vl}hv iru vlpxodwlrq

edvhg fruuhfwlrqv/ �5 orjT��r�6

A
dqg P��r�6

A
/ dv zhoo dv qxphulfdoo| fruuhfwhg

whvwv/ �5 orjT��

A
dqg P��

A
1

Doo fdofxodwlrqv kdyh ehhq fduulhg rxw rq d Gljlwdo Yhqwxulv 8453 uxqqlqj dw

453 PK}1 Wkh frgh lv lq grxeoh suhflvlrq IRUWUDQ dqg wkh h{shulphqwv lqyroyh

U @ 4> 333> 333 uhsolfdwlrqv wkurxjkrxw/ h{fhsw iru wkh dv|pswrwlf glvwulexwlrqv

zklfk lqyroyh W @ 43> 333 revhuydwlrqv dqg U @ 833> 333 uhsolfdwlrqv1 Wkh svhxgr

Q+3> 4, yduldwhv duh jhqhudwhg xvlqj wkh LVPO urxwlqh GUQQRI1 Lq rughu wr

uhgxfh wkh Prqwh Fduor udqgrp yduldelolw| dfurvv h{shulphqwv/ d vdpsoh ri vl}h

W @ 83 lv jhqhudwhg lq hdfk uhsolfdwlrq dqg whvw vwdwlvwlfv iru doo h{shulphqwdo

vdpsoh vl}hv duh fdofxodwhg uhfxuvlyho| rq wkdw vdpsoh1

Prqwh Fduor vlpxodwlrq hvwlpdwhv ri wkh hpslulfdo vl}hv iru wkh olnholkrrg udwlr

whvw dqg wkh dssur{lpdwhg whvw uhtxluh dv|pswrwlf fulwlfdo ydoxhv/ dqg khqfh/ zh

pxvw �uvw vlpxodwh wkh dv|pswrwlf glvwulexwlrqv1 Wdeohv D4d dqg D4e/ vkrz

wkdw wkh dv|pswrwlf glvwulexwlrq lv qrw lqyduldqw wr d= Pruhryhu/ dv suhglfwhg e|

Ohppd 514/ wkh dv|pswrwlf glvwulexwlrqv ri �5 orjTA > ]A > dqg PA duh lqghhg

4<



htxlydohqw1 Wkh qxphulfdo phwkrg jlyhv dq dv|pswrwlf H]A ri 41475 zkhq d @ 4/

dqg lv khqfh lq djuhhphqw zlwk wkh vlpxodwlrq uhvxow lq Wdeoh D4d1

Wdeohv D5d dqg D5e frq�up wkh dffxudf| ri wkh qxphulfdo uhsuhvhqwdwlrqv

+614,0+617, lq Wkhruhp 6141 Zkhq frpsdulqj zlwk wkh vlpxodwhg prphqwv/ wkh

vwdqgdug huuruv ri wkh odwwhu lpso| frq�ghqfh lqwhuydov wkdw lq jhqhudo zloo fryhu

wkh qxphulfdo h{shfwdwlrqv1 Lw lv rqo| iru wkh fdvhv ri H]2

A
dqg odujhu vdpsoh

vl}hv wkdw d voljkw glyhujhqfh rffxuv1

Qrz/ wr wkh khduw ri wkh pdwwhu1 Wdeohv D6d dqg D6e/ D7d dqg D7e/ dqg

Iljxuhv D40D; surylgh sduwo| ryhuodsslqj hylghqfh rq wkh vl}h ehkdylrxu ri wkh

xqdgmxvwhg dqg dgmxvwhg whvwv1 Dssduhqwo| wkh sdudphwhu dpdnhv olwwoh gl�huhqfh

dqg zh fdq khqfh frqfhqwudwh rq wkh uhvxowv iru d @ 3=8 lq Iljxuhv D40D71 Wkh wzr

xqdgmxvwhg whvwv duh erwk glvwruwhg lq vl}h/ exw lq rssrvlwh gluhfwlrqv1 Zkhuhdv

wkh olnholkrrg udwlr whvw lv ryhuvl}hg iru vpdoo W / dqg vhyhuho| vr iru d 4( qrplqdo

vl}h/ wkh dssur{lpdwhg whvw lv xqghuvl}hg/ lq sduwlfxodu iru d 4( qrplqdo vl}h

zkhuh wkh qxoo uhpdlqv xquhmhfwhg wkurxjkrxw 4/333/333 vdpsohv iru wkh yhu|

vpdoo W 1 Wkh h�hfwlyhqhvv ri Eduwohww fruuhfwlrq lv dovr gl�huhqw iru wkh wzr whvwv1

Lq wkh fdvh ri wkh olnholkrrg udwlr whvw zh �qg wkdw wkh qxphulfdo fruuhfwlrq lv

dw ehvw ri qr ydoxh/ zkhuhdv wkh vlpxodwhg fruuhfwlrq lv doprvw shuihfw1 Lq wkh

fdvh ri wkh dssur{lpdwhg whvw wkh urohv duh uhyhuvhg/ wkh vlpxodwhg fruuhfwlrq rqo|

pdujlqdoo| uhgxfhv wkh glvwruwlrq sureohp zkloh wkh qxphulfdo fruuhfwlrq kdv dq

h�hfw iru wkh 4( qrplqdo vl}h1

Vxppdul}lqj wkh qxphulfdo hylghqfh zh �qg wkdw wkh lghd ri Eduwohww fruuhf0

wlrq/ l1h1 dgmxvwlqj e| xvlqj wkh h{shfwdwlrq ri wkh whvw vwdwlvwlf/ ixqfwlrqv yhu|

zhoo iru wkh olnholkrrg udwlr whvw exw qrw iru wkh dssur{lpdwhg whvw1 Xqiruwxqdwho|/

wkh qxphulfdo dssurdfk vxjjhvwhg lq vhfwlrq 6 suryhv wr eh lqh�hfwlyh/ zkhuhdv

edvlqj wkh fruuhfwlrq rq d vlpxodwhg h{shfwdwlrq |lhogv d uhpdundeo| dffxudwh

olnholkrrg udwlr whvw/ hyhq iru dv ihz revhuydwlrqv dv 81 Wkh idloxuh ri wkh qx0

phulfdo phwkrg fdq eh dwwulexwhg wr wkh uhodwlyh lpsdfwv ri wkh vhfrqg dqg wklug

whupv lq +514;,/ wkdw lv/ wkh �uvw rughu fruuhfwlrq jlyhq e| wkh vhfrqg whup grhv

qrw ryhufrph wkh h�hfwv iurp wkh R
�
W32

�
huuru whup1
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Uhihuhqfhv

^4` Dedglu/ N1P1 +4<<6,1 �ROV eldv lq qrqvwdwlrqdu| dxwruhjuhvvlrq�/ Hfrqr0
phwulf Wkhru|/ Yro </ ss1 ;40<61

^5` Eduwohww/ P1V1 +4<6:,1 �Surshuwlhv ri vx!flhqf| dqg vwdwlvwlfdo whvwv�/ Sur0
fhhglqjv ri wkh Ur|do Vwdwlvwlfdo Vrflhw| ri Orqgrq/ Vhulhv D/ Yro1 493/ ss1
59;05;51

^6` Edqhumhh/ D1/ Grodgr/ M1M1/ Khqgu|/ G1I1 dqg Vplwk/ J1Z1 +4<;9,1 �H{soru0
lqj Htxloleulxp Uhodwlrqvklsv lq Hfrqrphwulfv wkurxjk Vwdwlf Prghov= vrph
Prqwh Fduor Hylghqfh/ R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ Yro 7;/
ss1 58605::1

^7` Eduqgru�0Qlhovhq/ R1H1 dqg Fr{/ G1U1 +4<;<,1 �Dv|pswrwlf Whfkqltxhv iru
Xvh lq Vwdwlvwlfv�/ Orqgrq/ Fkdspdq dqg Kdoo1

^8` Fdpsrv/ M1/ Hulfvvrq/ Q1U1 dqg Khqgu|/ G1I1 +4<<9,1 �Frlqwhjudwlrq whvwv lq
suhvhqfh ri vwuxfwxudo euhdnv�/ Mrxuqdo ri Hfrqrphwulfv/ Yro1 :3/ ss1 4;:05531

^9` Fkhxqj/ \0Z1 dqg Odl/ N1V1 +4<<6,1 �Ilqlwh Vdpsoh Vl}hv ri Mrkdqvhqv Olnh0
olkrrg Udwlr Whvwv iru Frlqwhjudwlrq�/ R{irug Exoohwlq ri Hfrqrplfv dqg
Vwdwlvwlfv/ Yro 88/ ss1 646065;1

^:` Gdkotylvw/ J1/ Emùufn/ È dqg Dqghuvrq/ Q1 +4<:7,1 �Qxphulfdo phwkrgv�/
Suhqwlfh0Kdoo1

^;` Hqjoh/ U1I1 dqg Judqjhu/ F1Z1M1 +4<;:,1 �Fr0lqwhjudwlrq dqg Huuru Fruuhf0
wlrq= Uhsuhvhqwdwlrq/ Hvwlpdwlrq dqg Whvwlqj�/ Hfrqrphwulfd/ Yro1 88/ ss1
58405:91

^<` Hydqv/ J1E1D1 dqg Vdylq/ Q1H1 +4<;4,1 �Whvwlqj iru xqlw urrwv= 4�/ Hfrqr0
phwulfd/ Yro 7</ ss1 :860::<1

^43` Jlhuvehujhq/ Q1S1D1 ydq +4<<9,1 �Errwvwudsslqj wkh wudfh vwdwlvwlfv lq YDU
prghov= Prqwh Fduor uhvxowv dqg dssolfdwlrqv�/ R{irug Exoohwlq ri Hfrqrplfv
dqg Vwdwlvwlfv/ Yro 8;/ ss1 6<4073;1

^44` Kdoo/ S1 +4<<5,1 �Wkh Errwvwuds dqg Hgjhzruwk H{sdqvlrq�/ Qhz \run/
Vsulqjhu0Yhuodj1

^45` Kduulv/ U1L1G1 +4<<5,1 �Vpdoo Vdpsoh Whvwlqj Iru Xqlw Urrwv�/ R{irug Exo0
ohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ Yro 87/ ss1 94809581

^46` Mhqvhq/ M1O1 +4<<6,1 �D klvwrulfdo vnhwfk dqg vrph qhz uhvxowv rq wkh lp0
suryhg orj olnholkrrg udwlr whvw vwdwlvwlf�/ Vfdqglqdyldq Mrxuqdo ri Vwdwlvwlfv/
Yro 53/ ss1 40481

^47` Mhqvhq/ M1O1 dqg Zrrg/ D1W1D1 +4<<8,1 �Rq wkh qrq0h{lvwhqfh ri Eduwohww
fruuhfwlrqv iru xqlw urrw whvwv�/ Xqsxeolvkhg pdqxvfulsw1
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^48` Mdfrevrq/ W1 +4<<8,1 �Vlpxodwlqj Vpdoo0Vdpsoh Surshuwlhv ri wkh Pd{lpxp
Olnholkrrg Frlqwhjudwlrq Phwkrg= Hvwlpdwlrq dqg Whvwlqj�/ Ilqqlvk Hfr0
qrplf Sdshuv/ Yro ;/ ss1 <9043:1

^49` Mrkdqvhq/ V1 +4<;;,1 �Vwdwlvwlfdo Dqdo|vlv ri Frlqwhjudwlqj Yhfwruv�/ Mrxuqdo
ri Hfrqrplf G|qdplfv dqg Frqwuro/ Yro1 45/ ss1 56405871

^4:` Mrkdqvhq/ V1 +4<<4,1 �Hvwlpdwlrq dqg K|srwkhvlv Whvwlqj ri Frlqwhjudwlqj
Yhfwruv lq Jdxvvldq Yhfwru Dxwruhjuhvvlyh Prghov�/ Hfrqrphwulfd/ Yro1 8</
ss1 4884048;31

^4;` Nuhphuv/ M1M1P1/ Hulfvvrq/ Q1U1 dqg Grodgr/ M1M1 +4<<5,1 �Whvwlqj Lqwhjud0
wlrq dqg Frlqwhjudwlrq= dq Ryhuylhz/ R{irug Exoohwlq ri Hfrqrplfv dqg
Vwdwlvwlfv/ Yro 87/ ss1 658067;1

^4<` Oduvvrq/ U1 +4<<7,1 �Eduwohww Fruuhfwlrqv iru Xqlw Urrw Whvw Vwdwlvwlfv�/ Lq0
vwlwxwh ri Pdwkhpdwlfdo Vwdwlvwlfv/ Xqlyhuvlw| ri Frshqkdjhq/ Suhsulqw qr1
5/ 4<<71

^53` Oduvvrq/ U1 +4<<8,1 �Vpdoo Vdpsoh Fruuhfwlrqv iru Xqlw Urrw Whvw Vwdwlvwlfv�/
Ghsduwphqw ri Pdwkhpdwlfv/ Xssvdod Xqlyhuvlw|/ Uhsruw qr1 4<<8=461

^54` Oduvvrq/ U1 +4<<:,1 �Rq wkh dv|pswrwlf h{shfwdwlrqv ri vrph xqlw urrw whvwv
lq d �uvw rughu dxwruhjuhvvlyh surfhvv lq wkh suhvhqfh ri d wuhqg�1 Wr dsshdu
lq wkh Dqqdov ri wkh Lqvwlwxwh ri Vwdwlvwlfdo Pdwkhpdwlfv1

^55` Oh Euhwrq/ D1 dqg Skdp/ G1W1 +4<;<,1 �Rq wkh eldv ri wkh ohdvw vtxduhv
hvwlpdwru iru wkh �uvw rughu dxwruhjuhvvlyh surfhvv�/ Dqqdov ri wkh Lqvwlwxwh
ri Vwdwlvwlfdo Pdwkhpdwlfv/ Yro 6/ ss1 88808961

^56` Oxfdv/ D1 +4<<9,1 �Rxwolhu Urexvw Xqlw Urrw Dqdo|vlv�/ Wlqehujhq Lqvwlwxwh/
Hudvpxv Xqlyhuvlw|/ Uhvhdufk Vhulhv qr= 4441

^57` Pdjqxv/ M1U1 +4<:;,1 �Wkh prphqwv ri surgxfwv ri txdgudwlf irupv lq qrupdo
yduldeohv�/ Vwdwlvwlfd Qhghuodqglfd/ Yro 65/ ss1 53405431

^58` Plnxovnl/ S1Z1 dqg Prqvrxu/ P1M1 +4<<7,1 �Prphqwv ri wkh olplwlqj glvwule0
xwlrq iru wkh erxqgdu| fdvh lq �uvw rughu dxwruhjuhvvlyh surfhvvhv�/ Dphulfdq
Mrxuqdo ri Pdwkhpdwlfdo dqg Pdqdjhphqw Vflhqfhv/ Yro 47/ ss1 65:067:1

^59` Qlhovhq/ E1 +4<<7,1 �Eduwohww fruuhfwlrq lq wkh frlqwhjudwlrq prgho�/ Xqsxe0
olvkhg pdqxvfulsw/ Lqvwlwxwh ri Pdwkhpdwlfdo Vwdwlvwlfv/ Xqlyhuvlw| ri Frshq0
kdjhq/

^5:` Qlhovhq/ E1 +4<<8,1 �Eduwohww fruuhfwlrq ri wkh xqlw urrw whvw lq dxwruhjuhv0
vlyh prghov�/ Xqsxeolvkhg pdqxvfulsw/ Lqvwlwxwh ri Pdwkhpdwlfdo Vwdwlvwlfv/
Xqlyhuvlw| ri Frshqkdjhq/
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Dsshqgl{= Wdeohv dqg Iljxuhv

Wdeoh D4d= H{shfwdwlrq dqg dvvrfldwhg vwdqgdug huuru/ yduldqfh/
dqg shufhqwlohv ri wkh dv|pswrwlf glvwulexwlrqv ri �5 orjTW > ]W >
dqg PW = W @ 43/333> U @ 833> 333> d @ 4=3=

H v=h= Y 83wk ;3wk <3wk <8wk <<wk
�5 orjTW 4146<8 13348 414:98 1937 41;;: 51<:: 7143< 91;55

]W 4146<5 13348 414:76 1936 41;;; 51<;3 7143; 91;58
PW 4146<6 13348 414:85 1937 41;;: 51<:: 7143; 91;53

Wdeoh D4e= H{shfwdwlrq dqg dvvrfldwhg vwdqgdug huuru/ yduldqfh/
dqg shufhqwlohv ri wkh dv|pswrwlf glvwulexwlrqv ri �5 orjTW > ]W >
dqg PW = W @ 43/333> U @ 833> 333> d @ 3=8=

H v=h= Y 83wk ;3wk <3wk <8wk <<wk
�5 orjTW 414458 13349 41543; 1883 41;89 51<94 71454 91;;:

]W 414455 13349 4153<: 1884 41;88 51<94 7144: 91;;;
PW 414457 13349 4153<8 1883 41;89 51<93 71453 91;;7

Wdeoh D5d= Vpdoo vdpsoh h{shfwdwlrq iru ]W dqg ]5
W
hydoxdwhg e| zd|

ri Prqwh Fduor vlpxodwlrq +vlp, dqg wkh qxphulfdo phwkrg +qxp,1

H]W H]5
W

W d qxp vlp v1h1 qxp vlp v1h1
43 4 31<<<4 31<<<7 13349 515<3< 515;<6 133:3

=8 31<<<4 413343 1334: 516;:6 516;<< 133:8
53 4 41393< 4138;5 1334; 51:;95 51:8;4 133<:

=8 41379< 413793 1334< 51;584 51;3<< 13434
63 4 413;6: 413;4< 1334< 61336< 51<:33 13443

=8 413975 413994 1334< 6134;< 51<<;4 13447
73 4 413<77 413<95 1334< 6145;: 61433< 13453

=8 413:48 413:9< 13353 614649 613<:; 13454
83 4 413<<9 41436< 13353 615449 614;58 13458

=8 413:73 413;58 13353 6153:4 614973 13459

Wdeoh D5e= Vpdoo vdpsoh h{shfwdwlrq iru U+4,
W

dqg U
+5,
W

hydoxdwhg e| zd|
ri Prqwh Fduor vlpxodwlrq +vlp, dqg wkh qxphulfdo phwkrg +qxp,1

HU
+4,
W

HU
+5,
W

W d qxp vlp v1h1 qxp vlp v1h1
43 4 31<<<9 31<<<7 1338: 31<<<9 31<<84 1336;

=8 31<<:4 41335: 1338: 31<8<< 31<965 1336;
53 4 413955 4138;6 133:8 413956 41388< 13373

=8 413756 413656 133:7 413457 4133:: 1336<
63 4 413;99 413:76 133;< 413;9< 413:<5 13374

=8 4138;9 41383< 133;: 41367< 413666 13373
73 4 413<<8 413<<; 13434 413<<; 413<9; 13374

=8 4139:9 4139<5 133<< 4137:7 4137;8 13373
83 4 4143:8 414357 13445 4143:< 41436; 13374

=8 413:63 41398: 1343< 413887 4137;: 13373
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Wdeoh D6d= Shufhqwlohv dvvrfldwhg zlwk wkh vlpxodwlrq edvhg Eduwohww fruuhfwhg dqg
wkh qxphulfdoo| Eduwohww fruuhfwhg olnholkrrg udwlr whvw/ lq frpsdulvrq zlwk wkh
vlpxodwhg dv|pswrwlf dqg vpdoo vdpsoh shufhqwlohv1

<8=wk shufhqwloh <<=wk shufhqwloh
W d dv|ps vlpxo vlp1EF qxp1EF dv|ps vlpxo1 vlp1EF qxp1EF
43 4 7143< 71;49 71:9; 71349 91;55 ;14;9 :1<49 9199:

=8 71454 71;<4 71<34 7145; 91;;: ;1685 ;14<4 91;<<
53 4 7143< 716:9 71674 713:: 91;55 :16:5 :153< 91:9;

=8 71454 71769 71759 71468 91;;: :178: :16<9 91<44
63 4 7143< 715:3 71577 713;; 91;55 :1544 :1379 91:;;

=8 71454 71638 71636 7145: 91;;: :15;7 :14<4 91;<:
73 4 7143< 715:3 71538 713;: 91;55 :1485 91<;4 91:;9

=8 71454 71567 71583 71446 91;;: :1475 :1436 91;:7
83 4 7143< 71568 714<3 713;4 91;55 :139< 91<89 91::8

=8 71454 7153; 71556 713<: 91;;: :13<8 :138; 91;7:

Wdeoh D6e= Shufhqwlohv dvvrfldwhg zlwk wkh vlpxodwlrq edvhg Eduwohww fruuhfwhg dqg
wkh qxphulfdoo| Eduwohww fruuhfwhg dssur{lpdwhg whvw/ lq frpsdulvrq zlwk wkh vlpxodwhg
dv|pswrwlf dqg vpdoo vdpsoh shufhqwlohv1

<8=wk shufhqwloh <<=wk shufhqwloh
W d dv|ps vlpxo vlp1EF qxp1EF dv|ps vlpxo1 vlp1EF qxp1EF
43 4 7143; 61;55 71374 61936 91;53 818;< 91:3< 81<;4

=8 71453 61;9; 7146; 619;9 91;;7 81995 91<48 9148;
53 4 7143; 61<63 71347 61;58 91;53 91499 91998 91684

=8 71453 61<:; 713;7 61;:6 91;;7 91557 91;57 917:5
63 4 7143; 61<;3 71363 61<3; 91;53 91743 919<3 917;:

=8 71453 71343 713;4 61<73 91;;7 9179: 91;4< 918;6
73 4 7143; 71383 71378 61<79 91;53 9187< 91:48 91884

=8 71453 7134; 713;9 61<9; 91;;7 91874 91;5: 91963
83 4 7143; 71394 71394 61<98 91;53 918<3 91:75 918;5

=8 71453 71368 713<5 61<:: 91;;7 91948 91;6; 91979
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Wdeoh D7d= Hvwlpdwhg vl}hv iru wkh xqfruuhfwhg olnholkrrg udwlr whvw/ �5 orjTW > wkh
qxphulfdoo| Eduwohww fruuhfwhg olnholkrrg udwlr whvw/ �5 orjTEF

W
/ dqg wkh vlpxodwlrq

zlvh Eduwohww fruuhfwhg olnholkrrg udwlr whvw/ �5 orjTEFvlp

W
1 Qrplqdo whvw vl}hv duh

8( dqg 4(1

�5 orjTW
�5 orjTEFvlp

W
�5 orjTEF

W

W d 8( 4( 8( 4( 8( 4(
43 4 13:56 134<4 1384; 13447 13:8: 13539

=8 13:67 134<7 13834 1343: 13:65 134<6
53 4 138;5 13466 13844 1343: 138<6 1346:

=8 138<3 13469 13834 13437 138;9 13467
63 4 13884 13455 13843 1343: 1388: 13457

=8 13886 13456 137<< 13438 13884 13455
73 4 1386: 134:: 1383; 1343: 13877 1344<

=8 13869 13488 137<: 13435 1386; 13449
83 4 13863 13488 13838 13439 1386< 1344;

=8 13864 13445 137<< 13435 1386; 13448

Wdeoh D7e= Hvwlpdwhg vl}hv iru wkh xqfruuhfwhg dssur{lpdwhg whvw/PW > wkh qxphulfdoo|
Eduwohww fruuhfwhg dssur{lpdwhg whvw/ PEF

W
/ dqg wkh vlpxodwlrq zlvh Eduwohww fruuhfwhg

dssur{lpdwhg whvw/ PEFvlp

W
1 Qrplqdo whvw vl}hv duh 8( dqg 4(1

PW PEFvlp

W
PEF

W

W d 8( 4( 8( 4( 8( 4(
43 4 13733 13355 13756 13359 13935 13398

=8 13744 13357 13737 13356 138;4 1338;
53 4 13777 1338< 137:6 1339: 13873 133;9

=8 13784 13394 13795 13396 13868 133;7
63 4 13796 133:7 137;: 133;4 1385: 133<6

=8 13798 133:8 137:: 133:; 13855 133<5
73 4 137:4 133;4 137<4 133;: 13856 133<:

=8 137:4 133;3 137;4 133;6 1384< 133<7
83 4 137:; 133;: 137<5 133<4 13856 13434

=8 137:; 133;8 137;9 133;: 13857 133<<
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Iljxuh D4= Prqwh Fduor hvwlpdwhg hpslulfdo vl}hv iru �5 orjTW > �5 orjTEFvlp

W
dqg

�5 orjTEF

W
1 Wkh qrplqdo vl}h lv 8(/ d @ 3=8> W @ 8> = = = > 83> dqg wkh qxpehu ri uhsolfd0

wlrqv lv 4> 333> 3331

0

0.05

0.1

0.15

5 10 15 20 25 30 35 40 45 50

Experimental sample size T 

Size

asymp LR

simBC LR

numBC LR

Iljxuh D5= Prqwh Fduor hvwlpdwhg hpslulfdo vl}hv iru �5 orjT
W
> �5 orjTEFvlp

W
dqg

�5 orjTEF

W
1 Wkh qrplqdo vl}h lv 4(/ d @ 3=8> W @ 8> = = = > 83> dqg wkh qxpehu ri uhsolfd0

wlrqv lv 4> 333> 3331

0

0.01

0.02

0.03

0.04

0.05

5 10 15 20 25 30 35 40 45 50
Experimental sample size T

Size

asymp LR

simBC LR

numBC LR

59



Iljxuh D6= Prqwh Fduor hvwlpdwhg hpslulfdo vl}hv iru PW > P
EFvlp

W
dqg PEF

W
1 Wkh

qrplqdo vl}h lv 8(/ d @ 3=8> W @ 8> = = = > 83> dqg wkh qxpehu ri uhsolfdwlrqv lv 4> 333> 3331

0

0.05

0.1

5 10 15 20 25 30 35 40 45 50

Experimental sample size T

Size

asymp APP

simBC APP

numBC APP

Iljxuh D7= Prqwh Fduor hvwlpdwhg hpslulfdo vl}hv iru PW > PEFvlp

W
dqg PEF

W
1 Wkh

qrplqdo vl}h lv 4(/ d @ 3=8> W @ 8> = = = > 83> dqg wkh qxpehu ri uhsolfdwlrqv lv 4> 333> 3331

0

0.005

0.01

5 10 15 20 25 30 35 40 45 50

Experimental sample size T

Size

asymp APP

simBC APP

numBC APP
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Iljxuh D8= Prqwh Fduor hvwlpdwhg hpslulfdo vl}hv iru �5 orjTW > �5 orjTEFvlp

W
dqg

�5 orjTEF

W
1 Wkh qrplqdo vl}h lv 8(/ d @ 4=3> W @ 8> = = = > 83> dqg wkh qxpehu ri uhsolfd0

wlrqv lv 4> 333> 3331

0

0.05

0.1

0.15

5 10 15 20 25 30 35 40 45 50
Experimental sample size T

Size

asymp LR

simBC LR

numBC LR

Iljxuh D9= Prqwh Fduor hvwlpdwhg hpslulfdo vl}hv iru �5 orjTW > �5 orjTEFvlp

W
dqg

�5 orjTEF

W
1 Wkh qrplqdo vl}h lv 4(/ d @ 4=3> W @ 8> = = = > 83> dqg wkh qxpehu ri uhsolfd0

wlrqv lv 4> 333> 3331

0

0.01

0.02

0.03

0.04

0.05

5 10 15 20 25 30 35 40 45 50
Experimental sample size T

Size

asymp LR

simBC LR

numBC LR
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Iljxuh D:= Prqwh Fduor hvwlpdwhg hpslulfdo vl}hv iru PW > P
EFvlp

W
dqg PEF

W
1 Wkh

qrplqdo vl}h lv 8(/ d @ 4=3> W @ 8> = = = > 83> dqg wkh qxpehu ri uhsolfdwlrqv lv 4> 333> 3331

0

0.05

0.1

5 10 15 20 25 30 35 40 45 50
Experimental sample size T

Size

asymp APP

simBC APP

numBC APP

Iljxuh D;= Prqwh Fduor hvwlpdwhg hpslulfdo vl}hv iru P
W
> PEFvlp

W
dqg PEF

W
1 Wkh

qrplqdo vl}h lv 4(/ d @ 4=3> W @ 8> = = = > 83> dqg wkh qxpehu ri uhsolfdwlrqv lv 4> 333> 3331

0

0.005

0.01

5 10 15 20 25 30 35 40 45 50
Experimental sample size T

Size

asymp APP

simBC APP

numBC APP

5<


