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Abstract

The continuous-time principal-agent model with exponential utility
developed by Holmstrom and Milgrom (1987) and generalized by Schéttler and
Sung (1993, 1996) and Sung (1995) admits a simple closed-form solution: The
second-best sharing rule is linear in output. Unfortunately, the first-best sharing rule
has never been derived. In this note, we show that the first-best sharing rule is also
linear in output, which fits in nicely with an analogous result from static risk-
sharing theory. In addition, we show that the slope is equal to the principal’'s share
of total absolute risk-aversion. This result is consistent with Borch's (1962)
fundamental theorem of Pareto-optimal risk-sharing.
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1. Introduction

The continuous-time principal-agent model with exponentia utility was
developed by Holmstrom and Milgrom (1987) and later generalized by Schéttler
and Sung (1993, 1996) and Sung (1995). In this model, an agent continuously
controls the drift of a Brownian motion during a given time period. Unlike the static
principal-agent problem, the continuous-time version admits a simple closed-form
solution: The second-best sharing rule is a linear function of aggregated ‘output.
Unfortunately, the first-best sharing rule has never been derived. As is shown here,
the first-best sharing rule is also a linear function of aggregated output. This fits in
nicely with a well-known result from static risk-sharing theory which says that
exponential utility (or, more generally, HARA utility) yields linear sharing rules.
Moreover, it is shown that the slope of the first-best sharing rule is equal to the
principal’s share of total absolute risk-aversion. This finding is consistent with the
fundamental theorem of Pareto-optimal risk-sharing derived by Borch (1962).

The remainder of this note is organized as follows: Section 2 presents the
continuous-time principal-agent model with exponential utility and discusses the
second-best solution derived by Holmstrom and Milgrom (1987) and Schéttler and
Sung (1993). Section 3 then examines the first-best problem and states the optimal
sharing rule. A detailed proof is subsequently given in the Appendix.

2. The Model and Second-Best Sharing Rule

For ease of exposition, we confine ourselves to the case of one-dimensional
Brownian motion. The notation is primarily adopted from Schattler and Sung
(1993). At timeO, the principal and the agent agree on a sharing $u@ - R
which specifies a payment from the principal to the agent atltiffilee sharing rule
may depend on a stochastic output proc¥sslefined on the time interve[D,l]

which satisfiesX(0) =0 and which is publicly observable. Formally, the process
X is governed by a stochastic differential equation of the form

(2.1) dX(t) = f (u)dt + odB(t),
where f (u) is the instantaneous means u(t, X) is the agent's control at time,

o is the diffusion rate, an® is a standard Brownian motion. Lé(D,7,P) be the
underlying probability space. The contral[0,1]xC — U is an 7 -predictable

! See, however, Schattler and Sung (1996) and Miiller (1996) for a critique of the linearity result.



process with values in some open bounded control set U O R, . That is, the agent’s
control can be revised continuously during the time inte[@&] and may depend
on the history of the process processin [0,t], but not on the futurét 1]. Denote
the set of all such control laws ky. The “production function”f:U - R is
bounded with derivatives’ (u) >0 and f" (u) <0, and the diffusion rater lies in
some bounded subset & ,. The agent incurs a monetary cost at a rate(o,
where c:U - R, is bounded with derivatives (u)>0 and ¢' (u)=0. Principal

and agent both have negative exponential von Neumann-Morgenstern utility with
constant coefficient of absolute risk aversRrandr , respectively.

The principal’s problem is to find a sharing rugX) and a controlu
which maximize her expected utility. Under moral hazard, the principal cannot
directly observe the agent’s control. In order to ensure that the agent exirts

equilibrium, the tuple{S(X),u} must be incentive compatible. Formally, the
incentive compatibility constraint requires that, given the sharing3(i¥e), u be a
solution to the agent’s maximization problem. In addition, the solut®{X),u}

must also satisfy the participation constraint, which places a lower bound on the
agent’'s expected utility from participating. Let the principal receive the end-of-
period outputX (1), and letw, OR, denote the agent’s certainty equivalent at time

0. The principal solves

2.2) e £ -exp{-R(X(1)- S ))}]

(2.3) s.t. dX(t) = f(u)dt + ouB(t),
(2.4) Eéexpﬁr%?(x)—f:c(u)dt% —exp{-rw,}, and
(2.5) u Dar%Dr?ax EE exp% r%g(x) _J'Olc(a)dt%

Holmstrom and Milgrom (1987) and Schattler and Sung (1993) suggest the
following solution to the principal’s second-best problem (2.2)-(2.5):

S (X)=w, + ( )dt+J' (( ))(dx(t)—f( ett)
(2.6) r“ e (a O

f
2], %%




The second-best sharing rule (2.6) can be interpreted as follows: The first
two termsin (2.6) compensate the agent for his opportunity cost of participating and
for the control exerted during the time period [0,1]. The third term can be written as
two separate integrals. The first integral provides the agent with proper incentives,
and the integral subtracted from it constitutes the expected value of the first integral .
Observe that the entire third term has mean 0. In addition, Schattler and Sung
(1993) interpret the third term as a compensation error which arises because the
sharing rule is based on outpit rather than on the agent’'s contwl The final
term constitutes a risk pemium to be paid to the agent for accepting a lottery with
mean0. Note that ifr =0, i.e. if the agent is risk-neutral, this term vanishes. It
turns out that the optimal second-best contol is constant over time, which
implies that the definite stochastic integral can be integrated straightforwardly. The
resulting sharing rule is an affine function of end-of-period oup(lf) alone with

constant coefficient (u')/ ' (u"), i.e. it has the shap8 (X)=a +X(1), where
the coefficient3=c (u* )/ f’ (u) reflects the incentive intensity. This is the well-

known linearity result.

3. The First-Best Sharing Rule

The principal’s first-best problem consists only of equations (2.2)-(2.4). The
incentive compatibility constraint (2.5) is no longer needed, since in a first-best
setting, the agent’s control is directly observable by the principal. Moreover, it is

assumed that the principal can costlessly enfarceby inflicting an effective
punishment upon the agent in case he deviates. Formally, the principal solves

3.1) e ] -exp{-R(X(1) - S(X) }]

(3.2) s.t. dX(t) = f(u)dt + odB(t), and

(3.3) EE exp% r%(X) - J'Ol C(u)dt% - exp{— rWA}

This problem can be solved by means of dynamic programming. The
solution is given by the following proposition.

ProrosITION 3.1 (First-Best Sharing RuleT:he solution to the principal’s
first-best problen{3.1)-(3.3) is



S (X)=W, +J'c1;(u* ot +J'1R;:r(dx (t)- f(u)at)
+ %J.O E% U@ dt,

where the first-best control u” is constant, unique, and implicitly defined by the
efficiency condition ¢ (u" )/ (u") =1.

(3.4)

Proof: See Appendix.

Thefirst two termsin (3.4) and (2.6) are identical. Asin (2.6), the third term
is stochastic and varies with output. In the absence of moral hazard, this output-
dependence is solely due to risk-sharing. This qualifies a claim made in Schattler
and Sung (1993) that the third term in the second-best sharing rule (2.6) represents a
compensation error resulting from the non-observability of effort. In the light of
(3.4), it is clear that output-dependence in (2.6) is driven by both the provision of
incentivesand risk-sharing. The fourth term in (3.4) constitutes a risk premium
which is to be paid to the agent for accepting a lottery with dedme proof of

Proposition 3.1 shows that the first-best controlis constant, which implies that
the stochastic integral in (3.4) can be solved straightforwardly. Integration of (3.4)

then givesS (X) =a + BX(1), i.e. the first-best sharing rule is a linear function of

aggregated output alone.
While conceptually similar, the sharing rules (2.6) and (3.4) differ in one

important aspect: In (2.6), the constancy of the second-best cahtdsives X(1) -
dependence since it allows direct integration of the stochastic integral. In contrast to
this, X(1) -dependence of the sharing rule (3.4) does not arise from the constancy of
the first-best control” . This is simply because the first-best control is no longer
part of the stochastic integral. Intuitively, lettin§ (X) depend on the entire
process X does not improve the first-best solution since per definition, shirking
during the time period01] is not a problem.

The Appendix shows that the slope of the first-best sharing rule is equal to
(RI(R+1))c(u)/f (u')). From Pareto-efficiency, it follows that marginal cost

¢(u') equals marginal productivityf’ (u"), which is why this term eventually
reduces td:z/(R+ r). This is summarized in the following corollary.

CoROLLARY 3.1 (Efficient Risk-Sharing)The first-best sharing rule (3.4)
implies efficient risk-sharing, i.e. d5(X)/dX =R/(R+r), where R/(R+r) is the



principal’s share of total absolute risk aversion. In particularRE 0, all risk is
borne by the principal.

Proof. Integrate (3.4) and take derivatives with respect to X .
Q.E.D.

REMARK: Corollary 3.1 is consistent with Borch’s (1962) fundamental
theorem of Pareto-optimal risk-sharing.

Appendix

Proof of Proposition 3.1: We solve the principal’s first-best problem (3.1)-(3.3) by means of
dynamic programming. The principal’s value function is

(A.1) V(t,x)= o E[{exp(— R(- ds(x)))}v(t + dt,X)],

whereV(J is of the form—exp{(}. By Ito’s Lemma,dS(X) can be expressed as

X) 1 0°9(X)

A2 ds( X :ds(—dx +=—— "1 g%t = adt + BdX .

(A.2) S(X) x > A

Throughout the proof, terms of order higher thdtnare dropped. In addition, we follow the usual
convention thatE[dB]=0 and (dB)2 =dt. Inserting (A.2) into (A.1) and using Taylor series
expansions yields

V(t,x)= %E%+ R(act +,8dX)+%R2(adt + AX )L

(A3)
%/(t,x) + N(t.X) dt + N(t.X) dXx
O ot dX 2

N
1 Oﬂl(t’zx)azdtﬂj.
oX 5

Multiplying out (A.3), taking expectations and rearranging terms, we obtain the following nonlinear
second-order partial differential equation:

o"v(t,x)Olt +£d2v(t'x)02dt

2 oX*

0=
N w(t.X) : R . .00
+max (1 (u) + RAo? )t + RV(t, X) (U) + @ + - PP Ty
afu [ OX 2 0
with terminal conditiorV/(1, X ) = —exp{— RX(l)} .
Any solution pair{S(X),u} must satisfy the agent’'s participation constraint (3.3). The

intertemporal version of (3.3) is



(A.5) E[— ep| - r(ds(x) - C(u)dt)}] >-1

for al dt in [01]. It can be shown that (A.5) implies (3.3) by integrating (A.5) over [01] and
defining S(0, X) =W, . Expanding (A.5) and taking expectations, we have

(A.6) o =c(u)- A (u)+ %(ﬁa)z .

The agent’s participation constraint (3.3) is satisfied if (A.6) holds. Hence, by chamsing
according to (A.6), the sole constraint in the principal’s first-best problem is satisfied. What remains
is an unconstrained maximization problem with respect to {fotnd u. The solution valueu™ is

called the first-best control, and the solution valge determines by how much the agent’s
compensatiors(x) varies with outputX . In the absence of further constraints, the solution value
B implies first-best risk-sharing. This is in contrast to the moral hazard problem (2.2)-(2.5), in

which both parametersy” and S are used up to satisfy the participation and incentive

compatibility constraints, respectively (cf. Schattler and Sung (1996)).
Inserting (A.6) into (A.4) and collecting terms gives

wN(X)  1IV(EX) ,

0= dt o dt
A7) ot 2 oX
' v (¢, X) 2 O, (Rr) .0 O
+rrRx ET(f(u)+Rﬁa )dt+RV(t,X)EC(u)+ 5 o Edtg

with terminal conditionV(1, X) = —exp{— RX(l)} The partial differential equation (A.7) can be

expressed as a partial differential equation for the principal's certainty equivalent by defining
V(t,X)= —exp{— RW(t, X)} . InsertingV/(t, X) = —exp{— RW(t, X)} into (A.7), we get

a(t.x) 1wt x ROw(t, x)o
0 gt )dt+2 0,9((2 )azdt—Eém%%azdt

max éw%(f (u)+ Rﬂaz)dt = c(u)dt - (R;r)

(A.8)

,Bzazdtg
m

with terminal conditionW(1,X) = X(1).
The first-order conditions for the principal’s maximization problem in (A.8) are

(A.9) d\N(t,X):c(u:), o
ox ()

(A.10) [}‘:M R

' X  R+r’



As is shown in (A.17), oW(t,X)/dX is constant. Moreover, R, r ando? are constant,
c(u) isconvex, and f(u) is strictly concave. From this it follows that the principal’s maximization

problem (A.8) is strictly concave in botf and u, which implies that the first-order conditions

(A.9) and (A.10) are sufficient conditions for a unique global maximum. Inserting (A.9) and (A.10)
back in (A.8), dividing through byit and collecting terms, we obtain

an(t.x) , 1AWt X) . REw(EX)

0= 0" ——
at 2 X 20 oX O

(A.11)

+16(( ))Ef(( ))RRjra c21(u )E- ou)
with terminal conditionW(1, X) = X(1).

The partial differential equation (A.11) can be solved by separation of variables. A standard
guess is a solution of the forv(t, X) = wt) X 2 + &(t) X +¢(t) with terminal conditions(1) =

&1) =1 and (1) =0. Inserting this into (A.11) and rearranging terms, we have

(A.12)

0= X¥aw (1) - 2R’ (1)} + X{ (t) - 2Ra(t)é(t)} + w (1) + wft)o” —?52 (t)o?
1

c’(u*)Hd(u*) R? 2 4ot (4 B—cu* .
2f’(u*)5f'(u*)R+ra ( )5 (v)

Comparing terms of equal powers gives rise to the following system of ordinary differential
equations:

(A.13) 0=d(t)-2Ra?(t)o?,
&(t)- 2Rw(t)£(t)02, and
v ot~ B LN ECY

(A.14)

(A.15)

with terminal conditionsw(1) =0, &(1) =1 and ¢/(1) =0, respectively.
In (A.13), (1) =0 implies w(t)=0. Inserting &(t)=0 and &1)=1 in (A.14) gives
&(t)=1. Similarly, inserting bothw(t) =0 and &(t)=1 in (A.15), we obtain the definite solution

o) ={(RAo* - (2)e )/ P W@ W)/ v @ R/Rer)o? +21 (6 ) e ofu (e-1). - ane

finally, inserting all three solutions M/(t, X) = w(t) X2 + &(t) X +¢(t), we have

(A.16) W(t,X) = X + @502 1 C,(ui) Ef(u) R o+ 2t (u*)§+ c(u*)gt -1).



Differentiating (A.16) with respect to X gives
A1) A(t, X)
. ﬂ -
Inserting (A.17) into (A.9) yields the efficiency condition C’(u*)/f’(u*):l, which

implicitly defines the first-best control u”. Furthermore, this condition shows i) that u” is constant,
for neither c(u) nor f(u) dependon t,andii) that u* isunique, because c(u) isconvex and f(u)
isstrictly concave. Inserting (A.17) into (A.10) yields

(A.18) B =

R+r'

and using this result and the first-best control u” in (A.6), we obtain

w0 i) )

Finaly, inserting both (A.18) and (A.19) in (A.2), integrating over [0,]] and setting
S0, X) =W, , we have

(A.20) s*(x):wA+J' )dt+J'R (ax @~  (u )att) + Ig—gdt

which completes the proof.

QED.
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