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Devwudfw

Zkhq whvwlqj wkh qxoo k|srwkhvlv ri olqhdulw| ri d xqlyduldwh wlph vhulhv djdlqvw
vprrwk wudqvlwlrq dxwruhjuhvvlrq +VWDU,/ vwdqgdug dv|pswrwlf glvwulexwlrq uh0
vxowv gr qrw dsso| vlqfh qxlvdqfh sdudphwhuv lq wkh prgho duh xqlghqwl�hg xqghu
wkh qxoo k|srwkhvlv1 Wkh suhydlolqj whvw ri Oxxnnrqhq/ Vdlnnrqhq dqg Whuçvyluwd
+4<;;, lv edvhg rq d olqhdul}dwlrq/ zklfk pd| dgyhuvho| d�hfw lwv srzhu1 Wklv
sdshu glvfxvvhv dq dowhuqdwlyh surfhgxuh/ edvhg rq d sdudphwulf errwvwuds ri d
olnholkrrg udwlr whvw vwdwlvwlf/ dqg lqyhvwljdwhv lwv vl}h dqg srzhu surshuwlhv e|
d vpdoo vlpxodwlrq vwxg|1 Wkh uhvxowv/ krzhyhu/ lqglfdwh wkdw wkh srzhu ri wkh
errwvwuds whvw lv lqihulru wr wkdw ri wkh h{lvwlqj whvw1

Nh|zrugv1 Olqhdulw| whvwlqj> vprrwk wudqvlwlrq dxwruhjuhvvlrq prgho> qxl0
vdqfh sdudphwhu> qrqvwdqgdug whvwlqj sureohp> errwvwuds whvw1

MHO Fodvvl�fdwlrq Frghv= F45> F48> F55

Dfnqrzohgjphqwv1 Wkh dxwkru zlvkhv wr wkdqn Wlpr Whuçvyluwd iru ydoxdeoh
glvfxvvlrqv/ vxjjhvwlrqv dqg frpphqwv dqg Wru Mdfrevrq iru xvhixo frpphqwv rq
dq hduolhu yhuvlrq ri wkh sdshu1 Wkh uhvsrqvlelolw| iru doo huuruv dqg vkruwfrplqjv
uhpdlqv zlwk wkh dxwkru1 Ilqdqfldo vxssruw iurp wkh Wkh Edqn ri Vzhghq
Whufhqwhqdu| Irxqgdwlrq lv judwhixoo| dfnqrzohgjhg1



4 Lqwurgxfwlrq

Whvwlqj k|srwkhvhv derxw sdudphwhuv lq hfrqrphwulf prghov zkhq rqh ru pruh
qxlvdqfh sdudphwhuv duh qrw lghqwl�hg xqghu wkh qxoo k|srwkhvlv uhtxluhv qrq0
vwdqgdug phwkrgv/ vlqfh wkh vwdqgdug glvwulexwlrq uhvxowv iru wkh fodvvlfdo whvw
vwdwlvwlfv +wkh olnholkrrg udwlr/ Odjudqjh pxowlsolhu/ dqg Zdog whvwv, gr qrw ds0
so|1 Wkh sureohp dulvhv lq pdq| vlwxdwlrqv lq dssolhg zrun1 Iru lqvwdqfh/ zkhq
wkh qxoo ri olqhdulw| ri d wlph vhulhv lv whvwhg djdlqvw d vprrwk wudqvlwlrq dx0
wruhjuhvvlyh +VWDU, prgho +ru djdlqvw dq| rqh ri d qxpehu ri rwkhu qrqolqhdu
dowhuqdwlyh vshfl�fdwlrqv, vrph ri wkh sdudphwhuv duh xqlghqwl�hg xqghu wkh
qxoo k|srwkhvlv1

Dprqj wkh gl�huhqw vroxwlrqv wr wklv jhqhudo vwdwlvwlfdo sureohp vxjjhvwhg lq
wkh olwhudwxuh/ wkh phwkrg sursrvhg e| Whuçvyluwd +4<<7, lv wkh prvw frpprqo|
xwlolvhg rqh lq VWDU prghoolqj1 Krzhyhu/ vlqfh wklv whvw surfhgxuh flufxpyhqwv
wkh lghqwl�fdwlrq sureohp e| dq dssursuldwh olqhdulvdwlrq +vhh/ h1j1/ Oxxnnrqhq/
Vdlnnrqhq dqg Whuçvyluwd +4<;;, iru ghwdlov, lqirupdwlrq derxw wkh qrqolqhdu
vwuxfwxuh xqghu wkh dowhuqdwlyh lv orvw dqg wkh srzhu pd| eh dgyhuvho| d�hfwhg1
Li vr/ lw pljkw eh zruwkzkloh wr frqvlghu rwkhu whvwv1 Zkloh wklv whvw lv edvhg rq
vwdqgdug dv|pswrwlf glvwulexwlrq wkhru|/ vroxwlrqv vxjjhvwhg e| rwkhu dxwkruv lq
sudfwlfh uho| rq frpsxwdwlrqdo vwdwlvwlfdo phwkrgv iru hvwdeolvklqj fulwlfdo ydoxhv
iru wkh whvw vwdwlvwlfv1 Lq wklv vslulw/ Kdqvhq +4<<9, ghyhorshg d whfkqltxh iru
hvwdeolvklqj fulwlfdo ydoxhv iru whvw vwdwlvwlfv ghulyhg e| Dqguhzv dqg Sorehujhu
+4<<7, exw klv phwkrg lv frpsxwdwlrqdoo| yhu| ghpdqglqj1

Ghvludeoh surshuwlhv ri dq| frpshwlqj phwkrg lqfoxgh uhdvrqdeoh frpsxwd0
wlrqdo frvwv dqg/ deryh doo/ dw ohdvw dv jrrg srzhu surshuwlhv dv wkh olqhdulvdwlrq0
edvhg surfhgxuh phqwlrqhg deryh1 Wkh suhvhqw sdshu lv d �uvw dwwhpsw dw lqyhv0
wljdwlqj zkhwkhu errwvwudsslqj d olnholkrrg0udwlr whvw ri olqhdulw| djdlqvw VWDU
phhwv wkhvh uhtxluhphqwv dqg wkhuhiruh phulwv ixuwkhu uhvhdufk1

Wkh uhvw ri wkh sdshu lv rujdqlvhg dv iroorzv= Lq Vhfwlrq 5 wkh VWDU prgho
dqg wkh olqhdulw| whvw duh lqwurgxfhg/ wkh lghqwl�fdwlrq sureohp lv glvfxvvhg/
dqg vrph suhylrxvo| vxjjhvwhg jhqhudo vroxwlrqv duh eulh | uhylhzhg1 Vhfwlrq
6 ghvfulehv wkh errwvwuds whvw dqg Vhfwlrq 7 wkh vlpxodwlrq vwxg|1 Vhfwlrq 8
frqfoxghv1

5 Whvwlqj olqhdulw| djdlqvw VWDU

514 Wkh VWDU prgho

D vprrwk wudqvlwlrq dxwruhjuhvvlrq/ VWDU/ prgho ri rughu s lv gh�qhg dv
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Hduo| glvfxvvlrqv ri vprrwk wudqvlwlrq +dxwr,uhjuhvvlrq prghov fdq eh irxqg lq
Edfrq dqg Zdwwv +4<:4,/ Jrogihog dqg Txdqgw +4<:5, dqg Pdggdod +4<::/ s1
6<9,1 Pruh uhfhqwo|/ VWDU prghov kdyh uhfhlyhg dwwhqwlrq lq erwk wkhruhwl0
fdo dqg dssolhg zrun1 Whuçvyluwd +4<<7, dqg Hlwukhlp dqg Whuçvyluwd +4<<9,
suhvhqw d prghoolqj f|foh iru VWDU prghov lqoxglqj whvwlqj olqhdulw| djdlqvw
VWDU/ vshfli|lqj dqg hvwlpdwlqj d VWDU prgho li olqhdulw| lv uhmhfwhg/ dqg
hydoxdwlqj wkh hvwlpdwhg prgho e| d qxpehu ri gldjqrvwlf whvwv1 Dq ryhuylhz
ri wkh prghoolqj f|foh/ dv zhoo dv dssolfdwlrqv dqg uhihuhqfhv/ fdq eh irxqg lq
Whuçvyluwd +4<<;,1

Wkh �uvw vwhs ri wkh prghoolqj f|foh/ whvwlqj wkh qxoo k|srwkhvlv ri olqhdulw|
djdlqvw wkh sursrvhg qrqolqhdu prgho/ lv fuxfldo> fohduo|/ qrqolqhdu prghoolqj
vkrxog qrw eh dwwhpswhg li d olqhdu prgho lv dq dghtxdwh uhsuhvhqwdwlrq ri
wkh gdwd1 Krzhyhu/ ghylvlqj d whvw ri olqhdulw| djdlqvw wkh VWDU prgho lv
frpsolfdwhg e| wkh idfw wkdw +4, lv qrw lghqwl�hg xqghu wkh qxoo k|srwkhvlv1
Wkh qh{w vxevhfwlrq ghvfulehv wkh sureohp ri k|srwkhvlv whvwlqj zkhq qxlvdqfh
sdudphwhuv duh qrw lghqwl�hg xqghu wkh qxoo k|srwkhvlv1

515 Wkh lghqwl�fdwlrq sureohp

Whvwlqj olqhdulw| djdlqvw VWDU lq +4, zlwk +5, ru +6, dprxqwv wr whvwlqj K3 =
� @ 3 djdlqvw K4 = � A 31 Krzhyhu/ xqghu wkh qxoo k|srwkhvlv/ erwk � dqg f duh
qxlvdqfh sdudphwhuv wkdw fdq wdnh dq| ydoxh zlwkrxw d�hfwlqj wkh olnholkrrg1
Wkxv wkh prgho lv lghqwl�hg rqo| xqghu wkh dowhuqdwlyh exw qrw xqghu wkh qxoo
k|srwkhvlv dqg wkh vwdqgdug "5 dv|pswrwlf wkhru| ri wkh wkuhh fodvvlfdo whvwv
grhv qrw krog1 Wkh suhvhqfh ri dq lghqwl�fdwlrq sureohp lv dovr vhhq e| qrwlflqj
wkh idfw wkdw wkh whvwlqj sureohp frxog htxdoo| zhoo eh irupxodwhg lq whupv ri
wkh odj sdudphwhuv ri wkh *qrqolqhdu sduw* ri wkh prgho/ l1h1/ whvwlqj K3 = � @ 3
djdlqvw K4 = � 9@ 31

Wkh jhqhudo sureohp ri k|srwkhvlv whvwlqj zkhq d qxlvdqfh sdudphwhu yhf0
wru/ �> lv qrw lghqwl�hg xqghu wkh qxoo k|srwkhvlv zdv �uvw glvfxvvhg e| Gdylhv
+4<::/ 4<;:,/ zkr vxjjhvwhg wkdw d whvw vwdwlvwlf/ V +�,/ eh �uvw ghulyhg xq0
ghu wkh dvvxpswlrq wkdw wkh qxlvdqfh sdudphwhu yhfwru lv �{hg/ � @ ��1 Wkh
dfwxdo whvw vwdwlvwlf lv wkhq gh�qhg dv vxs

�
�
5E

V +��, +dvvxplqj d uljkw0wdlohg
whvw,1 Fryhulqj wkh *zruvw fdvh*/ wklv surfhgxuh lv fohduo| frqvhuydwlyh1 Wkh �uvw
hfrqrphwulf dssolfdwlrq ri wklv lghd zdv Zdwvrq dqg Hqjoh +4<;4,1 Wkh dv|ps0
wrwlf qxoo glvwulexwlrq ri wkh vxsuhpxp whvw vwdwlvwlf lv qrw jhqhudoo| nqrzq
dqdo|wlfdoo|1

Oxxnnrqhq/ Vdlnnrqhq dqg Whuçvyluwd +4<;;, dqg Vdlnnrqhq dqg Oxxnnrqhq
+4<;;, vxjjhvwhg d whfkqltxh wkdw pd| eh ylhzhg dv ehlqj vlplodu lq vslulw wr
wkh vroxwlrq ri Gdylhv +4<::,1 Khuh/ wkh wudqvlwlrq ixqfwlrq lv uhsodfhg e| d
Wd|oru dssur{lpdwlrq durxqg K3 dqg wkh prgho lv uhsdudphwhulvhg lq rughu
wr rewdlq dq dx{loldu| olqhdu uhjuhvvlrq zkhuh fhuwdlq sdudphwhuv htxdo }hur li
� @ 3/ wkhuhe| flufxpyhqwlqj wkh lghqwl�fdwlrq sureohp1 Wklv whvw kdv ehhq
xvhg lq d qxpehu ri dssolhg vwxglhv +vhh Whuçvyluwd +4<<;, iru h{dpsohv,1 Lq d
frpsdudwlyh vlpxodwlrq vwxg| lq Kdqvhq +4<<9, wkh Wd|oru dssur{lpdwlrq edvhg
whvw shuiruphg zhoo djdlqvw d vhoi0h{flwlqj wkuhvkrog dxwruhjuhvvlrq +VHWDU,
prgho1

Dqguhzv dqg Sorehujhu +4<<7, ghulyhg rswlpdo yhuvlrqv ri wkh wkuhh fodvvlfdo
whvwv iru d vlwxdwlrq zkhuh rqh ri wkh qxlvdqfh sdudphwhuv d�hfwv wkh olnholkrrg
rqo| xqghu wkh dowhuqdwlyh k|srwkhvlv1 Krzhyhu/ wkhvh dyhudjh h{srqhqwldo whvwv
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uhtxluh wkdw wkh lqyhvwljdwru vshfl�hv d zhljkw ixqfwlrq ryhu wkh srvvleoh ydo0
xhv ri wkh xqlghqwl�hg qxlvdqfh sdudphwhu1 Iurp d Ed|hvldq srlqw ri ylhz wkh
zhljkw ixqfwlrq pd| eh vhhq dv d sulru/ dqg wkh whvwv duh dv|pswrwlfdoo| htxly0
dohqw wr Ed|hvldq srvwhulru rggv udwlrv1 Dqguhzv dqg Sorehujhu gr qrw glvfxvv
krz fulwlfdo ydoxhv iru wkh whvw vwdwlvwlfv vkrxog eh rewdlqhg lq sudfwlfh1

Kdqvhq +4<<9, ghyhorshg d surfhgxuh iru frpsxwlqj vlpxodwhg fulwlfdo ydo0
xhv iru/ h1j1/ wkh Gdylhv dqg wkh Dqguhzv dqg Sorehujhu whvw vwdwlvwlfv1 Li wkh
qxlvdqfh sdudphwhu wkdw lv qrw lghqwl�hg xqghu wkh qxoo ehorqjv wr d frqwlqxrxv
sdudphwhu vsdfh/ wkh lqyhvwljdwru lq sudfwlfh kdv wr vhohfw d qxpehu ri glvfuhwh
ydoxhv iru wkh sdudphwhu1 Lq hyhu| uhsolfdwh ri wkh vlpxodwlrq d whvw vwdwlvwlf lv
wkhq fdofxodwhg jlyhq hdfk rqh ri wkhvh sdudphwhu ydoxhv/ dqg rqh ri wkh phwk0
rgv vxjjhvwhg e| Gdylhv ru Dqguhzv dqg Sorehujhu lv dssolhg wr duulyh dw d
vlqjoh whvw vwdwlvwlf iru wkh uhsolfdwh1 Wkh ghflvlrq lv wkhq edvhg xsrq wkh frp0
sdulvrq ri wkh ruljlqdo whvw vwdwlvwlf/ lq wkh irup ri d s0ydoxh/ wr wkh vlpxodwhg
glvwulexwlrq1 Wkh frpelqdwlrq ri vlpxodwlqj wkh glvwulexwlrq dqg wkh qhhg iru
vhohfwlqj d vhw ri ydoxhv iru wkh qxlvdqfh sdudphwhu pdnhv wkh phwkrg frpsx0
wdwlrqdoo| lqwhqvlyh1 Ixuwkhupruh/ Kdqvhq +4<<9, h{solflwo| glvfxvvhg rqo| wkh
fdvh zkhuh rqh qxlvdqfh sdudphwhu lv xqlghqwl�hg xqghu wkh qxoo k|srwkhvlv1 Lq
wkh VWDU fdvh/ zklfkhyhu zd| wkh whvw lv sdudphwhulvhg/ wkh whvwlqj sureohp
jhqhudoo| lqyroyhv dw ohdvw wzr vxfk sdudphwhuv1 Lq sudfwlfh/ d jhqhudolvdwlrq wr
pruh wkdq d vlqjoh qxlvdqfh sdudphwhu zrxog frqvlghudeo| lqfuhdvh wkh douhdg|
vxevwdqwldo frpsxwdwlrqdo exughq1 Lw vkrxog dovr eh qrwhg wkdw wkh srzhu ri
wkh whvw lv ghshqghqw rq wkh vhohfwhg vhw ri ydoxhv iru wkh qxlvdqfh sdudphwhu
+ru sdudphwhuv,1

Jlyhq wkh vwdwlvwlfdo sureohpv eulh | ghvfulehg deryh dqg wkh lqfuhdvlqj lq0
whuhvw lq vlpxodwlrq0edvhg phwkrgv/ uh hfwhg lq sduw e| wkh zrunv flwhg deryh/
lw vhhpv qdwxudo wr frqvlghu xvlqj d errwvwuds surfhgxuh wr hvwdeolvk wkh hp0
slulfdo glvwulexwlrq ri d olqhdulw| whvw1 Lq wkh qh{w vhfwlrq d errwvwuds whvw wkdw
vkrxog eh ohvv frpsxwdwlrqdoo| lqwhqvlyh wkdq wkh rqh ghvfulehg lq wkh suhylrxv
sdudjudsk lv rxwolqhg/ dqg lwv vl}h dqg srzhu surshuwlhv duh glvfxvvhg lq wkh
vxevhtxhqw vhfwlrq1

6 Wkh errwvwuds whvw
Lw lv srvvleoh wr frqvwuxfw d sdudphwulf errwvwuds olnholkrrg udwlr whvw ri olqhdu0
lw| djdlqvw VWDU1 Wkh hpslulfdo glvwulexwlrq iru wkh whvw vwdwlvwlf lv hvwdeolvkhg
wkurxjk uhvdpsolqj iurp wlph vhulhv jhqhudwhg xvlqj wkh hvwlpdwhv ri wkh sdudp0
hwhuv xqghu wkh qxoo k|srwkhvlv dqg qrupdoo| glvwulexwhg udqgrp huuruv zkrvh
yduldqfh htxdov wkh hvwlpdwhg uhvlgxdo yduldqfh ri wkh prgho1 Iru d jhqhudo glv0
fxvvlrq ri errwvwuds whvwv zlwk h{dpsohv dqg dssolfdwlrqv wkh uhdghu lv uhihuuhg
wr/ h1j1/ Gdylgvrq dqg PdfNlqqrq +4<<9,1

Lq rughu wr rewdlq dq hpslulfdo glvwulexwlrq ri wkh whvw vwdwlvwlf/ prgho +4, lv
dvvxphg wr eh frpsohwho| vshfl�hg xqghu wkh qxoo dqg xqghu wkh dowhuqdwlyh/ l1h1/
wkh sdudphwhuv s +wkh dxwruhjuhvvlyh rughu,/ wkh irup ri wkh wudqvlwlrq ixqfwlrq
I +OVWDU +5, ru HVWDU +6,,/ dqg g +wkh ghod| sdudphwhu ri wkh wudqvlwlrq
ixqfwlrq, duh dvvxphg wr eh nqrzq dqg rqo| wkh ydoxhv ri wkh sdudphwhuv lq
wkh yhfwru ! @

�
�3> �3> �> f

�
3

/ dqg �5
x
/ duh xqnqrzq1 Lq sudfwlfh/ qhlwkhu wkh irup

ri wkh wudqvlwlrq ixqfwlrq qru wkh ydoxh ri wkh ghod| sdudphwhu g lv w|slfdoo|
nqrzq dqg kdv wr eh vhohfwhg xvlqj wkh gdwd1 Krzhyhu/ ehiruh frqvlghulqj wkh
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whvw lq wklv pruh frpsolfdwhg vlwxdwlrq/ lwv shuirupdqfh lq wkh vlpsohvw fdvh kdv
wr eh lqyhvwljdwhg1 Wkh vdpsoh gdwd vhw lv ghqrwhg | @ ^|4> = = = > |W `

31 Wkh whvw
surfhgxuh frqvlvwv ri wkh iroorzlqj vwhsv=

41 Hvwlpdwh wkh prgho xqghu K3/ l1h1 d olqhdu DU prgho1 Wkh hvwlpdwhv duh
ghqrwhg h� dqg h�5

x
dqg wkh ydoxh ri wkh olnholkrrg ixqfwlrq lv O3

pd{
1

51 Hvwlpdwh wkh prgho xqghu K4/ l1h1 wkh VWDU prgho1 Wkh hvwlpdwhv duh
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91 Iru hdfk wlph vhulhv/ u @ 4> = = = U/ hvwlpdwh wkh prgho xqghu K3/ l1h1 d
olqhdu DU prgho1 Wkh hvwlpdwhv duh ghqrwhg ��

�

dqg h��5
u>x
/ dqg wkh ydoxh

ri wkh olnholkrrg ixqfwlrq lv O�3
u>pd{

1

:1 Iru hdfk wlph vhulhv/ u @ 4> = = = U/ hvwlpdwh wkh prgho xqghu K4/ l1h1 wkh

VWDU prgho1 Wkh hvwlpdwhv duh ghqrwhg a!
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Wkh ydoxh ri wkh olnholkrrg ixqfwlrq lv O�4
u>pd{

1

;1 Iru hdfk wlph vhulhv/ u @ 4> = = = U/ frpsxwh wkh ydoxh ri wkh OU vwdwlvwlf
��
u
@ �5 orj �O�3

u>pd{
@O�4

u>pd{

�
1

<1 Frpsxwh wkh hvwlpdwhg errwvwuds s0ydoxh ixqfwlrq +vhh/ h1j1/ Gdylgvrq
dqg PdfNlqqrq/ 4<<9, dv wkh udwlr

s� +a�, @
&+��

u
A a�,

U

zkhuh &+��
u
A a�, lv wkh qxpehu ri wlphv ryhu wkh U vhulhv wkdw ��

u
A a� /

u @ 4> = = = > U1

431 Li s� +a�, ? �/ zkhuh � lv wkh vhohfwhg vljql�fdqfh ohyho/ wkh qxoo k|srwkhvlv
ri olqhdulw| lv uhmhfwhg1

Qrwh wkdw W
E
? W / l1h1 wkh errwvwuds uhsolfdwh vhulhv lv vkruwhu wkdq wkh

ruljlqdo wlph vhulhv1 Wklv fkrlfh lv edvhg rq wkh wkhruhwlfdo frqvlghudwlrqv lq
Elfnho/ Jùw}h dqg ydq ]zhw +4<<:,> dv|pswrwlfdoo|/ W

E
@W $ 3 dv W

E
> W $

41 +Vhh dovr U|gìq/ Whuçvyluwd/ dqg Èveulqn +4<<;, iru d glvfxvvlrq dqg dq
dssolfdwlrq1,

Lq sudfwlfh lw pd| kdsshq wkdw wkh qrqolqhdu ohdvw vtxduhv hvwlpdwlrq ri
wkh VWDU prgho lq vwhs 5 ru : deryh frqyhujhv wr d orfdo rswlpxp udwkhu
wkdq wkh joredo/ ru vlpso| idlov wr frqyhujh dw doo1 Frqyhujhqfh wr d orfdo
rswlpxp gxh wr d  dw olnholkrrg ixqfwlrq fdqqrw eh frqwuroohg/ exw vlqfh rqo|
wkh hvwlpdwhg ydoxh ri wkh olnholkrrg ixqfwlrq/ dqg qrw wkh hvwlpdwhg sdudphwhu
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yhfwru/ hqwhuv wkh whvw vwdwlvwlf/ wkh h�hfwv ri d  dw olnholkrrg vkrxog qrw eh
wrr vhyhuh1 Li wkh qxphulfdo rswlplvdwlrq iuhtxhqwo| idlov wr frqyhujh dw doo/
krzhyhu/ wkh uhvxowv ehfrph gl!fxow wr lqwhusuhw1 Wr plwljdwh wklv sureohp/
wkh rswlplvdwlrq lv uhvwduwhg zlwk d qhz vhw ri lqlwldo ydoxhv iru wkh sdudphwhuv
zkhqhyhu wkh �uvw dwwhpsw idlov wr frqyhujh zlwklq d fhuwdlq olplw rq frpsxwlqj
wlph ru rq wkh qxpehu ri lwhudwlrqv1 Rqo| li rswlplvdwlrq vwduwlqj iurp/ vd|/
wkuhh ru irxu gl�huhqw lqlwldo sdudphwhu yhfwruv idlov wr |lhog frqyhujhqfh wkh
vlpxodwlrq uhsolfdwh +li wkh sureohp dsshduv dw vwhs 5, ru wkh errwvwuds uhsolfdwh
+li wkh sureohp rffxuv dw vwhs :, lv gursshg1 Lq wkh vlpxodwlrqv uhsruwhg ehorz/
wkh sureohpv ri qrq0frqyhujhqfh wxuq rxw wr eh yhu| vpdoo1

7 Vl}h dqg srzhu surshuwlhv

Lq wklv vhfwlrq/ wkh srzhu dqg vl}h surshuwlhv ri wkh sursrvhg surfhgxuh duh
looxvwudwhg e| phdqv ri d vpdoo Prqwh Fduor vwxg|1 Vlqfh wkh qrqolqhdu ohdvw
vtxduhv hvwlpdwlrq ri wkh VWDU prgho lq wkh vhfrqg dqg vhyhqwk vwhsv ri wkh
whvw surfhgxuh ghvfulehg lq wkh suhylrxv vhfwlrq lv udwkhu wlph0frqvxplqj/ dqg
jlyhq vfdufh frpsxwlqj uhvrxufhv/ rqo| d yhu| olplwhg vlpxodwlrq vwxg| kdv ehhq
srvvleoh dw wklv vwdjh/ dqg wkh uhvxowv vkrxog eh uhjdughg dv lqglfdwlyh1

714 Wkh vlpxodwlrq vhwxs

Lq wkh vl}h vlpxodwlrqv/ wkh gdwd duh jhqhudwhg e|

|
w
@ 4=6|

w�4 � 3=8|
w�5 . x

w
+7,

zkhuh x
w
lv d svhxgr udqgrp qxpehu/ x

w
� qlg

�
3> �5

x

�
> zlwk �5

x
@ 3=3337 ru

�5
x
@ 3=3341 Lq wkh srzhu vlpxodwlrqv/ gdwd duh jhqhudwhg hlwkhu e| wkh OVWDU

prgho

|
w

@ 4=;|
w�4 � 4=39|

w�5 . +3=35� 3=<|
w�4 . 3=:<8|

w�5, +8,

� +4 . h{s i�� +|
w�4 � 3=35,j,�4 . x

w

zkhuh � @ 53 ru � @ 433 +fi Whuçvyluwd 4<<7/ ht1 7140715, ru e| wkh HVWDU
prgho

|
w

@ 4=;|
w�4 � 4=39|

w�5 . +3=35� 3=<|
w�4 . 3=:<8|

w�5, +9,

�
�
4� h{s

q
�� +|

w�4 � 3=35,5
r�

. x
w

zlwk � @ 433 ru � @ 4333 +fi Whuçvyluwd 4<<7/ ht1 714 dqg 719,1 Lq erwk
fdvhv/ x

w
� qlg

�
3> �5

x

�
> zlwk �5

x
@ 3=33371 Wzr gl�huhqw vdpsoh vl}hv duh xvhg/

W @ 433 +zlwk W
E

@ <3, dqg W @ 833 +zlwk W
E

@ 783,1 Dv qrwhg deryh/
gxh wr frpsxwdwlrq wlph frqvwudlqwv/ wkh vlpxodwlrq vwxg| lv udwkhu olplwhg lq
vfrsh= U @ 533 errwvwuds uhsolfdwhv duh xvhg wkurxjkrxw/ dqg wkh vlpxodwlrqv
duh doo edvhg rq 833 uhsolfdwhv1 Iru frpsdulvrq/ wkh hpslulfdo vl}h dqg srzhu
ri wkh olqhdulw| whvw ri Whuçvyluwd +4<<7, kdyh ehhq fdofxodwhg iru wkh vdph gdwd
jhqhudwlqj surfhvvhv1 Lq wkhvh vlpxodwlrqv/ krzhyhu/ 43333 uhsolfdwhv zhuh xvhg1
D qrplqdo vljql�fdqfh ohyho ri � @ 3=38 lv dssolhg wkurxjkrxw1

Wkh vlpxodwlrq vwxg| lv surjudpphg lq Jdxvv iru Zlqgrzv +xvlqj wkh Rsw0
pxp sdfndjh iru doo qxphulfdo rswlplvdwlrq, dqg h{hfxwhg rq shuvrqdo frpsxw0
huv1 Vlqfh wkh htxlsphqw xvhg ydulhv frqvlghudeo| zlwk uhvshfw wr/ h1j1/ surfhvvru
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w|sh dqg vshhg/ qr v|vwhpdwlf hydoxdwlrq ri wkh frpsxwlqj wlph lv pdgh/ exw
uxq wlphv iru rqh vlpxodwlrq h{shulphqw udqjh dssur{lpdwho| iurp 63 krxuv wr
533 krxuv +rq SFv zlwk iuhtxhqflhv ehwzhhq 533 dqg 683 PK},1

715 Vlpxodwlrq uhvxowv

Wkh uhvxowv ri wkh vlpxodwlrqv duh jlyhq lq Wdeohv 4071 Wdeohv 4 dqg 5 lqglfdwh
wkdw wkh errwvwuds whvw lv idluo| zhoo0vl}hg/ pdnlqj d srzhu vlpxodwlrq phdqlqj0
ixo1 Wkh Wd|oru dssur{lpdwlrq edvhg whvw lv voljkwo| frqvhuydwlyh1 Wkh hpslulfdo
srzhu ri wkh errwvwuds whvw lv orzhu wkdq ru htxdo wr wkdw ri wkh Wd|oru dssur{0
lpdwlrq edvhg whvw lq doo lqyhvwljdwhg fdvhv h{fhsw iru wkh HVWDU prgho zlwk
wkh vkdushu wudqvlwlrq zkhuh wkh errwvwuds whvw kdv ehwwhu srzhu1 Rq wkh rwkhu
kdqg/ wkh HVWDU prgho zlwk wkh vprrwkhu wudqvlwlrq lv wkh fdvh wkdw idyrxuv
wkh dx{loldu| uhjuhvvlrq edvhg whvw wkh prvw1 Dv � $ 4 wkh HVWDU prgho
dssurdfkhv d olqhdu prgho +zlwk suredelolw| rqh, dqg wkh HVWDU uhdolvdwlrqv
ehfrph pruh gl!fxow wr glvwlqjxlvk iurp olqhdu rqhv vlqfh wkh *qrqolqhdulw|*
lqyroyhv d yhu| vpdoo qxpehu ri revhuydwlrqv lq wkh vdpsoh1 Wklv lv looxvwudwhg
e| wkh srzhu uhvxowv iru wkh HVWDU gdwd jhqhudwlqj surfhvv zlwk � @ 4333>
zlwk d yhu| vkdus wudqvlwlrq/ wkhuh lv srzhu wr eh jdlqhg e| qrw rplwwlqj lqiru0
pdwlrq derxw wkh qrqolqhdu vwuxfwxuh wkurxjk olqhdulvdwlrq1 Wkh sureohpv ri
qrq0frqyhujhqfh vhhp wr eh pdqdjhdeoh lq wkh suhvhqw vhwwlqj1

8 Frqfoxvlrqv

Wkh vlpxodwlrq vwxg| ri wklv sdshu vxjjhvwv wkdw wkh errwvwuds olnholkrrg ud0
wlr whvw ri olqhdulw| djdlqvw VWDU kdv jrrg vl}h surshuwlhv exw lv jhqhudoo|
ohvv srzhuixo wkdq wkh dx{loldu| uhjuhvvlrq edvhg whvw vxjjhvwhg e| Oxxnnrqhq/
Vdlnnrqhq dqg Whuçvyluwd +4<;;,1 Wkh vlpxodwlrq uhvxowv frqfhuqlqj wkh odwwhu
whvw dffrug zhoo zlwk suhylrxv vwxglhv1 Wkxv wkh vlpxodwlrqv gr qrw lqglfdwh wkdw
wkh odwwhu vkrxog eh dedqgrqhg lq idyrxu ri wkh errwvwuds whvw1 Ixuwkhupruh/ lw
vkrxog eh qrwhg wkdw rqo| whvwlqj djdlqvw d ixoo| nqrzq dowhuqdwlyh prgho kdv
ehhq frqvlghuhg khuh1 Wkh dx{loldu| uhjuhvvlrq edvhg whvw kdv wkh dgydqwdjh
wkdw lw lv jhqhudoo| srzhuixo djdlqvw OVWDU dqg HVWDU vlpxowdqhrxvo| li wkh
rughu ri wkh Wd|oru h{sdqvlrq lv dw ohdvw wzr1 Wklv surshuw| lv d xvhixo rqh lq
VWDU prgho exloglqj> vhh/ iru h{dpsoh/ Whuçvyluwd +4<<7,1

Uhihuhqfhv

Dqguhzv/ G1 Z1 N1 dqg Z1 Sorehujhu +4<<7,1 Rswlpdo whvwv zkhq d qxlvdqfh
sdudphwhu lv suhvhqw rqo| xqghu wkh dowhuqdwlyh1 Hfrqrphwulfd/ 95/ 46;60
47471

Edfrq/ G1 Z1/ dqg G1 J1 Zdwwv +4<:4,1 Hvwlpdwlqj wkh wudqvlwlrq ehwzhhq wzr
lqwhuvhfwlqj vwudljkw olqhv1 Elrphwulnd/ 8;/ 85808671

Elfnho/ S1 M1/ I1 Jùw}h dqg Z1 U1 ydq ]zhw +4<<:,1 Uhvdpsolqj ihzhu wkdq
q revhuydwlrqv= jdlqv/ orvvhv/ dqg uhphglhv iru orvvhv1 Vwdwlvwlfd Vlqlfd/ :/
40641
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Gdylgvrq/ U1 dqg M1 J1 PdfNlqqrq +4<<9,1 Wkh vl}h glvwruwlrq ri errwvwuds whvwv1
Txhhq*v Xqlyhuvlw|/ Lqvwlwxwh iru Hfrqrplf Uhvhdufk Glvfxvvlrq Sdshu Qr1
<691

Gdylhv/ U1 E1 +4<::,1 K|srwkhvlv whvwlqj zkhq d qxlvdqfh sdudphwhu lv suhvhqw
rqo| xqghu wkh dowhuqdwlyh1 Elrphwulnd/ 97/ 57:05871

Gdylhv/ U1 E1 +4<;:,1 K|srwkhvlv whvwlqj zkhq d qxlvdqfh sdudphwhu lv suhvhqw
rqo| xqghu wkh dowhuqdwlyh1 Elrphwulnd/ :7/ 660771

Hlwukhlp/ Û1 dqg W1 Whuçvyluwd +4<<9,1 Whvwlqj wkh dghtxdf| ri vprrwk wudqvl0
wlrq dxwruhjuhvvlyh prghov1 Mrxuqdo ri Hfrqrphwulfv/ :7/ 8<0:81

Jrogihog/ V1 P1 dqg U1 Txdqgw +4<:5,1 Qrqolqhdu phwkrgv lq hfrqrphwulfv1
Dpvwhugdp= Qruwk0Kroodqg1

Kdqvhq/ E1 H1 +4<<9,1 Lqihuhqfh zkhq d qxlvdqfh sdudphwhu lv qrw lghqwl�hg
xqghu wkh qxoo k|srwkhvlv1 Hfrqrphwulfd/ 97/ 74607631

Oxxnnrqhq/ U1/ S1 Vdlnnrqhq/ dqg W1 Whuçvyluwd +4<;;,1 Whvwlqj olqhdulw| djdlqvw
vprrwk wudqvlwlrq dxwruhjuhvvlyh prghov1 Elrphwulnd/ :8/ 7<407<<1

Pdggdod/ G1 V1 +4<::,1 Hfrqrphwulfv1 Qhz \run= PfJudz0Kloo1

U|gìq/ W1/ W1 Whuçvyluwd/ dqg V1 Èveulqn +4<<;,1 Vw|ol}hg idfwv ri gdlo| uhwxuq
vhulhv dqg wkh klgghq Pdunry prgho1 Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 46/
54:05771

Vdlnnrqhq/ S1 dqg U1 Oxxnnrqhq +4<;;,1 Odjudqjh pxowlsolhu whvwv iru whvwlqj
qrq0olqhdulwlhv lq wlph vhulhv prghov1 Vfdqglqdyldq Mrxuqdo ri Vwdwlvwlfv/ 48/
8809;1

Whuçvyluwd/ W1 +4<<7,1 Vshfl�fdwlrq/ hvwlpdwlrq/ dqg hydoxdwlrq ri vprrwk wudqvl0
wlrq dxwruhjuhvvlyh prghov1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/
;</ 53;054;1

Whuçvyluwd/ W1 +4<<;,1 Prgholqj hfrqrplf uhodwlrqvklsv zlwk vprrwk wudqvlwlrq
uhjuhvvlrqv1 Lq Xoodk/ D1 dqg G1 H1 D1 Jlohv +hgv1,/ Kdqgerrn ri Dssolhg
Hfrqrplf Vwdwlvwlfv/ 83:08851 Qhz \run= Ghnnhu1

Zdwvrq/ P1Z1 dqg U1 I1 Hqjoh +4<;8,1 Whvwlqj iru uhjuhvvlrq frh!flhqw vwdelolw|
zlwk d vwdwlrqdu| DU+4, dowhuqdwlyh1 Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/
9:/ 67406791

:



Wdeoh 41 Hpslulfdo vl}h iru vdpsoh vl}h @ 433> dqg qxpehuv ri vlpxodwlrq
uhsolfdwhv glvfdughg gxh wr qrq0frqyhujhqw hvwlpdwlrq +lq vtxduh eudfnhwv,
Gdwd jhqhudwlqj surfhvv Errwvwuds whvw Dssur{lpdwlrq

Dowhuqdwlyh prgho Dowhuqdwlyh prgho edvhg whvw
OVWDU +ht1 8, HVWDU +ht1 9,

DU +ht1 7, �5
x
@ 3=3337 3=38; ^3` 3=36; ^3` 3=36<

�5
x
@ 3=34 3=385 ^9` 3=385 ^9` 3=36<

Wdeoh 51 Hpslulfdo vl}h iru vdpsoh vl}h @ 833> dqg qxpehuv ri vlpxodwlrq
uhsolfdwhv glvfdughg gxh wr qrq0frqyhujhqw hvwlpdwlrq +lq vtxduh eudfnhwv,
Gdwd jhqhudwlqj surfhvv Errwvwuds whvw Dssur{lpdwlrq

Dowhuqdwlyh prgho Dowhuqdwlyh prgho edvhg whvw
OVWDU +ht1 8, HVWDU +ht1 9,

DU +ht1 7, �5
x
@ 3=3337 3=383 ^3` 3=389 ^3` 3=374

�5
x
@ 3=34 3=37; ^5` 3=387 ^44` 3=374

Wdeoh 61 Hpslulfdo srzhu iru vdpsoh vl}h @ 433
Gdwd jhqhudwlqj surfhvv Dowhuqdwlyh prgho

OVWDU +ht1 8, HVWDU +ht1 9,
Errwvwuds Dssur{1 Errwvwuds Dssur{1
whvw edvhg whvw whvw edvhg whvw

OVWDU +ht1 8, � @ 53 3=65; 3=6<4
� @ 433 3=;7; 3=<7:

HVWDU +ht1 9, � @ 433 3=:87 3=<3:
� @ 4333 3=<75 3=;:6

Wdeoh 71 Hpslulfdo srzhu iru vdpsoh vl}h @ 833
Gdwd jhqhudwlqj surfhvv Dowhuqdwlyh prgho

OVWDU +ht1 8, HVWDU +ht1 9,
Errwvwuds Dssur{1 Errwvwuds Dssur{1
whvw edvhg whvw whvw edvhg whvw

OVWDU +ht1 8, � @ 53 3=;35 3=<<7
� @ 433 3=<:; 4=333

HVWDU +ht1 9, � @ 433 3=<<9 4=333
� @ 4333 4=333 4=333

;


