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Devwudfw

Wklv qrwh sursrvhv d wrro wr lqyhvwljdwh dqg ghprqvwudwh wkh dg0
htxdf| ri wkh fhqwudo olplw wkhruhp lq vpdoo vdpsohv1 Wkh vxjjhvwhg
whvwlqj surfhgxuh surylghv d phwkrg wr lqyhvwljdwh li wkh phdq hvwl0
pdwru lv dssur{lpdwho| qrupdoo| glvwulexwhg/ jlyhq gdwd dqg vdpsoh
vl}h dw kdqg1 Wklv lv lpsruwdqw zkhq ghflglqj xsrq lqihuhqfh surfh0
gxuh/ l1h1 lv sdudphwulf lqihuhqfh srvvleoh ru gr zh kdyh wr vhwwoh iru
qrqsdudphwulfv1 Wkh surfhgxuh lv zhoo0vxlwhg iru whdfklqj lq xqghu0
judgxdwh vwdwlvwlfv fodvvhv1
NH\ ZRUGV= Fhqwudo olplw wkhruhp> Errwvwuds> Hpslulfdo glvwulex0
wlrq1

4 Lqwurgxfwlrq
Wr pdnh vwdwlvwlfdo lqihuhqfh/ vhyhudo dvvxpswlrqv derxw wkh gdwd pxvw eh
ixo�oohg1 Zkhq shuiruplqj d whvw iru wkh phdq zh riwhq dvvxph wkdw wkh
vdpsoh phdq hvwlpdwru lv dssur{lpdwho| qrupdoo| glvwulexwhg/ gxh wr odujh
hqrxjk vdpsoh vl}h dqg wkh fhqwudo olplw wkhruhp1 Wklv qrwh lqwurgxfhv
d surfhgxuh wr whvw/ jlyhq d vdpsoh ri ? revhuydwlrqv/ li wklv lv wkh fdvh1
Zh surylgh qrw rqo| d whvw ri wkh ydolglw| ri wkh fhqwudo olplw wkhruhp/ wkh
surfhgxuh dqg lwv uhvxowv pd| eh hpsor|hg wr ghprqvwudwh wkh glvwulexwlrqdo
frqyhujhqfh1 Ixuwkhupruh/ wkh whvw lv yhu| xvhixo lq hpslulfdo dssolfdwlrqv
dqg lv zhoo0vxlwhg iru whdfklqj1 Wkh sdshu xqirogv dv iroorzv= Vhfwlrq 5
h{sodlqv wkh whvwlqj surfhgxuh dqg vrph h{dpsohv duh jlyhq lq Vhfwlrq 61
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5 Wkh Whvwlqj Surfhgxuh
Wkh uroh ri wkh fhqwudo olplw wkhruhp lq vwdwlvwlfdo lqihuhqfh lv dq lpsru0
wdqw rqh1 Wkh fhqwudo olplw wkhruhp vwdwhv wkh iroorzlqj> dvvxph wkdw wkh
vwrfkdvwlf yduldeohv f�c ���cf? duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg
zlwk phdq > 	4 dqg yduldqfh j2 	4� Wkh glvwulexwlrq ri wkh udwlr

~? '
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zkhuh wkh udqgrp yduldeohv 7f dqg 	j duh wkh vdpsoh phdq dqg vwdqgdug
ghyldwlrq/ wkhq dssurdfkhv d vwdqgdug qrupdo zkhq wkh vdpsoh vl}h ? jrhv
wr lq�qlw|1 Wkh uhvxow ri wkh fhqwudo olplw wkhruhp prwlydwh wkh xvh ri sdud0
phwulf lqihuhqfh/ exw li wkh vdpsoh lv qrw elj hqrxjk dqg wkh yduldeoh lv
qrqqrupdo/ zh pxvw gr qrqsdudphwulfv1 Iru sudfwlfdo sxusrvhv krzhyhu/
wkh wkhruhp vd|v qrwklqj derxw wkh vdpsoh vl}h uhtxluhg iru dssur{lpdwh
qrupdolw|1

D whvw iru qrupdolw|/ jlyhq d vdpsoh rq f/ pd| eh shuiruphg e| wkh
Mdutxh0Ehud vwdwlvwlf
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zklfk glvwulexwlrq lv wdexodwhg e| Ehud dqg Mdutxh E�bH��1 Wkh whvw fdq
qrw eh xvhg rq wkh vdpsoh phdq vlqfh zh fdqqrw fdofxodwh wkh vnhzqhvv dqg
nxuwrvlv iurp wkh rqo| dydlodeoh vdpsoh srlqw1 Wkhuh duh ri frxuvh rwkhu whvwv
iru qrupdolw|/ h1j1 wkh Nroprjrury0Vpluqry whvw dqg wkh �2 jrrgqhvv ri �w
whvw/ exw wkh| duh dovr qrw ihdvleoh1 Krzhyhu/ wkh iroorzlqj surfhgxuh pd|
hdvlo| eh dssolhg wr dq| qrupdolw| whvw1

Rxu wdvn lv wr hvwlpdwh wkh glvwulexwlrq ri d whvw iru qrupdolw| ri wkh
vdpsoh phdq1 Dvvxph wkdw

 ' E%�c %2���c %?�

duh uhdol}dwlrqv ri d udqgrp vdpsoh dqg ohw 	8 ghqrwh wkh hpslulfdo glvwulex0
wlrq ri  1 D errwvwuds uhvdpsoh  W lv wkhq gh�qhg wr eh d udqgrp vdpsoh
gudzq iurp 	8 / wkdw lv wkh ? phpehuv ri  W duh gudzq zlwk uhsodfhphqw iurp
wkh froohfwlrq  1 Zh fdq fuhdwh d odujh qxpehu/ vd| �/ ri errwvwuds vdpsohv
dqg fdofxodwh wkh vwdwlvwlf ri lqwhuhvw

�
khuh 7f

�
iru hdfk ri wkh uhvdpsohv1
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Wkxv/ zh pd| uhwulyh � hvwlpdwhv ri wkh vdpsoh phdq E7%W
�
c 7%W

2
c ���c 7%W

�
�/ zklfk

lq wxuq doorz xv wr hvwlpdwh wkh vnhzqhvv dqg nxuwrvlv ri 7fc ghqrwhg uhvshf0
wlyho| e| r&W E7%� dqg &W E7%�1 Ixuwkhupruh/ wkh errwvwuds surfhgxuh surylghv
d ydoxh ri wkh vwdwlvwlf E2� iru wkh vdpsoh phdq dffruglqjo|/
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Iru ixuwkhu uhdglqjv rq wkh errwvwuds sohdvh frqvxow Hiurq dqg Wlevkludql
E�bb�� �

6 Dq h{dpsoh
Lq wklv h{dpsoh zh frqvwuxfw wkuhh duwl�fldo vdpsohv ri vl}h 6 ' Dff1 Wkh
�uvw vdpsoh lv gudzq iurp d vwdqgdug qrupdo glvwulexwlrq/ wkh vhfrqg iurp d
| ED� glvwulexwlrq/ kdylqj h{fhvv nxuwrvlv/ dqg wkh wklug vdpsoh lv jhqhudwhg e|
d vnhzhg �2 E�� glvwulexwlrq14 Iru hdfk vdpsoh zh xvh wkh odvw ? revhuydwlrqv/
iru zklfk zh fuhdwh � ' �fff errwvwuds vdpsohv dqg fdofxodwh wkh vnhzqhvv/
nxuwrvlv dqg a� vwdwlvwlf1 E| ohwwlqj ? ' Dc ���c Dff zh frpsxwh wkh txdqwlwlhv
xvlqj gl�huhqw dprxqw ri lqirupdwlrq +vdpsoh vl}hv,1

Wkh vdpsoh vnhzqhvv dqg nxuwrvlv lv suhvhqwhg lq Iljxuh 41 Iru qrupdoo|
glvwulexwhg gdwd wkh vdpsoh phdq lv dovr qrupdoo| glvwulexwhg/ dqg vxevh0
txhqwo| wkh vnhzqhvv dqg nxuwrvlv  xfwxdwh derxw wkh +h{shfwhg, ydoxhv }hur
dqg wkuhh1 Wkh qrupdolw| lv dovr vxssruwhg e| wkh a� vwdwlvwlf/ vhh uhvxowv
lq Iljxuh 51 Zkhq wkh gdwd duh v|pphwulf/ exw h{klelw h{fhvv nxuwrvlv/ wkh
vnhzqhvv dqg nxuwrvlv ri wkh vdpsoh phdq duh dovr forvh wr }hur dqg wkuhh1
Ghvslwh d ihz uhmhfwlrqv/ wkh a� vwdwlvwlf lqglfdwhv qrupdolw| ri wkh phdq
hvwlpdwru douhdg| dw vpdoo vdpsoh vl}hv1 Wkh frqyhujhqfh ri wkh phdq wr d
qrupdo glvwulexwlrq lv pxfk vorzhu li wkh revhuydwlrqv ruljlq iurp d vnhzhg
glvwulexwlrq1 Wkh vnhzqhvv lv lqkhulwhg e| wkh vdpsoh phdq dqg wkh nxuwrvlv
lv +iru vpdoo vdpsohv, qrwdeo| odujhu wkdq wkuhh1 Wkh ehkdylru ri wkh a�
vwdwlvwlf vxssruwv wkh vorz frqyhujhqfh dqg vwuhvv wkh qhhg iru odujh vdpsohv
zkhq wkh wuxh gdwd jhqhudwlqj surfhvv lv vnhzhg1

Wkh uhvxowv deryh duh nqrzq wr vwdwlvwlfldqv/ exw wkh surfhgxuh surylghv
d phwkrg iru wkh whvwlqj dqg ghprqvwudwlrq ri rqh ri wkh prvw ixqgdphqwdo

4D Iruwudq surjudp iru wkh h{fhuflvh lv dydlodeoh rq uhtxhvw iurp wkh dxwkru1
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dvvxpswlrqv lq vwdwlvwlfdo lqihuhqfh1 Wkh surfhgxuh lv vr vlpsoh wkdw lw fdq
hdvlo| eh xvhg lq xqghu0judgxdwh vwdwlvwlfv fodvvhv1

Dfnqrzohgjhphqwv
Ilqdqfldo vxssruw iurp wkh KVIU/ wkh Vzhglvk Uhvhdufk Frxqflo iru wkh
Kxpdqlwlhv dqg Vrfldo Vflhqflhv/ lv judwhixoo| dfnqrzohgjhg1

Uhihuhqfhv
Ehud/ D1N1 dqg F1P1 Mdutxh F1P1 E�bH�� Dq h!flhqw odujh0vdpsoh whvw iru

qrupdolw| ri revhuydwlrqv dqg uhjuhvvlrq uhvlgxdov/ Zrunlqj Sdshuv lq
Hfrqrplfv dqg Hfrqrphwulfv/ 73/ Dxvwudoldq Qdwlrqdo Xqlyhuvlw|1

Hiurq/ E1 dqg U1M1 Wlevkludql/ E�bb��/ Dq lqwurgxfwlrq wr wkh errwvwuds1 Qhz
\run= Fkdspdq dqg Kdoo1
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Iljxuh 4= Hvwlpdwhg vnhzqhvv dqg nxuwrvlv ri wkh vdpsoh phdq1
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Wkh gdwd duh Q+3/4, glvwulexwhg1
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Wkh gdwd duh | ED� glvwulexwhg1
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Wkh gdwd duh �2 E�� glvwulexwhg1
Wkh �jxuhv suhvhqw wkh hvwlpdwhg vnhzqhvv dqg nxuwr0
vlv ri wkh vdpsoh phdq1 Wkh errwvwuds lqyroyhv 4/333
uhsolfdwhv1
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Iljxuh 5= Errwvwuds Mdutxh0Ehud qrupdolw| whvw vwdwlvwlfv iru wkh vdpsoh
phdq1
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Wkh �jxuh suhvhqwv wkh ydoxh ri wkh a� vwdwlvwlf dvvrfldwhg zlwk
wkh vnhzqhvv dqg nxuwrvlv uhsruwhg lq Iljxuh ��
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