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Abstract
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features and stylized facts.

More specifically, we derive a closed form solution for the price of a call
option on a down-and-out call. We then show how the obtained result can
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1 Introduction

Contingent claims analysis has frequently been used to price corporate securities
and related derivatives. The idea is that securities can be valued as options and
that consequently ordinary (stock) options are valued as compound options.
Only when the models extend the basic Black & Scholes framework, however,
do the pricing formulae for the corporate securities generate prices in line with
actual ones. Yet no such model also incorporating derivatives in a general way
has been developed.

We suggest a comprehensive model which allows us to incorporate common
contractual features and stylized facts. More specifically, we derive a closed
form solution for the price of a call option on a down-and-out call. We then
show how the obtained result can be generalized in order to price options on
complex corporate securities, allowing among other things for corporate taxa-
tion, costly financial distress and deviations from the absolute priority rule. The
characteristics of the model are illustrated with numerical examples.

Black & Scholes (1973) suggest for the first time that corporate securities can
be viewed as options on the underlying firm value and Merton (1974) provides
an application of these ideas to the pricing of corporate debt. The same insight
is exploited by Geske (1979) who takes a step further in pricing stock options
as compound options on the firm’s asset value. In doing, so the stock volatility
becomes an endogenous stochastic process dependent on firm leverage, relaxing
the empirically refuted assumption of constant stock return volatility.

A shortcoming of early models is that financial distress only can occur at
maturity of debt. Kim et al. (1993) show that Merton’s 1974 model is unable
to generate credit spreads in line with levels observed in practice. Hence, the
corresponding equity prices and thus also option prices are likely to be biased.
Black & Cox (1976) allow for financial distress prior to the maturity of debt
by modelling default as taking place when the value of the firm’s assets hits
a lower boundary.! However, they value only corporate securities and do not
address the pricing of options. Toft & Prucyk (1997), on the other hand, do

LOther models that have since employed this approach of modelling financial distress are
Nielsen et al. (1993), Kim et al. (1993), Leland (1994), Leland & Toft (1996) and Longstaff &
Schwartz (1995).

The pricing of barrier options was pioneered by Merton (1973) and has since been treated
in a multitude of papers including Bjork (1994), Rich (1994) and Carr (1995).



value stock options in a firm value based model but restrict their analysis to a
class of capital structures with perpetual debt.

Ericsson & Reneby (1998) suggest a simple framework to apply the option
approach to the valuation of corporate securities when default is triggered by a
barrier in addition to the inability to repay debt at maturity. Claims to the firm’s
assets with general payoff structures can be priced as portfolios of standard and
binary barrier options. In this paper we build on these ideas in order to develop
a framework for valuing European options on corporate securities as compound
contingent claims when default can occur at a random point in time. It is
our view that the framework should, above all, be applied to non-standardized
securities such as OTC-derivatives, new debt issues with embedded options and
financial guarantees. A new debt issue, for instance, alters the capital structure.
Other models, that do not take this into account, will fail to capture the ensuing
changes in the volatilities of the firm’s securities. Options, being inherently
sensitive to volatility changes, thus require a structural model such as ours to
be accurately priced in those circumstances.

We view the main contribution of this paper as being twofold. First, we
extend Geske’s compound option pricing model to encompass an underlying
down-and-out call. Second, we provide a general framework in which both
underlying corporate securities and derivatives can be valued consistently in an
environment where their volatility is driven by changes in leverage.

The paper is organized as follows. Section 2 lays out the modelling environ-
ment and the basic assumptions. Section 3 derives the price of a call written on
a down-and-out call option. Section 4 generalizes to options on general corpo-
rate securities. The section which follows contains some numerical results and

section 6 concludes.

2 Setup

We make the standard Black & Scholes assumptions about the economy. The
interest rate is constant, trading takes place continuously without transaction
costs, unlimited short sales are permitted and arbitrage opportunities are ruled
out. The dynamics of the firm’s asset value w are assumed to be determined

by a geometric Brownian motion with expected return p, payout ratio 8 and



standard deviation o:
dw = (p — B) wdt + cwdW (1)

Note that we do not assume that the assets are traded — we only need to
assume that some security issued against the assets of the firm, such as equity,
is traded (Ericsson & Reneby (1999) discuss the state variable assumptions for
firm value based pricing models in detail).

Default prior to maturity occurs when the value of the firm’s assets reaches
a lower barrier L.> We take the firm’s investment policy to be independent of
its financial policy which in this setting implies that the parameters of the asset
value process are exogenous constants. Note that this rules out any strategic
considerations such as, for example, opportunistic investment policy changes by
the management on behalf of shareholders.?

The assumption of a constant risk-free interest rate may seem restrictive, in
particular if one wishes to value corporate debt and associated options. How-
ever, Kim et al. (1993) show that although yields on Treasury and non-callable
corporate bonds are sensitive to the modelling of interest rate risk, the spread
between the yields on these securities is relatively insensitive to interest rate un-
certainty. Thus, in situations where assuming a constant interest rate is clearly
inappropriate, our model may be used to price credit risk discounts.

In what follows we value a call option written on a down-and-out call. In
section 4 the pricing formula is generalized in order to value options on complex

corporate securities in a straightforward manner.

3 The Compound Barrier Call

The objective of this section is to price a call option on a down-and-out call.
The underlying call matures at T' and has exercise price F' and the compound
call matures at S < T with exercise price K. This can be thought of as a call
with exercise price K written on equity in a firm that has issued discount debt
with face value F.

Denote with C(f;,t; X, S) the price of a call at time ¢ with exercise price X

and maturity at S written on an asset with price f;. Using subscript 1 to denote

B ; . .
“The barrier can be an exogenous function of debt or determined as the outcome of some
endogenous bankruptcy mechanism.
3See Ericsson (2000) for a model in which this is not the case. In this paper the volatility

parameter o is left to the discretion of the firm’s management.



the down-and-out feature with barrier L, we can write the price of the compound
call as C' (Cr(wt,t; F,T),t; K, S). Furthermore, let Iy g ¢, .3 be the indicator
function for the events {4, B, C, ...} and denote with 75 the first passage time
of w to L in the interval 8g = [¢t,.S] and with 7 the first passage time in the
interval 67 = (S, T]. Consequently, the down-and-out feature of a call’s payoff
can be formalized as Cr(wr, T X,T) = Clwr, T5 X, T) X I{r3¢05,rr¢6,}- From

standard theory it follows that we can write the price of the compound call as
C(Cr(we,t, F,T),t K,S) = e "0 . EP [(Cf, (ws, S; F,T) — K) - Itc, > i)

where EP denotes expectations taken under the pricing measure. The value of

the underlying call at maturity of the compound call is given by
Cp (ws, $; FT) = " T=5) - B [(wr = F) - > pirrgory] - Lirsgos)

Subscript g denotes expectations conditional on information at time S. Insert-

ing, we obtain

_ e*'r(Tft) . EB [

WT * Twy > Fyrpg0r ws>o,75¢0s} )
767T(T7t)F . EB [I{wq->F,TT§E0T,wS>E,‘r5€05}]

_e—T(S=t) . pB [I{ws>w,75¢95}]

We define @ as the value of wg that solves Cf, (wg, S; F,T) = K; that is the
exercise price in terms of the state variable.* The monotonicity of Cp with
respect to w then implies that the event {C, > K} is equivalent to {wg > W} N
{rs & 0s}.

We can separate the two variables within the expectation brackets of the first
term on the right hand side of (2) by a change of probability measure. Defining
a new measure ¥, where prices normalized with the asset value process are

martingales,” we can rewrite the first term on the RHS of (2) as®

eiT(Tit) . EB [WT] - E¥ [I{wq->F,TT§E0T,w5>w,‘r5¢05}]

For convenience, define the in-the-money events at times S and T as follows:

AThroughout the analysis, to make it non trivial, we assume @, F,wg > L.
5Specifically, (T8, is used as numeraire.
6See e.g. Geman et al. (1995) or Bjork (1994).



Definition 1 Let Ay = {wr > F, 77 ¢ Op,ws >w, 75 ¢ 0s}. The m-probability
of its occurence is Q™ (Ar) = E™ [I{AT}] )

Definition 2 Let Ag = {wgs > w,7g ¢ 0s}. The m-probability of its occurence
18 Qm (As) = Em [I{Ab}] .

What remains is to find analytic expressions for these probabilities and hence
for the price of the compound call. This is done explicitly in appendix B and

the result is given in the following lemma:

Lemma 1 The probability of the in-the-money event At under the probability

measures m = {B,w, G} are given by
i - o (2) 0 ()9
L\
wo . > <w0 F> >
L\-° w
) s(= (o)
N

where |
nr
dm /s — — /8=t
o(@) = ovs =1 s P Tt
34142
po = TP T30 hB — h¥ o, he = 1B — 6o
(o2

(hB)? + 21 + hPB

g

The Q€ -measure is included for future reference.

Before applying this result to price the compound call, we will try to provide
some intuition for the structure of the derived formula. Consider the probability
of an event A conditional on not hitting a barrier. By decomposing A into

complementary events we may write

QA 77 ¢ 07,75 ¢ 0s) =



The total probability is the unconditional (as regards the barrier) probability
(line 1) less the probability conditional on the barrier being hit before S (line
2) less the probability conditional on it being hit between S and T' (line 3) plus
the probability of hitting the barrier both before S and between S and T (line
4). This structure of this partition (with A = {wy > F,wg > @}) is precisely
that of the expression in Lemma 1.

The probability for the {Ag}-event is well known’ and is

Lemma 2 The probability of the in-the-money event Ag under the probability
measures m = {B,w, G} are given by

a1 (2) - (£) " x (a (2))

where K™ and dZ' (z) are given in Lemma 1.

Applying these results to equation (2), we are now ready to state the price

of the compound call.

Proposition 1 The price of a call with exercise price K and maturity S on a

down-and-out call with exercise price F of maturity T is given by

C(CL(wi, t; F,T), K, 8) = e PT 0y Q¥ (Ar) —e "I F . QP (Ar)
_ef'r(Sft)K . QB (AS)

where the probabilities are given in Lemma 1 and Lemma 2.

To interpret the proposition note that a compound call, although formally
a claim on the underlying call at S, is ultimately a claim on the assets of the
firm at 7. Technically, a compound call of maturity S on a call of maturity
of T' can therefore be viewed as a call of maturity 7" on w that pays off only if
{ws > w} less the value of the requirement to pay the exercise price at S. To

help formalize this idea we make the following, slightly more general, definition.

Definition 3 For a general claim Y maturing at T > S, its conditional coun-

terpart, ), is defined using the pay-off functions

y(wT,T;‘ |A) = Y(CUT,T;-) X I{A}

"The event Ag is the in-the-money event for a down-and-out call. The price of a down-

and-out call was first derived by Merton (1973)



In particular, a conditional (down-and-out) call is a derivative that pays
off as an ordinary (down-and-out) call option maturing at 7', conditional on the

compound call being in-the-money at S, i.e. A= {75 ¢ Os5,ws >w}:
Cr(wr, T; F,T|ws >w) = Cr, (wr, T F,T)-I{ws>g} 4)

As above, subscript 1, is used to denote payoffs conditional on the event
{rs ¢ 0g, 77 ¢ O7}. (Since the underlying claim is down-and-out, the condition

{Ts ¢ 05} in A is superfluous.) We note the price of this claim as a corollary.
Corollary 1 The price of a conditional down-and-out call is

Cr(wit; F,T|wg >@) = e PT 000 Q¥ (Ar) —e " T=OF . QB (Ar)  (5)
The result is derived in Appendiz C.1.

Notice that the structure of the call formula is similar to that of the standard
Black & Scholes formula. Setting 5 = K = L = 0 the expression collapses to the
latter formula. The structure is not tied to the assumptions of constant asset
volatility and interest rate — see Geman et al. (1995). However, they guarantee
closed form solutions for the probabilities.

We can rewrite the price of the compound down-and-out call in Proposition

1 as
C(CL(we,t; F,T),t; K, S) = Cr, (wo; F, T lws > @) — e "5V K - QF (As)

This expression formalizes the interpretation above of a compound call ulti-
mately being a claim on the firm’s assets.

Consider now in more detail the conditional down-and-out call option. Re-
membering the probability decomposition in equation (3) we can write the call

price as

Cr(lws>w)= C(-fws>w})
- C('|{wS>w}ﬂ{T5693})
C(-Hws >wtn{rrebr})

+ C('HwS>w}ﬁ{T5695}ﬁ{TT€9T})

The three last claims are thus down-and-in calls with different partial bar-
rier arrangements. Similar options with barriers that only partially cover the
options’ lives are studied in Heynen & Kat (1994), Carr (1995) and Bermin
(1995). The conditional call will be useful for pricing more complex compound

derivatives.



4 Options on Corporate Securities

In this section we consider the pricing of options on corporate securities, ex-
tending the idea that the compound call could be interpreted as a option on
equity in a firm with discount debt only. We begin by reviewing the valuation
of the underlying securities, and then proceed to the options themselves. We

conclude by briefly discussing the applicability of the results to other areas.

4.1 Pricing Corporate Securities

In the framework of Ericsson & Reneby (1998) securities can be valued as port-
folios of three simple building blocks. A full exposition of this idea would take
up too much space and the reader is referred to that paper for details, but a
general description of the method is as follows.

The valuation method exploits the fact that contracted payoffs to the com-
pany’s securities can be replicated with payoffs from two basic claims: a call and
a heaviside (a binary option paying off $1 at maturity if the underlying exceeds
the exercise price). Assuming the absence of arbitrage, two claims with identical
payoff structures must have the same price. Hence to value a corporate security,
one simply mimics the payoffs of that security with those of down-and-out calls
(CL) and heavisides (Hy). To capture the value of payoffs in financial distress,
a down-and-in claim (G¥) is also necessary. This claim pays off $1 if and when
default occurs prior to maturity and is therefore often termed a dollar-in-default.
We collect the pricing formulas for the building blocks of Ericsson & Reneby
(1998) in the following three lemmata:

Lemma 3 The price of a down-and-out call is given by

o) (wt,t;F,T) = wtei'@(Tit)-Qw (TT ¢ Or,Ts ¢ GS,wT > F)

—e T TVF . QB (1 ¢ 01,75 ¢ Os,wr > F)
with probabilities given by Lemma 2 with S =T and @ = F.
Lemma 4 The price of a down-and-out heaviside is
Hy (wi, t; F,T) = e " TY . QB (11 ¢ 07,75 ¢ 0g,wr > F)

with probability given by Lemma 2 with S =T and @ = F.



Lemma 5 The price of a dollar-in-default claim is

GL (Wt,t,T) = GL (wt,oo) (]‘_QG (TT ¢6T77—S ¢9S,WT > L))
with
we\ 0
) = (3
with probability given by Lemma 2 with S =T andw = L and 0 given in Lemma
1.

We note in passing that G¥ (w;; o0) is the perpetual dollar-in-default claim
that we use to define the probability measure Q; the measure where prices
normalized by this claim are martingales.

Proposition 1 in Ericsson & Reneby (1998) gives us the value of a corporate
security. For convenience, we restate it here as a lemma, where ® {z} denotes

the contracted payoff to a claim z.

Lemma 6 A corporate security C'S with contracted payments

S, aD @ (Cr (wy, t; Fiyti))
®{CS) = +
S 00 & (Hy (wi, t; Fiyty)

and an expected recovery fraction in case of default prior to maturity o, can be

valued as
Zi a(i)CL (wta ta Fi7 tl)

+

CS (wi,t;-) = ¢ S, bW H (wy, t; Fyty)
+

2 L- GL (wtataT)

299
(3

where s used to index calls and heavisides of different exercise prices F; and
maturities t; and a9 and b are constants. The summation operator > should

be understood to encompass integrals when applicable.

For derivations and applications, we refer to Ericsson & Reneby (1998).

Below we just provide a simple example for future reference.

10



Example 1 A bullet bond with coupon ¢ and face value F < L of maturity T
and recovery rate v is simply priced as a sum of heavisides plus the dollar-in-

default claim:
Yoic Hp (we,t; L ty)

CS (wy, t;-) = +F - Hp (we,t; L, T)

+yF - G- (we, 85 T)

4.2 Pricing Options

We now turn to the valuation of options. An issue that has to be addressed is
what happens to the value of an option when the firm defaults. In other words,
what is the value of the underlying corporate security after default? Since the
securities are often no longer traded, their values are difficult to determine. We
will assume that for purposes of determining the payoff to derivative holders
there is a provision stating that corporate securities have a post-default value of
zero. Thus, at expiration, a call option expires worthless whereas a put option
takes on a value equal to the exercise price. We formalize this idea by defining

the process determining derivative payoffs
CS (w,t;-) = CS (we, t50) - Iirggosy

Since corporate securities can be valued as down-and-out calls, heavisides
and the dollar-in-default claim, an option on a corporate security can be valued
as an option on a portfolio of these three contracts. Furthermore, an option
on a portfolio can be treated as a portfolio of options on the parts. In the
previous section, we defined conditional claims and saw that an option on an
option could be valued as a conditional call. To value options on corporate
securities, we make use of two more, analogous, building blocks: the conditional
heaviside and the conditional dollar-in-default. The definitions follow directly
from Definition 3 with A = {75 ¢ 5,ws > @} and pricing formulas are given

in the following two corollaries:
Corollary 2 The price of a conditional heaviside is

Hi (wi,t; F,T |ws >w) =e "T0QP (A7)

11



where the probability is given by Lemma 1. The result is derived in Appendix
C.2.

Corollary 3 The price of a conditional dollar-in-default is
G (wi,t;T|rs ¢ 0s,ws >w) = G (wy;00) - (Q (As) — Q% (Ar))

where G* (wy; 00) is given in Lemma 5 and the QC-probabilities are given by

Lemmata 1 and 2, respectively. The result is derived in Appendiz C.3.

With these building blocks at hand, the generalization of the compound
call formula to a formula for a call option on a general corporate security is
straightforward. From the risk-adjusted expected value of the call payoff, the

call price can be expressed as
C(CSit K, 8) = e~"(50 . P [(65 (ws, S; K, S) — K) : I{CSQK}} 6)

It follows directly from inserting the value of the corporate security in Lemma
6 into (6) that the option can be valued as a sum of conditional calls, heavisides

and dollar-in-default claims:

Proposition 2 The price of a call option with maturity at S and exercise price

K on the corporate security of Lemma 6 is given by
+>, ad .y (we, b5 Fy, i Jws > @)
Zi b(l) . HL (wt,t; Ftivti |LUS > w)

C(égt,t,K,S) ==
o L-GE (wi, ;T lws > @, 75 ¢ 0s)

—K . HL (wt,t;w, S)

where W solves CSg = K. The values of the conditional claims are given in

corollaries above.

As can be seen by comparing this result with Lemma 6, the price of a call
is analogous to the price of the underlying security — with conditional rather
than ordinary down-and-out claims and an adjustment for the requirement to

pay the exercise price (K down-and-out heavisides).

12



Corollary 4 The price of a put option that matures at S and with exercise

price K on the corporate security of Lemma 6 is given by put-call parity
P(CSy,t; K,S) =e"SVEK — CS, + C(CSy, t; K, S)

If the put option is embedded, however, the put-call-parity relation does not
hold with the call in Proposition 2. The embedded put option has a lesser value
than the ordinary put since it runs the risk of becoming worthless if the firm
defaults — and this is when the ordinary put is worth the most. Instead, the

following relationship may be used.

Corollary 5 The price of an embedded put option on a corporate security may

be calculated using the following formula:

P(CSy,t;K,S) = K - Hy (CS,,t; L, S) — CS, + C(CS,, t; K, S)

4.3 Pricing Other Claims

The proposed approach can readily be extended to value claims other than
options on corporate securities. Basically any compound claim can be valued
while allowing for a barrier. Below, we provide an example with a putable bond.

Another obvious application would be to debt and equity while allowing debt
of two different maturities in the capital structure. Equity and short term debt
would in such an environment be valued as compound barrier claims. A related
area is financial guarantees, which could be valued as compound barrier claims
on debt of different maturities. A similar approach could be used for warrants.

Moreover, as already noted in section 3, we have implicitly valued some
compound down-and-in claims. Using the method of derivation in appendix,
the analysis could easily be extended to a case with a single barrier of any type
(up- or down, in- or out, partial or non partial), if one should find an interesting
application for such a compound claim.

Even though the previous analysis has dealt with options as the compound
claim, other derivatives can readily be valued as well as long as their payoffs can
be replicated by calls and heavisides. One then needs two additional compound
claims: the heaviside on a down-and-out call and the heaviside on a down-and-

out heaviside. These are just simpler versions of the compound claims in this

paper.

13



As an example of how to utilize this framework for options on corporate
securities, consider a putable bond. A putable bond gives the holder the right
to sell the bond back to the issuer prior to maturity. Typically, the put is
“European-style” in that it can be exercised for a very short time only (Hardy
(1995)). About 900 bonds had some kind of put feature by 1995 (Hardy (1995)).

Example 2 A putable bond. Assume that the holders of the straight coupon
bond of Example 1 have an option to redeem it at par at time S. The value of this
putable bond is the value of the original bond plus the put or, using the relation
in Corollary 5 above with K = F, the value of a number of F down-and-out

heavisides plus the corresponding call. Formally

CS (wi, t; - |putable) = C8 (we,t;+) + P(CS, t; F, S)

= F-Hp(wyt;L,S)+C(CS,t; L, S)

Inserting the value of the call yields

CS (wy, t; - |putable) = F-Hp (wg,t;L,S)
Zic'HL (wt,t; L,t; ‘CSS > F)
+F - Hp (we, t; L, T|CSg > F)

+yF - GL (wy, t; T |CSs > F)

—F - Hp, (we, t;w0,.5)

To better understand the formula, think about the following two outcomes. If,
on the expiration day of the put, the bond is worth more than par, the put is
not utilized and the holder retains the bond. In the formula, this means that,
at time S, CSg > F and the conditional claims are “transformed” to ordinary
(unconditional) claims which, in aggregate, equal the value of the bond. The
first and last terms are both equal to P (since both heavisides are in-the-money)
and consequently add to zero. The total sum thus is equal to the value of the

bond, CSS:ZiCHL+F~HL+wF'GL.

14



Contrarily, if on the expiration day of the put, the bond is worth less than par,
the put is utilized and the holder obtains the principal. In the formula, the same
result is obtained since CSg < F and the conditional claims expire worthless.
The first term is equal to P, since this heaviside (having exercise price Lg) is
in-the-momney, but in this case the last term is equal to zero, since this heaviside
(having exercise price @) expires out-of-the-money. The total sum in this case

is therefore equal to P.

Perhaps it would seem natural to also include callable bonds among the
examples. However, as has been shown in theory (Kim et al. (1993)) as well
as in practice (Duffee (1998)), the value of the call feature stems mainly from
the interest rate risk. Since such risk is excluded from the setup of this thesis
by assumption, the relevance of callability is diminished as well. Basically,
credit risk is more relevant for putable than for callable bonds — with slight
exaggeration, it is true that a callable bond is called when interest rates fall,

and a putable bond is sold back to the firm when credit quality falls.

5 Some Numerical Results

This section presents some numerical results for the suggested option pricing
model. Our choice of comparisons is partially dictated by existing models. We
are able to nest the Geske (1979) model by setting the default barrier to zero
and a version of the Toft & Prucyk (1997) model by using perpetual continuous
coupon debt.

We focus on the effect of the barrier and the finite debt maturity, since the
combination of those features are the essence of the paper. This is the subject
of the following two subsections. We assume no bankruptcy costs or taxes and
also assume that the assets of the firm are traded to be able to conduct the
comparative analysis in a straightforward manner. In this setting the value of
the firm equals the value of assets, and hence two firms with equal asset value and
leverage will also have the same debt and equity values. This is convenient for
comparing different pricing models consistently. Moreover, to isolate the effect
of the barrier and the maturity of debt we refrain from introducing coupons until
later. Throughout we limit ourselves to considering a European call option only,
which in this setting simply will be equal to the compound option of Proposition
1.

15



We investigate the effects of coupons in the third subsection (5.3).

5.1 The Effect of The Barrier

It is the future evolution of the value of equity that governs the price of the
option. Therefore, it will be useful to begin the analysis by looking at the effect
of a barrier on the distribution of the stock price. The following figure plots
the distribution for three different levels of the default barrier. Leverage is held
constant by varying the principal of debt. Hence we have the same current stock

price for all three scenarios although the time S expectations may differ.

Figure 1: THE EFFECT OF THE DEFAULT BARRIER ON STOCK PRICE DISTRIB-
UTIONS AT EXPIRATION. ¢ = 0.15,r = 0.06, T' = 5, S = 5/12, current equity
price 41.4.

Most notably an increased barrier will yield an increase in stock price volatil-
ity. The higher barrier increases the probability that the stock becomes worth-
less. Furthermore since the principal is lower for the high barrier cases the
probability of high stock prices will also increase; the intuition being that when
default is unlikely shareholders are better off with a lower principal. This effect

on stock price volatility will drive most of the results we present below.
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We start by analysing the barrier’s influence on prices, then study the influ-
ence on hedge ratios and conclude by looking at the effects of using the Black

& Scholes’ model to calculate implied volatilities.

5.1.1 The Effect on Prices

A hypothetical trader observes market values of equity and debt but values
options using a non barrier model and we can thus calculate the effect of omitting
the barrier. He will select the principal of debt so that his model matches
observed market prices of the corporate securities, and thereafter compute the
option price. An option price ratio is obtained by dividing this option price by
the true option price.

The following figure plots the option price ratio against leverage. The firm’s
leverage ratio is increased by decreasing the asset value of the firm. For each
leverage, the exercise price of the option is set so as to place it at-the-money.
The figure thus shows how the pricing error, resulting from using a non-barrier

model for an at-the-money option, is affected by the leverage of the firm.

Figure 2: DEFAULT BARRIER AND OPTION PRICES. The ratio between op-

tion prices calculates using models without and with barrier respectively.
L =50, wg = 51...100,0 = 0.15,» = 0.06,7 =5, F =65, S = 5/12, K =at-the-

money.
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We note that the non-barrier model will underprice the option in general
and that this error becomes more significant the higher the leverage. The most
important effect at work here is that the non-barrier model will underestimate
stock price volatility and hence option prices. The higher the leverage (the
closer the asset value is to the barrier) the higher the equity volatility, and the

more crucial the effect of neglecting the barrier becomes.

5.1.2 The Effect on Deltas

In this section we study the option delta (A) — its sensitivity to changes in
the underlying stock price. Below we plot both barrier and non barrier deltas
(hedge ratios) as a function of the stock price.

Consider a call option. As the stock price increases as a result of an increase
in the underlying asset value the likelihood of default decreases. As this happens
the deltas converge for the two models — that of the barrier model approaches

from below.

Figure 3: DEFAULT BARRIER AND HEDGE RATIOS. The deltas for barrier and
non-barrier models as functions of the underlying stock price. L = 50, wg =
51,...,100, 0 = 0.15, r = 0.06, T' =5, F = 65. Option is at-the-money.

When one approaches financial distress the deltas may differ considerably.
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Initially the delta for the option in the barrier model decreases relative to that of
the standard compound option model. Then as default becomes more imminent
the relationship is reversed and the delta of the barrier option pricing model
may exceed the non barrier one considerably. This indicates that the higher
sensitivity of standard barrier contingent claims prices near the barrier carries
over to compound barrier options.

In practice, these results would translate into the following situation. Sup-
pose that a trader uses the non-barrier model to replicate a long position in the
call in a situation where a barrier is an important determinant of option prices.
If financial distress is imminent he will underinvest in the underlying stock. On
the other hand as the firm becomes less likely to default his hedge portfolio may
consist of too much stock.

Investigating in- and out-of-the-money options shows that deltas are famil-

iarly increasing the deeper in-the-money they are.

5.1.3 The Effect on Implied Volatilities

Equity volatilities are in practice often estimated as the volatilities implied by
the Black & Scholes model from traded option prices. If it were a correct
description of reality, all options written on the same stock would of course imply
the same equity volatility. However, one usually finds that implied volatilities
increase the deeper in-the-money the options are (the volatility “smirk”) — this is
equivalent to overpricing in-the-money call options, see for example Rubinstein
(1994).

Below, we plot implied volatilities (normalized by the at-the-money implied
volatility) as a function of the exercise to stock price ratio. Again, we let our
model represent reality, and hence yield correct prices. Implied volatilities are
calculated using the Black & Scholes’ model. Moreover, this is done for several
levels of the barrier, L. For each choice of L in the figure below we adjust the
principal of debt so that the market value of equity (and hence leverage) is held
constant. Thus, the figure indicates how the volatility “smirk” is influenced by
a barrier.

As can be seen, the volatility smirk becomes more pronounced the higher the
barrier. The explanation is as follows. Equity volatility decreases (increases)
with increases (decreases) in the asset value due to a lower (higher) leverage.

This effect obtains even with L = 0 and leads to relatively higher values (and
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Figure 4: DEFAULT BARRIER AND IMPLIED VOLATILITIES. Implied volatilities
normalized by the at-the-money implied volatility as a function of the normal-
ized exercise price. wg = 100, 0 = 0.15, » = 0.06, T = 5, F = 82.05 / 81.77 /
81.10 / 79.31. Leverage is 60% and S = 4/12

thus implied volatilities) for in-the-money calls and relatively lower for out-of-
the-money calls. This explains the general downward sloping curve shape of
the volatility skew. Furthermore this leverage effect is amplified by a higher
default barrier. The model of Toft & Prucyk (1997) yields the same pattern.

Furthermore they find empirical support for such leverage driven pricing biases.

5.2 The Effect of Debt Maturity

In this section we briefly analyse how the maturity of debt affects the value
of the option. It is done in the following way. First option prices in-, at-, and
out-of-the-money are calculated for a benchmark maturity of T = 5 years. Then
the price changes resulting from a change of debt maturity are calculated. The
stock price is held constant at 41 throughout by varying the principal. The
described procedure can thus be interpreted as the effect on the option price
from a change in the capital structure that would leave both debt and equity

holders indifferent.
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Table 1: CHANGE IN OPTION PRICE AS A RESULT OF A CHANGE IN DEBT

MATURITY
(F=62) (F=80) (F=118)
(price change)  (price) (price change)
In-the-money option (K=33) +3.2% 9.85 -1.2%
At-the-money option (E=K=41) 46.4% 4.41 —5.0%
Out-of-the-money option (K=50) +11.2% 1.26 —12.6%

L=50, wg = 100, o0 = 0.15,7 = 0.06, S = 5/12

Table 1 indicates that the maturity of debt influences option prices signifi-
cantly. Again, the reason is volatility — the longer the maturity, the lower the
volatility of equity during the lifetime of the option since the impact of the
principal is weakened.

The influence of volatility increases with out-of-the-moneyness. The reason is
the well known observation that out-of-the-money calls “have nothing to loose”
from increased risk — only the right tail of the stock price distribution affects
the call price (in contrast to the price of an in-the-money option).

In section 5.3.3 we look at the effects of approximating debt of finite maturity

with infinite maturity when coupons are paid continuously.

5.3 Some Additional Numerical Results

In this section we introduce coupons, bankruptcy costs, (corporate) taxes and
violation of the absolute priority rule (APR). The notion of bankruptcy costs
should be interpreted as the total decrease in asset value at the time of default
that occurs before any distribution to debt- and equity holders. Thus this in-
cludes not only direct costs such as legal fees, deferred taxes and wages which
have priority but also indirect costs such as production disturbances and dam-
aged reputation. A violation of the APR is modelled as the percentage of the

firms assets less bankruptcy costs that are distributed to shareholders following
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financial distress® — even though they are formally not entitled to it.

5.3.1 Time Passes

The intention of this section is to exemplify pricing of options in a more realistic
setting and to illustrate the quantitative price change of a European call option
as time passes. We will also see how the pricing biases of alternative models
change.

We will use the following set of parameters:

External factors

Violation of APR  Bankruptcy costs
0.08 10

Tax rate

0.35

wo r 1] o
100 0.06 0 0.15

Capital structure Option contract details

F c T L K
60 0.08 5 50

Rlet| @

at-the-money

The coupon is paid semi-annually. The setup above gives rise to the following

capital structure:

Value of the firm 106
Equity (o = 34%) 43
Debt 63
Leverage 59%

The tax shield is worth 6.5. The price of the call option is 4.37. The Black

& Scholes’ and the non-barrier models produce a modest underpricing of 1%

and 2%, respectively.

Now consider what happens to the value of the option as time passes. The

following table contains future option prices for different scenarios.

For five

“reasonable” (given an asset volatility of 15%) outcomes of w in three months it

gives the corresponding equity and option prices. It also shows how the pricing

8That is [violationof APR] = I [to equityholders]
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biases of two alternative models change (NB abbreviates non barrier’ and BS
abbreviates Black & Scholes) .

Table 2: 3 MONTHS LATER - 2 MONTHS TO EXPIRATION (T=0.25).

Equity Option NB price BS price
wo.25 . . .

value price bias bias
104 47 (+7.1%) 4.64 —1% —1%
102 45 (+2.6%) 3.30 —1% —1%
100 43 (—1.9%) 2.12 —2% +0%
98 41 (—6.5%) 1.38 —4% +3%
96 39 (—11% ) 0.80 —6% +7%

L = 50,0 =0.15, 8% deviations from APR, r =0.06, 3 =0, T = 4.75,
c=0.08, F =60, S =2/12, K =43, BC = 10, taxes 30%.

The next table contains five possible scenarios yet 7 weeks later (1 week prior

to expiration) for the same option.

The pricing biases increase as expiration approaches and as equity value
falls, driving the options out-of-the-money. This is the same story that was told
before. As equity value falls, the downward volatility bias increases for the non
barrier model. And the more out-of-the-money the option is, the more it would
stand to gain from a higher volatility.

For the Black & Scholes’ model, however, the opposite is true — the model
uses the correct (instantaneous) equity volatility. But since it is assumed that it
is constant, it fails to take into account that volatility actually decreases when
equity increases (due to lowered leverage). This overestimation of volatility at

higher stock prices is particularly noticeable for out-of-the-money options.

9With coupouns, it is no longer obvious what maturity of debt the non barrier user should
choose when applying his model. As suggested by Geske (1979), maturity of debt is chosen

to match the (riskfree) duration of the true debt contract.
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Table 3: 4.75 MONTHS LATER - 1 WEEK TO EXPIRATION (T=0.4)

wp.4 equity change option price NB price bias BS price bias

106 48 (+11%) 4.65 +0% +0%
103 45 (+3.7%) 1.94 +£0% +0%
100 42 (—3.1%) 0.36 —4% +3%
97 39 (—10%) 0.02 —14% +21%
94 36 (—17%) 0.00 —34% +209%

L=50, o = 0.15, 8% deviations from APR, r = 0.06, T = 4.6, ¢ = 0.08, F = 60,
S =0.25/12, K =43, BC = 10, taxes 35%.

Bankruptcy Costs and Taxes The presence of bankruptcy costs does, ce-
teris paribus, mainly affect debt value. Only for very high leverages does it

10" (when the asset value is close to

effect the value of equity and equity options
the barrier). When there are deviations from absolute priority, equity will loose
value from an increase in bankruptcy costs — and hence the option price will
decrease.

The effect of taxes are difficult to analyse since a change affects w — the after-
tazx value of assets — in an exogenous way.'! It is not possible in the model to
determine the increase in the value of assets following a decrease in the tax rate
— a comparison of option prices when taxes are high and low would therefore be
dubious. We can, however, compare the mispricing of the alternative models in
a world with and without taxes. Doing so, we obtain results equivalent to those
with low and high coupons — taxes merely serve to lower the cost of coupon
payments.

Concluding, taxes and bankruptcy costs are an important determinant of
equity option prices only indirectly. They have to be modelled for purposes of

matching equity and debt values implied by the model with true values.

L0For debt and debt derivatives, bankruptcy costs are of course bound to have a larger
effect.
! Potentially, a changed tax rate may also affect (i, \,0).
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Table 4: EFFECT OF FIRST COUPON PAYMENT

First coupon payment in... option price NB price bias
Expiration before (S=2/12) 2.63 -2%
...3 months
(T=4.75) Expiration after (S=4/12) 4.70 -20%
Expiration before (S=5/12) 4.37 -2%
...6 months
(T=5)) Expiration after (S=7/12) 6.12 -15%

L =50, wg = 100, 0 = 0.15, 8% deviations from APR=0.08, r = 0.06,
T =4.75/5,¢=0.08, F =60, S =2/12, K =at-the-money, BC = 10, taxes
35%.

5.3.2 Option Maturity and the First Coupon Payment

The option price is sensitive to whether the option matures before or after a
coupon payment. Table 4 gives the true option price and the pricing bias using
a non barrier (and thus non coupon) model for different combinations of option
and coupon maturities. As can be seen, the mispricing of the non barrier model
dramatically increases when there is a coupon payment during the lifetime of
the option. Moreover, the effect increases when the coupon payment is more
imminent, that is when its impact on equity prices and its volatility is larger.
The explanation is the following.

Immediately after a coupon payment equity increases by the amount of the
coupon. This explains why the option increases from 2.63 (4.37) to 4.70 (6.12)
when its maturity is increased with 2 months. This effect is of course neglected
in a model without coupons. Only the “usual” time-to-maturity effect increases

option prices in that case.

5.3.3 Continuous Coupon Payments

An alternative to modelling discrete coupons, is to use an approximation with
continuous payments. This section briefly looks at the potential effects of such
an approximation.

For the option in the section termed Time Passes, the continuous coupon
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Table 5: PRICE BIAS AS A RESULT OF APPROXIMATING FINITE WITH INFINITE
MATURITY DEBT

Capital structure  Option price  Option price bias (T' = 00, ¢ = 5.2%)

T =25 c=0% 4.28 +19%
T=5,c=27% 4.67 +8%
T =10, c = 4.2% 4.90 +3.5%

L =50, wg =100, 0 = 0.15, r = 0.06, F =70, S = 5/12, K=at-the-money.

model overestimates the price with 15%. This magnitude of overpricing extends
to a wide range of underlying capital structures. On expiration of the option
the equity price will be heavily influenced by the imminent coupon payment,
which lowers the expected value of equity and hence the value of the option. In
the continuous coupon model this effect will be much less pronounced, since the
burden of the coupon is spread over time.

The closer the coupon payment follows the expiration of the option, the more
the continuous coupon model overprices. If, on the other hand, the expiration
of the option follows immediately after the coupon payment, the pricing bias is

negligible.

Infinite Maturity Approximation with Continuous Coupons This
section takes a brief look at what happens when finite maturity debt is approx-
imated by infinite maturity debt. To focus on the maturity effect (and not the
discrete/continuous coupon effect) we use continuous coupons throughout. First
we calculate call option prices for different maturities of debt keeping leverage
constant (at 60%) by varying the coupon. Then the coupon necessary to obtain
the same leverage in an infinite maturity environment and the corresponding
option price are computed. This corresponds to a trader implementing an erro-
neous (infinite maturity) model. Table 5 shows the resulting price biases (when
the true price is given by the finite maturity model).

As can be seen, overestimation of option prices when using an infinite ma-
turity approximation may be far from negligible. The reason using an infinite

maturity overestimates option prices is that a higher coupon rate means that
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a larger fraction of debt value will be repaid during the lifetime of the option.
The expected value of equity at maturity of the option is therefore higher in
the infinite maturity (high coupon) case. Therefore, the value of the option will
be higher as well. Moreover (not shown in the table), overestimation increases
with out-of-the-moneyness and maturity of the option.

Note that to apply a continuous coupon, infinite maturity approximation to
a discrete coupon, finite maturity reality results in two sources of bias — both of

which are positive.

6 Concluding Remarks

We have achieved two things in this paper. First we have presented an exten-
sion of Geske’s compound option pricing model to the case of an option on a
down-and-out call. Second we provide a general and unified method for pricing
(analytically) both credit risky corporate securities and related derivatives in
an environment where their volatility is driven by changes in leverage.

Numerical results show that using alternative models that do not account
for intermediate financial distress may result in considerable pricing errors when
leverage is high and especially when financial distress is likely. The pricing
biases also carry over to the hedge parameters which may be both over- and
underestimated. The suggested model is consistent with the volatility “smirk”
effect observed in practice. The driving force of these results is that models
that do not incorporate a default barrier may implicitly underestimate equity
volatility and thus option prices.

Furthermore our results suggest the importance of accommodating a finite
maturity. Detailed capital structure information — in particular the size and
timing of coupon payments — has an important impact on option prices.

In summary, the comparative advantage of our model is precisely that it is
capable of incorporating comprehensive balance sheet data. Suppose we want
to price an option. Often good estimates of the underlying volatility can be
extracted from market data. However if the derivative we want to price is
part of, say, a debt issue which will affect the capital structure as a whole,
it will be far more difficult to obtain a reliable estimate. In such a situation
the model we suggest appears an appealing alternative. Since the model can

directly incorporate the changes in the capital structure the volatilities of the
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underlying securities will reflect the impact of the new issue.
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A Preliminaries

e RI™™ denotes the Radon-Nikodym derivative R/ —™ = Cfi%J with associ-

ated Girsanov-kernel A/~ Thus superscripts “j — m” can be read from

probability measure ’j” to probability measure 'm’.

e To change measure one uses dW~ = dW?B + hRB=Xdt

A.1 The default process

Define the default process

X = % In <+
(7)
X() = % In %
Default is defined through
X, =0

The dynamics of the default process are
dX = p%dt +dWw™

where W™ is a Wiener-process under probability measure Q™ and p'y is its

appurtenant drift.

e (QF is the measure under which price processes normalized with the money

market account are martingales (the pricing measure)

e ()¥ is the measure under which price processes normalized with
Wi = e "TEB [wr] = e Py,

are martingales. The Girsanov kernel used to go from the pricing measure

is hB~v = —¢g.

e QY is the measure under which price processes normalized with G (wy; -)
are martingales. The Girsanov kernel used to go from the pricing measure

is hB—=G =4 . 0.

e Q¥ is the measure under which X is a martingale. The Girsanov kernel

hB—>X

used to go from the pricing measure is obviously =u%.
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The relevant drifts are

. op—=fB- 0.502

Hx = o

5 r—[B3—050%
bx = o

w _ T—B+ 0.502
Hx = o

G _ B2 2
Hx = (1R)" +2r
px = 0

A.2 Numeraires and change of probability measures
Loosely speaking it holds that, for a general measure Q’,
Eim-Y]=E’[m] - E™[Y]

where E™ is the expected value under the probability measure Q™ defined

through
dQ™ = RI~™dQI

RI™" = g

The corresponding Girsanov-kernel is denoted h~™. See e.g. Geman et al.
(1995).

A.3 First passage time

First note that the first passage time density at 0 for process the X; under

probability measure ™
m 2
X 1 Xt+;;)l{(sft)
I Xy sh = ————e (=)
o (s —t)°

Remark 1 It holds that for a density function for a process like (7) with drift
IS

~ xR
/ e Pls—t) gm {X;;s}ds=e (\/(MX) ? HX)
t
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if (/JE’})Q +2p > 0. See e.g. Ericsson (2000) pp. 139-140.

B Deriving Lemma 1

Consider the expression (for notational convenience, set the time of pricing equal

to zero: t = 0)

Qm (AT) =E™ [I{wT>F,ws>U,'rs¢0s,‘rT¢0T}] (8)

for m = w, B, G. Defining the normalized exercise prices at time S and T'

1. © 1. F
Uy =—1In— Fx=—In—
wx . L e . L
we can write
Q™ (A7) = E™ [I{xy> Py Xs>mx 75205 70¢00)] 9)

To remove the drift of the X-process, define (implicitly) the measure Q~ (under

which X is a Wiener process) with associated Radon-Nikodym derivative:
de — RX—>mdQX with RX—>m _ thHmW,f.(—%(hXﬂm)zT
With the help of this new probability measure we can rewrite (9) as

Qm (AT) = EX [RXHm : I{XT>FX,XS>UX,Ts¢9s,TT¢9T}]

= / / RY=™mQX (Xt € day, Xs € dwy, 75 ¢ Og, 71 ¢ 04)0)

Fx Jwx
where x; denotes a specific realisation of the default process X;.
The term QX (X1 € dop, X5 € dzrg, 75 ¢ 05,71 ¢ O7) can safely be thought
of as the probability of the Wiener process X; passing through the infinitesimal
intervals dzg at S and dxp at T without hitting or having hit zero. The next

step is to derive this density.
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B.1 The Q*-density function

The corresponding cumulative probability can, by complementarity, be rewrit-

ten as

QY (X7 > Fx,Xs >wx,7s ¢ 0s, 71 ¢ 07)
= Q% (X7 > Fx,Xs > wx)

-Q* (X1 > Fx,Xs >Wx,Ts € 0s)

—QX (X7 > Fx,Xs >wx,7s ¢ 0s,7r € 07)

+QX (X1 > Fx, X5 > wWx,Ts € 05,71 € 07)

Applying the reflection principle on the three latter terms yields

QY (X1 > Fx,Xs >Wx,7s €05) = Q¥ (X7 < —Fx,Xs < —Wx)

QY (X1 > Fx,Xs >Wx,7s ¢ 0s, 77 € 07) = Q~ (Xr < —Fx,Xs > Wy)

QX (XT > Fx,Xg >wx,Ts € 0g, 7T € QT) = QX (XT > Fx,Xg < wa)
Summing up, and expressing the conditions as the probability of X being less
than a constant produces the following formula.

QY (X1 > Fx,Xs >wx, 7% T)
= Q% (X1 <2Xo— Fx,Xs <2Xo —wy)

—Q™ (X7 < —Fx,Xs < —wx)

—QX (XT < —Fx, _XS < 2X0 —wx)

+Q~ (-X1 < 2Xo — Fx, X5 < —Wx)

The next step is to derive the corresponding density functions. We immedi-

ately see that the bivariate standardized cumulative functions are

QY (X1 > Fx,Xs >Wx,7s ¢ 0,77 ¢ 07)

— 4 Xo— Fx Xo—wx ﬁ _¢ —Fx —Xo —wx — Xo ﬁ
R vl v VT

_¢ —Fx—Xo Xo—wx_ E +(/) Xo—FX —wx—Xo_ E
vT Vs T NT vT ' Vs T NT
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Keeping in mind that integration starts at Fx and wx, respectively, and that

the start value for the bankruptcy process is X, the density functions are

/s
Q¥ (Xr edzr, Xg €dag, 75 ¢ 0,770 ¢ 07) = f {0, VT;0,VS; T} day dzs

—f {—2X0, VT; —2X,,VS; \/g} der dg

—f {QXO,\/T; 0,vS; \/g} drr drg

+f {0, VT; —2Xo,V'S; —\/g} dar das

Having derived the Q~-density function we can return to equation (10) and

integrate.

B.2 Integration

Inserting the Radon-Nikodym derivative and the derived density function into
equation (10) and changing integration variables to w; (identical to X; but

starting at 0) we obtain:

Q" (Ar) = e%(hx"m,)2T/OO /Oo

Fx—Xo Jux—Xo

B f{07 VT:0,V/5: %}

et er s {20, VT —2X0, V5 /£ }

dwr dwg

—eh T f {*2Xo, VT;0,V/8; *\/g}

el £ L0 VT 2%,V -\ /5 )

Completing the square yields

Q™ (Ag) = e XY / h / T {wn ) dwr dws

Fx—Xo Jwux—Xo
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with the bivariate density function ff {w,w:} given by

fi{we, we =

Cancelling terms (e%

C Deriving

1(pX—m 2T
ez

xf{hX—wnT’ VT: hX=mS /S \/g}

e—QXQhX*”n—f-%(hXHm')QT
% f {20 + WX VT 2% + WXTS, VB 5

e_QXOhXHm,_f_%(h]XHm,)QT

% f {20 + WX T VT XS, VB - 5]

e%(hXﬂm,)zT

+
X f {hX*mT, VT —2Xy — hX=m8 \/5; — %}

—rm 2
(h*=m)r etc.) and integrating gives the result.

Corollaries 1, 2 and 3

C.1 The conditional call

From equation (4)

Cr(w,t; AT ws >w) =e """ BB [Cy (wr,T; F,T) - Iy

Since

Cp(wr, T; F,T) = (wr — F) » Ijwp > brr s g5, 70 00} (11)

the expression for th

e conditional call can be rewritten

Cr(wi,t; F,\Tws >@) = e " T EP [(wr — F) - I{a]

= ¢ "IV EP wr Tpay] - e "0 FEP [T,

To separate the two terms within the expectations brackets in the first term, we

change probability measure as indicated in appendix A.2:

CL (wtat; Fi7

ti|Ds>K) = e "I EP [wr] B [I{a,4]

—e T F BB [Iia,]
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which yields the result.

C.2 The conditional heaviside

By definition
Hy (Wi, t; F,T |ws > @) =e "I B8 [Hy (wr, T; F,T) - Ijwssmy]
Comparing the payoff to a down-and-out heaviside
Hy (wr, T; F,T) = F - Ity > prsg¢os,mrgbr}

with (4) above, we see that a conditional heaviside is just the latter half of a

conditional down-and-out call, and hence the result follows directly.

C.3 The conditional dollar-in-default
The payoff is
QL (wT,T; T |w5 > W, Ts ¢ 93) =GL (wT,T; T) X I{ws>5,‘rs$0s}

i.e. the conditional dollar-in-default pays off $1 if default occurs during 61
conditional on no default during #g and wg > @w. The value of receiving a
dollar under these conditions, must be equal to receiving a long position in a
(perpetual) dollar-in-default claim at S' conditional wg > @ and no default prior
to S, less receiving a short position in a (perpetual) dollar-in-default claim at

T conditional wg > @ and no default prior to 7". Formally

Gr (wi, t; T |ws > @, 75 ¢ 0s) = e " VEP[GF (ws;00)  Ipcwsrsgos]
76_T(T_t)EB [GL (WT; OO) . I{U<ws,7's¢€s,7'7~¢07~}]

Using the Q%-measure (see appendix A.1) we can separate the variables as

described in appendix A.2 above:

QL (wt,t; T |w5 >W,Ts % 93) = ¢ "(S-OEB [GL (ws; OO)] E¢ [I{U<ws,7's¢9s}]

76_T(T_t)EB [GL (WT; OO)] EG [I{§<w5,‘r5¢05,71v¢€qv}]
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The expected return of G under the pricing measure Q® is r and so

Gl (wi, ;T |ws >, 75 ¢ 0s) = G (wi;0) - QF (@ < ws, Ts ¢ 0s)

—G (wi;00) - QF (W < wg, Ts ¢ Os, 77 ¢ O7)

Noting that the probabilities are for events Ag and A, respectively, gives the

corollary.
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