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Wzr sulqflsdov vlpxowdqhrxvo| dssrlqw rqh djhqw hdfk dqg ghflgh krz

pxfk srzhu wr jlyh wr wkhlu djhqwv1 Wkh djhqwv* wdvn lv wr edujdlq ryhu wkh

surylvlrq ri d sxeolf jrrg1 Srzhu khuh phdqv wkh uljkw wr ghflgh wkh rzq

vlgh*v surylvlrq li qhjrwldwlrqv euhdn grzq1 Lq htxloleulxp wkh sulqflsdov

ghohjdwh wr djhqwv wkdw duh uhodwlyho| glvlqwhuhvwhg lq wkh sxeolf jrrg dqg

jlyh wkhp doo srzhu1 Wkh idfw wkdw erwk sulqflsdov kdyh wkh srvvlelolw| wr

ghohjdwh lv/ lq htxloleulxp/ kdupixo wr dw ohdvw rqh ri wkhp1 Wkh htxloleulxp

pd| hyhq eh Sduhwr grplqdwhg e| wkh rxwfrph xqghu dxwdufk|1 Mrxuqdo ri

Hfrqrplf Olwhudwxuh Fodvvl�fdwlrq Qxpehuv= F:4/ dqg F:51

Nh|zrugv= Vwudwhjlf ghohjdwlrq/ edujdlqlqj/ glvdjuhhphqw/ srzhu1

41 Lqwurgxfwlrq

Wkh qdwxuh ri pdq| lpsruwdqw ghflvlrqv lv vxfk wkdw wkh| fdqqrw eh pdgh e|

wkrvh zkr duh prvw frqfhuqhg1 Lq wkh fdvh ri qhjrwldwlrqv ehwzhhq frxqwulhv lw lv

xvxdoo| lpsudfwlfdo/ li qrw lpsrvvleoh/ wr jdwkhu wkh flwl}hqv iru d uhihuhqgxp hyhu|

� L kdyh ehqh�whg iurp orqj dqg lqvwuxfwlyh glvfxvvlrqv zlwk Zroijdqj Ohlqlqjhu dqg Mùujhq
Z1 Zhlexoo1 Ilqdqfldo vxssruw iurp Wkh Vzhglvk Frxqflo iru Uhvhdufk lq Kxpdqlwlhv dqg Vrfldo
Vflhqfhv +KVIU, lv judwhixoo| dfnqrzohgjhg1

| H0pdlo= qhevCkkv1vh1



wlph d ghflvlrq kdv wr eh pdgh1 Lqvwhdg zh ghohjdwh wkdw nlqg ri ghflvlrq pdnlqj

wr srolwlfdo lqvwlwxwlrqv1 Wkh pdlq frqfhuq ri wkh lqglylgxdo flwl}hq lv wkhq qrw wkh

ghflvlrq pdnlqj lwvhoi exw wr fkrrvh d srolf|pdnhu zlwk wkh dssursuldwh lghrorj|

+suhihuhqfhv, dqg wr jlyh wklv srolf|pdnhu d zhoo0edodqfhg dprxqw ri srzhu1 Wkh

qdwxudo txhvwlrq lv= zkdw fkdudfwhul}hv d jrrg frpelqdwlrq ri lghrorj| dqg srzhuB

Lv lw lq wkh lqwhuhvw ri wkh flwl}hq wr kdyh d srolf|pdnhu zkr lv lghrorjlfdoo| yhu|

gl�huhqw iurp khuvhoi dqg wr jlyh wklv srolf|pdnhu olplwhg srzhu/ ru grhv vkh

zdqw wkh srolf|pdnhu wr eh pruh srzhuixo dqg lghrorjlfdoo| forvh wr khuvhoiB Wklv

sureohp ri lghrorj| dqg srzhu lv wkh sureohp dgguhvvhg lq wklv vwxg|1 Dv lw wxuqv

rxw/ wkh flwl}hq zdqwv wkh srolf|pdnhu wr eh lghrorjlfdoo| gl�huhqw iurp khuvhoi

dqg vkh zdqwv klp wr kdyh dq h{whqvlyh dxwkrulw|1

Wkh iudphzrun vwxglhg lv lqwhuqdwlrqdo qhjrwldwlrqv exw wkh prgho dqg lwv orjlf

dsso| wr d pxfk eurdghu vshfwuxp ri vlwxdwlrqv1 D ihz h{dpsohv duh jlyhq odwhu lq

wkh lqwurgxfwlrq1 Wkh edvlf prgho lv vlplodu wr wkh rqh xvhg lq Vhjhqgru� +4<<;,>

wkhuh duh wzr frxqwulhv zlwk rqh xqlw ri uhvrxufhv hdfk wkdw fdq eh doorfdwhg

ehwzhhq wkh surgxfwlrq ri wzr jrrgv1 Rqh ri wkh jrrgv lv sulydwh iru wkh surgxflqj

frxqwu| dqg wkh rwkhu jrrg lv sxeolf ehwzhhq wkh frxqwulhv1 Wkh sulydwh jrrg fdq

eh wkrxjkw ri dv khdowk fduh dqg wkh sxeolf jrrg dv uhgxfwlrq ri wkh hplvvlrq

ri fduerq glr{lgh lqwr wkh dwprvskhuh1 Hyhu| flwl}hq lq hdfk frxqwu| suhihuv d

sduwlfxodu qdwlrqdo uhvrxufh doorfdwlrq +rxwsxw frpelqdwlrq ri wkh wzr jrrgv,1

Wklv lghdo doorfdwlrq lv ghwhuplqhg e| khu wdvwh sdudphwhu zklfk lv frqwlqxrxvo|

glvwulexwhg dfurvv wkh srsxodwlrq1

Lq hdfk frxqwu| wkhuh lv d sduwlfxodu flwl}hq fdoohg wkh sulqflsdo +khqfhiruwk

vkh, zkr ghohjdwhv wkh qdwlrqdo doorfdwlrq ghflvlrq wr dq hvshfldoo| vhohfwhg flwl0

}hq/ wkh djhqw +khqfhiruwk kh,1 Vkh dovr ghflghv rq krz pxfk srzhu/ lq d vhqvh

h{sodlqhg ehorz/ wr jlyh wr khu djhqw1 Wkhuh lv qr yrwlqj lq wkh prgho exw lw

pd| eh khosixo wr wklqn ri wkh sulqflsdo dv vrph ghflvlyh yrwhu dqg wkh djhqw dv

vrph hohfwhg srolf|pdnhu vxfk dv d suhvlghqw ru d sulph plqlvwhu1 Dowhuqdwlyho|/

zh pd| wklqn ri wkh sulqflsdo dv d sulph plqlvwhu dssrlqwlqj d phpehu ri wkh

fdelqhw1 Wkh sd|phqw vfkhph ri vxfk dq djhqw lv xvxdoo| orz0lqfhqwlyh srzhuhg

+vhh dovr Shuu| dqg Vdpxhovrq +4<<7,, dqg khuh wkh djhqw lv jlyhq d �{hg zdjh

qrupdol}hg wr }hur1 Wkhuh lv qr prqhwdu| dvshfw ri wkh qdwlrqdo doorfdwlrq ghfl0

vlrq dqg wkh djhqw*v ghflvlrq lv frqvhtxhqwo| edvhg rq klv suhihuhqfhv gluhfwo| ryhu

wkh uhvrxufh doorfdwlrq ri klv frxqwu|1 Zh olnh wr wklqn ri d srolwlfldq dv gulyhq e|

lghrorjlfdo prwlyhv dqg wklv lv krz zh fdq wklqn ri wkh djhqw14 Wklv edvlf prgho lv

4Kljk0srzhuhg lqfhqwlyh vfkhphv duh qrw uxohg rxw exw wkh| uhtxluh d gl�huhqw lqwhusuhwdwlrq

ri wkh prgho1 Vxssrvh wkdw djhqwv rqo| fduh derxw prqh| dqg wkdw wkh fkrvhq djhqw lv uhzdughg

lq sursruwlrq wr wkh sulqflsdo*v xwlolw|1 Wkh djhqwv duh xqlqiruphg ri wkh sulqflsdo*v suhihuhqfhv

dqg lqvwhdg ri gl�hulqj lq lqwhuhvw iru wkh sxeolf jrrg wkh| gl�hu lq wkhlu eholhi ryhu wkh sulqflsdo*v

suhihuhqfhv1 Djhqwv zkr duh uhodwlyho| glvlqwhuhvwhg lq wkh sulydwh jrrg eholhyh wkh sulqflsdo wr
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wkh irxqgdwlrq ri wzr ghohjdwlrq jdphv wkdw duh xvhg wr vwxg| vwudwhjlf ghohjdwlrq
ri edujdlqlqj dqg srzhu1 Wkh uhvxowlqj vhwv ri Qdvk htxloleuld duh frpsduhg wr d
ehqfkpdun fdoohg dxwdufk|1

E| dxwdufk| lv phdqw d vlwxdwlrq zkhuh wkh wzr sulqflsdov vlpxowdqhrxvo|
ghflgh rq wkhlu qdwlrqdo rxwsxw frpelqdwlrqv1 Wkh xqltxh Qdvk htxloleulxp lv iru
wkh wzr sulqflsdov wr lpsohphqw wkhlu lghdo doorfdwlrqv1 Wklv htxloleulxp lv qrw
Sduhwr h!flhqw zlwk uhjdug wr wkh sulqflsdov ehfdxvh qrw rqh ri wkhp lqwhuqdol}hv
wkh h�hfw ri khu ghflvlrq rq wkh rwkhu sulqflsdo1 Wkhuhiruh/ wkh sulqflsdov kdyh dq
lqfhqwlyh wr frruglqdwh rq vrph pxwxdoo| suhihuuhg uhvrxufh doorfdwlrq dqg wklv lv
zkdw prwlydwhv wkh ghohjdwlrq jdphv1

Wkh �uvw ghohjdwlrq jdph lv d wzr0vwdjh jdph1 Lq wkh �uvw vwdjh wkh sulqflsdov
vlpxowdqhrxvo| fkrrvh djhqwv dqg wkh dprxqw ri srzhu wr jlyh wr wkh djhqwv1 Lq
wkh vhfrqg vwdjh wkh djhqwv phhw dqg edujdlq ryhu wkh joredo uhvrxufh doorfdwlrq/
l1h1/ wkh rxwsxw frpelqdwlrqv ri wkh wzr frxqwulhv1 Wkh edujdlqlqj lv prghoohg e|
zd| ri wkh Qdvk edujdlqlqj vroxwlrq dqg wkh glvdjuhhphqw srlqw lv frqvwlwxwhg e|
wkh djhqwv* xwlolwlhv ri vrph dowhuqdwlyh joredo doorfdwlrq wkdw lv lpsohphqwhg lq
wkh fdvh ri d euhdn grzq lq qhjrwldwlrqv +vhh Elqpruh hw do1 +4<;9, iru d pruh
h{whqvlyh glvfxvvlrq rq wkh vxemhfw,1 E| srzhu zh phdq wkh djhqw*v lq xhqfh
rq wkh uhvrxufh doorfdwlrq ri klv frxqwu| lq wkh fdvh ri d euhdn grzq1 Li wkh
djhqw lv jlyhq qr +doo, srzhu wkhq kh kdv qr +wrwdo, lq xhqfh rq wkh euhdn0grzq
doorfdwlrq zklfk wkhq ehfrphv wkh sulqflsdo*v +djhqw*v, lghdo doorfdwlrq1 Lq wkh
fdvh ri lqwhuphgldwh srzhu wkh euhdn0grzq doorfdwlrq lv vrphzkhuh ehwzhhq wkh
wzr lghdo doorfdwlrqv1 Srzhu fdq wkxv eh wkrxjkw ri dv d srolwlfldq*v delolw| wr
lpsohphqw klv suhihuuhg srolf| diwhu d euhdn grzq lq qhjrwldwlrqv1 Krzhyhu/
ghohjdwlrq ri srzhu lv rqo| lpsruwdqw li lw lv fuhgleoh/ l1h1/ li wkh sulqflsdo fdq
frpplw wr vxfk ghohjdwlrq1 Lq wkh prgho zh dvvxph wkdw ghohjdwlrq lv fuhgleoh1

Ghohjdwlrq ri srzhu lv mxvw dv lpsruwdqw dv wkh suhihuhqfhv ri wkh djhqw eh0
fdxvh lw lv wkh frpelqdwlrq ri srzhu dqg suhihuhqfhv wkdw doorzv wkh sulqflsdo wr
wkuhdw wkh djhqw ri wkh rwkhu frxqwu|1 Li vkh dssrlqwv dq djhqw zlwk ohvv wdvwh
iru wkh sxeolf jrrg wkdq khuvhoi wkhq wklv djhqw zrxog olnh wr doorfdwh uhodwlyho|
ohvv uhvrxufhv wr surgxfwlrq ri wkh sxeolf jrrg lq wkh fdvh ri d euhdn grzq1 Jly0
lqj wkh djhqw srzhu wr lq xhqfh wkh euhdn0grzq doorfdwlrq orzhuv +lqfuhdvhv, wkh
glvdjuhhphqw xwlolw| ri wkh djhqw ri wkh rwkhu +rzq, frxqwu| dqg wkxv zrunv dv
d wkuhdw1 Dq lqfuhdvh lq wkh glvdjuhhphqw xwlolw| ri dq djhqw lqgxfhv dq lqfuhdvh
lq wkdw djhqw*v sd|r�1 Wklv lv fdoohg glvdjuhhphqw srlqw prqrwrqlflw| +Wkrpvrq
+4<;:,, dqg lq wkh prgho lw lpsolhv d ghfuhdvh lq wkh surylvlrq ri sxeolf jrrg ri
wkdw djhqw*v frxqwu| dqg dq lqfuhdvh lq wkh rwkhu frxqwu|*v surylvlrq ri sxeolf
jrrg1 Wklv lv ehqh�fldo iru erwk wkh sulqflsdo dqg khu djhqw vlqfh wkh dprxqw
ri uhvrxufhv doorfdwhg wr surgxfwlrq ri wkhlu sulydwh jrrg lqfuhdvhv zlwkrxw wkh

fduh pruh derxw wkh sxeolf jrrg wkdq derxw wkh sulydwh jrrg/ dqg ylfh yhuvd1
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fruuhvsrqglqj dprxqw ri uhvrxufhv ehlqj zlwkgudzq iurp surgxfwlrq ri wkh sxe0
olf jrrg1 Lq htxloleulxp wkh sulqflsdov jlyh wrwdo srzhu wr djhqwv zkr duh ohvv
lqwhuhvwhg lq wkh sxeolf jrrg wkdq wkh sulqflsdov wkhpvhoyhv1 Dw ohdvw rqh r�
wkh sulqflsdov lv zruvh ri lq htxloleulxp frpsduhg wr d vlwxdwlrq zkhuh wkh wzr
sulqflsdov edujdlq wkhpvhoyhv1 Pruhryhu/ wkh qhjdwlyh h�hfwv ri ghohjdwlrq pd|
pruh wkdq r�vhw wkh jdlqv iurp frruglqdwlrq dqg erwk sulqflsdov pd| eh zruvh
r� wkdq lq dxwdufk|1

Wkh vhfrqg ghohjdwlrq jdph lv d wkuhh0vwdjh jdph zkhuh wkh sulqflsdov vl0
pxowdqhrxvo| ghflgh rq wkh djhqwv* srzhu lq wkh �uvw vwdjh dqg wkhuhdiwhu/ lq
wkh vhfrqg vwdjh/ vlpxowdqhrxvo| fkrrvh djhqwv diwhu kdylqj revhuyhg wkh fkrlfhv
pdgh lq wkh �uvw vwdjh1 Lq wkh wklug vwdjh wkh djhqwv phhw dqg edujdlq1 Zh
vkrz wkdw lq dq| vxejdph0shuihfw Qdvk htxloleulxp wr wklv jdph wkh sulqflsdov
ghohjdwh wr djhqwv zkr duh uhodwlyho| glvlqwhuhvwhg lq wkh sxeolf jrrg1 Wkh pdlq
frqwulexwlrq ri wkh wkuhh0vwdjh ghohjdwlrq jdph lv wkxv wr vkrz wkh urexvwqhvv ri
wkh sulqflsdov* lqfhqwlyh wr ghohjdwh vwudwhjlfdoo| wr djhqwv zlwk olwwoh lqwhuhvw lq
wkh sxeolf jrrg1

Wkh prgho grhv qrw rqo| dsso| wr lqwhuqdwlrqdo qhjrwldwlrqv exw wr d pxfk
eurdghu fodvv ri vlwxdwlrqv zkhuh ghohjdwlrq ri edujdlqlqj dqg srzhu rffxuv1 Rqh
h{dpsoh lv wzr �upv wkdw fdq jdlq iurp frrshudwlrq lq U)G1 Wkh �up rzqhuv
fkrrvh pdqdjhuv zkr phhw dqg qhjrwldwh1 Pdqdjhuv gl�hu lq zkdw wkh| eholhyh
pd{lpl}hv sur�wv> lqyhvwphqw lq wkh vdohv rujdql}dwlrq +sulydwh jrrg, ru lqyhvw0
phqw lq U)G +sxeolf jrrg,1 Wklv h{dpsoh suhvxphv wkh uhdvrqdeoh dvvxpswlrq
ri vsloo0ryhu ri nqrzohgjh ehwzhhq wkh �upv lq wkh fdvh ri qr frrshudwlrq1 Edu0
jdlqlqj ehwzhhq orfdo jryhuqphqwv ryhu wkh surylvlrq ri d +orfdoo|, sxeolf jrrg/
vd| oleudulhv/ lv dqrwkhu h{dpsoh1 Rqh pruh h{dpsoh lv edujdlqlqj ehwzhhq lq0
whuhvw jurxsv zkr kdyh sduwo| frlqflglqj remhfwlyhv dqg zkr wu| wr frqylqfh d
wklug sduw| derxw vrphwklqj/ h1j1/ d xqlrq dqg dq hpsor|huv* dvvrfldwlrq oree|lqj
iru vxevlglhv wr dq lqgxvwu| ru surwhfwlrq iurp lqwhuqdwlrqdo frpshwlwlrq e| wudgh
eduulhuv1

Wklv vwxg| lv forvho| uhodwhg wr Vhjhqgru� +4<<;, zkr ohwv wkh srzhu ri wkh
djhqwv eh h{rjhqrxvo| jlyhq dqg zkr vwxglhv wzr ghohjdwlrq jdphv gl�hulqj lq
wkh dprxqw ri srzhu jlyhq wr wkh djhqwv1 Lq wkh zhdn ghohjdwlrq jdph wkh djhqwv
kdyh qr srzhu dqg lq wkh vwurqj ghohjdwlrq jdph wkh| kdyh wrwdo srzhu1 Wkh pdlq
�qglqjv duh wkdw wkh htxloleulxp ri wkh zhdn ghohjdwlrq jdph Sduhwr grplqdwhv
dxwdufk| zkloh wkh htxloleulxp ri wkh vwurqj ghohjdwlrq jdph pd| eh Sduhwr
grplqdwhg e| dxwdufk|1 Wkh vwxg| suhvhqwhg khuh lv gl�huhqw lq rqh lpsruwdqw
uhvshfw> wkh dprxqw ri srzhu jlyhq wr wkh djhqwv lv ghwhuplqhg hqgrjhqrxvo|1 D
sulqflsdo zloo wkxv rqo| jlyh khu djhqw srzhu li lw lv lq khu lqwhuhvw wr gr vr1

Mrqhv +4<;<, vwxglhv d vlwxdwlrq zkhuh wzr sulqflsdov fkrrvh djhqwv wr edujdlq
ryhu wkh glylvlrq ri wzr sulydwh jrrgv1 Wkh edujdlqlqj lv prghoohg e| zd| ri wkh
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Qdvk edujdlqlqj vroxwlrq dqg wkh glvdjuhhphqw srlqw lv qrupdol}hg wr }hur1 Wkh

pdlq �qglqj lv wkdw wkhuh fdq qhyhu eh d xwlolw| jdlq iru erwk sulqflsdov frpsduhg

wr d vlwxdwlrq zkhuh wkh sulqflsdov edujdlq wkhpvhoyhv1 Ihuvkwpdq hw do1 +4<<4,

ohw wzr sulqflsdov ghohjdwh d edujdlqlqj wr wzr djhqwv1 Hdfk sulqflsdo vljqv d

frqwudfw +sd|phqw vfkhph, zlwk khu djhqw zkhuh wkh sd|phqw lv ghwhuplqhg e|

wkh edujdlqlqj rxwfrph1 Wkh sulqflsdo lv iuhh wr ghvljq wkh frqwudfw dqg wkh djhqw

kdv suhihuhqfhv ryhu wkh sd|phqw rqo|1 Wkhlu pdlq uhvxow lv wkdw zkhq doorzlqj

iru d eurdg fodvv ri frqwudfwv/ dq| frrshudwlyh rxwfrph ri wkh edujdlqlqj jdph

zlwkrxw ghohjdwlrq fdq eh pdgh wkh xqltxh vxejdph0shuihfw htxloleulxp ri wkh

ghohjdwlrq jdph1 Wkh ghohjdwlrq jdph vwxglhg ehorz lv frqfhuqhg zlwk d sureohp

yhu| gl�huhqw iurp wkh sureohp vwxglhg e| Mrqhv vlqfh wkh edujdlqlqj lq wklv vwxg|

lv ryhu d sxeolf jrrg dqg wkh Qdvk edujdlqlqj vroxwlrq lv lqwhusuhwhg gl�huhqwo|1

Lw lv gl�huhqw iurp wkh vwxg| e| Ihuvkwpdq hw do1 ehfdxvh wkh djhqwv* lqfhqwlyhv

duh qrq0prqhwdu|1

Ilqdoo|/ Fudzirug dqg Yduldq +4<:<,/ Vreho +4<;4,/ dqg Exuwudz +4<<5, uhfrj0

ql}h wkdw wkh Qdvk dqg uhodwhg vroxwlrq frqfhswv wr wkh edujdlqlqj sureohp suh0

vxph lqirupdwlrq wkdw lv xqrevhuydeoh lq sudfwlfh dqg wkdw d edujdlqhu pd| jdlq

iurp plvuhsuhvhqwlqj khu wuxh suhihuhqfhv1 Lq wkh frqwh{w ri wkh Qdvk edujdlq0

lqj vroxwlrq/ wkh xqltxh grplqdqw0vwudwhj| Qdvk htxloleulxp lv iru erwk sduwlhv wr

uhsruw ulvn0qhxwudo xwlolw| ixqfwlrqv1 Wkhvh vwxglhv/ hyhq wkrxjk glvwruwlrq ri suhi0

huhqfhv dqg ghohjdwlrq duh uhodwhg wr hdfk rwkhu/ fdqqrw fdswxuh vrph lpsruwdqw

dvshfwv ri ghohjdwlrq vxfk dv ghohjdwlrq ri srzhu1

Wkh edvlf prgho dqg wkh dxwdufk| ehqfkpdun duh jlyhq lq Vhfwlrq 51 Srzhu

dqg wkh Qdvk edujdlqlqj vroxwlrq duh gh�qhg lq Vhfwlrq 6 dqg wkh wzr ghohjdwlrq

jdphv duh jlyhq lq Vhfwlrq 71 D qxphulf h{dpsoh lv jlyhq lq Vhfwlrq 8 dqg Vhfwlrq

9 frqwdlqv wkh vxppdu| dqg frpphqwv1 Doo surriv duh jlyhq lq wkh Dsshqgl{1

51 Wkh Edvlf Prgho

Wkh edvlf prgho lv vlplodu wr wkh wzr0frxqwu| prgho lq Vhjhqgru� +4<<;,1 Hdfk

frxqwu| kdv rqh xqlw ri uhvrxufhv wr doorfdwh ehwzhhq wkh surgxfwlrq ri wzr jrrgv

ri zklfk rqh lv sulydwh iru wkh surgxflqj frxqwu| dqg wkh rwkhu lv sxeolf ehwzhhq

wkh wzr frxqwulhv1 Hyhu| flwl}hq kdv suhihuhqfhv ryhu khu frxqwu|*v surgxfwlrq ri

wkh sulydwh jrrg dqg wkh wrwdo surgxfwlrq ri wkh sxeolf jrrg1 Wkhvh suhihuhqfhv

duh ghwhuplqhg e| d wdvwh sdudphwhu/ wc dqg lq erwk frxqwulhv wkh wdvwh sdudphwhuv

duh frqwlqxrxvo| glvwulexwhg ryhu wkh lqwhuydo d@c �o zkhuh @ 5 Efc ��1 Dq duelwudu|

flwl}hq ri frxqwu| & ' �c 2 lv ghqrwhg w 5 d@c�o dqg wkh dprxqw ri frxqwu| &*v

uhvrxufhv wkdw lv doorfdwhg wr surgxfwlrq ri wkh sxeolf jrrg lv ghqrwhg %& 5 dfc �o1
Wkh suhihuhqfhv ri w iru %& 	 � duh uhsuhvhqwhg e| wkh yrq Qhxpdq0Prujhqvwhuq
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xwlolw| ixqfwlrq
�&E c w� ' w *? E� � %&� n %� n %2

zkhuh  ' E%�c %2� dqg li %& ' �/ wkhq �&E c w� ' �41 +Erog0idfh zloo lq wkh
iroorzlqj eh xvhg wr ghqrwh yhfwruv1, Hyhu| w kdv dq lghdo uhvrxufh doorfdwlrq
%
W Ew� ' �� w wkdw w suhihuv wr dq| rwkhu %&1 Wkh dvvxpswlrq f 	 @ fdq wkxv eh

lqwhusuhwhg dv hyhu| flwl}hq uhfhlyhv vrph xwlolw| iurp frqvxpswlrq ri wkh sulydwh
jrrg1 Wkh wzr frxqwulhv* doorfdwlrqv duh vwudwhjlfdoo| qhxwudo +�&�2 ' �&2� ' f,
dqg w*v lghdo doorfdwlrq lv wkh vdph iru doo uhvrxufh doorfdwlrqv ri wkh rwkhu frxqwu|1

Lq hdfk frxqwu| wkhuh lv d flwl}hq fdoohg wkh sulqflsdo +vkh, zlwk wdvwh sdudphwhu
@ 	 w

�

&
	 �1 Djhqwv zlwk vwurqjhu wdvwh iru wkh sulydwh jrrg wkdq wkh sulqflsdo/

w& : w
�

&
/ zloo lq wkh iroorzlqj eh vdlg wr eh wr wkh uljkw dqg djhqwv zlwk ohvv wdvwh iru

wkh sulydwh jrrg wkdq wkh sulqflsdo/ w& 	 w
�

&
/ zloo frqvhtxhqwo| eh vdlg wr eh wr wkh

ohiw1 Lq dxwdufk| wkh wzr sulqflsdov vlpxowdqhrxvo| ghflgh rq wkh qdwlrqdo rxwsxw
frpelqdwlrq dqg wkh| lpsohphqw wkh doorfdwlrq  � ' E%�

�
c %

�

2
� ' E%WEw�

�
�c %WEw�

2
��

zklfk lv qrw Sduhwr h!flhqw iurp wkhlu srlqw ri ylhz1 Khqfh/ dq| vxfk sdlu
ri sulqflsdov zrxog ehqh�w iurp frruglqdwlqj rq vrph rwkhu pxwxdoo| suhihuuhg
doorfdwlrq1 Lq wkh ghohjdwlrq jdph suhvhqwhg ehorz/ wkh frxqwulhv frruglqdwh wkhlu
doorfdwlrq ghflvlrqv wkurxjk edujdlqlqj1 Lq uhdolw| qhjrwldwlrqv duh riwhq fduulhg
rxw e| ghohjdwhv zkr uhsuhvhqw wkh edujdlqlqj sduwlhv dqg ehorz ghohjdwlrq lv
lqwurgxfhg lq rughu wr fdswxuh wkdw lpsruwdqw dvshfw ri qhjrwldwlrqv1

61 Ghohjdwlrq ri Edujdlqlqj dqg Srzhu

Frqvlghu wkh iroorzlqj wzr0vwdjh jdph1 Lq wkh �uvw vwdjh wkh sulqflsdov vlpxowd0
qhrxvo| ghohjdwh wkh wdvn ri ghflglqj rq wkh qdwlrqdo doorfdwlrq wr dq hvshfldoo|
vhohfwhg flwl}hq/ wkh djhqw +kh,1 Dw wkh vdph wlph hdfk sulqflsdo fkrrvhv krz pxfk
srzhu wr jlyh wr khu djhqw1 Ohw w� eh wkh djhqw iurp frxqwu| 4 dqg w2 wkh djhqw
iurp frxqwu| 51 Wkh djhqw pd| eh dq| flwl}hq lqfoxglqj wkh sulqflsdo khuvhoi1 Wkh
odwwhu fdvh lv fdoohg vhoi0uhsuhvhqwdwlrq1 Lq wkh vhfrqg vwdjh wkh dssrlqwhg djhqwv
phhw dqg edujdlq ryhu wkh uhvrxufh doorfdwlrqv ri wkh wzr frxqwulhv/ l1h1/ wkh sur0
ylvlrq ri wkh sxeolf jrrg1 Wkh uhvxowlqj djuhhphqw lv dvvxphg wr eh elqglqj1 Li
qr djuhhphqw lv uhdfkhg/ vrph dowhuqdwlyh euhdn0grzq doorfdwlrq lv lpsohphqwhg1

Wkh euhdn0grzq doorfdwlrq ri d frxqwu| lv ghwhuplqhg e| wkh sulqflsdo dqg khu
djhqw1 Ohw wkh euhdn0grzq doorfdwlrq ri frxqwu| & eh

K&Ek&c w&� ' %
�

&
n k&E%

WEw&�� %
�

&
� ' �� w

�

&
n k&Ew

�

&
� w&�

zkhuh k& 5 dfc �o uhsuhvhqwv wkh srzhu ri wkh djhqw1 Li qr +doo, srzhu lv jlyhq
wr wkh djhqw/ k& ' f Ek& ' ��/ wkhq wkh lghdo doorfdwlrq ri wkh sulqflsdo +djhqw,
lv lpsohphqwhg lq wkh fdvh ri d euhdn0grzq lq qhjrwldwlrqv1 Lq wkh lqwhuphgldwh

9



fdvh wkh euhdn0grzq doorfdwlrq lv d olqhdu frpelqdwlrq ri wkh wzr lghdo doorfdwlrqv1

Lq wkh iroorzlqj K&Ek&c w&� lv ylhzhg dv d frpsurplvh +vrph edujdlqlqj rxwfrph,

ehwzhhq wkh sulqflsdo dqg wkh djhqw zkhuh wkhlu uhodwlyh edujdlqlqj vwuhqjwk lv

ghwhuplqhg e| wkh srzhu ri wkh djhqw1 Wklv vlpsol�fdwlrq lv hdvlo| mxvwl�hg vlqfh

dq| Sduhwr h!flhqw edujdlqlqj rxwfrph ehwzhhq wkh sulqflsdo dqg khu djhqw fdq

eh ghvfulehg dv d olqhdu frpelqdwlrq ri wkh lghdo doorfdwlrqv %�& dqg %WEw&�1 Wkh

yduldeoh k& fdq wkhq eh wkrxjkw ri dv uh hfwlqj surshuwlhv ri wkh xqghuo|lqj edu0

jdlqlqj jdph15

Ohw M Ewck� ' EK�Ew�c k��c K2Ew2c k2�� zkhuh w ' Ew�c w2� dqg k ' Ek�c k2�1 Wkh

edujdlqlqj ehwzhhq wkh wzr djhqwv lv prghoohg e| zd| ri wkh Qdvk edujdlqlqj

vroxwlrq1

Gh�qlwlrq 41 Ohw

� E ckcw� ' E�� E c w��� �� EM Ekcw� c w��� E�2 E c w2�� �2 EM Ekcw� c w2�� �

Wkhq wkh Qdvk edujdlqlqj vroxwlrq lv

 
�� Ekcw� ' @h} 4@ 

 M~Ekcw�
� E ckcw� +614,

zkhuh

~Ekcw� '
�
 5 dfc�o

2
m  �w� M Ekcw� dqg  �w2 M Ekcw�

�

lv wkh frqwudfw }rqh ri wkh wzr djhqwv1

Wkh edujdlqlqj rxwfrph  
�� Ekcw� lv xqltxh dqg wkh ghvfulehg wzr0vwdjh

ghohjdwlrq jdph fdq eh uhgxfhg wr d rqh0vwdjh vlpxowdqhrxv0pryh jdph sod|hg

e| wkh sulqflsdov1

5Dq dowhuqdwlyh exw qrw dgrswhg ylhz lv wr wklqn ri en+�n> �n, dv wkh h{shfwhg euhdn0grzq

doorfdwlrq dqg �l dv wkh suredelolw| ri wkh djhqw zlqqlqj d srolwlfdo vwuxjjoh diwhu d euhdn grzq1

Wkh zlqqhu ri wkh vwuxjjoh lpsohphqwv klv2khu lghdo doorfdwlrq1 Wkxv/ wkh srzhu ri wkh djhqw

ghwhuplqhv wkh suredelolwlhv ri wkh wzr doorfdwlrqv {S
n
dqg {

�+�n,1 Wdnlqj wkh suhihuhqfhv ri wkh

sulqflsdo dqg khu djhqw dv jlyhq/ wkh euhdn0grzq doorfdwlrq lv lqwhusuhwhg dv d orwwhu| lqgxfhg

e| �n1 Wkh sulqflsdo dqg khu djhqw duh ulvn dyhuvh zlwk uhvshfw wr wkh rzq frxqwu|*v doorfdwlrq1

Wkhlu h{shfwhg xwlolwlhv iurp sduwlflsdwlqj lq wkh orwwhu| duh wkxv orzhu wkdq wkhlu xwlolwlhv iurp

lpsohphqwlqj wkh fruuhvsrqglqj frpsurplvh1 Pruhryhu/ wkh xwlolw| ri wkh rwkhu frxqwu|*v djhqw

lv wkh vdph xqghu erwk lqwhusuhwdwlrqv ri en vlqfh klv xwlolw| lv olqhdu lq frxqwu| n*v surylvlrq ri

sxeolf jrrg1 Lq wkh prgho/ dq lqfuhdvh lq wkh glvdjuhhphqw xwlolw| ri frxqwu| n*v djhqw lqgxfhv

dq lqfuhdvh lq wkh dprxqw ri sxeolf jrrg surylghg e| wkh rwkhu frxqwu| dqg d ghfuhdvh lq wkh

dprxqw ri sxeolf jrrg surylghg e| wkh rzq frxqwu|1 Wklv lv ehqh�fldo iru frxqwu| n*v djhqw1

:



71 Wkh Ghohjdwlrq Jdph

Lq wklv vhfwlrq zh irupdol}h dqg dqdo|}h wkh wzr0vwdjh ghohjdwlrq jdph1 Ohw

( ' E�c7cZ� ghqrwh wkh ghohjdwlrq jdph zkhuh � ' i�c 2j lv wkh vhw ri sulqflsdov
wkdw sod| wkh jdph1 Wkh sulqflsdov vlpxowdqhrxvo| fkrrvh djhqwv dqg ghflgh rq

krz pxfk srzhu wr jlyh wr wkhlu djhqwv1 Wkh vhw iurp zklfk sulqflsdo & fkrrvhv

khu djhqw*v srzhu lv �& ' dfc �o dqg wkh vhw ri djhqwv dydlodeoh wr khu lv X& ' d@c �o1

D vwudwhj| iru sulqflsdo & wkxv d sdlu r& ' Ek&c w&� 5 7& zkhuh 7& ' �& � X& lv

khu vhw ri vwudwhjlhv1 Ohw 7 ' 7��721 Wkh sdlu ri sd|r� ixqfwlrqv lv Z ' EZ�c Z2�

zkhuh Z& ghqrwhv wkh sd|r� wr sulqflsdo & dv d ixqfwlrq ri wkh vwudwhj| sur�oh

t ' Er�c r2� 5 7/ l1h1/

Z& Et� ' �&
�
 
��

Et� c w�
&

�
�

Iru wkh prphqw/ wuhdw wkh vwudwhj| ri sulqflsdo , 9' & dqg wkh srzhu ri djhqw
& dv jlyhq1 Ohw 1&Ek&c r,� eh wkh vhw ri djhqwv wkdw pd{lpl}h sulqflsdo &*v xwlolw|
jlyhq k& 5 �& dqg r, 5 7,

1&Ek&c r,� ' @h} 4@ 
w&MX&

Z& Et� � +714,

Vwxg|lqj sulqflsdo &*v pd{lpl}dwlrq sureohp lw fdq eh vkrzq wkdw dq| djhqw wkdw
pd{lpl}hv khu xwlolw| djdlqvw r, 5 7, pxvw eh wr wkh uljkw ri khu dqg wklv lv wuxh

iru doo ohyhov ri srzhu jlyhq wr wkh djhqw16

Ohppd 41 1&Ek&c r,� �
�
w�
&
c �

�
;k& 5 �&/ ;r, 5 7,�

Surri1 Vhh wkh Dsshqgl{1
Wkh orjlf ehklqg Ohppd 4 lv wkh iroorzlqj1 Ehfdxvh wkh edujdlqlqj rxwfrph

lv Sduhwr h!flhqw lw zloo vwlsxodwh hdfk frxqwu| wr surylgh pruh sxeolf jrrg wkdq
suhvfulehg e| wkh djhqwv* lghdo doorfdwlrqv/  ��

Et� : E%WEw��c %
W
Ew2�� ;t 5 71 Lq

wkh fdvh ri vhoi0uhsuhvhqwdwlrq/ w& ' w�
&
/ frxqwu| & kdv wr surylgh pruh ri wkh sxeolf

jrrg wkdq wkh sulqflsdo zlvkhv/ %��

&
EEk&c w

�

&
�c r,� : %�

&
/ dqg vkh frqvhtxhqwo| kdv

dq lqfhqwlyh wr orzhu khu frxqwu|*v surylvlrq ri sxeolf jrrg1 Li vkh dssrlqwv
dq djhqw wr khu ohiw wkhq vkh fdq qrw dfklhyh wklv uhgxfwlrq vlqfh wklv djhqw lv
hyhq pruh lqwhuhvwhg lq wkh sxeolf jrrg1 Ghohjdwlrq dlplqj dw uhgxflqj wkh rzq

surgxfwlrq ri sxeolf jrrg wr %�
&
pxvw wkhuhiruh eh wr dq djhqw zkr lv uhodwlyho|

glvlqwhuhvwhg lq wkh sxeolf jrrg/ l1h1/ zkr lv wr wkh uljkw ri wkh sulqflsdo1 Wkh
zhoiduh ri sulqflsdo & grhv qrw rqo| ghshqg rq khu frxqwu|*v uhvrxufh doorfdwlrq

exw dovr rq wkh uhvrxufh doorfdwlrq ri wkh rwkhu frxqwu| zklfk lq wxuq ghshqgv

6Wkh zhdn ghohjdwlrq jdph lq Vhjhqgru� +4<<;, lv wkh pl{hg h{whqvlrq ri G zkhuh Dn @ i3j
dqg �n @ ^3> 4` iru n @ 4>51 Ohppd 4 fdq eh h{whqghg wr surylgh d vwuhqjwkhqlqj ri Sursrvlwlrq

5+ll, lq Vhjhqgru� +4<<;, e| pdnlqj lw srvvleoh wr vd| wkdw ghohjdwlrq lv pdgh wr wkh uljkw1

;



rq sulqflsdo &*v fkrlfh ri djhqw dqg wkh dprxqw ri srzhu jlyhq wr wkdw djhqw1
Lq Ohppd 4 zh ohduq wkdw sulqflsdo & jdlqv iurp vwudwhjlf ghohjdwlrq wr vrph
djhqw wr khu uljkw1 Wkh hyhqwxdo xwlolw| orvv iurp d ghfuhdvh lq wkh rwkhu frxqwu|*v
surylvlrq ri sxeolf jrrg lv rxwzhljkhg e| wkh xwlolw| jdlq iurp wkh uhgxfwlrq lq
wkh rzq frxqwu|*v surylvlrq ri sxeolf jrrg1

Wkh Qdvk edujdlqlqj vroxwlrq kdv d surshuw| fdoohg glvdjuhhphqw srlqw prqr0

wrqlflw| +Wkrpvrq +4<;:,,> dq lqfuhdvh lq wkh glvdjuhhphqw xwlolw| ri dq djhqw
lqgxfhv dq lqfuhdvh lq wkdw djhqw*v sd|r�1 Vxssrvh sulqflsdo & ghohjdwhv wr dq
djhqw wr khu uljkw/ w& : w�

&
1 E| lqfuhdvlqj wkh srzhu ri khu djhqw vkh lqfuhdvhv

wkh glvdjuhhphqw xwlolw| ri wkh djhqw dqg orzhuv wkh glvdjuhhphqw xwlolw| ri wkh
rwkhu djhqw1 Ehfdxvh ri wkh glvdjuhhphqw srlqw prqrwrqlflw| wklv fkdqjh lqgxfhv
d fkdqjh lq wkh djuhhphqw pdnlqj frxqwu| & surylgh ohvv ri wkh sxeolf jrrg dqg
frxqwu| , surylgh pruh1

Ohppd 51 Ohw w& : w�
&
� Wkhq

_%
��

&

_k&
	 f dqg

_%
��

,

_k&
: f ;k& 5 �&c ;r, 5 7,1

Surri1 Vhh wkh Dsshqgl{1
Fkdqjhv lq wkh srzhu ri wkh djhqw grhv qrw d�hfw wkh vorsh ri wkh djhqwv*

+khuh olqhdu, frqwudfw fxuyh exw pryhv  ��
Et� dorqj wkh frqwudfw fxuyh1 Ohw

q&Er,� ghqrwh wkh vhw ri vwudwhjlhv wkdw pd{lpl}h Z& djdlqvw r, 5 7,c , 9' &

q&Er,� ' @h} 4@ 
r&M7&

Z&Et��

Wkh vhw q&Er,� lv qrqhpsw| ehfdxvh 7& lv frpsdfw dqg frqyh{ dqg Z& lv frqwlqxrxv
lq r&1 Iurp Ohppd 4 zh kdyh wkdw w& : w�

&
iru doo r& 5 q&Er,� dqg xvlqj Ohppd 5

wrjhwkhu zlwk wkh surshuwlhv ri wkh Qdvk edujdlqlqj vroxwlrq jlyhv k& ' �1 Lq rughu
wr vhh wklv/ vxssrvh �uvw wkdw r& 5 q&Er,� lv vxfk wkdw k& ' f1 Wkhq %��

&
Et� : %�

&

dqg lqfuhdvlqj k& xqdpeljxrxvo| lqfuhdvhv Z& e| Ohppd 51 Khqfh/ dq| ehvw uhso|
iru sulqflsdo & lqfoxghv jlylqj khu djhqw vrph srzhu1 Qrz/ vxssrvh r& lv vxfk
wkdw k& 5 Efc ��� Sulqflsdo &*v xwlolw| ixqfwlrq lv txdvl0frqfdyh lq  dqg khu kljkhvw
ihdvleoh lqgl�huhqfh fxuyhv lv wkxv wdqjhqw wr wkh djhqwv* frqwudfw fxuyh dw  ��

Et�1
E| sod|lqj w�

&
' w& � 0 iru vrph vpdoo 0 : f lqvwhdg ri w& vkh fdq pdujlqdoo| vkliw

wkh frqwudfw fxuyh xszdug vr wkdw lw fxwv wkurxjk khu rog lqgl�huhqfh fxuyh dqg
ehfrphv wdqjhqw wr d qhz lqgl�huhqfh fxuyh uhsuhvhqwlqj d kljkhu ohyho ri xwlolw|1
Wkh qhz wdqjhqf| srlqw  � lv ihdvleoh vlqfh 0 lv duelwudu| vpdoo/ l1h1/ wkhuh h{lvwv
dq k�

&
	 � vxfk wkdw  ��

Ek�

&
c w�

&
c r,� '  

�1 Wklv dujxphqw lv looxvwudwhg lq Iljxuh
714 dqg lw dssolhv wr hyhu| k& 5 Efc ��1 Khqfh/ k& ' �1 Ilqdoo|/ li k& ' � wkhq Z&
lv vwulfwo| frqfdyh lq w& zklfk lpsolhv wkdw wkh xwlolw| pd{lpl}lqj vwudwhj| r& lv
xqltxh1

Ohppd 61 Ohw r, 5 7,c , 9' &1 Wkhq q&Er,� lv d vlqjohwrq vhw dqg li q&Er,� '

iEk&c w&�j wkhq k& ' � dqg w& : w�
&
�

<



Surri1 Vhh wkh Dsshqgl{1

Iljxuh 714= Sulqflsdo 4*v lqgl�huhqfh fxuyh L� wdqjhqw wr wkh djhqwv* frqwudfw fxuyh

[Ew� dw srlqw� dqg djhqw 4 lv jlyhq lqwhuphgldwh srzhu/ f 	 k� 	 �1 E| ghohjdwlqj wr

dq djhqw zkr lv voljkwo| pruh lqwhuhvwhg lq wkh sxeolf jrrg sulqflsdo 4 vkliwv wkh djhqwv*

frqwudfw fxuyh xszdugv1 Iru d vpdoo hqrxjk fkdqjh wkhuh h{lvwv d qhz lqwhuphgldwh

ohyho ri srzhu vxfk wkdw wkh srlqw � lv uhdfkhg1 Dw �/ wkh qhz kljkhu frqwudfw fxuyh lv

wdqjhqw wr dq lqgl�huhqfh fxuyh uhsuhvhqwlqj d kljkhu ohyho ri xwlolw| wkdq L�1

E| xvlqj Ohppd 6 zh fdq vkrz wkh h{lvwhqfh ri d Qdvk htxloleulxp wr wkh

jdph (1 Sulqflsdo &*v ehvw0uhso| fruuhvsrqghqfh/ q&/ lv d frqwlqxrxv ixqfwlrq

vlqfh wkh ehvw uhso| dozd|v lv xqltxh e| Ohppd 6 dqg wkh sd|r� ixqfwlrq Z& lv

frqwlqxrxv lq t1 Khqfh/ wkh frpelqhg ehvw0uhso| ixqfwlrq q ' q�� q2 kdv d �{hg

srlqw t
�.

' Er�.
�

c r�.
2

� 5 7 zklfk lv d Qdvk htxloleulxp wr wkh jdph (1 Ohw

�.E(� ghqrwh wkh vhw ri Qdvk htxloleuld wr wkh jdph (1

Sursrvlwlrq 41 �.E(� 9' >�

Surri1 Vhh wkh Dsshqgl{1

Zh qrz wxuq rxu dwwhqwlrq wr wkh txdolwdwlyh surshuwlhv ri �.E(�1 Dq| Qdvk

htxloleulxp wr wkh jdph ( pxvw/ e| Ohppd 6/ eh frqvwlwxwhg e| d vwudwhj|

sur�oh vxfk wkdw erwk sulqflsdov ghohjdwh wr djhqwv wr wkhlu uljkw dqg jlyh wkhp

doo srzhu17

7Wkh vwurqj ghohjdwlrq jdph lq Vhjhqgru� +4<<;, lv wkh pl{hg h{whqvlrq riG zkhuhDn @ i4j
dqg �n @ ^3>4`1 Sursrvlwlrqv 4 dqg 5 deryh fdq eh h{whqghg wr wkh vwurqj ghohjdwlrq jdph/ l1h1/

wkhuh h{lvwv d sxuh0vwudwhj| Qdvk htxloleulxp zlwk wkh surshuwlhv vwdwhg lq Sursrvlwlrq 5 wr wkh

vwurqj ghohjdwlrq jdph1
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Sursrvlwlrq 51 Ohw t
�.

5 �.E(� zkhuh r�.

&
' Ek�.

&
c w�.

&
�1 Wkhq k�.

&
' �

dqg w�.

&
: w�

&
iru & ' �c 2�

Surri1 Vhh wkh Dsshqgl{1

Lq Ohppd 7 zh kdyh uhirupxodwhg Ohppd 4 iurp Vhjhqgru� +4<<;,1 Lw vd|v

wkdw li sulqflsdo & jlyhv doo srzhu wr khu djhqw wkhq frxqwu| &*v +frxqwu| ,*v,

surylvlrq ri wkh sxeolf jrrg ghfuhdvhv +lqfuhdvhv, zlwk wkh djhqw*v wdvwh iru wkh

sulydwh jrrg1 Wklv lv gxh wr wkh glvdjuhhphqw srlqw prqrwrqlflw| dqg wkh Sduhwr

h!flhqf| ri wkh Qdvk edujdlqlqj vroxwlrq1

Ohppd 71 Ohw k& ' �c wkhq
_%

��

&

_w&
	 f dqg

_%
��

,

_w&
: fc , 9' &1

Surri1 Vhh wkh surri ri Ohppd 4 lq Vhjhqgru� +4<<;,1

Wkh htxloleulxp djuhhphqw  �.Et�.� dqg wkh sulqflsdov* zhoiduh lq htxlole0

ulxp fdq eh vwxglhg e| dsso|lqj Ohppd 7 wr wkh �uvw0rughu frqglwlrqv ri sulqfl0

sdo &*v pd{lpl}dwlrq sureohp1 Vxssrvh sulqflsdo & grhv qrw ghohjdwh wr khu uljkw

prvw djhqw lq htxloleulxp/ l1h1/ w�.

&
	 �1 Wkhq Ohppd 7 whoov xv wkdw sulqflsdo

&*v pdujlqdo xwlolw| ri khu rzq surylvlrq ri sxeolf jrrg lv srvlwlyh/ _�&*_%& : f/
zklfk lpsolhv wkdw wkh vkduh ri khu frxqwu|*v uhvrxufhv wkdw lv doorfdwhg wr surgxf0

wlrq ri wkh sxeolf jrrg lq htxloleulxp lv vpdoohu wkh sulqflsdo*v lghdo doorfdwlrq/

%��

&
Et�.� 	 %�

&
1 Wklv qhfhvvdulo| phdqv wkdw sulqflsdo , 9' & lv zruvh ri lq htxlole0

ulxp wkdq lq dxwdufk| ehfdxvh hyhq li vkh lpsohphqwv khu lghdo doorfdwlrq/ wklv fdq

qrw frpshqvdwh iru wkh uhgxfwlrq ri frxqwu| &*v surylvlrq ri sxeolf jrrg1 Frqvh0

txhqwo|/ li erwk sulqflsdov ghohjdwh vxfk djhqwv wkhq wkh| erwk surylgh ohvv sxeolf

jrrg wkdq lq dxwdufk| dqg wkh| erwk zruvh r� lq htxloleulxp wkdq lq dxwdufk|1

Ohw w� ' Ew�
�
c w�

2
� dqg ohw � ' �� ��21

Fruroodu| 41 Ohw t
�. 5 �.E(�� Wkhq=

+l, Li w�.

&
	 � wkhq %��

&
Et�.� 	 %�

&
dqg Z,Et�.� 	 �,E � c w�, � iru , 9' &�

+ll, Li w�.

&
	 � iru & ' �c 2/ wkhq Z&Et�.� 	 �&E � c w�& ��

+lll, Z&Et
�.� 	 �&E 

��Ekcw� �c w�
&
� iru vrph & ' �c 2c ;k 5 �1

Surri1 Vhh wkh Dsshqgl{1

Wkh wklug vwdwhphqw lq Fruroodu| 4 frphv iurp Sursrvlwlrq 5 dqg wkh Sduhwr

h!flhqf| ri wkh Qdvk edujdlqlqj vroxwlrq1 Lq wkh fdvh ri pxwxdo vhoi0uhsuhvhqwdwlrq

wkh edujdlqlqj rxwfrph olhv rq wkh wzr sulqflsdov* frqwudfw fxuyh1 Ohppd 5 vwdwhv

wkdw w�.

&
: w�

&
iru & ' �c 2 dqg wklv lpsolhv wkdw wkh djhqwv* frqwudfw fxuyh

olhv ehorz wkh frqwudfw fxuyh ri wkh wzr sulqflsdov1 Wkh htxloleulxp djuhhphqw/

%��Et�.�/ fdq wkhuhiruh qrw eh rq sulqflsdov* frqwudfw fxuyh1 Lw iroorzv wkdw dw

ohdvw rqh ri wkh sulqflsdov lv zruvh r� lq htxloleulxp frpsduhg wr wkh fdvh ri

pxwxdo vhoi0uhsuhvhqwdwlrq1
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7141 Vhsdudwh Fkrlfhv ri Djhqwv dqg Srzhu

Lq lqwhuqdwlrqdo qhjrwldwlrqv wkh srzhu ri d ghohjdwh lv vrphwlphv gh�qhg e|
wkh frqvwlwxwlrq ri klv frxqwu|1 Ehfdxvh ri wkh riwhq frpsoh{ srolwlfdo surfhvv
uhtxluhg wr fkdqjh d frqvwlwxwlrq lw lv qdwxudo wr ylhz wkh fkrlfh ri frqvwlwxwlrq
dv d orqj0whup fkrlfh dqg wkh fkrlfh ri ghohjdwh dv d vkruw0whup fkrlfh1 Lw lv
dovr qdwxudo wr wklqn ri wkh frqvwlwxwlrqv ri wkh frqfhuqhg frxqwulhv dv frpprq
nqrzohgjh zkhq wkh ghohjdwhv duh fkrvhq1 Wklv vlwxdwlrq fdq eh prghoohg e|
d wkuhh0vwdjh ghohjdwlrq jdph zkhuh wkh sulqflsdov vlpxowdqhrxvo| fkrrvh krz
pxfk srzhu wr jlyh wr wkhlu djhqwv lq wkh �uvw vwdjh 0 wklv lv wkhlu fkrlfh ri
frqvwlwxwlrqv1 Lq wkh vhfrqg vwdjh wkh sulqflsdov revhuyh wkh fkrvhq dprxqwv ri
srzhu dqg vlpxowdqhrxvo| fkrrvh djhqwv1 Lq wkh wklug vwdjh/ wkh djhqwv phhw dqg
edujdlq ryhu wkh wzr frxqwulhv* uhvrxufh doorfdwlrqv1

Ohw (� ' E�c7 �cZ�� eh wkh uhgxfhg wkuhh0vwdjh ghohjdwlrq jdph1 Wkh vhw ri
sulqflsdov lv wkh vdph dv lq wkh gh�qlwlrq ri wkh jdph ( exw wkh vwudwhj| vhwv dqg
wkh sd|r� ixqfwlrqv duh gl�huhqw1 Wkh vwudwhj| ri sulqflsdo & lv d sdlu Ek&c )&�

zkhuh )& lv d ixqfwlrq wkdw wr hyhu| k 5 � dvvljqv d suredelolw| glvwulexwlrq
8&E� m k� ryhu sulqflsdo &*v vhw ri djhqwv/ X&� Khqfh/ sulqflsdo &*v vwudwhj| vhw
lv 7 �

&
' �& � x& zkhuh x& lv wkh vhw ri doo ixqfwlrqv )& iurp � wr wkh vhw ri doo

suredelolw| glvwulexwlrqv ryhu X&1 Ohw 7 � ' 7 �

�
� 7 �

2
dqg ohw 8 E� m k� eh wkh mrlqw

+surgxfw, suredelolw| glvwulexwlrq1 Wkh h{shfwhg sd|r� iru sulqflsdo & iurp wkh
vwudwhj| sur�oh t 5 7 � lv

Z�

&
Et� '

]
wMX

�&E 
��Ekcw�c w�

&
�_8 Ew m k�

dqg Z� ' EZ�

�
c Z�

2
�1

D vxejdph0shuihfw htxloleulxp lv d vwudwhj| sur�oh t7�. 5 7 � vxfk wkdw +l,
87�.

&
E� m k� lv d ehvw uhso| djdlqvw 87�.

,
E� m k� iru doo k 5 �c dqg +ll, k7�.

&

lv d ehvw uhso| djdlqvw k7�.
,

jlyhq )7�. ' E)7�.
�

c )7�.
2

�c , 9' &1 Ohw 7�.E(��

ghqrwh wkh vhw ri vxejdph0shuihfw Qdvk htxloleuld wr wkh jdph (�� Iurp Ohppd 4
lw iroorzv wkdw iru doo fkrlfhv ri srzhu k/ 8 7�.

&
E� m k� dvvljqv srvlwlyh suredelolw|

rqo| wr djhqwv zkr duh ohvv lqwhuhvwhg lq wkh sxeolf jrrg wkdq wkhlu sulqflsdov1

Sursrvlwlrq 61 Li t
7�. 5 7�.E(�� wkhq 87�.Ew� m k7�.� ' f1

Surri1 Vhh wkh Dsshqgl{1
Lq d vxejdph0shuihfw htxloleulxp zh rqo| revhuyh edujdlqlqj ehwzhhq djhqwv

zkr duh ohvv lqwhuhvwhg lq wkh sxeolf jrrg wkdq wkhlu sulqflsdov1 Wkh gl�huhqfh lq
wdvwh lqgxfhv d edujdlqlqj rxwfrph lq zklfk dw ohdvw rqh ri wkh sulqflsdov surylghv
ohvv ri wkh sxeolf jrrg wkdq lq wkh fdvh ri pxwxdo vhoi0uhsuhvhqwdwlrq1 Wklv lv wuxh
iru doo sdlu ri djhqwv lq wkh vxssruw ri 8 7�.E� m k�c iru doo k 5 �/ dqg wkxv dovr
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wuxh iru wkh h{shfwhg edujdlqlqj rxwfrph1 Khqfh/ dw ohdvw rqh ri wkh sulqflsdov lv

zruvh r� lq htxloleulxp wkdq xqghu pxwxdo vhoi0uhsuhvhqwdwlrq1

Fruroodu| 51 Ohw t
7�.

5 7�.E(��1 Wkhq=

+l, %��
&

Et7�.� 	 %��
&

Ekcw� � iru vrph & ' �c 2c ;k 5 ��

+ll, Z�

&
Et7�.� 	 �&E 

��Ekcw� �c w�
&
� iru vrph & ' �c2c ;k 5 ��

Surri1 Vhh wkh Dsshqgl{1

Lw lv fohdu iurp Sursrvlwlrq 6 dqg Fruroodu| 5 wkdw vhsdudwlqj wkh fkrlfhv ri

srzhu dqg djhqwv lq wlph fdq qrw holplqdwh wkh lqfhqwlyhv iru wkh sulqflsdov wr

ghohjdwh vwudwhjlfdoo| wr djhqwv wr wkhlu uljkw1

81 Dq H{dpsoh

Lq wkh qxphulfdo h{dpsoh ehorz zh frpsxwh wkh Qdvk htxloleulxp t
�. wr wkh wzr0

vwdjh ghohjdwlrq jdph iru wkuhh sdluv ri sulqflsdov dqg frpsduh wkh zhoiduh surshu0

wlhv ri hdfk htxloleulxp zlwk wkh fdvhv ri dxwdufk| dqg pxwxdo vhoi0uhsuhvhqwdwlrq1

Iru hdfk ri wkh wkuhh sdluv ri sulqflsdov wkhuh h{lvwv dq xqltxh Qdvk htxloleulxp1

Iljxuh 814 lv edvhg rq ghulylqj wkh Qdvk htxloleuld iru d odujh qxpehu ri sdluv

ri sulqflsdov dqg lq hyhu| fdvh wkh Qdvk htxloleulxp lv xqltxh1 Wkh vhw ri Qdvk

htxloleuld wr ( lv wkhuhiruh olnho| wr eh d vlqjohwrq vhw iru hyhu| sdlu ri sulqflsdov1

Wkurxjkrxw wkh h{dpsoh/ ohw @ ' f�fD1 Iluvw/ ohw w�
�
' f�� dqg ohw w�

2
' f�2�

Wkhq lv t�. ' EE�cf�Sb�c E�c f�DH�� dqg erwk sulqflsdov duh zruvh r� wkdq lq wkh

fdvhv ri dxwdufk| dqg pxwxdo vhoi0uhsuhvhqwdwlrq1 Li zh lqfuhdvh sulqflsdo 5*v wdvwh

iru wkh sulydwh jrrg/ vd| w�
2

' f�./ wkhq t
�. ' EE�c f�.�c E�c��� dqg sulqflsdo 4

suhihuv wkh htxloleulxp wr dxwdufk| exw suhihuv pxwxdo vhoi0uhsuhvhqwdwlrq wr wkh

htxloleulxp1 Wkh uhdvrq wr zk| sulqflsdo 4 suhihuv wkh htxloleulxp wr dxwdufk|

lv wkdw wkh uhvwulfwlrq w2 � � lv elqglqj1 Wklv phdqv wkdw sulqflsdo 5/ ehlqj

uhodwlyho| glvlqwhuhvwhg lq wkh sxeolf jrrg/ fdq qrw orzhu khu surylvlrq ri wkh sxeolf

jrrg pxfk frpsduhg wr khu surylvlrq lq dxwdufk|1 Wkh gl�huhqfh lq frxqwu| 5*v

surylvlrq ri sxeolf jrrg lq htxloleulxp dqg xqghu pxwxdo vhoi0uhsuhvhqwdwlrq lv vwloo

wr odujh wr pdnh sulqflsdo 4 suhihu wkh htxloleulxp wr pxwxdo vhoi0uhsuhvhqwdwlrq1

Djdlq/ Sulqflsdo 5 lv zruvh ri wkdq lq dxwdufk|1

Li zh lqfuhdvh sulqflsdo 5*v wdvwh sdudphwhu ixuwkhu wr w�
2
' f�b/ wkhq wkh Qdvk

htxloleulxp lv wkh vdph dv deryh/ t�. ' EE�c f�.�c E�c���1 Wklv lv ehfdxvh wkh ehvw
uhso| ri sulqflsdo 4 grhv qrw ghshqg rq w�

2
exw rqo| rq w21 Krzhyhu/ wkh fkdqjh lq

w�
2
fkdqjhv wkh ehqfkpdunv dqg qrz sulqflsdo 4 lv ehwwhu ri lq htxloleulxp wkdq

lq wkh fdvh ri pxwxdo vhoi0uhsuhvhqwdwlrq1 Wkh gl�huhqfh lq frxqwu| 5*v surylvlrq

ri sxeolf jrrg lq htxloleulxp dqg xqghu pxwxdo vhoi0uhsuhvhqwdwlrq lv vpdoohu wkdq

ehiruh vlqfh w�
2
kdv lqfuhdvhg1 Sulqflsdo 5 lv vwloo zruvh r� wkdq lq dxwdufk|1
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Lq Iljxuh 814 wkh htxloleulxp xwlolwlhv ri doo srvvleoh frpelqdwlrqv ri sulqflsdov

duh frpsduhg zlwk wkh fdvhv ri dxwdufk| dqg pxwxdo vhoi0uhsuhvhqwdwlrq1 Lq wkh

h{dpsoh deryh/ zh pryh iurp uhjlrq D wr uhjlrq E/ dqg wkhq wr uhjlrq H1

Iljxuh 814= Wkh zhoiduh surshuwlhv ri wkh htxloleulxp surylvlrq ri sxeolf jrrg ghshqgv

rq wkh sulqflsdov* wdvwh1 Sulqflsdo 4 lv suhihuv t
�. wr pxwxdo vhoi0uhsuhvhqwdwlrq lq uh0

jlrqv H dqg I/ dqg t
�. wr dxwdufk| lq uhjlrqv E/ F/ H/ I/ dqg J1 Sulqflsdo 5 dqdorjrxvo|

suhihuv t
�. wr pxwxdo vhoi0uhsuhvhqwdwlrq lq uhjlrqv J dqg K/ dqg t

�. wr dxwdufk| lq

uhjlrqv F/ G/ I/ J/ dqg K1 Erwk sulqflsdov zruvh r� lq htxloleulxp wkdq lq dxwdufk| lq

uhjlrq D1

91 Vxppdu| dqg Frpphqwv

Dq| Qdvk htxloleulxp wr wkh vwxglhg wzr0vwdjh ghohjdwlrq jdph lv vxfk wkdw hdfk

sulqflsdo ghohjdwhv wkh edujdlqlqj wr dq djhqw wr khu uljkw dqg jlyhv wklv djhqw doo

srzhu1 Hdfk sulqflsdo grhv vr lq rughu wr uhdfk d pruh idyrudeoh djuhhphqw wkdq

li vkh kdg edujdlqhg khuvhoi1 Krzhyhu/ vlqfh erwk sulqflsdov uhdvrq lq wkh vdph

zd| dqg ghohjdwh dv ghvfulehg deryh/ wkh| pd| hqg xs lq dq htxloleulxp lq zklfk

wkh| erwk duh zruvh r� wkdq xqghu dxwdufk|1 Lq htxloleulxp/ dw ohdvw rqh ri wkhp

lv zruvh ri lq htxloleulxp frpsduhg wr pxwxdo vhoi0uhsuhvhqwdwlrq1

Lq htxloleulxp/ hdfk sulqflsdo fruuhfwo| dqwlflsdwhv wkh vwudwhj| sod|hg e| khu

rssrqhqw dqg sod|v d ehvw uhso| djdlqvw lw1 Wkh sulqflsdov wkhuhiruh uhdol}h wkh
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edg qdwxuh ri wkh htxloleulxp dqg wkh| zrxog ehqh�w iurp frruglqdwlqj rq vrph

lqvwlwxwlrqdo vhw0xs lq zklfk wkh djhqwv duh jlyhq qr ru olwwoh srzhu ru2dqg lq

zklfk pxwxdo vhoi0uhsuhvhqwdwlrqv lv sod|hg lq htxloleulxp1 Rqh qdwxudo dqg lp0

sruwdqw txhvwlrq lv li vxfk lqvwlwxwlrqdo vhw0xsv fdq eh dfklhyhg dv wkh htxloleulxp

rxwfrph ri vrph +srolwlfdo, ghohjdwlrq jdph dqg li vr/ zkdw vhw ri uxohv fkdudfwhu0

l}hv wkdw jdphB Ilqdoo|/ zh vkrz wkdw vwudwhjlf ghohjdwlrq wr wkh uljkw lv d sduw ri

hyhu| vxejdph0shuihfw Qdvk htxloleulxp ri wkh wkuhh0vwdjh ghohjdwlrq jdph1 Wklv

vxjjhvwv wkdw wkh lqfhqwlyh wr ghohjdwh vwudwhjlfdoo| wr wkh uljkw lv d urexvw uhvxow1

Wkh uhvxowv duulyhg wr lq wklv vwxg| sduwo| ghshqg rq wkh fkrvhq xwlolw| ixqf0

wlrq1 Lq rughu wr ghwhuplqh wkh txdolwdwlyh surshuwlhv ri wkh vhw ri Qdvk htxloleuld

wr wkh ghohjdwlrq jdph rqh pxvw kdyh fohdu0fxw uhvxowv iurp wkh frpsdudwlyh vwd0

wlfv fduulhg rxw rq wkh Qdvk edujdlqlqj vroxwlrq1 Zlwk d jhqhudo xwlolw| ixqfwlrq/

wklv lv qrw srvvleoh zlwkrxw lpsrvlqj vhyhudo uhvwulfwlrqv rq wkh irup ri wkh xwlolw|

ixqfwlrq1 Wkh h{solflw xwlolw| ixqfwlrq xvhg lq wklv vwxg| zdv fkrvhq iru wkh uhd0

vrqv ri vlpsolflw| dqg fohduqhvv1 Lw nhhsv wkh prgho idluo| vlpsoh dqg vwloo surylghv

vrph lpsruwdqw lqvljkwv1 Hyhq wkrxjk d pruh jhqhudo xwlolw| ixqfwlrq lv ghvludeoh

zh dujxh wkdw wklv vkrxog qrw eh frqvlghuhg d pdmru gudzedfn1

Dsshqgl{= Surriv

Ohppd 41 1&Ew,ck� ' @h}4@ w&MX&
�&

�
%�� Ewck� c w�

&

�
dqg wkh ghulydwlyh ri

w�
&
*v pd{lpl}dwlrq sureohp z1u1w1 w& lv

YZ&

Yw&
'

Y��
&

Y%&

_%��

&

_w&
n

_%��

,

_w&
+914,

zkhuh ��
&
lqglfdwhv wkh sulqflsdo*v xwlolw| ixqfwlrq1 Ohppd 4 lv suryhg e| vkrzlqj

wkdw Htxdwlrq 914 lv vwulfwo| srvlwlyh iru doo w& � w�
&
dqg wkh surri lv fduulhg rxw

lq wzr vwhsv1 Iluvw zh ghulyh wkh h{suhvvlrqv iru
_%

��

&

_w&
dqg

_%
��

,

_w&
zkhuh , 9' & dqg

wkhq zh xvh wkh ghulyhg h{suhvvlrqv wr ghwhuplqh wkh vljq ri Htxdwlrq 9141

Vwhs 4= Ohw

�&Ewck� ' E�& E cw&�� �& EMEwck�c w&�� +915,

dqg wkh �uvw0rughu frqglwlrqv wr wkh Qdvk edujdlqlqj vroxwlrq duh

Y��

Y%&
'

Y�&

Y%&
�,Ewck� n�&Ewck� ' f� +916,

Wkh v|vwhp 916 gh�qhv wkh xqltxh edujdlqlqj rxwfrph  �� Ewck�1 Wkh rxwfrph

 
�� Ewck� lv/ e| wkh Lpsolflw ixqfwlrq wkhruhp/ orfdoo| frqwlqxrxv lq w dqg k1 Lq

wkh iroorzlqj zh frqvlghu sulqflsdo 4*v sureohp/ l1h1/ & ' �1 Gl�huhqwldwlrq ri wkh

v|vwhp 916 z1u1w1 %�c %2c dqg w� dqg uhduudqjlqj jlyhv%
Y
2
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Y%
2

�

Y
2
��

Y%2Y%�

Y
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2
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Wkh ghwhuplqdqw ri wkh Khvvldq wr ��/ ghqrwhg K/ lv srvlwlyh vlqfh �� lv d

frqfdyh ixqfwlrq hydoxdwhg dw lwv pd{lpxp1 Fudphu*v uxoh jlyhv

_%��

�

_w�
' �

#
Y
2
��

Yw�Y%�

Y
2
�2
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Yw�
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��Ewck�
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_i| EK�
+917,

dqg

_%��

2
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'
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YK�
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Y%2

Y��

Yw�
�2Ewck�

_i| EK�
+918,

Vwhs 5= Ohw k 5 � ' �� � �2c w2 5 X2 dqg w� � w�
�
1 Wkhq lv Y��*Yw� 	 f�

Vxevwlwxwlqj Htxdwlrqv 917 dqg 918 lqwr Htxdwlrq 914 dqg jlyhv

YZ�
Yw�

' �

Y�
�

�

Y%�

_i| EK�

#
Y
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��
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�
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Y�2
Y%2

Y��

Yw�
�2Ewck�

�
n

2�2Ewck�

_i| EK�

Y2��
Yw�Y%�

�

Wkh vljq ri Htxdwlrq 919 lv dpeljxrxv ehfdxvh wkh odvw whup lv qhjdwlyh zkloh wkh

�uvw wzr whupv duh srvlwlyh1 Uhzulwlqj Htxdwlrq 919 voljkwo| jlyhv

YZ�
Yw�
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�
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YK�
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�
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_i| EK�

Y2��
Yw�Y%�

�
�
Y��

�
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Htxdwlrq 91: lv srvlwlyh li wkh odvw whup lv srvlwlyh/ l1h1/ li

�
Y��

�

Y%�

Y�2
Y%2

n � 	 f� +91;,

Iurp wkh v|vwhp ri �uvw0rughu frqglwlrqv +v|vwhp 916, zh kdyh Y��

Y%�

Y�2

Y%2
' �1 Eh0

fdxvh w� 	 w�
�

e| dvvxpswlrq dqg %��

�
Ewck� : %WEw�� : K�Ew�c k�� zh kdyh

Y�
�

�

Y%�

Y�2

Y%2
: �1 Khqfh/ YZ�

Yw�
: f ;w� � w�

�
c;k 5 �1

Lw iroorzv wkdw li w� � w�
�
wkhq w� *5 1�Ew2ck� dqg lw iroorzv iurp wkh frqwlqxlw|

ri �� wkdw wklv lv wuxh dovr iru w� ' @1 Khqfh 1�Ew2ck� �
�
w�
�
c �
�
� E| dqdorj| lv

12Ew�ck� �
�
w�
2
c �
�
1 �
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Ohppd 51 Ohppd 5 lv suryhg e| vkrzlqj e| �uvw ghulylqj wkh h{suhvvlrqv
_%��

&

_k&
dqg

_%��
,

_k&
c , 9' &1 Wkhuhdiwhu zh ghwhuplqh wkhlu vljqv xvlqj wkdw w& : w�& 1

Vwhs 4= Lq wkh iroorzlqj zh frqvlghu frxqwu| 4/ l1h1/ & ' �� Gl�huhqwldwlqj wkh

v|vwhp ri �uvw0rughu frqglwlrqv wr wkh Qdvk edujdlqlqj vroxwlrq +v|vwhp 916, z1u1w1

%�c %2/ dqg k� jlyhv%
Y2��

Y%2
�

Y2��

Y%2Y%�

Y2��

Y%�Y%2

Y2��

Y%2
2

&%
_%��

�

_k�
_%��

2

_k�

&
'

%
� Y2��

Yk�Y%�

� Y2��

Yk�Y%2

&
�

Xvlqj Fudphu*v uxoh dqg vlpsoli|lqj jlyhv

_%��
�

_k�

'
�Ew� � w�

�
�
�
Y��
Y%�

n Y��
Y%�

�
Y2�2
Y%2

2

��Ewck�

_i| EK�
� +91<,

dqg
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2

_k�

'
�Ew� � w�

�
�Y

2��
Y%2

�

�
Y��
Y%�

n Y��
Y%�

�
Y�2
Y%2

�2Ewck�

_i| EK�
� +9143,

Vwhs 5= Li w� : w�
�
wkhq +l, Ew�� w�

�
� : f dqg +ll, Y��

Y%�
� f ehfdxvh K�Ew�c k�� �

%WEw��1
Y2�2
Y%2

2

	 f vlqfh w2 : f1 Khqfh/
_%��

�

_k�
	 f dqg

_%��
2

_k�
: f� �

Ohppd 61 Wklv surri lv fduulhg rxw lq wkuhh vwhsv1 Iluvw zh vkrz wkdw k& ' �

lq doo ehvw uhsolhv1 Wkhuhdiwhu wklv lv xvhg wr vkrz q& lv d vlqjohwrq vhw1
Vwhs 4= Iluvw lw lv vkrzq wkdw k& : f dqg wkhuhdiwhu lw lv vkrzq wkdw k& ' �1

Wkh �uvw0rughu frqglwlrq ri Z& Et� z1u1w1 k& lv=

YZ&

Yk&

'
Y��&
Y%&

_%��
&

_k&

n
_%��

,

_k&

' f +9144,

iru lqwhulru vroxwlrqv zkhuh ��& ghqrwhv sulqflsdo &*v xwlolw| ixqfwlrq1 Qrz/ ohw

k& ' f1 Vlqfh w& 5 1&Efc r,� zh kdyh  �� EEfc w&�c r,� "w�
&

 
��

�
Efc w�& �c r,

�
1 Dv0

vxph wkdw  �� EEfc w&�c r,� 	 MEEfc w&�c r,�c wkhq MEEfc w&�c r,� "w�
&

 
�� EEfc w&�c r,�

zklfk frqwudglfwv w& 5 1&Efc r,�1 Khqfh/  
�� EEfc w&�c r,� : MEEfc w&�c r,�1 Wkhq/ e|

Ohppd 5/ fdq sulqflsdo & lqfuhdvh khu xwlolw| e| lqfuhdvlqj k& zklfk ghfuhdvhv

%��
& dqg lqfuhdvhv %��

, c , 9' &1 Khqfh/ Efc w&� *5 q&Er,� iru dq| w& : wR
&
1

Wkh vhw ri Sduhwr h!flhqw doorfdwlrqv iru w� dqg w2 lv

[Ew� '

�
 5 dfc�o

2 m %2 ' E�� w2� n
w2

w�
E�� %��

�
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dqg dq lqgl�huhqfh fxuyh iru sulqflsdo & lv

L&Et� '
�
 5 dfc �o2 m �&

�
 c w�

&

�
' Z&Et�

�
�

Ohw r, 5 7, dqg ohw r& 5 q& Er,�1 Iurp Ohppd 4 zh nqrz w& : w�
&

dqg iurp
Vwhs 4 deryh zh nqrz k& : f1 Vxssrvh wkdw k& 	 �c wkhq L&Et� lv wdqjhqw wr
[Ew� dw  ��Et�1 Ohw w�

&
' w& � 0 iru vrph vpdoo 0 : f1 Wkhq [Ew�c w,� lqwhufhswv

L&Et� wzlfh vlqfh �& lv txdvl0frqfdyh lq  � Gxh wr wkh frqwlqxlw| ri sulqflsdo
&*v �uvw0rughu frqglwlrq zlwk uhvshfw wr k& +Htxdwlrq 9144, zh fdq �qg vrph
0 : f dqg vrph k�

&
5 Efc �� vxfk wkdw [Ew�c w,� lv wdqjhqw wr L&Ek�

&
c w�

&
c r,� zkhuh

Z&Ek
�

&
c w�

&
c r,� : Z&Et�1 Khqfh/ e| frqwudglfwlrq zh vkrzhg wkdw li Ek&c w&� 5 q& Er,�

wkhq k& ' ��
Vwhs 5= Ohw

}o@R�Er,� '
�
 
��Et� 5 dfc �o2 m r& ' E�c w&�c f � w& � �

�
�

Lq wklv sduw ri wkh surri zh vkrz wkdw iru dq| wzr srlqwv rq }o@R�Er,� wkh sduw
ri wkh judsk ehwzhhq wkhvh wzr srlqwv olhv deryh wkh olqh vhjphqw mrlqlqj wkh wzr
srlqwv1 Iurp wklv zh vkrz wkdw q&Er,� lv vlqjohwrq1 Wkurxjkrxw wkh surri lv , 9' &�

Ohw wkh vwudwhj| sur�oh r ' Ekcw� ghvfuleh d sdlu ri djhqwv dqg d sdlu ri
frqvwlwxwlrqv zkhuh k& ' �1 Ohw 0 : f eh duelwudu| vpdoo dqg ohw t� ' Ekc Ew& n
0c w,�� dqg t�� ' Ekc Ew& n 20c w,��� Zh wkhq kdyh wkuhh fruuhvsrqglqj djuhhphqwv>
 '  

��Et�c  � '  
��Et��c dqg  

�� ' %��Et���1 Iurp wkh Sduhwr h!flhqf| ri
wkh Qdvk edujdlqlqj vroxwlrq lw iroorzv wkdw  � 5 [Ew& n 0c w,� dqg wkdw  �� 5

[Ew&n20c w,�1 Ohw _%
�

&
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&
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Y%
��

&

Yw&
0 	 f dqg ohw _%��

&
' %��

&
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��

&

Yw&
0 	 f1

Glylgh _%�

&
lqwr wzr sduwv @�c K� 	 fc l1h1 _%�

&
' @� n K�c zkhuh K� lv vxfk wkdw

_%�

,
' � w,

w&n0
K : f dqg @� lv vxfk wkdw E�� w,� n

w,

w&n0
E� � %& � @�� ' %,/ l1h1/ @

�

lv vxfk wkdw E%& n @�c %,� 5 [Ew& n 0c w,� dqg K� lv vxfk wkdw E%& n @� n K�c %�

,
� 5

[Ew& n 0c w,�1 Vroylqj wkh odwwhu h{suhvvlrq iru @� jlyhv @� ' 0

w&
E� � %&� zkhq

xvlqj wkdw %, ' E� � w,� �
w,

w&
E� � %&�1 Dqdorjrxvo|/ ohwwlqj _%��

&
' @�� n K�� zkhuh

@��c K�� 	 f dqg zkhuh _%��

,
' � w,

w&n20
K�� : f dqg E�� w,� n

w,

w&n20
E� � %& � @��� ' %,

jlyhv @�� ' 20

w&
E� � %&�1 Wkxv/ @�� ' 2@� dqg vlqfh _%��

&
' 2_%�

&
zh kdyh K�� ' 2K�1

Wklv lpsolhv wkdw _%��

,
	 2_%�

,
dqg khqfh }o@R�Er,� ghvfulehv %, orfdoo| dv d frqfdyh

ixqfwlrq ri %&1 Wkh vdph uhdvrqlqj dssolhv iru doo  5 }o@R�Er,� dqg Z& lv orfdoo|
d frqfdyh ixqfwlrq ri w& durxqg  ��Et� zkhq kroglqj r2 �{hg dqg k& ' �1

Lw iroorzv wkdw q&Er,� lv d vlqjohwrq vhw1 Vxssrvh wkdw wklv lv qrw wuxh dqg
wkdw r& ' E�c w&� dqg r�

&
' E�c w�

&
� erwk ehorqj wr q&Er,�1 Ohw r��

&
' E�c Ew& n

w�

&
�*2�1 Wkhq %��

&
Er��

&
c r,� ' b%��

&
Et� n E�� b�%��

&
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&
c r,� iru vrph f 	 b 	 � dqg

%��

,
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&
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,
Et�nE��b�%��

,
Er�

&
c r,�1 Vlqfh b ��Et�nE��b� ��Er�

&
c r,� �w

�
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��Et�c  ��Er�

&
c r,� zh kdyh wkdw  ��Er��

&
c r,� �w

�
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��Et�c  ��Er�

&
c r,� zklfk lv d

frqwudglfwlrq1 Khqfh/ q&Er,� lv d vlqjohwrq vhw1 �
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Sursrvlwlrq 41 Ohw wkh fruuhvsrqghqfh �& G 7, @ 7& eh gh�qhg e| �&Er,� ' 7&
iru doo r, 5 7, dqg qrwlfh wkdw ohw q&Er,� ' @h} 4@ r&M�Er,� Z&Et�� Ohppd 6 vwdwhv

wkdw q&Er,� lv vlqjohwrq dqg khqfh forvhg dw r,1 �& lv d frqwlqxrxv fruuhvsrqghqfh

dqg �&Er,� lv frpsdfw1 Iurp wkh surshuwlhv ri �& dqg q& lw iroorzv wkdw q& lv

frqwlqxrxv dw r, +Erughu +4<;8,/ ss1 8</ Sursrvlwlrq 44154+e,, dqg khqfh wkdw q&
lv frqwlqxrxv ixqfwlrq1 Gh�qh wkh ixqfwlrq q G 7 $ 7 e| qEt� ' q�Er2�� q2Er��1

Iurp deryh zh kdyh wkdw 7 lv frqyh{ dqg frpsdfw dqg wkdw q lv d frqwlqxrxv

ixqfwlrq1 E| Eurxzhu*v �{hg srlqw wkhruhp q kdv d �{hg srlqw +Erughu +4<;8,/ ss1

5</ Fruroodu| 919,1 Khqfh/ wkh jdph( kdv d Qdvk htxloleulxp t
�. ' Er�.

� c r�.
2 � 5

�.E(� 9' >1 �

Sursrvlwlrq 51 Iroorzv gluhfwo| iurp Ohppd 6� �

Fruroodu| 41 +l, Ohw ��& ghqrwh wkh sulqflsdov xwlolw| ixqfwlrq1 Li w�.
& 	 � wkhq

Y��
&

Y%&

_%��
&

_w&
n

_%��
,

_w&
' f zklfk e| Ohppd 7 lpsolhv

Y��
&

Y%&
	 f� Khqfh/ %��

& Et�.� 	 %�& 1

Li %��
& Et�.� 	 %�& wkhq Z,Et

�.� � �,E%
��
& Et�.�c %�, c w

�
, � 	 �,E 

� c w�, � e| gh�qlwlrq

ri %�, 1

+ll, Li w�.
& 	 � iru & ' �c 2c wkhq  

��Et�.� 	  
� e| +l, deryh1 Iurp +l, lw

dovr iroorzv wkdw  � "w�
&

 
��Et�.�1

+lll, Ohw r�& ' Ek&c w
�
& � dqg ohw t� ' Er�� c r

�
2 �1 E| wkh Sduhwr h!flhqf| ri wkh

Qdvk edujdlqlqj vroxwlrq zh kdyh wkdw  ��Et� � 5 [Ew� � zkhuh w
� ' Ew�� c w

�
2 �

dqg [Ew� lv gh�qhg dv lq wkh surri ri Ohppd 61 Zh dovr kdyh wkdw  ��Et�.� 5
[Ew�.�1 Ehfdxvh w�.

& : w�& iru & ' �c2 zh kdyh [Ew� � _ [Ew� ' > e| wkh

gh�qlwlrq ri [ lq wkh surri ri Ohppd 61 Khqfh/  ��Et� � 9'  
��Et�.� dqg rqh ri

wkh sulqflsdov duh zruvh r�1 �

Sursrvlwlrq 61 Vxssrvh t7�. ' Ek7�.c)7�.� 5 7�.E(��� Wkhq E, 9' &�

]
w,MX,

YZ�

&

Yw&
_8,Ew, m k

7�.� ' f +9145,

iru doo w& 5 Efc �� � E| Ohppd 4/ wkh uljkw0kdqg vlgh ri Htxdwlrq 9145 lv vwulfwo|

srvlwlyh iru doo w& � w�& � Pruhryhu/ 87�.
& E@ m k7�.� ' f e| wkh frqwlqxlw| ri Z�

&�

Khqfh/ 8 7�.
& Ew� m k7�.� ' 87�.Ew� m k7�.� ' f� �

Fruroodu| 51 +l, Ohw �7�. �
�
w�� c �

�
�

�
w�2 c �

�
eh wkh vhw ri sdluv ri djhqwv

wkdw duh dvvljqhg srvlwlyh suredelolw| e| t
7�.1 Wkh vhw ri srvvleoh edujdlqlqj

rxwfrphv xqghu t7�. lv

f7�. '
�
 
��Ek7�.cw� 5 dfc �o

2 m w 5 �7�.
�
�
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Ohw SJ?Ef7�.� eh wkh frqyh{ kxoo rif7�.1 Zh kdyh wkdw  ��Et7�.� 5 SJ?Ef7�.�1
E| wkh gh�qlwlrq ri [ lq wkh surri ri Ohppd 6 dqg e| Sursrvlwlrq 6 lv [

�
w
�
�
_

SJ?Ef7�.� ' >1 Khqfh/  ��Et7�.� 9'  
��Ekcw� �1 Pruhryhu/ %��

&
Et7�.� 	

%��
&

Ekcw� � iru vrph & ' �c 2 vlqfh SJ?E 7�.� olhv ehorz [
�
w
�
�
1

+ll, Wkh yQ0P xwlolw| ixqfwlrq �& lv frqfdyh lq  1 Wkhq/ iurp  
��Et7�.� 9'

 
��Ekcw� � lw iroorzv wkdw �&E 

��Ekcw� �c w�
&
� : �&E 

��Et7�.�c w�
&
� : Z�

&
Et7�.��

�

Uhihuhqfhv

Elqpruh/ N1/ Uxelqvwhlq/ D1/ dqg Zrolqvn|/ D1 +4<;9,1 �Wkh Qdvk Edujdlqlqj

Vroxwlrq lq Hfrqrplf Prghoolqj/� Udqg Mrxuqdo ri Hfrqrplfv 4:/ 4:904;;1

Erughu/ N1 +4<;8,1 Il{hg Srlqw Wkhruhpv zlwk Dssolfdwlrq wr Hfrqrplfv dqg

Jdph Wkhru|1 Fdpeulgjh Q\= Fdpeulgjh Xqlyhuvlw| Suhvv/ uhsulqw 4<<51

Exuwudz/ G1 +4<<5,1 �Vwudwhjlf Ghohjdwlrq lq Edujdlqlqj/� Hfrqrplf Ohwwhuv 6;/

4;404;81

Fudzirug/ Y1 +4<;5,1 �D Wkhru| ri Glvdjuhhphqw lq Edujdlqlqj/� Hfrqrphwulfd

83/ 93:096:1

Fudzirug/ Y1 dqg Yduldq/ K1 +4<:<,1 �Glvwruwlrq ri Suhihuhqfhv dqg wkh Qdvk

Wkhru| ri Edujdlqlqj/� Hfrqrplf Ohwwhuv 6/ 53605391

Ihuvkwpdq/ F1/ Mxgg/ N1/ dqg Ndodl/ H1 +4<<4,1 �Revhuydeoh Frqwudfwv= Vwudwhjlf

Ghohjdwlrq dqg Frrshudwlrq/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz 65/ 884088<1

Mrqhv/ V1 +4<;<,1 �Kdyh \rxu Odz|hu Fdoo P| Odz|hu/� Mrxuqdo ri Hfrqrplf

Ehkdylru dqg Rujdql}dwlrq 44/ 48<04:71

Pxwkrr/ D1 +4<<9,1 �D Edujdlqlqj Prgho Edvhg rq wkh Frpplwphqw Wdfwlf/�

Mrxuqdo ri Hfrqrplf Wkhru| 9</ 46704851

Shuu|/ P1/ dqg Vdpxhovrq/ O1 +4<<7,1 �Rshq0 yhuvxv Forvhg0Grru Qhjrwldwlrqv/�

Udqg Mrxuqdo ri Hfrqrplfv 58/ 67;068<1

Shuvvrq/ W1/ dqg Wdehoolql/ J1 +4<<8,1 �Grxeoh0Hgjhg Lqfhqwlyhv= Lqvwlwxwlrqv dqg

Srolf| Frruglqdwlrq/� lq Kdqgerrn ri Lqwhuqdwlrqdo Hfrqrplfv +J1 Jurvvpdq

dqg N1 Urjr�/ Hgv1,/ Yro1 LLL/ Dpvwhugdp= Hovhylhu1

Vhjhqgru�/ E1 +4<<;,1 �Ghohjdwlrq dqg Wkuhdw lq Edujdlqlqj/� Jdphv dqg Hfr0

qrplf Ehkdylru 56/ 59905;61

Vreho/ M1 +4<;4,1 �Glvwruwlrq ri Xwlolwlhv dqg wkh Edujdlqlqj Sureohp/� Hfrqr0

phwulfd 7</ 8<:094<1

Wkrpvrq/ Z1 +4<;:,1 �Prqrwrqlflw| ri Edujdlqlqj Vroxwlrqv zlwk Uhvshfw wr wkh

Glvdjuhhphqw Srlqw/� Mrxuqdo ri Hfrqrplf Wkhru| 75/ 8308;1
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