
Whvwlqj iru Lqghshqghqfh lq Pxowlyduldwh
Gxudwlrq Prghov1�

Kdqv Vùghuehuj|dqg Mrkdq O|kdjhq}

Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh/ Qr1 635
Vwrfnkrop Vfkrro ri Hfrqrplfv

Iheuxdu|/ 4<<<

Devwudfw

Prghoolqj pxowlyduldwh idloxuh wlphv lq d frpshwlqj ulvnv vhwwlqj lv riwhq
shuiruphg e| dvvxplqj lqghshqghqfh ehwzhhq ulvnv1 Krzhyhu/ e| zurqjo|
dvvxplqj lqghshqghqfh/ vhulrxvo| eldvhg sdudphwhu hvwlpdwhv pd| uhvxow1
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41 Lqwurgxfwlrq

Gxudwlrq prghov duh riwhq xvhg lq plfur hfrqrplf vwxglhv ri xqhpsor|phqw vshoov1
Wkh gdwd xvxdoo| lqfoxghv lqirupdwlrq rq gl�huhqw h{lw ghvwlqdwlrqv zklfk frq0
vwlwxwh srvvleo| ghshqghqw frpshwlqj ulvnv1 Qhyhuwkhohvv/ pdq| dssolhg vwxg0
lhv dvvxph lqghshqghqfh ehwzhhq vxfk ulvnv/ vhh iru lqvwdqfh Kdq dqg Kdxvpdq
+4<<3,/ Qduhqgudqdwkdq dqg Vwhzduw +4<<6, dqg Fduolqj hw do1 +4<<9,1 Lw vhhpv
olnho|/ wkrxjk/ wkdw wkh dvvxpswlrq ri lqghshqghqfh vwhpv pruh riwhq iurp frq0
yhqlhqfh udwkhu wkdq vrolg nqrzohgjh derxw wkh wuxh ghshqghqfh vwuxfwxuh1 Wkh
frqvhtxhqfh ri qrw surshuo| dffrxqw iru wkh ghshqghqfh ehlqj wkdw khdylo| el0
dvhg sdudphwhu hvwlpdwhv pd| uhvxow1 Krzhyhu/ vrph vwxglhv gr h{solflwo| vshfli|
prghov wr fdswxuh srvvleoh ghshqghqfh ehwzhhq ulvnv/ h1j1 Khfnpdq dqg Zdonhu
+4<<3, dqg Ydq ghq Ehuj hw do1 +4<<7,1

Ghshqghqfh ehwzhhq frpshwlqj ulvnv fdq eh prghoohg lq vhyhudo zd|v +Krxjddug/
4<;:,1 Rqh vxfk dssurdfk/ xvxdoo| dssolhg e| hfrqrphwulfldqv/ lv wr dvvxph wkdw
rqo| d vxevhw ri uhohydqw h{sodqdwru| yduldeohv lv revhuyhg1 Wkh xqrevhuyhg vhw
ri fryduldwhv duh lq wkh hfrqrphwulf olwhudwxuh prvwo| uhihuuhg wr dv xqrevhuyhg
khwhurjhqhlw| zkloh elrphwulfldqv pruh riwhq xvh wkh whup iudlow|1 Ghshqghqfh
ehwzhhq ulvnv lv lqwurgxfhg e| dvvxplqj wkdw wkh xqrevhuyhg khwhurjhqhlw| frp0
srqhqwv duh ghshqghqw dfurvv ulvnv1 Frqvhtxhqwo|/ lw lv srvvleoh wr frqvwuxfw d
whvw iru ghshqghqfh ehwzhhq ulvnv e| h{dplqh wkh ghshqghqfh vwuxfwxuh ehwzhhq
xqphdvxuhg khwhurjhqhlw| frpsrqhqwv1

Odqfdvwhu +4<<3, vxjjhvwv rqh vxfk whvw zkhuh wkh uhvxowlqj whvw vwdwlvwlf wxuqv
rxw wr eh dq Lqirupdwlrq Pdwul{ Whvw +LPW, vwdwlvwlf +Wkh LPW whvw surfhgxuh
zdv ghyhorshg e| Zklwh/ 4<;5,1 Wkh whvw vwdwlvwlf lv d ixqfwlrq ri jhqhudol}hg
uhvlgxdov gh�qhg lq wkh Fr{ dqg Vqhoo +4<9;/ 4<:4, vhqvh1 Krzhyhu/ dv qrwhg e|
Odqfdvwhu +4<<3,/ wkh surshuwlhv ri vxfk d whvw edvhg rq jhqhudol}hg uhvlgxdov lv
qrw zhoo xqghuvwrrg1

Wkh dlp ri wklv lv sdshu lv wr hydoxdwhv wkh shuirupdqfh ri wkh whvw sursrvhg e|
Odqfdvwhu +4<<3,1 Rxu phwkrg iru hydoxdwlrq lv edvhg rq Prqwh Fduor vlpxodwlrqv1
Wkh edvlf gxudwlrq prgho xvhg lq wkh vlpxodwlrqv lv ri wkh pl{hg sursruwlrqdo
kd}dugv w|sh/ zlwk fdxvh vshfl�f idloxuh wlphv vshfl�hg dv Zhlexoo glvwulexwhg1

Zh �qg wkdw wkh vdpsolqj glvwulexwlrq ri wkh whvw vwdwlvwlf khdylo| ghsduwv
iurp wkh dqwlflsdwhg fkl0vtxduh glvwulexwlrq1 Qhyhuwkhohvv/ e| dsso|lqj errwvwuds
phwkrgv zh duh deoh wr fruuhfw wkh uhihuhqfh glvwulexwlrq dqg wkhuhe| rewdlq d whvw
vl}h forvh wkh qrplqdo rqh1 Rxu pdlq �qglqj lv wkdw wkh whvw kdv d kljko| dv|p0
phwulfdo srzhu1 Wklv lv lq dffrugdqfh zlwk d uhodwhg vwxg| lq wkh duhd shuiruphg
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e| Fduolqj +4<<9,1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq wkh gxudwlrq prgho lv

lqwurgxfhg zkloh wkh wklug vhfwlrq suhvhqwv wkh LPW dqg lwv yhuvlrq dssolhg1 Wkh
irxuwk vhfwlrq suhvhqw wkh uhvxowv iurp wkh Prqwh Fduor vwxg|1 Ilqdoo|/ wkh �iwk
vhfwlrq forvhv wkh sdshu e| d glvfxvvlrq1

51 Wkh Gxudwlrq Prgho

Wkh edvlf gxudwlrq prgho xvhg lq wkh vlpxodwlrqv lv d pl{hg sursruwlrqdo kd}dugv
prgho/ zlwk odwhqw idloxuh wlphv iroorzlqj wkh Zhlexoo glvwulexwlrq1 Vhyhudo dx0
wkruv/ h1j1 Ydq ghq Ehuj hw do1 +4<<7, dqg Fduolqj +4<<9,/ kdyh suhylrxvo| dssolhg
wkh vdph prgho1 Lq wklv sdshu zh irfxv rq wzr odwhqw idloxuh wlphv/ ghqrwhg |�
dqg |2/ zlwk dvvrfldwhg pdwul{ ri revhuyhg h{sodqdwru| yduldeohv  1 Uhodwhg wr
hdfk odwhqw idloxuh wlph lv dq xqrevhuyhg khwhurjhqhlw| frpsrqhqw/ dvvxphg lqgh0
shqghqw ri  / dqg v|perol}hg e| T� dqg T2 uhvshfwlyho|1 T� dqg T2 duh lqwurgxfhg
lq wkh gxudwlrq prgho dv pxowlso|lqj wkh kd}dug ixqfwlrq/ zklfk lpsrvhv d qrq0
qhjdwlylw| uhvwulfwlrq xsrq wkhp1 Wkh fdxvh vshfl�f frqglwlrqdo kd}dug ixqfwlrqv
fdq eh zulwwhq dv

� E|�m c ��c w�� ' k�|
k�3�

�
��e

 q
� +514,

� E|2m c �2c w2� ' k2|
k23�

2
�2e

 q
2

zkhuh w� ' Ek�c q�
�
�

� ' �c 2 duh yhfwruv ri xqnqrzq sdudphwhuv1 Li  lqfoxghv d
frqvwdqw whup/ wkh phdq ri T� dqg T2 fdq eh qrupdol}hg wr rqh zlwkrxw orvv ri
jhqhudolw| dv dq| ghsduwxuhv iurp phdq rqh zloo eh fdswxuhg e| wkh frqvwdqw1 Wkh
edvlf dvvxpswlrq lv wkdw |�m dqg |2m duh uhodwhg rqo| wkurxjk wkh ghshqghqfh
vwuxfwxuh ehwzhhq T� dqg T21 Wkh elyduldwh frqglwlrqdo ghqvlw| ri wkh odwhqw idloxuh
wlphv/ |� dqg |2/ zloo lq wkh iroorzlqj eh ghqrwhg s E|�c |2m c wc ��c �2�1 Wklv prgho
fdq dovr eh zulwwhq lq wkh irup ri d vlpxowdqhrxv uhjuhvvlrq prgho dv ehorz

k� *? E|�� ' �q
�f
�  WqW

�
� *? ET�� n 0�c +515,

k2 *? E|2� ' �q
2f
�  WqW

2
� *? ET2� n 021

Lq +515, q
�f
dqg q

2f
uhsuhvhqw wkh lqwhufhswv lq wkh uhjuhvvlrq yhfwruv zkloh 0� dqg

02 duh lqghshqghqw H{wuhph Ydoxh glvwulexwhg huuruv +Nlhihu/ 4<;;,1 Vxssrvh qrz
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wkdw d uhvhdufkhu vshfli| wkh iroorzlqj +lqfruuhfw, prgho

k� *? E|�� ' �q
�f
�  WqW

�
n 0�c +516,

k2 *? E|2� ' �q
2f
�  WqW

2
n 02

lqvwhdg ri wkh wuxh prgho lq +515,1 Iurp wkh uhsuhvhqwdwlrq lq +515,/ lw fdq eh vhhq
wkdw wklv plvvshfl�fdwlrq zloo lqwurgxfh udqgrp yduldwlrq lqwr wkh frqvwdqw whupv1
Wkdw lv/ wkh wuxh lqwhufhswv frqvlvwv ri wkh udqgrp txdqwlwlhv qW

�f
' q

�f
n *? ET��

dqg qW
2f

' q
2f
n *? ET2� lqvwhdg ri wkh q

�f
dqg q

2f
1 Pruhryhu/ li wkh yduldwlrq lq

qW
�f
dqg qW

2f
lv ghshqghqw/ wkh odwhqw idloxuh wlphv zloo eh ghshqghqw1

Lw fdq eh qrwhg wkdw e| zurqjo| edvlqj wkh vshfl�fdwlrq rq +516, lqvwhdg ri
+515,/ wzr nlqgv ri plvvshfl�fdwlrq fdq rffxu1 Iluvw/ dv hdfk vhsdudwh fdxvh vshfl�f
ulvn lv plvvshfl�hg/ doo sdudphwhu hvwlpdwhv jhqhudoo| zloo eh eldvhg wrzdugv }hur
+Odqfdvwhu/ 4<<3,1 Vhfrqgo|/ li wkh xqrevhuydeohv lv ghshqghqw/ dgglwlrqdo eldv
zloo eh lq lfwhg xsrq sdudphwhu hvwlpdwhv1 Wkh dlp ri wklv sdshu lv rqo| wr whvw
iru wkh vhfrqg w|sh ri plvvshfl�fdwlrq1 Rxu jhqhudo vwudwhj| lv wr zurqjo| edvlqj
wkh olnholkrrg rq +516, dqg wkhq dsso| wkh LPW wr whvw iru ghshqghqfh1 Jhqhudoo|
rxu vshfl�fdwlrq zloo vx�hu iurp wkh �uvw w|sh ri sureohp/ krzhyhu/ wkh dssolhg
yhuvlrq ri wkh LPW lv rqo| lqwhqghg wr ghwhfw wkh vhfrqg rqh1

61 Wkh Lqirupdwlrq Pdwul{ Whvw

Wkh LPW zdv �uvw sursrvhg e| Zklwh +4<;5, dqg exlogv xsrq d uhvxow iurp vwdq0
gdug olnholkrrg wkhru|/ qdpho| wkh lqirupdwlrq pdwul{ htxdolw|1 Orrvho| vshdnlqj/
wkh htxdolw| vwdwhv wkdw lq d fruuhfwo| vshfl�hg prgho wkh Khvvldq ri wkh olnhol0
krrg ixqfwlrq dqg wkh fruuhvsrqglqj rxwhu surgxfw ri wkh judglhqw yhfwru vkrxog
dv|pswrwlfdoo| eh htxlydohqw1 Wklv lv jhqhudoo| qrw wuxh/ krzhyhu/ iru d plvvshfl0
�hg prgho1 Iroorzlqj wkh qrwdwlrq ri Zklwh +4<;5,/ gh�qh wkh iroorzlqj pdwulfhv=

�? E�� '
�

?

?[
�'�

Y2 *L} s E|��c |2�m �c w�
YwYw

�
c

�? E�� '
�

?

?[
�'�

Y *L} s E|��c |2�m �c w�
Yw

Y *L} s E|��c |2�m �c w�

Yw
�

/

zkhuh ? lv wkh vdpsoh vl}h dqg s E|�c |2m c w� wkh uhohydqw ghqvlw| ixqfwlrq ghshqg0
lqj rq wkh R glphqvlrqdo sdudphwhu yhfwru w1 Wkh LPW lqyhvwljdwhv wkh vwdwlvwlfdo
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vljql�fdqfh ri ghsduwxuhv iurp �? E�� n�? E�� ' f1 Dv �? E�� n�? E�� lv d v|p0
phwulf pdwul{ lw kdv dw prvw ^ ' R ERn �� *2 xqltxh qrq0}hur hohphqwv1 Wkhvh
xqltxh qrq0}hur hohphqwv duh/ e| xvlqj Zklwh*v whuplqrorj|/ fdoohg lqglfdwruv1
Wkh prvw jhqhudo irup ri wkh whvw lv edvhg rq doo ^ lqglfdwruv/ exw d pruh gluhf0
wlrqdo whvw iru plvvshfl�fdwlrq fdq eh rewdlqhg li d vshfl�f vxevhw lv xvhg1

Wr dsso| wkh whvw fruuhfwo| lw lv qhfhvvdu| wr fkhfn wkdw lqfoxghg lqglfdwruv duh
qrw lghqwlfdoo| htxdo wr }hur gxh wr wkh vshfl�fdwlrq ri wkh olnholkrrg1 Vxfk dq
lghqwlw| pd| lq vrph fdvhv eh gl!fxow wr ghwhfw ehfdxvh ri dojheudlf frpsoh{lw|
dqg2ru qxphulfdo lpsuhflvlrq1 Edvlqj wkh whvw rq lqglfdwruv wkdw dfwxdoo| duh
}hur zrxog phdq wkdw wkh suredelolw| ri ghwhfwlqj plvvshfl�fdwlrq ghfuhdvhv1 Qru
vkrxog olqhduo| ghshqghqw lqglfdwruv eh xvhg1

Wkh whvw fdq eh rxwolqhg dv iroorzv1 Lq wkh prvw jhqhudo irup ri wkh whvw zh
zrxog xvh doo ^ ' RERn ��*2 lqglfdwruv dqg duudqjh wkhp lq wkh ^ � � yhfwru

(? Ew� '
�

?

?[
�'�

%
Y2 *L} s E|��c |2�m �c w�

Yw�Yw�
n
Y *L} s E|��c |2�m �c w�

Yw�

Y *L} s E|��c |2�m �c w�

Yw�

&

'
�

?

?[
�'�

_o E|��c |2�m �c w�

zkhuh o ' �c ���c ^c � ' �c ���c Rc � ' �c ���c R1 Rwkhu pdwulfhv wr gh�qh duh wkh ^ � R
yhfwru

8(? Ew� '
�

?

?[
�'�

Y_o E|��c |2�m �c w�
Yw

dq wkh R� � judglhqw yhfwru

, Ew� '
�

?

?[
�'�

Y *L} s E|��c |2�m �c w�
Yw

1

Lq d fruuhfwo| vshfl�hg prgho Zklwh vkrzhg wkdw wkh dv|pswrwlf vdpsolqj glvwul0
exwlrq ri

s
?(?

�ew�/ zkhuh ew htxdov dq| frqvlvwhqw hvwlpdwh ri w/ lv pxowlyduldwh
qrupdo zlwk phdq }hur dqg dv|pswrwlf fryduldqfh pdwul{ T Ew�1 Wkh dv|pswrwlf
fryduldqfh pdwul{/ T Ew�/ pd| eh hvwlpdwhg e| vhyhudo frqvlvwhqw hvwlpdwruv1 Rqh
vxfk hvwlpdwru lv jlyhq e|

eT �ew� ' �

?

?[
�'�

�
��

�ew���

�ew��� +614,

zkhuh
��

�ew� ' _�
�ew��8(?

�ew� k�?

�ew�l3� ,� �ew� 1
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Htxdwlrq +614, lv wkh ruljlqdo hvwlpdwru sursrvhg e| Zklwh/ rwkhu yhuvlrqv ri wkh
whvw duh rewdlqhg e| uhsodflqj (?

�ew� dqg �?

�ew� e| rwkhu dv|pswrwlfdoo| htxly0
dohqw hvwlpdwruv1 Xvlqj wkh txdqwlwlhv gh�qhg deryh +dqg vxssrvlqj ^ lqglfdwruv,
wkh whvw lv shuiruphg e| frpsxwlqj wkh LPW vwdwlvwlf � dv

�^ ' ?(?

�ew�� k eT �ew�l3�(?

�ew�
zklfk kdv dq dv|pswrwlf fkl0vtxduh vdpsolqj glvwulexwlrq zlwk ^ ghjuhhv ri iuhh0
grp E�2

^
�1

Dv qrwhg deryh/ xqrevhuyhg khwhurjhqhlw| fdq eh lqwhusuhwhg dv li wkh lqwhu0
fhswv lq wkh uhjuhvvlrq yhfwruv/ lqfruuhfwo|/ kdv ehhq vshfl�hg dv �{hg lqvwhdg ri
udqgrp txdqwlwlhv1 Pruhryhu/ ghshqghqfh ehwzhhq odwhqw idloxuh wlphv iroorz li
wkhvh udqgrp txdqwlwlhv duh fruuhodwhg1 Frqvhtxhqwo|/ wkh lqglfdwru ri lqwhuhvw
lq d whvw iru lqghshqghqfh ehwzhhq ulvnv/ lv edvhg rq wkh furvv0ghulydwlyh whup
ehwzhhq wkh lqwhufhswv1

Ilqdoo|/ e| qrwlqj wkdw rqo| | ' 4�? E|�c |2� lv revhuyhg wkh uhohydqw orj olnhol0
krrg ixqfwlrq/ lq wkh devhqfh ri xqrevhuydeohv/ htxdov

*?u '
?[
�'�

*?
��
k�|

k�3�

�
e �q�

�
S�
�
k2|

k23�

�
e �q2

�
E�3S��

e3|
k�

�
e
 
�
q�3|

k2

�
e
 
�
q2

�

zkhuh S ' U E|� 	 |2�1 Wkh lqglfdwru ri lqwhuhvw lv wkhq fdofxodwhg dv

(? Ew� '
�

?

?[
�'�

_o� Ew� '
�

?

?[
�'�

%
Y2 *?u�

Yq
�f
Yq

2f

n
Y *?u�

YYq
�f

Y *?u�

Yq
2f

&
+615,

'
�

?

?[
�'�

�
|k�
�
eq�fn �q� � S�

� �
|k2
�
eqf2n �q2 � E�� S��

�
zklfk fdq eh vkrzq wr kdyh h{shfwdwlrq }hur lq wkh devhqfh ri xqrevhuydeohv1
Krzhyhu/ li wkh vshfl�fdwlrq lv frqwdplqdwhg zlwk xqrevhuyhg khwhurjhqhlw| wkh
h{shfwdwlrq ri +614, qr orqjhu qhhgv wr eh }hur/ xqohvv T� dqg T2 lv lqghshqghqw1

Dv phqwlrqhg deryh wkh dv|pswrwlf vdpsolqj glvwulexwlrq ri wkh LPW vwdwlvwlf/
�c lv fkl0vtxduh zlwk ghjuhhv ri iuhhgrp htxdo wr wkh qxpehu ri lqglfdwruv1 Krz0
hyhu/ vhyhudo sdshuv kdyh lqglfdwhg wkdw wkh LPW pd| kdyh d vl}h sureohp dv lw
whqgv wr uhmhfw d wuxh qxoo k|srwkhvlv wrr riwhq/ xqohvv wkh vdpsoh vl}h lv odujh1 Vhh
Nhqqdq dqg Qhxpdq +4<;:,> Ruph +4<;:,> Fkhvkhu dqg Vsdg| +4<;;,1 Krurzlw}
+4<<7,/ vxjjhvwv wkh xvh ri errwvwuds edvhg fulwlfdo ydoxhv lqvwhdg ri dv|pswrwlf

9



rqhv dv d vroxwlrq wr wkh vpdoo vdpsoh vl}h sureohp1 Lq djuhhphqw zlwk wkh dx0
wkruv deryh/ zh dovr �qg wkh LPW whvw wr uhmhfw wkh wuxh qxoo k|srwkhvlv wrr riwhq1
Krzhyhu/ wklv h�hfw vhhpv qrw wr eh dvvrfldwhg zlwk wkh vpdoo vdpsoh sureohp1
Qhyhuwkhohvv/ rxu vroxwlrq lv/ lq dffrugdqfh zlwk Krurzlw}/ wr uho| rq errwvwuds
edvhg fulwlfdo ydoxhv1

71 H{shulphqwdo ghvljq

Dv wkh dlp ri wklv sdshu lv wr hydoxdwh wkh shuirupdqfh ri wkh LPW/ wkh irfxv
qdwxudoo| lv rq wkh vl}h dqg wkh srzhu ri wkh whvw1 Wr mxgjh wkh srzhu ri wkh
whvw lw lv ghvludeoh wr kdyh d ehqfkpdun wr zklfk wkh LPW frxog eh frpsduhg1
Ixuwkhupruh/ d frpsdudeoh whvw vkrxog lghdoo| eh ri htxdo jhqhudolw| dv wkh LPW1 D
suhylrxv vwxg| shuiruphg e| Fduolqj +4<<9, fdq eh xvhg iru wklv sxusrvh1 Fduolqj
+4<<9, dssolhv wkh pdvv0srlqw whfkqltxh wr whvw iru lqghshqghqfh ehwzhhq wzr
odwhqw idloxuh wlphv1 Klv sulpdu| wdujhw lv wr vwxg| wkh dv|pswrwlf ehkdylru ri
wkh qrq sdudphwulf Pd{lpxp Olnholkrrg hvwlpdwru +Khfnpdq dqg Vlqjhu/ 4<;7,1
Lq dgglwlrq/ kh dovr surylghv vl}h fruuhfwhg srzhu hvwlpdwhv zklfk zh xvh dv d
ehqfkpdun iru wkh LPW1 Dv Fduolqj +4<<9, lv fkrvhq dv d ehqfkpdun iru srzhu
frpsdulvrqv/ wkh h{shulphqwdo ghvljq lq wklv vwxg| lv pdgh wr forvho| iroorz wkh
rqh xvhg lq klv sdshu1 Krzhyhu/ wkh vwxglhv gl�hu vrphzkdw lq wkh vdpsoh vl}hv
dssolhg1

Wkh gdwd jhqhudwlqj surfhvv fdq eh ghvfulehg dv iroorzv1 Wkh pdwul{ ri h{0
sodqdwru| yduldeohv/  / lv gh�qhg dv ? � � zkhuh wkh �uvw froxpq frqvlvwv ri d
yhfwru ri rqhv1 Wkh uhpdlqlqj froxpqv frqwdlqv wzr yduldeohv gudzq iurp wkh
elyduldwh Qrupdo glvwulexwlrq zlwk yduldqfh htxdo wr �yh/ phdq htxdo wr }hur dqg
wkh fruuhodwlrq frh!flhqw/ 4/ vhw htxdo wr f��1 Uhihuulqj wr +515, wkh khwhurjhqh0
lw| frpsrqhqwv `� ' *? ET�� c � ' �c 2/ duh gudzq iurp wkh elyduldwh vwdqgdug
Qrupdo glvwulexwlrq/ � Efc ��/ zlwk fruuhodwlrq frh!flhqw fkrvhq iurp wkh vhw
4W 5 E�f�Sc�f�2c fc f�2c f�S�1 Qhz khwhurjhqhlw| frpsrqhqwv/ h{sodqdwru| ydul0
deohv dqg huuruv/ 0/ duh jhqhudwhg lq hdfk uhsolfdwh1 Wkh sdudphwhu yhfwruv duh
vhw wr w� ' Ek�c qf�c q��c q�2�

�

' E���c fc f�Dc f�D�
�

iru wkh �uvw idloxuh wlph dqg
wr w2 ' Ek2c q2fc q2�c q22� ' Ef�bc fc f�Hc�f��� iru wkh vhfrqg idloxuh wlph1 Wklv
vhwxs |lhogv RoJK E|� 	 |2� wr eh dssur{lpdwho| htxdo wr f�D1 E| xvlqj +515, wkh
odwhqw idloxuh wlphv duh jhqhudwhg dv |�� ' i T EE� �q�

� ��� n 0��� *k��/ � ' �c 2 /
� ' �c ��c ?1 Ilqdoo|/ wkh revhuyhg idloxuh wlph/ |c dqg wkh fhqvrulqj lqglfdwru/ S/ lv
rewdlqhg dv | ' 4�? E|�c |2� dqg S ' U E|� 	 |2�1 Wkh vdpsoh vl}hv frqvlghuhg duh
433/ 833/ 4333 dqg 53331 Wkh h{shulphqwv fryhu doo frpelqdwlrqv ri wkhvh vdpsoh
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vl}hv dqg 4W1 Wkurxjkrxw/ wkh qxpehu ri uhsolfdwhv xvhg duh �fff/ h{fhsw rwkhu0
zlvh vwdwhg1 Ilqdoo|/ zkhq fulwlfdo ydoxhv duh rewdlqhg e| errwvwuds phwkrgv zh
xvh Dff errwvwuds vdpsohv iurp hdfk uhsolfdwh gdwd vhw wr hvwlpdwh wkh <3=wk/ <8=wk
dqg <<=wh shufhqwloh ri wkh hpslulfdo glvwulexwlrq1 Hvwlpdwhv ri wkh shufhqwlohv duh
rewdlqhg e| rughulqj wkh errwvwuds vwdwlvwlfv dv f�KJJ|�

	 ��� 	 f�KJJ|Dff
dqg xvlqjf�KJJ|eD�

/ f�KJJ|e.S
dqg f�KJJ|ebS

dv shufhqwloh hvwlpdwhv uhvshfwlyho|1
Wkh errwvwuds vdpsohv duh jhqhudwhg e| �uvw frpsxwlqj uhvlgxdov lq wkh Fr{

dqg Vqhoo +4<9;/ 4<:4, vhqvh iurp wkh uhsolfdwh gdwd vhw lq txhvwlrq dv

ee�� ' �� i TE�|ek�
��
e �
eq
�� +714,

zkhuh � ' �c 2 gh�qhv hdfk fdxvh vshfl�f ulvn dqg � ' �c ���c ?1 E| vroylqj +714, iru
|�� dqg lqvhuwlqj d uhvdpsohg uhvlgxdo frplqj iurp wkh uhohydqw fdxvh vshfl�f ulvn
zh frqvwuxfw d errwvwuds gdwd vhw1 Wkh revhuyhg idloxuh wlph lv djdlq rewdlqhg
e| 4�? E|�c |2� dqg wkh fhqvrulqj lqglfdwru/ S/ lv gh�qhg lq wkh vdph pdqqhu dv
zkhq wkh uhsolfdwh gdwd vhw zdv fuhdwhg1 Wkh edvlf lghd ehklqg wklv uhvdpsolqj
surfhgxuh lv wkdw li wkh odwhqw idloxuh wlphv duh ghshqghqw/ lw lv pluuruhg lq wkh
uhvlgxdov1 E| udqgrpo| sdlulqj uhvdpsohg uhvlgxdov iurp wkh wzr fdxvh vshfl�f
ulvn wkh ghshqghqfh vwuxfwxuh zloo eh holplqdwhg1

Ghwdlov ri wkh errwvwuds phwkrg dssolhg duh qrz jlyhq1 Wkh fdxvh vshfl�f
uhvlgxdov e� dqg e2 duh dvvxphg wr eh ��_ udqgrp yduldeohv kdylqj fxpxodwlyh
glvwulexwlrq ixqfwlrqv 8� hqg 82 uhvshfwlyho|1 Dv zh kdyh dq lqfrpsohwh gdwd
vhw gxh wr fhqvrulqj wkh uhvdpsolqj surfhgxuh rqo| uhvdpsoh xqfhqvruhg uhvlg0
xdov1 Wkh sureohp khuh lv wr dvvljq wkh surshu uhvdpsolqj suredelolwlhv wr wkh
xqfhqvruhg uhvlgxdov1 Rqh srvvleoh zd| wr vroyh wklv sureohp lv wr hvwlpdwh 8�

dqg 82 e| e8� ' �� e7�/ � ' �c 2c zkhuh e7� htxdov vrph hvwlpdwh ri wkh dvvrfldwhg
vxuylydo ixqfwlrq1 e7� duh lq wklv sdshu rewdlqhg e| wkh Qhovrq0Ddohq hvwlpdwru
+iru d glvfxvvlrq ri wklv hvwlpdwru/ vhh iru lqvwdqfh Dqghuvhq hw do1/ 4<<6,41

Wr eh deoh wr hvwlpdwh 8� zh qhhg wr glvwlqjxlvk ehwzhhq frpsohwh dqg fhq0
vruhg revhuydwlrqv1 Lq wkh iroorzlqj zh ghqrwh hdfk xqfhqvruhg uhvlgxdo e| eW

��
/

zkhuh hdfk pdujlqdo kdv o� vxfk uhvlgxdov1 Lw iroorzv wkdw ? ' o� n o21 Zh gh�qh
t�
�
eW
��

�
dv wkh qxpehu ri revhuydwlrqv odujhu wkdq ru htxdo wr eW

��
/ l1h1 wkh vl}h ri

4Dqrwkhu srvvleoh hvwlpdwru lv wkh Ndsodq0Phlhu hvwlpdwru +Ndsodq dqg Phlhu/ 4<8;,1 Krz0
hyhu/ vrph lqirupdo h{shulphqwv vkrzhg wkdw wkh Qhovrq0Ddohq hvwlpdwru kdg d vxshulru shuiru0
pdqfh1

;



wkh ulvn vhw dw eW
��
1 e8� lv edvhg rq wkh Qhovrq0Ddohq hvwlpdwru dqg lv frpsxwhg dv

e8� E�� ' �� i T

3EC� [
e
W

��
$�

�

t�
�
eW
��

�
4FD � ' �c 2 +715,

Lq +715, zh xvh wkh yduldeoh � lqvwhdg ri | wr hpskdvl}h wkdw wkh wlph vfdoh kdv
ehhq fkdqjhg gxh wr wkh wudqvirupdwlrq lq +714,1 Wr hdfk xqfhqvruhg uhvlgxdo d
uhvdpsoh suredelolw| htxdo wr ��

�
eW
��

�
' e8�

�
eW
��

�
� e8�

�
eW
��3�

�
lv fdofxodwhg iurp

wkh rughuhg uhvlgxdov/ f 	 eW
��
	 ��� 	 eW

��3�
	 eW

��
	 ��� 	 eW

�o�
1 Lq vxppdu| rxu

uhvdpsoh surfhgxuh frqvlvwv ri wkh iroorzlqj vwhsv1

41 Iru hdfk fdxvh vshfl�f ulvn fdofxodwh uhvlgxdov dffruglqj wr +714,1

51 Iru hdfk fdxvh vshfl�f ulvn hvwlpdwh 8� e| +715,1

61 Wr hdfk xqfhqvruhg uhvlgxdo dwwdfk d uhvdpsoh suredelolw| ��

�
eW
��

�
1

71 Gudz rqh xqfhqvruhg uhvlgxdo iurp hdfk fdxvh vshfl�f ulvn dffruglqj wr wkh
suredelolwlhv jlyhq e| �� dqg �21 Ghqrwh wklv �uvw sdlu ri uhvdpsoh uhvlgxdov
eW
���

dqg eW
2��

1

81 Uhshdw vwhs irxu ? wlphv/ zkhuh ? lv wkh uhtxluhg vdpsoh vl}h1 Ilqdoo|/ krog0
lqj  �{hg/ qhz odwhqw idloxuh wlphv dqg wkh fhqvrulqj lqglfdwru duh jhqhu0
dwhg dv
|�� ' i T

�
E3 �eq�n0

W

���
�ek�
�
� ' �c 2 � ' �c ���c ?1 Revhuyhg idloxuh wlphv duh

wkhq rewdlqhg dv |� ' 4�? E|��c |2�� dqg S� ' U E|�� 	 |2��1

Iru d jhqhudo glvfxvvlrq ri uhvdpsolqj fhqvruhg gdwd vhh/ h1j1 Hiurq +4<;4,/
Uhlg +4<;4, dqg Dnulwdv +4<;9,1

Wkh frpsxwhu surjudpv hpsor|hg lq wkh vwxg| duh zulwwhq lq JDXVV frgh
+Jdxvv/ 4<<5,1 Pd{lpl}dwlrq lv grqh e| wkh dojrulwkp lq Ehuqgw hw1 do1 +4<:7,
dqg lwhudwlrqv duh whuplqdwhg zkhq wkh uhodwlyh judglhqwv ri hvwlpdwhg sdudphwhuv
duh ohvv wkdq 3133341 Ilqdoo|/ doo fdofxodwlrqv duh shuiruphg e| phdqv ri dqdo|wlfdo
h{suhvvlrqv1

<



Wdeoh 814= Hpslulfdo vl}h frpsxwhg e| dv|pswrwlf fulwlfdo ydoxhv

Hpslulfdo vl}h ri qrplqdo

Vdpsoh vl}h 31430ohyho whvw 31380ohyho whvw 31340ohyho whvw

4W ' f
433 31486 313;7 3134<
833 3148< 313;8 31356
4333 3154; 31457 31367
5333 31;54 31:39 31758
8333 31<<5 31<;4 31<3<

81 Uhvxowv

Zh vwduw e| hydoxdwlqj wkh vl}h surshuwlhv ri wkh whvw xvlqj dv|pswrwlf fulwlfdo ydo0
xhv1 Wdeoh +814, suhvhqwv wkh uhvxow rewdlqhg e| ohwwlqj wkh fruuhodwlrq frh!flhqw/
4W/ ri T� dqg T2 eh htxdo wr }hur/ wkdw lv d wuxh qxoo k|srwkhvlv1 Wkh qxpehu ri
uhsolfdwhv iru hdfk vdpsoh vl}h lv �ffff1 Iurp wkh wdeoh lw fdq eh vhhq wkdw dv|ps0
wrwlf fulwlfdo ydoxhv surylgh d whvw vl}h odujhu wkdq wkh qrplqdo rqh iru doo vdpsoh
vl}hv1 Pruhryhu/ dv wkh vdpsoh vl}h lqfuhdvhv/ wkh hpslulfdo whvw vl}h dssrudfkhv
rqh1 Wklv lv qrw lq olqhv zlwk suhylrxv �qglqjv/ h1j1 Nhqqdq dqg Qhxpdq +4<;:,>
Ruph +4<;:,> Fkhvkhu dqg Vsdg| +4<;;,/ zklfk lqglfdwhv wkdw wkh LPW whvw kdv
d vl}h sureohp dw vpdoo ru phglxp vdpsoh vl}hv1 Rq wkh frqwudu|/ lq wkh suhvhqw
fdvh wkh vl}h sureohp ri wkh whvw jhwv zruvh dv wkh vdpsoh vl}h lqfuhdvhv1

Wr ixuwkhu fkhfn wkh dv|pswrwlf surshuwlhv ri wkh whvw/ vrph vlpxodwlrqv/ qrw
uhsruwhg wkrxjk/ zhuh shuiruphg zlwkrxw xqrevhuydeohv lq wkh vshfl�fdwlrq1 Lq
wkhvh vlpxodwlrqv/ wkh whvw vwdwlvwlf glg frqyhujh wr wkh fruuhfw dv|pswrwlf vdp0
solqj glvwulexwlrq/ krzhyhu/ vorzo|1

Frqvhtxhqwo|/ jlyhq wkdw wkh vxjjhvwhg whvw vwdwlvwlf lv wr eh pdlqwdlqhg/ fulw0
lfdo ydoxhv pxvw eh rewdlqhg rwkhuzlvh1 D qdwxudo dqg uhodwlyho| vlpsoh zd| lv wr
dsso| errwvwuds phwkrgv1

Wr hydoxdwh rxu vxjjhvwhg errwvwuds phwkrg zh qrz shuirup wzr h{shulphqwv1
Lq wkh �uvw h{shulphqw zh hydoxdwh wkh vl}h surshuwlhv ri wkh whvw xqghu wkh qxoo
k|srwkhvlv/ wkdw lv/ wkh fdvh ri lqghshqghqfh +4W ' f�1 Wdeoh +815, suhvhqw wkh
uhvxowv iurp wkh �uvw h{shulphqw1 Dv fdq eh vhhq lq wkh wdeoh wkh errwvwuds edvhg
fulwlfdo ydoxhv vhhp wr surylgh wkh fruuhfw vl}h ri wkh whvw1 Lq qrqh ri wkh fdvhv fdq
lw eh frqfoxghg wkdw wkh hpslulfdo vl}h vljql�fdqwo| ghyldwhv iurp wkh qrplqdo whvw
vl}h1 Krzhyhu/ dw wkh vdpsoh vl}h �ff wkhuh lv d voljkw lqglfdwlrq ri d ohvv vdwlvi|lqj
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Wdeoh 815= Hpslulfdo vl}h frpsxwhg e| errwvwuds0edvhg fulwlfdo ydoxhv

Hpslulfdo vl}h ri qrplqdo

Vdpsoh vl}h 31430ohyho whvw 31380ohyho whvw 31340ohyho whvw

4W ' f
433 31446 3139< 31349
833 31434 31388 31344
4333 313<4 31377 31344
5333 313<6 31384 3133<
8333 313;; 31377 31348

Qrwh= D whvw iru htxlydohqfh ehwzhhq hpslulfdo dqg qrplqdo vl}h
zdv shuiruphg1 Lq qrqh ri wkh fdvhv wkh whvw uhmhfwhg wkh k|srwkhvlv
ri htxdolw| dw wkh 3134 ohyho1 Vwdwlvwlfdo vljql�fdqfh zdv ghwhuplqhg
xvlqj wkh elqrpldo glvwulexwlrq1

shuirupdqfh1 Suredeo| wklv d frqvhtxhqfh ri vrphzkdw srruhu hvwlpdwhv ri 8�

dqg 82 gxh wr wkh vpdoo vdpsoh vl}h1
Wkh vhfrqg h{shulphqw frqfhuqv wkh srzhu ri wkh whvw1
Lq wdeoh +816, srzhu hvwlpdwhv ri doo frqvlghuhg vdpsoh vl}hv dqg fruuhodwlrqv

duh suhvhqwhg1 Gxh wr wkh khdy| frpsxwdwlrqdo exughq zh uhvwulfw wkh vdpsoh vl}hv
wr �ff/ Dff/ �fff dqg 2fff lq wklv h{shulphqw1 D vwulnlqj ihdwxuh lv wkh h{wuhpho|
dv|pphwulfdo srzhu1 Wklv h�hfw zdv dovr uhsruwhg e| Fduolqj +4<<9,1 Zh djuhh
zlwk klv frqfoxvlrq wkdw d sodxvleoh h{sodqdwlrq iru wklv uhvxow lv wkdw wkh yduldqfh
ri 4�? E|�c |2� ehfrphv pxfk vpdoohu zkhq wkh fruuhodwlrq ehwzhhq khwhurjhqhlw|
frpsrqhqwv lv qhjdwlyh1 Vxusulvlqjo|/ wkrxjk/ wklv dv|pphwulfdo h�hfw lv uhyhuvhg
iru wkh vpdoohvw vdpsoh vl}h �ff1 Ixuwkhu/ frpsdulqj wkh hpslulfdo srzhu hvwlpdwhv
lq wdeoh +816, zlwk wkh rqhv uhsruwhg e| Fduolqj +4<<9, zh �qg wkdw iru qhjdwlyh
fruuhodwlrqv wkh LPW whvw surylghv orzhu srzhu wkurxjkrxw1 Vxusulvlqjo|/ wkh
srzhu lv uhgxfhg dv wkh vdpsoh vl}h lqfuhdvhv1

Wxuqlqj wr wkh uhvxowv iru srvlwlyh fruuhodwlrqv wkh LPW whvw vhhpv wr surylgh
kljkhu srzhu dw wkh vdpsoh vl}h �fff dqg orzhu srzhu dw wkh vdpsoh vl}h 2fff1 Iru
vdpsoh vl}hv ehorz �fff qr frpsdulvrq lv srvvleoh dv Fduolqj +4<<9, xvhg �fff dv
wkh plqlpxp vdpsoh vl}h1

91 Glvfxvvlrq

Lq wkh suhvhqw sdshu zh kdyh h{dplqhg d whvw ri ghshqghqfh ehwzhhq frpshwlqj
ulvnv wkdw xwlol}hv wkh fruuhodwlrq ehwzhhq fdxvh vshfl�f uhvlgxdov1 Zh �qg wkdw
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Wdeoh 816= Hpslulfdo srzhu frpsxwhg e| errwvwuds0edvhg fulwlfdo ydoxhv

Hpslulfdo srzhu

Vdpsoh vl}h 31430ohyho whvw 31380ohyho whvw 31340ohyho whvw

4W ' f�S 433 31579 3147: 31374
833 317:< 31673 3145:
4333 31994 31838 31583
5333 31::8 31997 31765

4W ' f�2 433 3148; 313;4 31355
833 314;; 313:: 31354
4333 3155; 3144: 31364
5333 3159: 31494 31377

4W ' �f�2 433 31439 31385 31343
833 31398 31364 31338
4333 3136< 31349 31338
5333 31349 3133< 31335

4W ' �f�S 433 31669 314<6 31384
833 31353 31344 31338
4333 3133; 31338 31333
5333 31335 31333 31333
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wkh vdpsoh glvwulexwlrq ri wkh whvw vwdwlvwlf ghyldwhv iurp wkh dqwlflsdwhg dv|ps0
wrwlf fkl0vtxduh glvwulexwlrq1 Wkh h{dfw uhdvrq iru wklv/ krzhyhu/ lv xqnqrzq1
Qhyhuwkhohvv/ e| frqvwuxfwlqj d surshu errwvwuds phwkrg zh zhuh deoh wr rewdlq
d fruuhfw whvw vl}h iurp wkh vdpsoh1 Wkh srzhu ri wkh whvw zdv irxqg wr eh kljko|
dv|pphwulfdo/ d skhqrphqrq dovr irxqg lq d uhodwhg vwxg| shuiruphg e| Fduolqj
+4<<9,1 Iru d srvlwlyh fruuhodwlrq vwuxfwxuh dqg dw wkh vdpsoh vl}hv �ff/ Dff/ dqg
�fff wkhuh lv vrph hylghqfh wkdw wkh LPW kdv kljkhu srzhu wkdq wkh pdvvsrlqw
whfkqltxh h{dplqhg e| Fduolqj +4<<9,1 Rq wkh rwkhu kdqg/ dw odujhu vdpsoh vl}hv/
lw vhhpv wkdw wkh whvw surylghv d vrphzkdw orzhu hpslulfdo srzhu1 D qhjdwlyh fru0
uhodwlrq vwuxfwxuh ehwzhhq odwhqw idloxuh wlphv surgxfhg yhu| orz hpslulfdo srzhu
hvwlpdwhv dw doo vdpsoh vl}hv dssolhg/ zlwk rqh vxusulvlqj h{fhswlrq1 Wkh srzhu
vwuxfwxuh zdv doprvw htxdo iru srvlwlyh dqg qhjdwlyh fruuhodwlrqv dw wkh vdpsoh
vl}h �ff1

Wkh uhvxowv iurp erwk h{shulphqwv vkrz wkdw d errwvwuds surfhgxuh fdq eh
xvhg wr rewdlq d fruuhfw whvw vl}h1 Wkh srzhu lq wkh suhvhqfh ri d srvlwlyh fruuhod0
wlrq vwuxfwxuh ehwzhhq ulvnv lv uhdvrqdeoh jrrg/ hvshfldoo| dw wkh vpdoohvw vdpsoh
vl}hv dssolhg1 Rq wkh rwkhu kdqg/ wkh srzhu ri wkh whvw lv srru iru qhjdwlyh
fruuhodwlrqv1
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dqg Lqfrph dqg wkh Wlplqj dqg Vsdflqj ri Eluwkv= Hylghqfh iurp Vzhglvk
Orqjlwxglqdo Gdwd*/ Hfrqrphwulfd/ yro1 8;/ 4744047741

^45` Krurzlw}/ M1O1 / +4<<7,/ *Errwvwudsshg0edvhg Fulwlfdo Ydoxhv iru wkh Lqirupd0
wlrq Pdwul{ Whvw*/ Mrxuqdo ri Hfrqrphwulfv/ yro1 94/ 6<807441

^46` Ndsodq/ H1O1 / Phlhu/ S1 / +4<8;,/ *Qrqsdudphwulf Hvwlpdwlrq iurp Lqfrp0
sohwh Revhuydwlrqv*/ Mrxuqdo ri Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 86/ 78:07;41
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^47` Nlhihu/ M1U1 / +4<;;,/ N1P1 *Hfrqrphwulf Gxudwlrq Gdwd dqg Kd}dug Ixqf0
wlrqv*/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ yro1 [[YL/ 97909:<1

^48` Odqfdvwhu/ W1 / *Wkh Hfrqrphwulf Dqdo|vlv ri Wudqvlwlrq Gdwd*/ Fdpeulgjh
Xqlyhuvlw| Suhvv= Fdpeulgjh/ 4<<31

^49` Qduhqgudqdwkdq/ Z1 / Vwhzduw/ P1E1 / +4<<6,/ *Prghoolqj wkh Suredelolw|
ri ohdylqj Xqhpsor|phqw= Frpshwlqj Ulvnv Prghov zlwk Ioh{leoh Edvh0olqh
Kd}dugv*/ Mrxuqdo ri Dssolhg Vwdwlvwlfv/ yro1 75/ 990;61

^4:` Ruph/ F1 / +4<<3,/ *Wkh Vpdoo0vdpsoh Shuirupdqfh ri wkh Lqirupdwlrq0pdwul{
whvw*/ Mrxuqdo ri Hfrqrphwulfv/ yro1 79/ 63<06641

^4;` Uhlg/ Q1 / +4<;4,/ *Hvwlpdwlqj wkh Phgldq Vxuylydo Wlph*/ Elrphwulnd/ 9;/
934093;1

^4<` Ydq ghq Ehuj/ J1M1 / Olqgherrp/ P1 / Ulgghu J1 / +4<<7,/ *Dwwulwlrq lq
Sdqho Gdwd dqg wkh Hpslulfdo Dqdo|vlv ri G|qdplf Oderu Pdunhw Ehkdylru*/
Mrxuqdo ri Dssolhg Hfrqrphwulfv/ yro1 </ 75407681

^53` Zklwh/ K1 / +4<;5,/ *Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Plvvshfl�hgPrghov*/
Hfrqrphwulfd/ yro1 83/ 40581
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