
Vhtxhqwldo Pryhv Dqg Wdflw Frooxvlrq=

Uhdfwlrq0Ixqfwlrq F|fohv Lq D Ilqlwh Sulflqj Gxrsro|

Nodxv Zdooqhu
W

Mxo| 6/ 4<<;

Devwudfw1 Wklv sdshu dqdo|}hv d �qlwh krul}rq/ vhtxhqwldo pryh sulflqj

gxrsro|/ uhvwulfwlqj dwwhqwlrq wr Pdunry vwudwhjlhv1 Wkh vroxwlrq |lhogv vwdwlrq0

du| sdwwhuqv/ lqghshqghqw ri lqlwldo frqglwlrqv/ zkhuh wkh uhdfwlrq0ixqfwlrqv

iroorz f|fohv ri wkuhh shulrgv1 Wkh pdunhw sulfh qhyhu vhwwohv grzq/ dqg lv dw

doo wlphv vwulfwo| deryh pdujlqdo frvw1 Orqj0uxq dyhudjh lqgxvwu| sur�wv duh

dssur{lpdwho| 829 ri wkh prqrsro| ohyho1 Wkhvh uhvxowv ghprqvwudwh wkdw qhl0

wkhu d orqj krul}rq/ qru qrq0Pdunryldq vwudwhjlhv duh uhtxluhg iru shuvlvwhqw

sur�wv lq g|qdplf sulfh0frpshwlwlrq jdphv1

41 Lqwurgxfwlrq

Vlqfh wkhlu lqwurgxfwlrq e| Ehuwudqg ^4`/ sulfh0frpshwlwlrq prghov kdyh ehfrph d

srzhukruvh lq hfrqrplf uhvhdufk1 Wkh vwdwlf vlpxowdqhrxv pryh Ehuwudqg prgho

suhglfwv pdujlqdo frvw sulflqj lq d gxrsrolvwlf pdunhw/ d uhvxow nqrzq dv *Ehuwudqg

sdudgr{*1 Zkloh d vlpsoh edfnzdug lqgxfwlrq dujxphqw vkrzv wkdw uhshwlwlrq ri wkh

vwdwlf Ehuwudqg jdph iru d �qlwh qxpehu ri shulrgv vlpso| uhshdwv wkh *Ehuwudqg

sdudgr{* lq hdfk ri wkh shulrgv/ ydulrxv g|qdplf yhuvlrqv wkdw jhqhudwh sur�wdeoh

rxwfrphv kdyh ehhq vwxglhg1

Wklv sdshu dqdo|}hv d vhtxhqwldo pryh/ �qlwh krul}rq sulflqj gxrsro|1 Wzr �upv

frpshwh lq wkh sulfh ri d krprjhqhrxv surgxfw/ xvlqj Pdunry vwudwhjlhv1 Surgxfwlrq

lv frvwohvv/ dqg erwk wlph dqg wkh sulfh0vsdfh duh glvfuhwh1 Wkhuh lv qr xqfhuwdlqw|/

dqg ixwxuh sur�wv duh qrw glvfrxqwhg1 Wkh �upv wdnh wxuqv vhwwlqj wkhlu sulfhv/ zklfk

phdqv wkdw hdfk �up*v fxuuhqw sulflqj ghflvlrq orfnv lw lq iru wkh iroorzlqj shulrg dv

zhoo zkhq wkh ulydo pryhv1 Ghpdqg jrhv wr wkh �up zlwk wkh orzhvw sulfh/ dqg lv

vsolw htxdoo| li wkh sulfhv duh htxdo1

�Wklv zrun lv edvhg rq wkh �uvw fkdswhu ri p| Sk1G1 glvvhuwdwlrq dw Froxpeld Xqlyhuvlw| lq

4<<:1 L jodgo| dfnqrzohgjh wkh juhdw ghew wr p| vxshuylvru Sudmlw N1 Gxwwd/ zkr hqfrxudjhg ph wr

surfhhg zlwk wklv uhvhdufk/ dqg surylghg lqydoxdeoh lqsxw dqg vruho| qhhghg prudo vxssruw1 L dp

hvshfldoo| judwhixo wr wkh dvvrfldwh hglwru/ dq dqrq|prxv uhihuhh/ dqg Mrhujhq Zhlexoo iru ghwdlohg

fulwlflvpv rq doo sduwv ri wkh sdshu1 Wkh frqvwuxfwlyh frpphqwv ri Md| S1 Fkrl/ Ulfkdug H1 Hulfvrq/

Jxlgr Iulheho/ Pdujduhw Pdgdmhzlf}/ dqg vhplqdu dxglhqfhv dw Froxpeld/ Wkh Vwrfnkrop Vfkrro ri

Hfrqrplfv/ \doh/ Fruqhoo/ Plvvrxul0Froxpeld/ Wkh Qruzhjldq Vfkrro ri Pdqdjhphqw/ Wkh Ihghudo

Uhvhuyh Edqn ri Qhz \run/ dqg Iorulgd Lqwhuqdwlrqdo Xqlyhuvlw| duh dssuhfldwhg1

4
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Lq wklv jdph/ rqo| wkh �qdo wzr shulrgv duh *luuhjxodu* vlqfh hdfk �up fkrrvhv wkh
rswlpdo p|rslf ehkdylru lq lwv odvw pryh ri wkh jdph> wkh uhdfwlrq0ixqfwlrqv lq doo
rwkhu shulrgv iroorz wkuhh0shulrg f|fohv1 Rq wkh htxloleulxp sdwk ri wklv jdph/ d
�up lqkhulwv wkh vpdoohvw sulfh deryh wkh prqrsro| ohyho dw zklfk wkh ulydo lv iur}hq/
dqg ehjlqv d f|foh e| xqghufxwwlqj dqg pdnlqj doo vdohv dw wkh prqrsro| sulfh1 Wkh
ulydo wkhq vhwv d sulfh vx!flhqwo| orz wr ghwhu ixuwkhu xqghufxwwlqj/ lq idfw lqgxflqj
wkh �uvw prylqj �up wr udlvh lwv sulfh lq wkh odvw shulrg ri wkh f|foh1 Lq uhvsrqvh wr
wklv uhohqwlqj wkh ulydo ehjlqv d qhz f|foh zlwk wkh vdph ehkdylru dqg uhyhuvhg urohv1
Orqj0uxq dyhudjh lqgxvwu| sur�wv duh dssur{lpdwho| 829 ri prqrsro| sur�wv1

Wkh uhodwhg olwhudwxuh rq g|qdplf sulfh frpshwlwlrq h{dplqhv wkh urexvwqhvv ri
wkh *Ehuwudqg sdudgr{* lq lq�qlwh krul}rq prghov/ dqg lqfoxghv jdphv erwk zlwk vh0
txhqwldo +Pdvnlq2Wluroh ^6`, dqg vlpxowdqhrxv pryhv +vxshujdphv,14 Pdvnlq2Wluroh
^6` vkrzv wkh h{lvwhqfh ri erwk Hgjhzruwk f|foh dqg nlqnhg ghpdqg fxuyh htxlole0
uld/ dqg wkh| ghprqvwudwh orqj0uxq sur�wdelolw| lq doo rxwfrphv1 Wkhlu Hgjhzruwk
f|fohv hqwdlo uhshdwhg xqghufxwwlqj iurp wkh prqrsro| sulfh grzq wr pdujlqdo frvw1
Wkhlu nlqnhg ghpdqg fxuyh rxwfrphv vx�hu iurp d pxowlsolflw| ri srvvleoh nlqnv> D
uhqhjrwldwlrq0surriqhvv fulwhulrq uhgxfhv srvvleoh nlqnv wr wkh prqrsro| sulfh1 Wkh|
frqmhfwxuh wkdw wkh uhvxowv fduu| ryhu wr d �qlwh krul}rq1 Wkh suhvhqw sdshu fkdudf0
whul}hv wkh rxwfrph |lhoghg e| wkh Pdunry0uhvwulfwlrq lq wkh �qlwh vhtxhqwldo pryh
prgho/ dqg vkrzv wkdw wkhuh duh qr nlqnhg ghpdqg fxuyh htxloleuld lq wklv fdvh1

Vxshujdph dssurdfkhv kdyh jhqhudwhg sur�wdeoh rxwfrphv xvlqj vwudwhjlhv wkdw
ghshqg rq wkh sd|r�0luuhohydqw klvwru| ri wkh jdph1 Wkh qrq0urexvwqhvv ri orqj0uxq
sur�wdelolw| zlwk uhvshfw wr d �qlwh krul}rq lv h{suhvvhg lq Wluroh +^7`/ s1 586,=

�Frooxvlrq fdqqrw eh vxvwdlqhg lq wkh vxshujdph iudphzrun/ hyhq iru
d orqj exw �qlwh krul}rq1 Wkxv dq xqerxqghg krul}rq lv fuxfldo wr wkh
uhvxowv1 Wklv udlvhv wkh srvvlelolw| wkdw wkh uhvxowv duh qrw urexvw wr �qlwh0
ohqjwk lqwhudfwlrq 0 d uhdvrqdeoh dvvxpswlrq1�

Wkh vroxwlrq lq Pdunry vwudwhjlhv ri wkh suhvhqw �qlwh prgho ghprqvwudwhv wkdw
qhlwkhu d orqj krul}rq/ qru qrq0Pdunryldq vwudwhjlhv duh uhtxluhg wr vxvwdlq kljk
sur�wv lq g|qdplf sulfh frpshwlwlrq1

51 Wkh Prgho

Wzr �upv frpshwh lq wkh sulfh ri d krprjhqhrxv surgxfw1 Wkh jdph lv sod|hg ryhu
glvfuhwh wlph shulrgv | ' �c 2c ���c �A n 2/ zkhuh A : f lv d �qlwh hyhq lqwhjhu1 Wkh
ohqjwk ri wkh jdph lv frpprq nqrzohgjh dqg wkhuh lv qr xqfhuwdlqw|1 Wkh �upv wdnh

4Wklv prgho grhv qrw uho| rq h{lvwlqj udwlrqdohv iru sur�wdelolw| lq vwdwlf Ehuwudqg prghov=
fdsdflw| frqvwudlqwv +ru ulvlqj pdujlqdo frvwv lq jhqhudo, dqg gl�huhqwldwhg surgxfwv1
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wxuqv fkrrvlqj wkhlu sulfh iurp d glvfuhwh vhw1 Surgxfwlrq lv frvwohvv/ dqg wkhuh lv qr

glvfrxqwlqj1 Doo ghpdqg jrhv wr wkh orzhvw sulfh1

Wkh sulfh vhw lq shulrg | e| wkh fxuuhqwo| prylqj �up lv R|/ dqg wkdw vhw e| lwv

ulydo lq wkh suhylrxv shulrg/ wr zklfk lw uhpdlqv frpplwwhg lq |/ lv R|3�1 D �up

fdqqrw fkdqjh lwv sulfh lq d shulrg lq zklfk wkh ulydo pryhv1 Wkh pdunhw sulfh lq |/

6|/ lv gh�qhg dv wkh ohvvhu ri wkh wzr �upv* sulfhv= 6| ' 4�? iR|c R|3�j1 Ohw Z E6|�

ghqrwh lqgxvwu| sur�wv dw d pdunhw sulfh 6|/ dqg ohw R� eh wkh prqrsro| sulfh1 Wkh

iroorzlqj dvvxpswlrqv duh pdgh1

D4= Wkh sur�w0ixqfwlrq Z G Un $ U lv wkuhh wlphv frqwlqxrxvo| gl�huhqwldeoh zlwk

Z�� 	 f dqg Z Ef� ' f/ dqg Z dfklhyhv lwv pd{lpxp dw R� : f1

E| D4 wkh prqrsro| sulfh R� '@h}4@ 
RMC

Z ER� lv d vlqjohwrq1 Wkh iroorzlqj Ohppd

vxppdul}hv lpsolfdwlrqv ri wkh dvvxpswlrq wkdw duh xvhixo iru wkh vxevhtxhqw dqdo|vlv1

Ohppd 41 Xqghu D4/ < 0 : f/ v1w1 ;0 5 Efc 0�= l, �

2
Z E0� 	 Z E20�/ ll, Z ER� 0� :

�

e
Z ER�/ ;R : 20 zlwk Z ER� : f/ lll, Z

�
R� n 0

�
n Z

�
R� � 0

�
: Z

�
R�

�
nZ

�
R� � 20

�
/

dqg ly, Z E20� 	 �

H
Z
�
R�

�
1

Wkh surri lv lq wkh Dsshqgl{1 Wkh rshqqhvv0sureohp ri �qglqj wkh kljkhvw xqghu0

fxwwlqj sulfh lq d frqwlqxrxv sulfh0vsdfh qhfhvvlwdwhv wkh xvh ri d glvfuhwh sulfh0julg=

D5= Wkh sulfh julg lv C '
�
fc 0c 20c ���c R� c ���c @0

�
/ zlwk d srvlwlyh 0 	 70c 70 dv gh�qhg

lq wkh Ohppd/ dqg @ ' 4@ is 5 Q G Z Es0� � fj 	41

Wkh surshuwlhv ri wkh sur�w ixqfwlrq wkdw duh wkh vxemhfw ri wkh Ohppd krog iru doo

vx!flhqwo| �qh sulfh julgv1 Wkh hvvhqfh ri wkh �qhqhvv uhtxluhphqw rq wkh julg lv wkdw

pdujlqdo xqghufxwwlqj grhv qrw orzhu lqgxvwu| sur�wv vr pxfk dv wr uhqghu pdunhw

vkdulqj dw wkh qh{w kljkhu sulfh pruh sur�wdeoh1 Zh dgrsw dq duelwudu| vsolwwlqj uxoh

iru wkh fdvh zkhuh erwk �upv vhw htxdo sulfhv=

D6= Li erwk �upv fkdujh wkh vdph sulfh/ wkh| vkduh wkh pdunhw htxdoo|1

Htxdo vsolwwlqj lv qrw fuxfldo/ vr orqj dv pdwfklqj uhvxowv lq ohvv wkdq wrwdo vdohv

lq wkh pdunhw15 Wkh odvw dvvxpswlrq vshfl�hv d wlh0euhdnlqj uxoh lq wkh fdvh zkhq d

�up lv lqgl�huhqw ehwzhhq vhyhudo sulfhv/ doo ri zklfk pd{lpl}h lwv sur�w vwuhdp ryhu

wkh uhpdlqghu ri wkh jdph1

D7= Li wkhuh duh pxowlsoh ehvw uhsolhv wr wkh ulydo*v frqwlqxdwlrq vwudwhj|/ d �up vhohfwv

R� n 0 li lw lv d ehvw uhso|/ dqg wkh kljkhvw ehvw uhso| rwkhuzlvh1

5Lw lv hdvlo| yhul�hg wkdw li qr vkdulqj wdnhv sodfh dw htxdo sulfhv/ l1h1 li wkhq wkh odvw prylqj �up

pdnhv doo vdohv/ wkh xqghufxwwlqj lqfhqwlyh glvdsshduv dqg wkh prqrsro| sulfh fdq eh vxvwdlqhg lq

htxloleulxp1
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Lw zloo eh vkrzq wkdw vxfk lqgl�huhqfh uhjxoduo| rffxuv zkhq d �up udlvhv lwv sulfh/

vlqfh doo uhohqwlqj sulfhv deryh R� duh xqghufxw wr R� dqg wkhuhiruh |lhog wkh vdph

sd|r� vwuhdp1

Ghqrwh e| � ERc R�� d �up*v sur�w li lwv fxuuhqw sulfh lv R dqg lwv ulydo*v sulfh lv R�1

Xqghu D6/

� ERc R�� '

;?
=

Z ER� c li R 	 R�(
�

2
Z ER� c li R ' R�(

fc li R : R��

Wkh vhw ri klvwrulhv lq shulrg | lv M| ' C|/ dq hohphqw ri zklfk lv �| 5 M|> wkh

vhw ri klvwrulhv ri wkh zkroh jdph lv M '
�An2V
|'�

M| 1 D klvwru| �| lv wkh revhuyhg

sdvw vhtxhqfh ri sulfhv/ �| ' ERfc R�c ���c R|3�� iru | ' �c 2c ���c�A n 2/ zkhuh Rf lv wkh
duelwudu| suhh{lvwlqj sulfh dw zklfk wkh sod|hu prylqj lq shulrg 5 lv iur}hq lq wkh

rshqlqj shulrg1 D sxuh ehkdylru vwudwhj| lq shulrg | lv d pdsslqj iurp wkh klvwru|

ri wkh jdph wr wkh sulfh julg/ r| G M| $ C1

Fdoo wkh sod|hu prylqj lq hyhq +rgg, shulrgv *hyhq* +*rgg*, �up/ ghqrwhg e|

vxshuvfulswv *e* +*_*,1 Qrwh wkdw li | lv rgg/ hdfk �up kdv wkh vdph qxpehu ri pryhv

uhpdlqlqj/ rwkhuzlvh wkh �up prylqj lq hyhq shulrgv kdv rqh pruh pryh1 Wkh

vwudwhj| iru wkh rgg �up lv d froohfwlrq r_ ' ir|j|'�c�cDc��� / dqg wkh vwudwhj| iru wkh

hyhq �up lv re ' ir|j|'2cecSc���1 Wkh vwudwhj| vsdfh iru wkh jdph lv r ' r_ ^ re1

Fruuhvsrqglqjo| zh glylgh wkh klvwrulhv ri wkh jdph lqwr vhwv frqwdlqlqj rgg dqg

hyhq shulrgv/ M ' M_
^ Me 1 D ehkdylru vwudwhj| ri wkh rgg �up lv r_ G M_

$ C

dqg ri wkh hyhq �up re G Me
$ C1 Lq hyhq shulrgv/ wkh sd|r� ri wkh hyhq sod|hu lv

� ER|c R|3�� dqg wkdw ri wkh rgg sod|hu lv � ER|3�c R|�> lq rgg shulrgv/ wkh sd|r� ri wkh

hyhq sod|hu lv � ER|3�c R|� dqg wkdw ri wkh rgg sod|hu lv � ER|c R|3��1
Wklv �qlwh jdph frqwdlqv vxejdphv wkdw duh xqltxho| gh�qhg e| hdfk klvwru|

�|1 Iru doo klvwrulhv �|/ Erec r_� irup d Qdvk htxloleulxp ri wkh vxejdph vwduwlqj dw

klvwru| �|/ l1h1 rem
�|

dqg r_
��
�|
duh pxwxdoo| ehvw uhvsrqvhv iru doo �|1 Wkh sxusrvh ri

lqwurgxflqj wkh vxejdph shuihfw uhvwulfwlrq lv wr qduurz grzq wkh srvvleo| odujh vhw

ri Qdvk htxloleuld e| holplqdwlqj qrq0fuhgleoh wkuhdwv1

L dp ixuwkhu uhvwulfwlqj wkh �upv wr xvlqj Pdunry vwudwhjlhv1 D orfdo vwudwhj| r| lv

d Pdunry vwudwhj| li iru doo klvwrulhv �| dqg ��|/ r|E�|� ' r|E��|� zkhqhyhu R|3� ' R�|3�1

Xqghu wkh Pdunry uhvwulfwlrq/ �upv frqglwlrq wkhlu uhso| vroho| rq wkh sulfh vhw e| wkh

ulydo lq wkh suhfhglqj shulrg/ zklfk lv wkh rqo| sd|r� uhohydqw sduw ri wkh klvwru| ri wkh

jdph1 Vxfk ehkdylru fdq eh lqwhusuhwhg dv frqyhqwlrqdo g|qdplf uhdfwlrq ixqfwlrqv/

l1h1 gluhfw uhvsrqvhv wr wkh prvw uhfhqw fkdqjhv lq pdunhw frqglwlrqv1 Dowhuqdwlyho|/

lw frxog ghvfuleh ehkdylru lq d vlwxdwlrq zkhuh wkh rqo| lqirupdwlrq frqvlvwv ri wkh

odvw pryh ri wkh ulydo1

Wkh htxloleulxp frqfhsw xvhg lq vroylqj wklv jdph lv wkdw ri d Pdunry shuihfw
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htxloleulxp1 D Pdunry shuihfw htxloleulxp lv d vxejdph shuihfw htxloleulxp zkhuh
erwk sod|huv iroorz Pdunry vwudwhjlhv1 Vlqfh zh duh dvvxplqj wkdw hdfk r| G M| $ C

lv d Pdunry ehkdylru vwudwhj|/ zh fdq vxppdul}h wkh orfdo vwudwhjlhv e| gh�qlqj ehvw
uhvsrqvhv lq shulrg |/ �| G C$ C=

�| ER|3�� ' r| ERfc R�c ���c R|3�� �

Zh zloo ghvfuleh wkh htxloleulxp sdwk ri wkh xqltxh Pdunry shuihfw htxloleulxp
vdwlvi|lqj wkh wlh0euhdnlqj uxoh D71 Wklv sdwk lv fkdudfwhul}hg e| wkuhh0shulrg f|fohv
ri wkh irup E�|�2c �|��c �|�1 Vxssrvh iru vlpsolflw| wkdw | � 2 lv hyhq1 Wkh suhydlolqj
sulfh ri wkh rgg sod|hu/ R�|3�/ zloo eh R

� n 01 Wkh hyhq �up zloo wkhq vhw R�|32 ' R� /
wdnlqj wkh zkroh pdunhw lq shulrg �| � 21 Wkh rgg �up wkhq fxwv wkh sulfh/ vhwwlqj
R�|3� ' RW

|
1 Wklv sulfh lv vhw mxvw orz hqrxjk wr ghwhu wkh hyhq �up iurp xqghufxwwlqj1

Lq idfw/ wkh hyhq �up wkhq udlvhv wkh sulfh wr R� n 0/ dqg wkh f|foh uhshdwv zlwk wkh
hyhq dqg rgg sod|huv uhyhuvlqj urohv1 Wklv ehkdylru lv vxppdul}hg lq wkh iroorzlqj
wdeoh=

Rgg Ilup*v Sulfh Hyhq Ilup*v Sulfh Pdunhw Sulfh
�|� 2 R� n 0 R� R�

�|� � RW
|

R� RW
|

�| RW
|

R� n 0 RW
|

Wdeoh 4= Sulfhv ryhu d w|slfdo wkuhh0shulrg f|foh

Wklv f|folqj frqwlqxhv xqwlo wkh odvw wzr shulrgv/ zkhq erwk �upv uhyhuw wr qhdu0
prqrsro| sulfhv1 Wkdw lv/

Rgg Ilup*v Sulfh Hyhq Ilup*v Sulfh Pdunhw Sulfh
�A n � R� R� n 0 R�

�A n 2 R� R� � 0 R� � 0

Wdeoh 5= Sulfhv lq wkh hqgjdph

Dq dqdo|vlv ri wkh hqgjdph vkrzv wkdw qr sulflqj rwkhu wkdq wkh p|rslf ehvw
uhvsrqvh fdq eh vxvwdlqhg lq wkh wzr odvw shulrgv ri wkh jdph1 E| edfnzdug lqgxfwlrq/
wklv frpshwlwlyhqhvv lq wkh hqgjdph kdv udpl�fdwlrqv iru wkh suhfhglqj sod| ri wkh
jdph1 Lq shulrg �A wkh �up kdv d fkrlfh ehwzhhq vhoolqj wzlfh dw orzhu sulfhv dqg
rqo| rqfh +lq �A n 2, dw d kljk sulfh li lw uhohqwv qrz1 Vxfk d fkrlfh uhfxuv uhjxoduo|
dv wkh jdph jhwv orqjhu/ dqg nh| wr xqghuvwdqglqj wkh ehkdylru ri wkh jdph lv wkh
idfw wkdw lq uhvsrqvh wr orz sulfhv wkh uhohqwlqj rswlrq lv pruh sur�wdeoh1

Wkh ixoo Pdunry vwudwhjlhv vxssruwlqj wklv htxloleulxp sdwk dv d vxejdph shuihfw
htxloleulxp duh ghwdlohg lq wkh surri ri Wkhruhp 5 lq wkh Dsshqgl{1 Exw wkh lqwxlwlrq
lv vwudljkwiruzdug1 Frqwlqxrxv xqghufxwwlqj lv wrr frvwo|> lw sd|v wr uhohqw li wkh sulfh
idoov ehorz d fhuwdlq ohyho/ irujrlqj fxuuhqw vdohv iru wkh vdnh ri lqkhulwlqj d kljkhu
pdunhw sulfh dw rqh*v qh{w pryh wzr shulrgv odwhu1 Lw lv rswlpdo iru hdfk �up wr
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shulrglfdoo| orzhu wr wklv ohyho dqg wkhuhe| wuljjhu d udlvh e| wkh ulydo1 Wkh �upv

wdnh wxuqv zlwk hdfk wkuhh0f|foh lq vhwwlqj frvwo| vwudwhjlf wudsv iru hdfk rwkhu dqg

wkhq fdvklqj lq iru d shulrg> wklv lv dq rqjrlqj/ uhshwlwlyh edwwoh qrw iru shupdqhqw

pdunhw grplqdqfh exw iru d wudqvlwru|/ vkruw0whup vwudwhjlf dgydqwdjh1 Qhlwkhu �up

fdq fuhgleo| frpplw wr hqglqj wkh rqjrlqj vwudwhjlf zduiduh dqg pdlqwdlqlqj d vwdeoh

pdunhw sulfh1

Wklv ehkdylru lv irupdol}hg lq Pdunry vwudwhjlhv ri wkh iroorzlqj irup=

��An2 ER� ' ��An� ER� '

;?
=

R� c li R� 	 R(
R� 0c li 0 	 R � R� (
0c li R ' 0c

dqg iru hdfk | ' fc ���c A /

��| ER� '

;AA?
AA=

R� c li R� 	 R(
R� 0c li RW

|
	 R � Ru

|n�
ru Ru

|n�
n 0 	 R � R� (

Rc li R ' Ru
|n�

n 0(
R� n 0c li R � RW

|
(

��|3� ER� '

�
RW
|
c li R � RL

|
ru RW

|
	 R(

R� 0c li RL
|
	 R � RW

|
(

��|32 ER� '

;?
=

R� c li R� 	 R(
R� 0c li R-

|
	 R � RL

|
ru Ru

|
	 R � R� (

RL
|
c li R � R-

|
ru RL

|
	 R � Ru

|
c

zkhuh hdfk wkuhh0shulrg f|foh ri ehvw uhvsrqvh ixqfwlrqv +��|32c ��|3�c��|, lv sd0

udphwhul}hg e| irxu qxpehuv= +RW
|
c RL
|
c R-
|
c Ru
|
,1 Wkhvh qxpehuv duh gh�qhg lqgxfwlyho|

dv iroorzv=

� RW
A
lv wkh odujhvw R 5 C ohvv wkdq ru htxdo wr wkh xqltxh R 5

�
fc R�

�
vroylqj

Z ER� 0� n Z ER� �0� ' Z
�
R� � 0

�
�

Wkhq

RW
|
'

�
RW
|n�

n 0c li RW
|n�

� ^(
oc li RW

|n�
: ^c

zkhuh ^ lv wkh vpdoohvw R 5 C juhdwhu wkdq ru htxdo wr wkh xqltxh R 5
�
fc R�

�
vroylqj Z ER� ' 2Z Eo � 0� dqg o lv wkh vpdoohvw R 5 C vwulfwo| juhdwhu wkdq wkh xqltxh

R 5
�
fc R�

�
vroylqj Z ER� ' �

2
Z
�
R�
�
�

� RL
|
lv wkh odujhvw R 5 C ohvv wkdq ru htxdo wr wkh xqltxh R 5

�
fc R�

�
vroylqj

Z ER� 0� '
�

2
Z ERW

|
� c
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� R
u
| lv wkh odujhvw R 5 C vwulfwo| ohvv wkdq wkh xqltxh R 5

�
fc R�

�
vroylqj

Z ER� 0� ' 2Z
�
R
L
|

�
c

� R
-
| lv wkh odujhvw R 5 C ohvv wkdq ru htxdo wr wkh xqltxh R 5

�
fc R�

�
vroylqj

Z ER� 0� '
�

2
Z
�
R
L
|

�
�

Wkhvh vwudwhjlhv ghvfuleh wkh htxloleulxp ehkdylru lq wklv jdph=

Sursrvlwlrq 51 Ehvw uhvsrqvhv ri wkh irup ��An2 ER� c ��An� ER� dqg iru hdfk | '

fc ���c A / ��| ER� c ��|3� ER� dqg ��|32 ER� irup wkh xqltxh Pdunry0shuihfw htxloleulxp

ri wkh jdph vdwlvi|lqj dvvxpswlrqv D40D71

Wkh surri ri wkh Sursrvlwlrq lv frqwdlqhg lq wkh Dsshqgl{1 Judskv ri wkh ehvw

uhvsrqvhv lq wkh odvw wzr shulrgv dv zhoo dv ryhu d w|slfdo f|foh duh vkrzq ehorz

+flufohv lqglfdwh wkh pdunhw sulfh dorqj wkh htxloleulxp sdwk,1

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Iljxuh 4= Wkh Hqgjdph

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Slfwxuh

Iljxuh 5= Vwhdg|0Vwdwh Wkuhh0Shulrg F|foh

Wkh sdudphwhuv ri d wkuhh0shulrg f|foh rqo| ghshqg rq wkh sduwlfxodu RW| gh�qhg

lq wkdw f|foh1 Ohw wkh vhtxhqfh iRW|j ' Eoc o n 0c ���c ^� wkxv fkdudfwhul}h d vhtxhqfh ri

wkuhh0f|fohv/ dqg gh�qh wkh lqwhjhu 6 '
^3on�

0
1 Fdoo wklv vhtxhqfh ri wkuhh0f|fohv d

*elj f|foh*1 Zh kdyh wkh iroorzlqj uhvxow frqfhuqlqj wkh ohqjwk ri wkh elj f|foh1
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Fruroodu| 61 Hdfk elj f|foh gh�qhg e| iRW|j ' Eoc o n 0c ���c ^� frqwdlqv 6� 2 frp0

sohwh wkuhh0shulrg f|fohv dqg �6 � 2 shulrgv dowrjhwkhu1 Wkh elj f|foh uhshdwv lq

lghqwlfdo irup iruhyhu dv A $4�

Surri1 Dv ghwdlohg lq wkh surri ri Sursrvlwlrq 4/ zkhq d RW| uhdfkhv wkh ydoxh ^c

wkh vhtxhqfh iRW|j ' Eoc o n 0c ���c ^� vzlwfkhv iurp ^ wr o lqvwhdg ri frqwlqxlqj wr ulvh

e| 0> dw wklv srlqw d qhz elj f|foh ehjlqv/ zlwk wkh sdudphwhuv ri wkh �uvw wkuhh0f|foh

gh�qhg e| RW| ' o� Wkh vhtxhqfh iRW|j frqwdlqv doo julgsulfhv ehwzhhq +dqg lqfoxglqj,

^ dqg o/ l1h1 ^3on�

0
hohphqwv/ hdfk ri zklfk gh�qhv wkh sdudphwhuv ri rqh wkuhh0shulrg

f|foh1 Wkh �uvw dqg odvw f|fohv lq wkh vhtxhqfh/ rffxuulqj dw wkh wudqvlwlrq ehwzhhq

wzr elj f|fohv/ erwk frqvlvw ri rqo| wzr shulrgv/ dqg khqfh wkh qxpehu ri shulrgv

lq d vhtxhqfh lv �6 � 2� E| wkh gh�qlwlrq ri RW| c wkh vhtxhqfh iR
W

|j ' Eoc o n 0c ���c ^�

uhshdwv dv wkh jdph odvwv orqjhu1 6

Zulwlqj �E0cA � iru dyhudjh lqgxvwu| sur�wv lq wkh jdph ri ohqjwk �A n 2 zlwk

julg vl}h 0/ zh kdyh wkh iroorzlqj Sursrvlwlrq1

Sursrvlwlrq 71 Dyhudjh lqgxvwu| sur�wv frqyhujh wr D

S
Z
�
R�

�
dv wkh jdph odvwv orqjhu>

l1h1/ iru d jlyhq 0 : f vdwlvi|lqj D5/ �E0c A �$ D

S
Z
�
R�

�
dv A $4 1

Surri1 Ryhu d f|foh/ wkh htxloleulxp sdwk ri pdunhw sulfhv frqvlvwv ri rqh

shulrg dw R� iroorzhg e| wzr dw RW| 1 Wkh sulfhv RW| nhhs prylqj xs e| 0 zlwk hdfk

f|foh= RW| ' RW|n�n 0� Lw iroorzv iurp wkh gh�qlwlrqv ri ^ dqg o wkdw wkh sur�w ohyhov dw

wkh sulfhv ri wklv vhtxhqfh kdyh dv dssur{lpdwh orzhvw dqg kljkhvw ydoxhv �

2
Z
�
R�

�
dqg

Z
�
R�

�
c uhvshfwlyho|1 Khqfh wkh dyhudjh sur�w ryhu d elj f|foh lq wkh wzr shulrgv ri

d wkuhh0f|foh wkdw kdyh RW| dv pdunhw sulfh lv dssur{lpdwho| �

e
Z
�
R�

�
c zklfk wrjhwkhu

zlwk R� lq wkh wklug shulrg jlyhv dssur{lpdwho| D

S
Z
�
R�

�
dv dyhudjh lqgxvwu| sur�wv

iru odujh A 1

Vlqfh o : fc wkh vhtxhqfh iRW|j ' Eoc o n 0c ���c ^� lpsolhv wkdw wkh pdunhw sulfh

lv vwulfwo| erxqghg dzd| iurp }hur lq doo shulrgv1 Qrwh dovr wkdw iru dq| jlyhq A /

�E0c A � $ 2

�
Z
�
R�

�
dv 0 $ f� Wklv krogv ehfdxvh RW| ' RWA n 0 EA � |� dqg wkhuhiruh

Z ERW| � �
�

2
Z
�
R�

�
c ;| � A�

Vlqfh pdwfklqj lv qhyhu dq rswlpdo vwudwhj| ryhu d wkuhh0f|foh/ wkhuh grhv qrw h{lvw

d nlqnhg ghpdqg fxuyh htxloleulxp1 Xqolnh lq wkh lq�qlwh krul}rq prgho qhlwkhu lv

6Zkhq d elj f|foh hqgv dqg dqrwkhu rqh ehjlqv/ wkh uhjxodu sdwwhuq ri uhshdwlqj frpsohwh wkuhh0

shulrg f|fohv lv lqwhuuxswhg1 Dv ghwdlohg lq wkh surri ri Sursrvlwlrq 5/ wkh odvw dqg �uvw wkuhh0shulrg

f|foh ri d elj f|foh frqvlvwv ri rqo| wzr shulrgv hdfk/ zlwk wkh wklug rqh ehlqj vnlsshg ryhu lq

wkh wudqvlwlrq surfhvv1 Wklv luuhjxodulw| lqwhuihuhv zlwk wkh qrwdwlrq xvhg lq ghvfulelqj htxloleulxp

vwudwhjlhv1 Wkh wlplqj vxevfulswv lq doo elj f|fohv iurp wkh vhfrqg rqzdugv rxjkw wr wdnh lqwr

dffrxqw wkh wzr plvvlqj shulrgv shu frpsohwhg elj f|foh/ zklfk zrxog uhtxluh xvlqj wkh hqg shulrg

udwkhu wkdq wkh vwduw ri wkh jdph dv uhihuhqfh srlqw1 Wklv qrwdwlrqdoo| pruh frpsoh{ vxevfulswlqj

lv dyrlghg iru hdvh ri h{srvlwlrq1 Wkh fruroodu| lpsolhv wkdw wkh vpdoohu %/ wkh orqjhu wkh �uvw elj

f|foh/ iru zklfk wkh wlplqj vxevfulswv duh fruuhfw/ odvwv1
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shuihfw frooxvlrq vxvwdlqdeoh qru lq idfw lv wkhuh dq| vwdeoh pdunhw sulfh wkdw fdq

shuvlvw ryhu wlph1 Lq wkh lq�qlwh prgho wkhuh lv d odujh qxpehu ri nlqnhg ghpdqg

fxuyh htxloleuld hdfk edvhg rq wkh uhflsurfdo eholhi wkdw wkh ulydo zloo dovr pdwfk1 Lq

wkh �qlwh prgho vxfk rxwfrphv duh qrw Pdunry shuihfw/ vlqfh wkh| xqudyho iurp wkh

hqg1 Lqwxlwlyho|/ qhdu wkh hqg/ wkh jdlq iurp frqwlqxhg pdwfklqj jhwv vpdoohu +dv

ihzhu frooxvlyh shulrgv uhpdlq, uhodwlyh wr wkh whpswdwlrq wr xqghufxw dqg fdswxuh

wkh zkroh pdunhw iru d shulrg1 Wkh �qlwh hqg gdwh dfwv dv *frxqwhu0frpplwphqw*/ l1h1

dv jxdudqwhh wr xqghufxw kljk sulfhv/ ghvwur|lqj wkh fuhglelolw| ri d sulfh0pdwfklqj

vwudwhj|1

61 D Olqhdu Ghpdqg H{dpsoh

Wklv vhfwlrq suhvhqwv wkh sulfh0sdwk jhqhudwhg e| d olqhdu pdunhw ghpdqg fxuyh ri

wkh irup ( G ^ ' � � R

2
/ iru f � R � 2 1 Wkh dvvrfldwhg lqgxvwu| sur�wv duh wkhq

Z ' R� R2

2
/ zlwk d sur�w ri Z E�� ' �

2
dw wkh prqrsro| sulfh R� ' �1 Wkh glvwdqfh ri

wkh sulfh julg lv f�f�1

Wkh iroorzlqj wdeoh jlyhv hdfk �up*v sulfh/ wkh pdunhw sulfh dqg sur�wv iru wkh

�qdo 4: shulrgv ri wkh jdph/ dqg iru wkh wudqvlwlrq skdvh ehwzhhq wkh �uvw dqg vhfrqg

elj f|foh1 Vlqfh rq wkh htxloleulxp sdwk lw lv qhyhu rswlpdo wr pdwfk wkh suhydlolqj

sulfh ri d ulydo/ wkh sur�wv duh erwk lqgxvwu| sur�wv dqg dw wkh vdph wlph wkh sd|r�

ri wkh orzhu0sulfh �up/ zlwk wkh ulydo pdnlqj qr vdohv lq wkdw shulrg1
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Rgg Ilup*v Sulfh Hyhq Ilup*v Sulfh Pdunhw Sulfh Sur�wv

6W.5 4 31<< 31<< 317<<<8

6W.4 4 4134 4 318

6W 3164 4134 3164 31594<8

6W04 3164 4 3164 31594<8

6W05 4134 4 4 318

6W06 4134 3165 3165 3159;;

6W07 4 3165 3165 3159;;

6W08 4 4134 4 318

6W09 3166 4134 3166 315:888

6W0: 3166 4 3166 315:888

6W0; 4134 4 4 318

6W0< 4134 3167 3167 315;55

6W043 4 3167 3167 315;55

6W044 4 4134 4 318

6W045 3168 4134 3168 315;;:8

6W046 3168 4 3168 315;;:8

6W047 4134 4 4 318
111

111
111

111
111

W04:: 4134 31< 31< 317<8

W04:; 4 31< 31< 317<8

W04:< 4 4134 4 318

W04;3 31<4 4134 31<4 317<8<8

W04;4 31<4 316 316 31588

W04;5 4 316 316 31588

W04;6 4 4134 4 318

W04;7 3164 4134 3164 31594<8

W04;8 3164 4 3164 31594<8

W04;9 4134 4 4 318
Wdeoh 6= Sulfhv dqg Sur�wv lq d Olqhdu Ghpdqg H{dpsoh

Lq wklv h{dpsoh/ wkh �uvw +vhhq iurp wkh hqg, elj f|foh hqgv zkhq RW lq shulrg

A � �Hf uhdfkhv wkh ydoxh f�b�1 Wklv lqgxfhv wkh ulydo lq wkh suhfhglqj shulrg wr

ghyldwh iurp wkh uhjxodu sdwwhuq ri xqghufxwwlqj wkh suhydlolqj sulfh e| 0c dqg lqvwhdg

wr orzhu wr wkh qhz wuljjhu ohyho ri RW ' f��f�7 Zlwk wklv wuljjhu ohyho d qhz elj f|foh

7Wkh ydoxh s� @ 3=63 uhvxowv iurp wkh frqglwlrq iru sX
w

wr ehfrph vr kljk wkdw lq wkh suhfhglqj

shulrg lw lv rswlpdo iru wkh ulydo wr orzhu wr wkdw ohyho hyhq iurp sP ru kljkhu sulfhv1 Orzhulqj

|lhogv wzr shulrgv ri �
�
sX
w

�
frpsduhg zlwk rqh ri xqghufxwwlqj dw sP = �

�
sX
w

�
A 4

5
�
�
sP

�
= Wkh

wkuhvkrog ohyho ri sX
w

lv wkhq wkh vpdoohvw s 5 J vwulfwo| juhdwhu wkdq wkh xqltxh s 5 ^3> sP ` vroylqj

s� 4

5
s5 @ 4

5
3=81 Wkh vroxwlrq wr wklv htxdwlrq lv jlyhq e| s @ 3=5<5;</ dqg wkh qh{w kljkhu sulfh rq

wkh julg lv wkhq 3=6=
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ehjlqv wkdw jrhv rq xqwlo rqfh djdlq RW uhdfkhv wkh ydoxh f�b�� Hyhu| wlph wklv ydoxh
lv uhdfkhg d qhz lghqwlfdo elj f|foh ehjlqv dv lq shulrg A � �H2� Lq wklv h{dpsoh/ wkh
uhshwlwlyh vhtxhqfh ri f|fohv frqwdlqv Sf frpsohwh wkuhh0shulrg f|fohv +lw wdnhv RW d
wkuhh0f|foh wr pryh xs e| f��c dqg ryhu d elj f|foh RW pryhv iurp f��f wr f�b�,/ soxv d
vkruwhqhg wzr shulrg wudqvlwlrq skdvh hdfk lq wkh ehjlqqlqj dqg hqg ri wkh vhtxhqfh>
wkhuh duh khqfh �He shulrgv frqwdlqhg lq wkh elj f|foh18

71 Frqfoxvlrq

Ilqlwh krul}rq roljrsro| prghov kdyh orqj ehhq vkxqqhg ehfdxvh lw zdv wkrxjkw wkdw
wkh hqg0gdwh lqwurgxfhg shuvlvwhqw luuhjxodulwlhv/ wkhuhe| uhqghulqj wkh prghov kdug
dqg lqhohjdqw wr vroyh zlwkrxw dgglqj ydoxdeoh lqvljkw lqwr wkh qdwxuh ri frpshwlwlrq1
W|slfdoo| rqh zrxog vroyh wkh lq�qlwh krul}rq yhuvlrq ri d prgho/ dqg frqmhfwxuh wkdw
hvvhqwldoo| wkh vdph vroxwlrq dssolhv wr wkh vdph prgho zlwk d �qlwh/ exw orqj krul}rq1
Lw lv krshg wkdw wklv sdshu pdnhv �qlwh krul}rq prghov pruh zrundeoh e| vkrzlqj
wkdw rqo| yhu| ihz shulrgv lq wkh hqg duh lqghhg luuhjxodu/ dqg wkdw wkhvh txlfno|
glvdsshdu iurp wkh sd|r�0uhohydqw krul}rq dv wkh jdph pryhv dzd| iurp wkh hqg1 D
pdlq ihdwxuh ri wklv prgho lv wkh f|folfdolw| ri wkh uhdfwlrq0ixqfwlrqv/ zklfk ghulyhv
iurp wkh idfw wkdw wkh �upv rqo| kdyh wr frqvlghu wkh vxevhtxhqw wzr wr irxu shulrgv lq
�qglqj wkhlu sur�w0pd{lpl}lqj sulfh1 Wkh uhshwlwlyh wuljjhulqj dqg uhohqwlqj sdwwhuq
ryhu wkrvh vwhdg|0vwdwh f|fohv r�huv d qhz xqghuvwdqglqj ri wkh qdwxuh ri g|qdplf
vwudwhjlf lqwhudfwlrq ehwzhhq wzr ulydov1

Wkh vhfrqg lqvljkw jdlqhg iurp wklv prgho lv wkdw wkh plqlpdo rqh0shulrg frpplw0
phqw lqwurgxfhg e| vhtxhqwldo rughu ri pryhv lv vx!flhqw wr vxvwdlq kljk sur�wdelolw|1
Qhlwkhu d orqj krul}rq/ qru qrq0Pdunryldq vwudwhjlhv duh qhfhvvdu| iru shuvlvwhqw suri0
lwdelolw|1 Xqolnh lq wkh lq�qlwh krul}rq yhuvlrq ri wkh prgho/ wkh sulfh qhyhu gursv
wr pdujlqdo frvw/ dqg wkhuh duh qr nlqnhg ghpdqg fxuyh htxloleuld1 Frxqwhulqj lqwx0
lwlrq/ wkh lqgxvwu| lv pruh sur�wdeoh lq wkh �qlwh krul}rq frpsduhg wr wkh Hgjhzruwk
f|fohv lq wkh lq�qlwh fdvh1 Zkloh suhyhqwlqj d shuihfwo| frooxvlyh rxwfrph/ wkh �0
qlwh hqg0gdwh dovr dfwv dv d frpplwphqw ghylfh iru wrxjkhu r�0sdwk ehkdylru lq wkh
Hgjhzruwk f|fohv/ vxvwdlqlqj d kljkhu htxloleulxp sulfh0sdwk1

Wklv sdshu frqvlghuv rqo| wkh vlpsohvw vhwwlqj1 Lw lv qrw fohdu krz wr prgho
vhtxhqwldo pryhv lq d prgho zkhuh pruh wkdq wzr �upv frpshwh lq sulfh1 D ixuwkhu
uhvhdufk sdwk lv wr uhod{ wkh dvvxpswlrq ri d �{hg vhtxhqwldo rughu ri pryhv/ dqg
hqgrjhql}h wlplqj dqg rughu ri pryhv lq d frqwlqxrxv wlph iudphzrun1

8Lq wklv h{dpsoh wkh qxpehu ri shulrgv lq wkh vhtxhqfh ri wkuhh0f|fohv lv hyhq/ dqg wkhuhiruh

lw lv dozd|v wkh hyhq sod|hu zkr pryhv lq d vhfrqg frqvhfxwlyh wuljjhulqj shulrg dqg lqlwldwhv wkh

wudqvlwlrq wr d qhz elj f|foh1 Wklv lv qrw d jhqhudo ihdwxuh ri wkh prgho dqg ghshqgv rq wkh sduwlfxodu

ghpdqg fxuyh dqg julg glvwdqfh fkrvhq1

Qrwh dovr wkdw wkh �uvw elj f|foh vwduwv dw d s
�

6W
@ 3=64 dqg khqfh frqwdlqv rqh frpsohwh f|foh

ohvv wkdq wkh elj f|fohv wr iroorz1



F|fohv Lq D Ilqlwh Sulflqj Gxrsro| 45

Zkloh wkh suhvhqw sdshu vkrzv wkh qrq0urexvwqhvv ri Pdvnlq2Wluroh ^6` zlwk uh0

vshfw wr d �qlwh krul}rq/ wkhlu uhvxowv duh rqo| ghprqvwudwhg iru glvfrxqw idfwruv forvh

wr rqh1 Wkh lq�qlwh krul}rq jdph zlwk lpsdwlhqw �upv uhpdlqv d fkdoohqjh iru ixwxuh

uhvhdufk/ dqg srvvleo| wkh sulfh g|qdplfv rewdlqhg khuh iru wkh �qlwh krul}rq r�hu d

foxh wr lwv vroxwlrq1

Uhihuhqfhv

^4` M1 Ehuwudqg/ Wkhrulh Pdwkhpdwltxh gh od Ulfkhvvh Vrfldoh/ M1 ghv Vdydqwv +4;;6,/

7<<083;

^5` J1 Hgjhzruwk/ Od Whruld Sxud gho Prqrsrolr1 Jlruqdoh ghjol Hfrqrplvwl 73

+4;<:,/ 460641 Lq Hqjolvk= Wkh Sxuh Wkhrulh ri Prqrsro|/ lq Sdshuv Uhodwlqj

wr Srolwlfdo Hfrqrp|/ Yroxph 4/ hg1 I1 Hgjhzruwk/ Pdfploodq/ Orqgrq/ 4<581
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Vlpsoli|lqj dqg glylglqj e| 02/ dqg qrwlqj wkdw Z�
�
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�
' f |lhogv

f : Z��
�
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�
n j E0� /

zkhuh j E0� lv d �uvw0rughu whup lq 0 zlwk *�4
0<f

j E0� ' f1 Ohwwlqj 0$ f/ wklv ehfrphv
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�
R�
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zklfk dozd|v krogv e| vwulfw frqfdylw| ri Z1 Wkxv <70� : f v1w1 ;0 5 Efc70��/ wkh
fodlp krogv1 ly, Vlqfh *�4
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Z E20� ' Z Ef� ' f dqg e| D4/ �

H
Z
�
R�

�
: fc <70e : f v1w1

;0 5 Efc 70e� wkh fodlp krogv1
Gh�qh 70 ' 4�? i70�c702c70�c70ej � Wkhq < 70 : f vxfk wkdw wkh Ohppd krogv ;0 5

Efc70� �

Surri ri Sursrvlwlrq 51 Wkh vwuxfwxuh ri wkh surri lv dv iroorzv1 Iluvw wkh
rswlpdo ehkdylru lq wkh odvw wzr shulrgv ri wkh jdph lv ghulyhg1 Wkhq lw lv vkrzq krz
gluhfwo| suhfhglqj wkh hqgjdph wkh �uvw wkuhh0shulrg f|foh dsshduv1 Lq sduwlfxodu/ lq
�A lw lv rswlpdo wr uhohqw lq uhvsrqvh wr orz sulfhv wr ehqh�w iurp d kljk pdunhw sulfh
odwhu rq> dqwlflsdwlqj wklv/ wkh ulydo �qgv lw zruwkzloh wr vhw d orz sulfh lq �A � �/
jlylqj lw wkuhh frqvhfxwlyh shulrgv ri sur�wv1 Nh| wr wkh surri lv wr vkrz wkdw wklv
vlwxdwlrq uhshdwv shulrglfdoo| zlwk dowhuqdwlqj urohv/ jhqhudwlqj d vhtxhqfh ri wkuhh0
f|fohv1 Ilqdoo|/ wkh fdvh ri RW|n� : ^ lv frqvlghuhg/ zklfk eulqjv wr dq hqg rqh elj
f|foh dqg vwduwv d qhz/ lghqwlfdo rqh1

Frqvlghu wkh hqgjdph frqvlvwlqj ri shulrgv �A n2 dqg �A n�� Lq �A n2c wkh hyhq
�up vhohfwv wkh sulfh wkdw pd{lpl}hv wkh fxuuhqw shulrg*v sur�w/ jlyhq wkh suhydlolqj
sulfh ri wkh ulydo= R�An2 '@h}4@ 

RMC

� ERc R�An��1 E| surshuw| ll, ri wkh Ohppd/ iru doo

sulfhv deryh 20 xqghufxwwlqj jlyhv vwulfwo| kljkhu sur�wv wkdq pdwfklqj/ dqg e| l,
orzhulqj wr 0 lv wkh ehvw uhvsrqvh wr 201 Rqo| dw 0 lv pdwfklqj d ehvw uhvsrqvh/ vlqfh
wkh dowhuqdwlyhv ri xqghufxwwlqj dqg udlvlqj erwk |lhog }hur sur�wv1 Lq �A n �c wkh
rgg �up iruhvhhv wkdw d sulfh deryh 0 zloo qrw jlyh lw dq| vdohv lq �A n 21 Lw frxog
pdnh wzr shulrgv ri vdohv e| vhwwlqj R�An� ' 0/ exw e| D4 wklv lv rswlpdo rqo| lq
uhvsrqvh wr 0 dqg 20/ exw qrw wr kljkhu sulfhv1 Lq sduwlfxodu/ sduw l, ri wkh Ohppd
lpsolhv wkdw wkh ehvw uhvsrqvh wr R�A ' �0 lv 20 udwkhu wkdq orzhulqj wr 01 Khqfh
��An� ' ��An21

Lq shulrgv �|c wzr fdvhv duh wr eh frqvlghuhg1 Lq | ' A wkh hyhq �up fdq xqghufxw
wkh rgg �up/ jlylqj lw d sur�w vwuhdp ri Z ER� 0� n Z ER� �0�1 Ru lw frxog uhohqw
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qrz/ irujrlqj fxuuhqw vdohv/ lq rughu wr ehqh�w iurp wkh kljk pdunhw sulfh zkhq lw

fdswxuhv wkh zkroh pdunhw lq wkh odvw shulrg1 E| D7/ wkh rswlpdo uhohqwlqj sulfh lv
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Wkh �up prylqj lq shulrgv �| � 2 kdv wr frqvlghu rqo| wzr shulrgv/ vlqfh wkh
frqwlqxdwlrq vwudwhj| ri wkh ulydo zloo irufh lw wr uhohqw wzr shulrgv odwhu lqghshq0
ghqw ri zkdw lw grhv qrz1 Dw kljk sulfhv/ lw fdq vhoo wzlfh e| orzhulqj wr RL| / ru
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