
Ghwhfwlqj htxloleulxp fruuhfwlrq zlwk vprrwko|

wlph0ydu|lqj vwuhqjwk

Dqq0Fkduorwwh Holdvvrq

Vwrfnkrop Vfkrro ri Hfrqrplfv/ Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv

S1R1 Er{ 9834/ VH0446 ;6 Vwrfnkrop

H0pdlo= vwdfhCkkv1vh

Wklv yhuvlrq= Pd| 4<<<

Devwudfw

Vlpxodwlrqv duh xvhg wr fkhfn wkh suredelolw| ri ghwhfwlqj d wlph0ydu|lqj

htxloleulxp fruuhfwlrq e| dsso|lqj wkh h{lvwlqj whvwv ri qr frlqwhjudwlrq dqg

sdudphwhu frqvwdqf|1 Vprrwk wudqvlwlrq uhjuhvvlrqv duh fkrvhq wr ghvfuleh wkh

qrqolqhdulw| dqg wkh Mrkdqvhq frlqwhjudwlrq whvw dqg wkh Olq dqg Whuçvyluwd

sdudphwhu frqvwdqf| whvw duh dssolhg1 Lw wxuqv rxw wkdw erwk whvwv shuirup zhoo

vhsdudwho| exw wkh mrlqw srzhu lv txlwh orz1 Wkh prvw qrwdeoh uhvxow ri wklv

vwxg| lv wkh kljk srzhu zkhq ghdolqj zlwk xquhvwulfwhg frlqwhjudwlrq/ wkdw lv/

zkhq qr frlqwhjudwlqj yhfwru lv hvwlpdwhg dqg wkh frlqwhjudwhg ydudeohv iuhho|

hqwhu wkh prgho lq ohyhov1 Wkh srzhu ri wkh sdudphwhu frqvwdqf| whvw iru wkh

xquhvwulfwhg frlqwhjudwlrq lv forvh wr wkh srzhu zkhq wkh frlqwhjudwlqj yhfwru lv

dvvxphg wr eh nqrzq1

Nh|zrugv1 Wlph0ydu|lqj htxloleulxp fruuhfwlrq/ frlqwhjudwlrq/ sdudphwhu

frqvwdqf|/ vprrwk wudqvlwlrq uhjuhvvlrq1

MHO Fodvvl�fdwlrq Frghv= F48/ F831

Dfnqrzohgjhphqwv1 Wkh dxwkru dfnqrzohgjhv vxssruw iurp Mdq Zdoodq0

ghu*v dqg WrpKhgholxv*v Irxqgdwlrq iru Vrfldo Uhvhdufk dqg wkh Ur|do Dfdghp|

ri Vflhqfh1 Wklv sdshu kdv ehqh�wwhg iurp frpphqwv e| Judkdp Hoolrw/ Folyh

Judqjhu/ Gdylg Khqgu|/ Mrkdq O|kdjhq dqg Wlpr Whuçvyluwd1 Wkh uhvsrqvlelo0

lw| iru dq| huuruv ru vkruwfrplqjv uhpdlqv plqh1



41 Lqwurgxfwlrq

Wkh frqfhsw ri frlqwhjudwlrq lv edvhg rq wkh dvvxpswlrq wkdw d sdlu ri lqwhjudwhg

hfrqrplf yduldeohv duh olqnhg e| d orqj0uxq vwdwlrqdu| htxloleulxp uhodwlrqvkls/ vhh

Hqjoh dqg Judqjhu +4<;:,1 Lw lv lpsolflwo| dvvxphg wkdw wkh yduldeohv duh frlqwh0

judwhg dw doo wlph shulrgv dqg wkdw wkh udwh ri dgmxvwphqw wrzdugv wkh orqj0uxq

htxloleulxp lv frqvwdqw ryhu wkh vdpsoh1 Uhfhqwo|/ wkhuh kdyh ehhq vhyhudo hpslulfdo

vwxglhv zkhuh wkh htxloleulxp fruuhfwlrq whup hqwhuv wkh prgho qrqolqhduo|/ vhh h1j1

Plfkdho hw do1 +4<<9,/ Hulfvvrq hw do1 +4<<;, dqg Whuçvyluwd dqg Holdvvrq +4<<;,1 Wklv

udlvhv wkh txhvwlrq ri wkh uholdelolw| ri wkh h{lvwlqj whvwv iru ghwhfwlqj frlqwhjudwlrq

dqg qrqolqhdulwlhv lq d qrqolqhdu htxloleulxp fruuhfwlrq prgho1 Wzr uhfhqw sdshuv

kdyh vwxglhg vlplodu txhvwlrqv1 Edonh dqg Irpe| +4<<:, frpsduh wkh shuirupdqfh ri

wkh Hqjoh0Judqjhu dqg wkh Mrkdqvhq frlqwhjudwlrq whvwv zkhq wkh dgmxvwphqw iroorzv

d wkuhvkrog frlqwhjudwlrq prgho/ dqg ydq Glmn dqg Iudqvhv +4<<<, shuirup d vwxg|

zkhuh wkh dgmxvwphqw lv ri wkh vprrwk wudqvlwlrq uhjuhvvlrq +VWU, w|sh1 Lq wkh iruphu

vwxg| wkh frlqwhjudwlqj uhodwlrqvkls lv orfdoo| frlqwhjudwlqj/ wkdw lv/ wkh v|vwhp pd|

qrw eh htxloleulxp fruuhfwlqj lq doo wlph shulrgv1 Lq wkh odwwhu vwxg| wkh vlpxodwlrqv

duh htxloleulxp fruuhfwlqj lq doo shulrgv dowkrxjk wkh vwuhqjwk ri wkh htxloleulxp fru0

uhfwlrq ydulhv1 Wkhvh vwxglhv frqfoxgh wkdw erwk wkh Hqjoh0Judqjhu dqg wkh Mrkdqvhq

frlqwhjudwlrq whvwv zrun zhoo zkhq wkh htxloleulxp fruuhfwlrq lv qrqolqhdu1

Wklv sdshu zloo frqvlghu wkh suredelolw| ri ghwhfwlqj wlph0ydu|lqj htxloleulxp fru0

uhfwlrq e| dsso|lqj wkh h{lvwlqj whvwv ri qr frlqwhjudwlrq dqg sdudphwhu frqvwdqf|1

Wkh vlpxodwhg vhulhv duh orfdoo| frlqwhjudwhg dqg wkh wlph0ydu|lqj htxloleulxp fruuhf0

wlrq lv fkdudfwhulvhg e| dq VWU prgho1 Wkhuh duh qr whvwv iru vlpxowdqhrxvo| whvwlqj

wkh mrlqw k|srwkhvhv ri qr frlqwhjudwlrq dqg frqvwdqw sdudphwhuv/ dqg d wzr0vwhs sur0

fhgxuh zloo eh dssolhg1 Wkh lqyhvwljdwru lv dvvxphg wr iroorz d vwdqgdug prghoolqj

surfhgxuh1 Iluvw/ wkh qxoo ri qr frlqwhjudwlrq lv whvwhg1 Wkh vhulhv duh jhqhudwhg

dffruglqj wr d wzr0glphqvlrqdo htxdwlrq v|vwhp/ dqg wkh Mrkdqvhq frlqwhjudwlrq whvw

+Mrkdqvhq/ +4<<8,, lv dssolhg wr whvw wkh k|srwkhvlv ri qr frlqwhjudwlrq1 Li wklv lv

uhmhfwhg/ wkh frlqwhjudwlqj uhodwlrqvkls lv hvwlpdwhg1 D odjjhg hvwlpdwhg uhodwlrqvkls

irupv wkh htxloleulxp fruuhfwlrq +HF, whup/ dqg iurp khuh rq d vlqjoh htxdwlrq lv

xvhg1 Wkh frqvwdqf| ri wkh frh!flhqw ri wkh HF whup lv whvwhg1 Wklv lv grqh dv lq Olq

dqg Whuçvyluwd +4<<7,/ vr wkdw wkh dowhuqdwlyh wr sdudphwhu frqvwdqf| lv d vprrwko|
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fkdqjlqj sdudphwhu1 Wkh sxusrvh ri wkh sdshu lv wr �qg rxw krz riwhq wkh lqyhvwljd0

wru uhdfkhv wkh fruuhfw frqfoxvlrq wkdw wkhuh h{lvwv d frlqwhjudwlqj uhodwlrqvkls zkrvh

vwuhqjwk ydulhv ryhu wlph1 Ixuwkhupruh/ wkh dlp lv wr �qg rxw zklfk idfwruv d�hfw wkh

suredelolw| ri duulylqj dw wklv frqfoxvlrq1

Wkh uhvxowv ri wkh vlpxodwlrqv vkrz wkdw wkh lqyhvwljdwru uduho| uhdfkhv wkh fru0

uhfw frqfoxvlrq ri d wlph0ydu|lqj htxloleulxp fruuhfwlrq1 Frqvlghulqj wkh fdvh zkhuh

wkh vdpsoh vl}h lv odujh dqg wkh frh!flhqw ri wkh htxloleulxp fruuhfwlrq whup lv kljk

+erwk ri zklfk kdyh srvlwlyh h�hfwv rq wkh srzhu ri erwk whvwv,/ wkh mrlqw srzhu ri wkh

wzr whvwv lv vwloo orz dqg ydulhv d orw/ ghshqglqj rq wkh rwkhu sdudphwhu ydoxhv1 Wkh

srzhu lv dw lwv orzhvw zkhq wkh vkruw0uxq g|qdplfv duh yhu| vwurqj vlqfh wklv pdnhv

lw gl!fxow wr hvwlpdwh wkh frlqwhjudwlqj uhodwlrqvkls/ dqg wkh hvwlpdwhg htxloleulxp

fruuhfwlrq whup riwhq vhhpv uhgxqgdqw1 Wkh orz vljql�fdqfh ohyho ri wkh frlqwhjudwlqj

whup pdnhv lw gl!fxow iru wkh sdudphwhu frqvwdqf| whvw wr ghwhfw wkh wlph yduldwlrq1

Krzhyhu/ e| qrw hvwlpdwlqj wkh frlqwhjudwlqj uhodwlrqvkls dqg lqvwhdg lqfoxglqj wkh

frlqwhjudwhg yduldeohv lq ohyhov/ wkh srzhu ri wkh htxloleulxp fruuhfwlrq htxdwlrq zlwk0

rxw d sulrul uhvwulfwlrqv vwurqjo| lqfuhdvhv dqg ehfrphv doprvw dv kljk dv lw lv zkhq

wkh frlqwhjudwlqj uhodwlrqvkls lv dvvxphg wr eh frpsohwho| nqrzq d sulrul1

Wkh rxwolqh ri wklv sdshu lv dv iroorzv1 Vhfwlrq 5 uhylhzv wkh Mrkdqvhq frlqwhjudwlrq

whvw dqg wkh Olq dqg Whuçvyluwd sdudphwhu frqvwdqf| whvw1 Wkh vlpxodwlrq vhwxs lv

dovr suhvhqwhg1 Lq Vhfwlrq 6 wkh whvwlqj surfhgxuh dqg wkh uhvxowv ri wkh Prqwh Fduor

vlpxodwlrqv dsshdu/ dqg Vhfwlrq 7 frqfoxghv1

51 Phwkrgrorj|

5141 Mrkdqvhq frlqwhjudwlrq whvw

D yhfwru wlph vhulhv i|wj lv vdlg wr eh frlqwhjudwhg ri rughu e li hdfk ri wkh vhulhv

wdnhq lqglylgxdoo| lv lqwhjudwhg ri rughu g/ L+g,/ g N 4/ zkhuhdv d olqhdu frpelqdwlrq

ri wkh vhulhv/ �3|> lv L +g� e, > e A 3> zkhuh � lv wkh frlqwhjudwlqj yhfwru1 Wkh yhfwru

lv qrw xqltxh vlqfh lw fdq eh pxowlsolhg e| dq| qrq0}hur vfdodu dqg vwloo vdwlvi| wkh

frlqwhjudwlrq frqglwlrq1

Wkhuh duh vhyhudo whvwv iru qr frlqwhjudwlrq1 Wkh Mrkdqvhq frlqwhjudwlrq whvw/ vhh

Mrkdqvhq +4<<8/ Fkdswhu 9, lv rqh ri wkh prvw srsxodu whvwv lq hpslulfdo vwxglhv dqg

lw lv wkhuhiruh fkrvhq iru wklv vwxg|1 Wkh whvwlqj surfhgxuh zloo eh uhylhzhg eulh |1
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Vwduw e| frqvlghulqj wkh vwuxfwxudo YDU+s, prgho/

|w @
s

	
l@4

�l|w�l . %w> w @ 4> ====> W +514,

zkhuh |w lv dq +q� 4, yhfwru/ �l duh +q� q, pdwulfhv dqg %w �qlg+3>,1 Hdfk lq0

glylgxdo yduldeoh lq |w lv dvvxphg wr eh L +4, = Wkh uhgxfhg irup ri wkh htxloleulxp

fruuhfwlrq prgho ehfrphv

�|w @
s�4

	
l@4

�l�|w�l .�|w�4 . %w> w @ 4> ====> W +515,

zkhuh �4 @ �4 � L
q
> �5 @ �5 . �4> ===> dqg �@L�

s�4

	
l@4

�l= Xqghu wkh qxoo k|srwkhvlv

K +k, wkhuh duh dvvxphg wr eh h{dfwo| k olqhdu frpelqdwlrqv ri | zklfk duh L +3,1

Frqvhtxhqwo|/ � fdq eh uhzulwwhq dv ��3
zkhuh � dqg � duh +q� k, = Wkh dowhuqd0

wlyh k|srwkhvlv lv wkdw wkhuh duh q frlqwhjudwlqj uhodwlrqv/ zkhuh q lv wkh qxpehu ri

hohphqwv ri |w/ zklfk zrxog lpso| wkdw hyhu| olqhdu frpelqdwlrq ri |w lv vwdwlrqdu|

dqg qr uhvwulfwlrqv zrxog eh lpsrvhg rq �1 Wkh olnholkrrg udwlr whvw ri K +k, djdlqvw

K +q, lv jlyhq e|

O
q
�Ok @ �

W

5

q

	
l@k.4

oq

�
4� a�l

�
= +516,

Wkh hljhqydoxhv a�l ri � fdq eh irxqg e| shuiruplqj wkh �uvw vwhsv ri Mrkdqvhq*v

dojrulwkp iru wkh pd{lpxp olnholkrrg hvwlpdwru ri � lq K +k, = � @ ��31 Li htxdwlrq

+5=6, frqvlvwhg rqo| ri vwdwlrqdu| yduldeohv wkh whvw vwdwlvwlf zrxog eh glvwulexwhg dv d

"
5 dv|pswrwlfdoo|1 Krzhyhu/ xqghu wkh qxoo k|srwkhvlv wkh whvw vwdwlvwlf zloo ghshqg

rq +q� k, udqgrp zdonv/ dqg wkh fulwlfdo ydoxhv duh qrw wkh vwdqgdug rqhv exw fdq

eh irxqg lq Mrkdqvhq +4<<8,/ Fkdswhu 481

5151 Olq dqg Whuçvyluwd sdudphwhu frqvwdqf| whvw

Frqvlghu wkh iroorzlqj vlqjoh0htxdwlrq VWU prgho/

|w @ {
3

w
* . {3

w
�I +vw, . xw= w @ 4> ==> W= +517,

zkhuh * @ +*3> *4> ==> *p,3 lv wkh sdudphwhu yhfwru iru wkh olqhdu frpsrqhqw dqg

{w @ +4> {4w> ==> {pw,
3

@ +4> |w�4> ==> |w�s> }4w> ==> }tw,
3

lv wkh fruuhvsrqglqj yhfwru ri vwd0

wlrqdu| dqg hujrglf h{sodqdwru| yduldeohv1 Wkh qrqolqhdu frpsrqhqw lv vshfl�hg dv d
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olqhdu frpsrqhqw pxowlsolhg e| d qrqolqhdu ixqfwlrq/ {3

w
�I +vw, dqg xw � qlg

�
3> �

5
�
iru

vlpsolflw|1 Wkh qrqolqhdu ixqfwlrq I +vw, lv wkh wudqvlwlrq ixqfwlrq zklfk lv frqwlqxrxv

dqg erxqghg= Lw lv fxvwrpdu| wr erxqg I ehwzhhq }hur dqg xqlw|1 Khqfh/ wkh prgho

zloo fkdqjh orfdoo| iurp H +|wm{w, @ {
3

w
* iru I @ 3 wr H +|wm{w, @ {

3

w
+*. �, iru I @ 4

zlwk wkh wudqvlwlrq yduldeoh vw1 Zkhq vw @ w wkh VWU prgho fdq eh lqwhusuhwhg dv d

olqhdu prgho zlwk wlph0ydu|lqj sdudphwhuv/ zklfk lv wkh fdvh wkdw zloo eh frqvlghuhg

khuh1 Iru hoderudwh glvfxvvlrqv rq VWU prghov vhh Judqjhu dqg Whuçvyluwd +4<<6,

dqg Whuçvyluwd +4<<;,1

Wkh wudqvlwlrq ixqfwlrq ri d nwk rughu orjlvwlf vprrwk wudqvlwlrq uhjuhvvlrq prgho/

OVWU+n,/ kdv wkh irup

I +w, @ I +�> f> w, @

#
4. h{s

+
��

n\

l@4

+w� fl,

,$
�4

> � A 3 +518,

zkhq d wlph wuhqg +w, lv xvhg dv wkh wudqvlwlrq yduldeoh1 Wkh vorsh sdudphwhu +�,

ghwhuplqhv krz udslg wkh wudqvlwlrq lv dqg wkh yhfwru ri orfdwlrq sdudphwhuv f @

+f4> ===> fn,
3

ghflghv zkhuh wkh wudqvlwlrqv rffxu1 Wkh VWU prgho +5=7, ehfrphv olqhdu

zkhq � @ 3 vr wkdw wkh wudqvlwlrq ixqfwlrq I +w, � 4

5
1 Iru qrwdwlrqdo vlpsolflw|

wkh wudqvlwlrq ixqfwlrq lq +5=7, lv uhsodfhg e| �I +w> �, @ I +w> �, � 4

5
1 Wklv lpsolhv

�I +w>3, @ 3 dqg K3 = � @ 3 ehfrphv d qdwxudo k|srwkhvlv ri sdudphwhu frqvwdqf|/ vhh

Olq dqg Whuçvyluwd +4<<7,1 Wkh dowhuqdwlyh k|srwkhvlv lv K4 = � A 31 Wkhuh lv rqh

fdyhdw wkrxjk> wkh VWU prgho lv qrw lghqwl�hg xqghu wkh qxoo k|srwkhvlv ehfdxvh ri

wkh qxlvdqfh sdudphwhuv � dqg f1 Wkxv wkh fodvvlfdo dv|pswrwlf glvwulexwlrq wkhru|

iru whvwlqj wkh qxoo k|srwkhvlv � @ 3 grhv qrw zrun1 Lq rughu wr flufxpyhqw wklv

sureohp d Wd|oru vhulhv dssur{lpdwlrq wr wkh wudqvlwlrq ixqfwlrq lv xvhg wr rewdlq

dq dssursuldwh whvw1 Htxdwlrq +5=9, vkrzv wkh dx{loldu| uhjuhvvlrq iru wkh whvwv zkhq

n @ 51 Lq htxdwlrqv +5=:, dqg +5=;, wkh qxoo k|srwkhvhv ri wkh sdudphwhu frqvwdqf|

whvwv duh suhvhqwhg1

|w @ �
3

3
{w . �

3

4
{ww. �

3

5
{ww

5
. yw +519,

OP5 = �4 @ �5 @ 3 +51:,

OP4 = �4 @ 3 m �5 @ 3= +51;,

Li n @ 4/ wkh whvw wr eh dssolhg lv OP4> li n @ 5 lw lv OP51 Wkxv/ vl}h dqg srzhu ri wkh
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OP4 vwdwlvwlf duh uhsruwhg zkhq dq OVWU+4, prgho lv xvhg iru vlpxodwlqj wkh vhulhv

dqg OP5 lv xvhg lq vlpxodwlrqv zlwk wkh OVWU+5, prgho1

Whvwlqj wkh k|srwkhvhv ri sdudphwhu frqvwdqf|/ d Odjudqjh pxowlsolhu +OP, w|sh

whvw vwdwlvwlf fdq eh rewdlqhg e| xvlqj wkh olqhdu dx{loldu| uhjuhvvlrq +5=9,1 Wkh whvw

vwdwlvwlf zloo kdyh dq dv|pswrwlf "
5 glvwulexwlrq xqghu wkh qxoo k|srwkhvhv1 Lq sudf0

wlfh/ dq I whvw lv suhihuuhg wr wkh "50whvw vlqfh lw kdv ehwwhu vpdoo vdpsoh surshuwlhv/

vhh Olq dqg Whuçvyluwd +4<<7,1

5161 Vlpxodwlrq vhwxs

Wkh iroorzlqj wzr0glphqvlrqdo v|vwhp lv xvhg lq wkh h{shulphqw=

�|w @ ��|w�4 . � +|w�4 � }w�4,I +w, . xw +51<,

�}w @ $w +5143,

zkhuh I +w, lv wkh wudqvlwlrq ixqfwlrq/ xw � qlg+3>3=58, > $w � qlg+3>4, > xw dqg $w

duh pxwxdoo| lqghshqghqw1 Htxdwlrq +5=<, uhsuhvhqwv d wlph0ydu|lqj htxloleulxp fru0

uhfwlrq prgho dqg htxdwlrq +5=43, jhqhudwhv d udqgrp zdon1 Wkh pdjqlwxgh ri wkh

vkruw0uxq g|qdplfv lv doorzhg wr ydu|/ � @ i3=5>3=7> 3=<j dqg vr lv wkh frh!flhqw ri

wkh frlqwhjudwlrq uhodwlrqvkls/ � @ i�3=4>�3=7>�3=;j1 Lq rughu wr uhgxfh wkh lpsru0

wdqfh ri wkh vwduwlqj ydoxhv/ wkh �uvw wklug ri wkh revhuydwlrqv duh h{foxghg iurp wkh

uhsruwhg uhvxowv1 Wkdw lv/ W . 4

5
W revhuydwlrqv duh jhqhudwhg dqg wkh vdpsoh vl}hv

xvhg duh W @ 433> 5331 Hdfk whvw lv shuiruphg Q @ 43333 wlphv1

Wkh vlpxodwhg vhulhv duh doo jhqhudwhg e| wkh wlph0ydu|lqj htxloleulxp fruuhfwlrq

prgho +5=<, dqg +5=43,1 Wkh wudqvlwlrq ixqfwlrq I +w, lv jlyhq e| htxdwlrq +5=8, zlwk

hlwkhu n @ 4 ru n @ 51 Lq wkh iruphu fdvh rqh kdv dq OVWU+4, prgho dqg lq wkh odwwhu

rqh kdv dq OVWU+5, prgho1

Wkh OVWU+4, prgho zloo eh jhqhudwhg iru gl�huhqw vshhgv ri wudqvlwlrq1 Zkhq � @

4 wkh wudqvlwlrq lv yhu| vprrwk/ zkhq � @ 43 wkh wudqvlwlrq ixqfwlrq kdv wkh w|slfdo

V0vkdsh dqg iru � @ 433 wkh wudqvlwlrq lv udwkhu txlfn/ vhh Iljxuhv 51405161 Vhwwlqj

� @ 4/ wkh vwuhqjwk ri dwwudfwlrq lqfuhdvhv doprvw olqhduo| ryhu wlph dqg frlqwhjudwlrq

zloo eh suhvhqw lq wkh zkroh revhuydwlrq shulrg/ vhh Iljxuh 5141 Wkh orfdwlrq sdudphwhu

f lv dovr doorzhg wr ydu| dqg wkh vhulhv duh vlpxodwhg iru f @ i3=58>3=83> 3=:8j1 Zkhq
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� @ 43 ru � @ 433 wkh ohqjwk ri wkh revhuydwlrq shulrg lqfoxglqj frlqwhjudwlrq zloo

ydu| zlwk f1 Iru odujhu ydoxhv ri f wkh revhuydwlrq shulrg lqfoxglqj frlqwhjudwlrq

+I A 3, zloo eh vkruwhu/ vhh Iljxuhv 515 dqg 5161

Jhqhudwlqj dq OVWU+5, prgho/ wkh vshhg ri wudqvlwlrq lv dozd|v kljk/ � @ 433/ vhh

Iljxuh 5171 Wkhuh duh wzr orfdwlrq sdudphwhuv lq wkh OVWU+5, prgho/ vhh htxdwlrq

+5=8, n @ 5/ dqg wkh| duh doorzhg wr ydu| wrr1 Wkh vhulhv duh jhqhudwhg zlwk f4 @

i3=58>4@6j dqg f5 @ 4 � f41 Iru wkh OVWU+5, prgho frlqwhjudwlrq zloo eh suhvhqw lq

wkh ehjlqqlqj dqg wkh hqg ri wkh vdpsoh1 Khqfh/ wkhuh zloo qrw eh dq| frlqwhjudwlrq

+I @ 3, lq wkh plggoh ri wkh vdpsoh/ vhh Iljxuh 5171 Wkh vlwxdwlrq uhvhpeohv wkdw lq

wkuhvkrog frlqwhjudwlrq> wkh gl�huhqfh lv wkdw lq wklv h{shulphqw wlph lv wkh wudqvlwlrq

yduldeoh1 Rqh pd| rughu wkh revhuydwlrqv lq d wkuhvkrog frlqwhjudwlrq prgho dffruglqj

wr wkh wkuhvkrog yduldeoh dqg gudz d judsk ri wkh vwuhqjwk ri dwwudfwlrq1 Li wklv lv

grqh lw wxuqv rxw wkdw wkh �jxuh lv dqdorjrxv wr wkdw fruuhvsrqglqj wr dq OVWU+5,

prgho zkhuh � $41

61 Prqwh Fduor vlpxodwlrqv

Lq wklv vhfwlrq wkh whvwlqj surfhgxuh dqg wkh uhvxowv ri wkh vlpxodwlrqv duh suhvhqwhg1

Wkh sxusrvh ri wkh vlpxodwlrqv lv wr �qg rxw krz riwhq d k|srwkhwlfdo uhvhdufkhu zrxog

duulyh dw wkh fruuhfw frqfoxvlrq/ wkdw wkhuh h{lvwv d frlqwhjudwlqj uhodwlrqvkls zkrvh

vwuhqjwk ydulhv ryhu wlph1 Dv phqwlrqhg lq wkh lqwurgxfwlrq/ wkhuh duh qr whvwv iru

vlpxowdqhrxvo| whvwlqj wkh k|srwkhvlv ri qr frlqwhjudwlrq dqg sdudphwhu frqvwdqf|>

khqfh wzr whvwv zloo eh dssolhg= wkh Mrkdqvhq frlqwhjudwlrq whvw dqg wkh Olq dqg

Whuçvyluwd sdudphwhu frqvwdqf| whvw1 Wkh uhvxowv ri wkh vlpxodwlrqv zloo eh suhvhqwhg

iru wkh wzr whvwv vhsdudwho|/ exw dovr mrlqwo| vlqfh wklv lv wkh pdmru frqfhuq1 Iru wkh

vdnh ri vlpsolflw|/ wkh uhmhfwlrq iuhtxhqflhv ri wkh whvwv zloo eh uhihuuhg wr dv �srzhu�

wkurxjkrxw wkh sdshu1

6141 Wkh whvwlqj surfhgxuh

Wkh whvwlqj surfhgxuh vwduwv e| hvwlpdwlqj wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq1 Li

lw lv uhmhfwhg/ wkh surfhgxuh frqwlqxhv e| h{sorulqj wkh frqvwdqf| ri wkh frlqwhjudwlqj

sdudphwhu xvlqj wkh Olq dqg Whuçvyluwd sdudphwhu frqvwdqf| whvw1 Lw lv dovr whvwhg

zkhwkhu wkh frlqwhjudwlrq whup hqwhuv wkh olqhdu htxloleulxp fruuhfwlrq htxdwlrq vlj0

:



ql�fdqwo|1 Wklv zloo eh uhihuuhg wr dv wkh vljql�fdqfh whvw1

Wkuhh gl�huhqw vfhqdulrv duh frqvlghuhg zkhq whvwlqj iru sdudphwhu frqvwdqf|= Lq

Fdvh 4 wkh frlqwhjudwlqj yhfwru lv dvvxphg wr eh xqnqrzq/ lq Fdvh 5 lw lv nqrzq

dqg lq Fdvh 6 qr frlqwhjudwlrq uhodwlrqvkls lv gh�qhg1 Lq dgglwlrq/ wkh vl}h ri wkh

Mrkdqvhq frlqwhjudwlrq whvw dqg wkh sdudphwhu frqvwdqf| whvw duh h{soruhg1

D pruh ghwdlohg ghvfulswlrq ri wkh whvwlqj surfhgxuh lv dv iroorzv=

� Vl}h ri Mrkdqvhq frlqwhjudwlrq whvw dqg wkh Olq dqg Whuçvyluwd sdud0

phwhu frqvwdqf| whvw1 Zkhq wkh vl}h ri wkh �uvw whvw lv lqyhvwljdwhg wkh vhulhv

duh jhqhudwhg dffruglqj wr htxdwlrqv +5=<, dqg +5=43,/ nhhslqj wkh frh!flhqw ri

wkh frlqwhjudwlqj uhodwlrqvkls � htxdo wr }hur lq +5=<,1 Wkh uhvxowv duh uhsruwhg

dv �M0vl}h� lq Wdeoh 6141 Wklv |lhogv wkh hpslulfdo vl}h ri wkh Mrkdqvhq whvw

iru wkh vdpsoh vl}hv W @ 433 dqg W @ 5331 Zkhq wkh vl}h ri wkh sdudphwhu

frqvwdqf| whvw lv h{dplqhg wkh vhulhv duh jhqhudwhg dffruglqj wr htxdwlrqv +5=<,

dqg +5=43, dvvxplqj wkdw wkh wudqvlwlrq ixqfwlrq I +w, lv htxdo wr xqlw|1 Khqfh

wkh prgho lv olqhdu1 Wkh k|srwkhvhv ri olqhdulw| duh whvwhg dqg wkh vl}h uhvxowv

iru Fdvh 4 duh uhsruwhg dv �OW0vl}h� lq Wdeohv 61506181 Wklv |lhogv wkh hpslulfdo

vl}h ri wkh sdudphwhu frqvwdqf| whvw iru Fdvh 41 Wkh vhohfwhg qrplqdo vl}h lv 8(

iru erwk whvwv1

� Wkh Mrkdqvhq frlqwhjudwlrq whvw1 Wkh qxpehuv ri uhmhfwlrqv ri wkh qxoo

k|srwkhvlv zloo eh uhihuuhg wr dv wkh srzhu ri wkh whvw dqg duh uhsruwhg dv

�Mrkdqvhq whvw� lq Wdeohv 61506181 Li wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq

lv uhmhfwhg/ dqg rqo| wkhq/ wkh whvwlqj surfhgxuh frqwlqxhv zlwk wkh sdudphwhu

frqvwdqf| whvw iru wkuhh gl�huhqw vfhqdulrv qdphg Fdvh 4/ 5 dqg 6 dv iroorzv1

� Fdvh 4= Wkh frlqwhjudwlqj yhfwru lv xqnqrzq1 Diwhu whvwlqj dqg uhmhfwlqj

wkh k|srwkhvlv ri qr frlqwhjudwlrq wkh frlqwhjudwlqj yhfwru lv hvwlpdwhg1 Wkh

pd{lpxp olnholkrrg hvwlpdwru lv jlyhq e| wkh hljhqyhfwru fruuhvsrqglqj wr wkh

k odujhvw hljhqydoxhv a�4/ vhh Mrkdqvhq +4<<8/ Fkdswhu 9,/ dqg lv lqfoxghg lq wkh

olqhdu prgho vxemhfw wr whvwlqj zklfk ehfrphv

�|w @ ��|w�4 . �

�
|w�4 � a�}w�4

�
. x4w=

H{lvwhqfh dqg sdudphwhu frqvwdqf| ri wkh hvwlpdwhg frlqwhjudwlrq frh!flhqw a�

;



duh whvwhg> qrwh wkdw wklv lv grqh rqo| li wkh qxoo ri qr frlqwhjudwlrq lv uhmhfwhg1

Wkh qxpehu ri wlphv d idovh qxoo k|srwkhvlv lv uhmhfwhg +srzhu, lv uhsruwhg xqghu

�Fdvh 4� lq Wdeohv 61506181 Wkh rqo| whvw uhvxowv wkdw zloo eh uhsruwhg iru wkh

sdudphwhu frqvwdqf| whvwv duh OP4 iru wkh OVWU+4, prgho dqg OP5 iru wkh

OVWU+5, prgho1

� Fdvh 5= Wkh frlqwhjudwlqj yhfwru lv nqrzq1 Lq wklv fdvh wkh uhdo frlqwh0

judwlqj uhodwlrqvkls lv dvvxphg wr eh nqrzq1 Wklv dvvxpswlrq lv qrw uhdolvwlf

exw wkh sxusrvh lv wr fuhdwh d fdvh zklfk fdq eh xvhg iru frpsdulvrqv zlwk wkh

pruh uhdolvwlf vfhqdulrv1 E| grlqj wklv lw lv hdvlhu wr ghwhfw zkhuh wkh pdmru

zhdnqhvvhv lq wkh whvwlqj surfhgxuh rffxu1 Wkh olqhdu prgho vxemhfw wr whvwv

ehfrphv

�|w @ ��|w�4 . � +|w�4 � }w�4, . x5w=

Wkh srzhu ri wkh whvwv duh uhsruwhg xqghu �Fdvh 5� lq Wdeohv 61506181

� Fdvh 6= Xquhvwulfwhg frlqwhjudwlrq1 Lq wkh wklug fdvh wkh lqwhjudwhg ydul0

deohv duh lqfoxghg zlwkrxw dq| uhvwulfwlrq lq wkh olqhdu prgho1 Wkdw lv/ wkh

yduldeohv duh vwloo frlqwhjudwhg exw wkh frlqwhjudwlqj yhfwru lv qrw hvwlpdwhg1

Wkh hvwlpdwhg olqhdu prgho ehfrphv

�|w @ ��|w�4 . �4|w�4 . �5}w�4 . x6w=

Wkh iruphu frlqwhjudwlqj frh!flhqw zloo eh glylghg lqwr wzr vhsdudwh hvwlpdwhv/

rqh iru hdfk lqwhjudwhg yduldeoh1 Wkh hvwlpdwhg frh!flhqwv a�4 dqg a�5 rxjkw wr

vdwlvi| a�4 � �
a�5 vlqfh gdwd duh jhqhudwhg dffruglqj wr htxdwlrq +5=<,1 Wkh k|0

srwkhvlv �4 @ �5 @ 3 dqg wkdw ri sdudphwhu frqvwdqf| duh whvwhg1 Qrwh wkdw wkh

dvvxpswlrqv ri wkh sdudphwhu frqvwdqf| whvwv duh ylrodwhg/ dv wkh whvw uhtxluhv

vwdwlrqdulw| ri wkh uhjuhvvruv1 Exw vlqfh wkh L+4, yduldeohv duh frlqwhjudwhg/ wkh

frpelqdwlrq ri wkh wzr lv vwloo vwdwlrqdu|1 Wkh srzhu ri wkh whvwv duh uhsruwhg

xqghu �Fdvh 6� lq Wdeohv 61506181

6151 Vlpxodwlrq uhvxowv

Wkh vlpxodwlrq uhvxowv ri wkh OVWU+4, prgho fdq eh irxqg lq Wdeohv 6150617 dqg wkh

uhvxowv ri wkh OVWU+5, prgho duh vkrzq lq Wdeoh 6181 Wdeohv 6151D0F suhvhqw wkh

<



uhvxowv zkhq wkh frh!flhqw ri wkh odjjhg �uvw gl�huhqfh �|w�4 lv vpdoo +� @ 3=5,/ lq

Wdeohv 6161D0F wkh frh!flhqw lv kljkhu +� @ 3=7,/ dqg lq Wdeohv 6171D0F wkh frh!flhqw

ri �|w�4 lv � @ 3=<1 Wkh fdslwdo ohwwhuv lq wkh wdeohv* wlwohv uhihu wr wkh vshhg ri

wudqvlwlrq1 Wkxv/ D ghqrwhv wkh vprrwkhvw wudqvlwlrq � @ 4/ E fruuhvsrqgv wr � @ 43

dqg F lv iru d wudqvlwlrq ixqfwlrq forvh wr d vwhs ixqfwlrq/ � @ 433/ vhh Iljxuhv 51405171

Wkh vl}h dqg srzhu uhvxowv ri wkh Mrkdqvhq frlqwhjudwlrq whvw dqg wkh Olq dqg

Whuçvyluwd sdudphwhu frqvwdqf| whvw duh glvfxvvhg ehorz1 Wkh uhvxowv ri wkh odwwhu whvw

zloo eh frqvlghuhg vhsdudwho| iru hdfk ri wkh wkuhh gl�huhqw fdvhv1 Wkh wzr whvwv duh

lqlwldoo| glvfxvvhg vhsdudwho| iru vlpsolflw| ri h{srvxuh vlqfh vrph sdudphwhu fkdqjhv

d�hfw wkh srzhu ri wkh wzr whvwv lq rssrvlwh zd|v1 Wkh mrlqw shuirupdqfh ri wkh whvwv

zloo eh glvfxvvhg lq Vhfwlrq 615181

615141 Wkh vl}h ri wkh Mrkdqvhq frlqwhjudwlrq whvw dqg wkh Olq dqg Whuçvyluwd

sdudphwhu frqvwdqf| whvw

Ehiruh frqvlghulqj wkh srzhu ri wkh Mrkdqvhq frlqwhjudwlrq whvw dqg wkh Olq dqg

Whuçvyluwd sdudphwhu frqvwdqf| whvwv +OP4 dqg OP5,/ wkh vl}h ri wkh whvwv duh h{dp0

lqhg1 Lw wxuqv rxw wkdw wkh vl}h ri wkh Mrkdqvhq whvw ydulhv ehwzhhq 616( dqg 81:(

dqg lv xvxdoo| voljkwo| ehorz wkh fkrvhq vljql�fdqfh ohyho ri 8(/ vhh Wdeoh 6141 Wkh

vl}h ri wkh Olq dqg Whuçvyluwd sdudphwhu frqvwdqf| whvw/ rq wkh rwkhu kdqg/ lv lq wkh

forvh qhljkerukrrg ri wkh qrplqdo vljql�fdqfh ohyho ri 8(1 Wkh vpdoohvw ydoxh htxdov

7166( dqg wkh odujhvw 8173(/ vhh Wdeohv 6151D0F 0 6181 Wkh vl}h lv dovr jrrg zkhq

wkh edvlf dvvxpswlrq ri vwdwlrqdulw| lv ylrodwhg= Fdvh 6/ zkhuh wzr ri wkh yduldeohv

duh fkdudfwhulvhg e| d xqlw urrw1 Reylrxvo|/ wklv lv ehfdxvh zkhq wkh wzr L+4, ydul0

deohv duh frlqwhjudwhg d frpelqdwlrq ri wkh wzr yduldeohv lv vwloo vwdwlrqdu|1 Wklv pd|

d�hfw wkh rxwfrph hyhq wkrxjk wkh sdudphwhuv ri wkh frlqwhjudwlqj yhfwru duh qrw

uhvwulfwhg1 Wkh edvlf prghov iru wkh OP4 dqg OP5 whvwv duh htxdwlrqv +5=7, dqg +5=8,

zlwk n @ 4>51

615151 Wkh srzhu ri wkh Mrkdqvhq frlqwhjudwlrq whvw

Wkh uhvxowv ri wkh vlpxodwlrqv vkrz wkdw wkh srzhu ri wkh Mrkdqvhq frlqwhjudwlrq whvw

lv xvxdoo| txlwh kljk zkhq wkhuh lv wlph0ydu|lqj htxloleulxp fruuhfwlrq1 Krzhyhu/ lw lv

vhqvlwlyh wr vrph ri wkh sdudphwhu fkdqjhv dqg lq wklv vhfwlrq wkh h�hfw ri sdudphwhu

43



fkdqjhv rq wkh srzhu ri wkh Mrkdqvhq frlqwhjudwlrq whvw zloo eh glvfxvvhg lq pruh

ghwdlo1

Zkhq wkh pdjqlwxgh ri wkh frlqwhjudwlqj frh!flhqw � lqfuhdvhv +lq devroxwh ydoxh,

wkh srzhu lqfuhdvhv iru erwk wkh OVWU+4, dqg OVWU+5, prghov/ vhh h1j1 Wdeohv 6151D

dqg 6181 Dq lqfuhdvh lq � pdnhv wkh frlqwhjudwlqj uhodwlrqvkls pruh glvwlqfw dqg

wkhuhiruh hdvlhu iru wkh whvw wr ghwhfw/ dqg khqfh wkh srzhu lqfuhdvhv1 Iru wkh OVWU+4,

prghov wkh srzhu ri wkh Mrkdqvhq whvw lv dovr kljk zkhq wkh vshhg ri wudqvlwlrq

lv orz +� @ 4,/ zklfk lv qrw vxusulvlqj frqvlghulqj wkdw wkh whvw lv ghyhorshg iru d

olqhdu prgho1 Ehvlghv/ wkh sdudphwhu fkdqjh lv doprvw d olqhdu ixqfwlrq/ pdnlqj

wkh htxloleulxp fruuhfwlrq suhvhqw gxulqj wkh zkroh revhuydwlrq shulrg1 Iru d pruh

udslg wudqvlwlrq vshhg +� @ 43>433, wkh frlqwhjudwlrq rqo| hqwhuv zkhq I A 3 dqg wkh

revhuydwlrq shulrg gxulqj zklfk wkh v|vwhp htxloleulxp fruuhfwv lv rqo| d vxeshulrg ri

wkh ruljlqdo rqh1 Ehfdxvh ri wklv/ wkh srzhu dovr ghshqgv rq wkh orfdwlrq sdudphwhu f1

D wlph vhulhv jhqhudwhg zlwk d kljkhu f zloo kdyh orzhu srzhu zkhq � @ 43> 433 vlqfh

wkhuh zloo eh ihzhu revhuydwlrqv dydlodeoh zlwk lqirupdwlrq derxw wkh frlqwhjudwlrq

uhodwlrqvkls/ vhh h1j1 Wdeoh 6151E1 Wkh vdph uhvxow dovr dsshduv zkhq wkh revhuydwlrqv

duh vlpxodwhg dffruglqj wr dq OVWU+5, prgho/ vhh Wdeoh 6181 Zkhq wkh orfdwlrq

sdudphwhu f4 @ 4@6 wkh shulrg lqfoxglqj htxloleulxp fruuhfwlrq zloo eh orqjhu wkdq

zkhq f4 @ 3=58/ vlqfh lw lv dvvxphg wkdw f5 @ 4 � f4/ dqg wkh srzhu ri wkh whvw lv

kljkhu1 Wkh srzhu lv dovr srvlwlyho| d�hfwhg e| wkh vdpsoh vl}h iru erwk wkh OVWU+4,

dqg OVWU+5, prghov> khqfh wkh whvwv dsshdu frqvlvwhqw1

Pruh vxusulvlqjo|/ wkh srzhu ri wkh frlqwhjudwlrq whvw lqfuhdvhv zkhq wkh vwuhqjwk

ri wkh vkruw0uxq g|qdplfv +�, lv kljk1 Wklv lv hvshfldoo| qrwlfhdeoh zkhq � @ 433/

vhh Wdeohv 6151F dqg 6171F1 Wkh srzhu lv dw ohdvw wkuhh wlphv dv kljk lq wkh odwwhu

wdeoh dv lq wkh iruphu1 D uhdvrq iru wklv pljkw eh wkdw wkh fkdqjh lq wkh vwuhqjwk

ri wkh htxloleulxp fruuhfwlrq glvwxuev wkh whvw ohvv zkhq wkh uhodwlyh zhljkw ri wkh

frlqwhjudwlqj uhodwlrqvkls lv vpdoo1 Ehvlghv/ d suhylrxv h{shulphqw frpsdulqj wkh

srzhu ri wkh Mrkdqvhq dqg wkh Hqjho0Judqjhu frlqwhjudwlrq whvwv vkrzhg wkdw wkh

srzhu ri wkh Mrkdqvhq whvw zdv kljkhu zkhq gdwd zdv jhqhudwhg dffruglqj wr htxdwlrqv

+5=7, dqg +5=8, lqvwhdg ri �|w @ ��}w�4. � +|w�4 � }w�4,I +w,.xw dqg +5=8,1 Khqfh/

wkh Mrkdqvhq whvw shuirupv ehwwhu zkhq wkh vkruw0uxq g|qdplfv duh jlyhq e| odjjhg

ydoxhv ri wkh ghshqghqw yduldeoh wkdq zkhq wkh| duh jlyhq e| dq h{rjhqrxv yduldeoh1

Nhhslqj wklv lq plqg/ wkh lpsuryhg srzhu ri wkh frlqwhjudwlrq whvw zkhq � @ 3=< lv
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ohvv vxusulvlqj1

615161 Wkh srzhu ri wkh Olq dqg Whuçvyluwd sdudphwhu frqvwdqf| whvw iru

Fdvh 4= Wkh frlqwhjudwlqj yhfwru lv xqnqrzq

Wkh shuirupdqfh ri wkh Olq dqg Whuçvyluwd sdudphwhu frqvwdqf| whvw lv vwurqjo| gh0

shqghqw rq wkh fkrlfh ri sdudphwhu ydoxhv1 Iru prvw vhwxsv wkh srzhu lv idlu exw

zkhq wkh vkruw0uxq g|qdplfv duh yhu| vwurqj +� @ 3=<, lw lv forvh wr }hur1 D pruh

ghwdlohg glvfxvvlrq ri krz wkh sdudphwhu fkdqjhv d�hfw wkh srzhu lv jlyhq ehorz1

Zkhq wkh prgho lv jhqhudwhg e| dq OVWU+4, prgho dq lqfuhdvh +lq devroxwh ydoxh,

lq wkh frh!flhqw ri wkh frlqwhjudwlqj uhodwlrqvkls +�, lpsuryhv wkh srzhu/ vhh h1j1

Wdeoh 6151E1 Zkhq wkh vshhg ri wudqvlwlrq lqfuhdvhv +� A 4, wkh qrqolqhdulw| ehfrphv

pruh glvwlqfw dqg wkh srzhu ri wkh whvw lqfuhdvhv/ vhh Wdeoh 6151D0F1 Krzhyhu/ wkhuh

vhhpv wr eh d shdn zkhq � @ 43 vlqfh wkh srzhu lv riwhq voljkwo| zhdnhu zkhq � @ 4331

Wklv lv gxh wr wkh idfw wkdw wkh whvw lv frqglwlrqdo rq wkh uhmhfwlrq ri wkh k|srwkhvlv

ri qr frlqwhjudwlrq1 Pruhryhu/ fkdqjlqj wkh orfdwlrq ri wkh wudqvlwlrq +f, grhv qrw

jhqhudoo| vhhp wr d�hfw wkh srzhu pxfk1 Exw lq vrph fdvhv wkh srzhu lv voljkwo|

vpdoohu zkhq f @ 3=:8 dqg � lv kljk/ vhh Wdeoh 6151F1 Lq wklv fdvh/ wkh shulrg gxulqj

zklfk wkh htxloleulxp fruuhfwlrq lv rshudwlqj lv vkruw1 Wklv pljkw pdnh lw kdug wr

hvwlpdwh wkh sdudphwhuv ri wkh frlqwhjudwlqj yhfwru dqg lw ehfrphv gl!fxow iru wkh

whvw wr ghwhfw wkh wlph0yduldwlrq1 Dq lqfuhdvh lq wkh vdpsoh vl}h lpsuryhv wkh srzhu/

hvshfldoo| zkhq � lv vpdoo/ vhh h1j1 6151E1

Ilqdoo|/ lqfuhdvlqj wkh frh!flhqw ri wkh vkruw0uxq g|qdplfv iurp � @ 3=5 wr � @ 3=<

uhgxfhv wkh srzhu vkduso|/ vhh Wdeoh 6161D0F1 Wkh uhdvrq iru wkh srru shuirupdqfh

zkhq � @ 3=< lv wkdw wkh grplqdwlqj vkruw0uxq g|qdplfv pdnh wkh frlqwhjudwlqj

yhfwru gl!fxow wr hvwlpdwh1 Wkh srzhu ri wkh vljql�fdqfh whvw lv dovr yhu| orz iru wklv

vfhqdulr dqg li wkh frlqwhjudwlqj uhodwlrqvkls grhv qrw hqwhu vljql�fdqwo| lw lv kdugo|

vxusulvlqj wkdw wkh sdudphwhu frqvwdqf| whvw kdv orz srzhu1 Zkhq gdwd lv jhqhudwhg

dffruglqj wr dq OVWU+5, prgho wkh ehkdylrxu lv vlplodu1 D vwurqjhu frh!flhqw ri wkh

frlqwhjudwlqj uhodwlrqvkls dqg d odujhu vdpsoh vl}h lpsuryh wkh srzhu ri wkh sdudphwhu

frqvwdqf| whvw zkloh lw vhhpv wr eh xqd�hfwhg e| wkh ydoxh ri wkh orfdwlrq sdudphwhu/

vhh Wdeoh 6181
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615171 Wkh srzhu ri wkh Olq dqg Whuçvyluwd sdudphwhu frqvwdqf| whvw iru

Fdvh 5= Wkh frlqwhjudwlqj yhfwru lv nqrzq

Lq wklv fdvh wkh frlqwhjudwlqj yhfwru lv nqrzq dqg wkh ryhudoo shuirupdqfh ri wkh Olq

dqg Whuçvyluwd sdudphwhu frqvwdqf| whvw lv ehwwhu wkdq iru Fdvh 41 Wkh srzhu ri

wkh vljql�fdqfh whvw dovr lpsuryhv frqvlghudeo|1 Wklv ghprqvwudwhv wkh lpsruwdqfh ri

kljk txdolw| hvwlpdwhv ri wkh frlqwhjudwlqj yhfwru iru wkh vhfrqg whvw1

Jhqhudwlqj wkh vhulhv dffruglqj wr dq OVWU+4, prgho/ wkh srzhu ri wkh sdudphwhu

frqvwdqf| whvw lqfuhdvhv iru d kljkhu frh!flhqw ri wkh frlqwhjudwlqj uhodwlrqvkls/ d

odujhu vdpsoh vl}h dqg zkhq wkh vshhg ri wudqvlwlrq lv kljk +� A 4,1 Wkh srzhu lv

xvxdoo| qrw d�hfwhg e| fkdqjhv lq wkh orfdwlrq sdudphwhu f1 Exw/ dv lq Fdvh 4/ wkh

srzhu lv voljkwo| vpdoohu zkhq f @ 3=:8 dqg � lv kljk/ vhh h1j1 Wdeoh 6161F1 Pruhryhu/

dq lqfuhdvh lq wkh vkruw0uxq g|qdplfv iurp � @ 3=5 wr � @ 3=< uhdoo| lpsuryhv wkh

srzhu/ zklfk lv txlwh sx}}olqj1 Krzhyhu/ zkhq wkh frlqwhjudwlqj uhodwlrqvkls lv nqrzq

dqg wkh vkruw0uxq g|qdplfv duh vwurqj lw pljkw eh hdvlhu iru wkh whvw wr vhsdudwh wkh

g|qdplfv ri wkh wzr frpsrqhqwv dqg wkh wlph yduldwlrq lv pruh hdvlo| irxqg1 Wklv

fdq eh frpsduhg wr wkh uhvxowv ri Fdvh 4 zkhuh wkh srzhu zdv forvh wr }hur iru

vwurqj vkruw0uxq g|qdplfv/ srlqwlqj dw wkh lpsruwdqfh ri d fruuhfw hvwlpdwh ri wkh

frlqwhjudwlqj yhfwru zkhq wu|lqj wr ghwhfw wkh wlph0ydu|lqj frh!flhqw1

Zkhq gdwd lv vlpxodwhg dffruglqj wr dq OVWU+5, prgho wkh srzhu surshuwlhv

duh vlplodu wr wkrvh ri wkh OVWU+4, prgho1 D kljkhu frh!flhqw ri wkh htxloleulxp

fruuhfwlrq whup dqg d odujhu vdpsoh vl}h kdv d srvlwlyh h�hfw rq wkh srzhu1 Wkh shu0

irupdqfh ri wkh whvw zkhq fkdqjlqj wkh orfdwlrq sdudphwhu +f4, lv sx}}olqj1 Ehfdxvh

lw lv dvvxphg wkdw f5 @ 4� f4/ lqfuhdvlqj f4 lpsolhv d orqjhu rshudwlqj shulrg iru wkh

htxloleulxp fruuhfwlrq1 Exw/ dv lv vhhq iurp Wdeoh 618/ wkh srzhu lv qrw kljkhu iru

kljkhu ydoxhv ri f41 Wklv lv gxh wr wkh vhohfwlrq eldv/ vlqfh wkh whvw lv rqo| fduulhg rxw

li wkh qxoo ri qr frlqwhjudwlrq lv uhmhfwhg1

615181 Wkh srzhu ri wkh Olq dqg Whuçvyluwd sdudphwhu frqvwdqf| whvw iru

Fdvh 6= Xquhvwulfwhg frlqwhjudwlrq

Lq wklv vfhqdulr wkh frlqwhjudwlqj yhfwru lv qrw hvwlpdwhg dqg wkh orqj0uxq yduldeohv

hqwhu xquhvwulfwhg lqwr wkh olqhdu prgho1 Khqfh/ vlqfh wkh frlqwhjudwlqj yhfwru zloo

qrw eh hvwlpdwhg/ wkhuh duh wzr frh!flhqwv iru wkh orqj0uxq yduldeohv1 Wkh srzhu lv
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phdvxuhg dv wkh qxpehu ri wlphv sdudphwhu frqvwdqf| fdq eh uhmhfwhg iru hlwkhu rqh

ri wkh wzr sdudphwhuv1

Frqvlghulqj wkh OVWU+4, prgho/ wkh srzhu surshuwlhv iru Fdvh 6 duh yhu| vlplodu

wr wkrvh lq Fdvh 51 Khqfh/ wkh srzhu lqfuhdvhv zkhq wkh frlqwhjudwlqj frh!flhqw lv

vwurqjhu dqg wkh vshhg ri wudqvlwlrq lqfuhdvhv1 Wkh srzhu lv txlwh vhqvlwlyh wr odujh

ydoxhv ri wkh orfdwlrq sdudphwhu zklfk/ dv glvfxvvhg/ pdnhv wkh revhuydwlrq shulrg

zlwk dq htxloleulxp fruuhfwlrq vkruw1 Dq lqfuhdvh lq wkh vdpsoh vl}h lpsuryhv wkh

srzhu dqg yhu| vwurqj vkruw0uxq g|qdplfv kdyh d srvlwlyh h�hfw rq wkh srzhu1 Wkh

OVWU+5, prgho kdv yhu| vlplodu ihdwxuhv wr wkrvh ri Fdvh 5/ dovr lq wkh vhqvh wkdw dq

lqfuhdvh lq wkh orfdwlrq sdudphwhu/ zklfk pdnhv wkh shulrg lqfoxglqj wkh htxloleulxp

fruuhfwlrq orqjhu/ kdv d qhjdwlyh h�hfw rq wkh whvw1

615191 Krz riwhq zloo wkh frqfoxvlrq eh d wlph0ydu|lqj htxloleulxp fruuhf0

wlrqB

Wkh ryhudoo srzhu ri wkh wzr whvwv/ Mrkdqvhq frlqwhjudwlrq whvw dqg Olq dqg Whuçvyluwd

sdudphwhu frqvwdqf| whvw/ lv udwkhu orz1 Wklv pljkw eh vxusulvlqj dw �uvw vlqfh erwk

whvwv shuirup zhoo vhsdudwho|1 Exw vlqfh vrph sdudphwhu fkdqjhv d�hfw wkh srzhu

ri wkh whvwv lq rssrvlwh zd|v/ wkh mrlqw srzhu zloo qrw eh dv kljk dv iru hdfk whvw

vhsdudwho| dqg lw ydulhv d orw ghshqglqj rq wkh sdudphwhu fkrlfhv1

Zkhq wkh vhulhv duh jhqhudwhg dffruglqj wr dq OVWU+4, prgho/ wkh kljkhvw mrlqw

srzhu rffxuv zkhq wkh wudqvlwlrq vshhg lv txlwh idvw +� @ 43,/ wkh frh!flhqw ri�4|w�4

lv prghudwh +� @ 3=5>3=7,/ wkh pdjqlwxgh ri wkh frlqwhjudwlqj frh!flhqw lv vwurqj

+� ? �3=4,/ wkh orfdwlrq sdudphwhu lv vpdoo +f @ 3=58, dqg wkh vdpsoh vl}h lv odujh1

Krzhyhu/ wkh mrlqw srzhu ghwhulrudwhv zkhq dq| ri wkh sdudphwhu ydoxhv fkdqjh1 Lw

lv hvshfldoo| vhqvlwlyh wr fkdqjhv lq �> f dqg �1 Wkdw lv/ zkhq � @ 4 wkh srzhu ri

wkh sdudphwhu frqvwdqf| whvw lv vwurqjo| qhjdwlyho| d�hfwhg dqg zkhq � @ 433 wkh

shuirupdqfh ri wkh Mrkdqvhq frlqwhjudwlrq whvw ghwhulrudwhv dqg/ khqfh/ d fkdqjh lq

hlwkhu gluhfwlrq uhvxowv lq d ghfuhdvh lq wkh mrlqw srzhu1 Pruhryhu/ d kljkhu f lpsolhv d

vkruwhu shulrg/ lqfoxglqj wkh frlqwhjudwlqj uhodwlrqvkls zklfk uhvxowv lq d vkdus idoo ri

wkh srzhu ri wkh Mrkdqvhq whvw1 Dqrwkhu yduldeoh wkdw vhyhuho| d�hfwv wkh mrlqw srzhu

lv d kljk �/ zkhq frqvlghulqj Fdvh 41 Krzhyhu/ lw wxuqv rxw wkdw e| qrw hvwlpdwlqj

wkh frlqwhjudwlqj uhodwlrqvkls/ Fdvh 6/ dqg rqo| lqfoxglqj wkh frlqwhjudwhg yduldeohv

+lq ohyhov, lq wkh htxdwlrq/ wkh mrlqw srzhu zloo doprvw eh dv kljk dv iru Fdvh 5/ zkhuh
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wkh frlqwhjudwlqj yhfwru lv dvvxphg wr eh nqrzq1

Zkhq jhqhudwlqj wkh vhulhv dffruglqj wr dq OVWU+5, prgho wkh mrlqw srzhu lv dovr

jhqhudoo| orz1 Lq wklv fdvh wkh srzhu lv prvw vwurqjo| d�hfwhg e| wkh ydoxh ri wkh

orfdwlrq sdudphwhu f1 D kljk f lpsolhv d orqjhu shulrg/ lqfoxglqj wkh frlqwhjudwlqj

uhodwlrqvkls/ dqg wkh Mrkdqvhq frlqwhjudwlrq whvw lv hvshfldoo| vhqvlwlyh wr wklv/ zklfk

pdnhv wkh mrlqw srzhu vpdoohu1

71 Frqfoxvlrqv

Lq wklv sdshu wkh suredelolw| ri ghwhfwlqj d wlph0ydu|lqj htxloleulxp fruuhfwlrq e|

xvlqj wkh Mrkdqvhq frlqwhjudwlrq whvw dqg Olq dqg Whuçvyluwd sdudphwhu frqvwdqf|

whvw lv h{soruhg1 Lw wxuqv rxw wkdw wkh mrlqw srzhu ri wkh wzr whvwv lv txlwh orz dqg

wkh srzhu ydulhv d orw/ ghshqglqj rq wkh fkrlfh ri sdudphwhu ydoxhv1

Wkh prvw lqwhuhvwlqj uhvxow lv shukdsv wkh idfw wkdw wkh srzhu ri wkh sdudphwhu

frqvwdqf| whvwv vwurqjo| lpsuryhv zkhq wkh frlqwhjudwhg yduldeohv hqwhu zlwkrxw uh0

vwulfwlrqv1 Wklv lpsuryhv wkh srzhu/ zklfk ehfrphv doprvw dv kljk dv lw lv zkhq

wkh frlqwhjudwlqj yhfwru lv dvvxphg wr eh nqrzq1 Wklv uhvxow pd| kdyh lpsruwdqw

lpsolfdwlrqv iru hpslulfdo zrun1

Ilqdoo|/ edvhg rq wkh uhvxowv deryh/ lw vhhpv idlu wr frqfoxgh wkdw wkh suredelolw|

iru d srwhqwldo uhvhdufkhu wr ghwhfw d wlph0ydu|lqj htxloleulxp fruuhfwlrq zkhq xvlqj

wkh jhqhudo prghoolqj vwudwhj| ri whvwlqj iru frlqwhjudwlrq/ hvwlpdwlqj d frlqwhjudwlqj

yhfwru dqg ghwhfwlqj wlph yduldwlrq ri wkh htxloleulxp fruuhfwlrq whup/ lv orz1 Wklv

fdoov iru d qhz whvw zklfk vlpxowdqhrxvo| whvwv wkh mrlqw k|srwkhvlv ri qr frlqwhjudwlrq

dqg sdudphwhu frqvwdqf|/ exw wkdw lv eh|rqg wkh vfrsh ri wklv sdshu1
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Uhihuhqfhv

Edonh Q1V1 dqg W1E1 Irpe| +4<<:,1 Wkuhvkrog frlqwhjudwlrq1 Lqwhuqdwlrqdo hfrqrplf

uhylhz/ 6;/ 95:09781

ydq Glmn/ G1 dqg S1K1 Iudqvhv +4<<<,1 Qrqolqhdu htxloleulxp fruuhfwlrq prghov iru

lqwhuhvw udwhv lq wkh Qhwkhuodqgv1 Lq= Z1D1 Eduqhww/ G1I1 Khqgu|/ V1 K|ooh0

ehuj/ W1 Whuçvyluwd/ G1 Wmûvwkhlp dqg D1 Zÿuvw/ hgv1 Qrqolqhdu hfrqrphwulf

prghoolqj1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1 +iruwkfrplqj,

Hqjoh/ U1I1 dqg F1Z1M1 Judqjhu +4<;:,1 Frlqwhjudwlrq dqg huuru0fruuhfwlrq= Uhs0

uhvhqwdwlrq/ Hvwlpdwlrq dqg Whvwlqj1 Hfrqrphwulfd/ 88/ 5840:91

Hulfvvrq/ Q1U1/ G1I1 Khqgu| dqg N1P1 Suhvwzlfk +4<<;,1 Wkh ghpdqg iru eurdg

prqh| lq wkh Xqlwhg Nlqjgrp/ 4;:;04<<61 Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/

433/ 5;<06571

Judqjhu/ F1Z1M1 dqg W1 Whuçvyluwd +4<<6,1 Prghoolqj qrqolqhdu hfrqrplf uhodwlrq0

vklsv1 R{irug Xqlyhuvlw| Suhvv/ R{irug1

Mrkdqvhq/ V1 +4<<8,1 Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dxwruhjuhvvlyh

prghov1 R{irug Xqlyhuvlw| Suhvv/ R{irug1

Olq/ F1M1 dqg W1 Whuçvyluwd +4<<7,1 Whvwlqj wkh frqvwdqf| ri uhjuhvvlrq sdudphwhuv

djdlqvw frqwlqxrxv vwuxfwxudo fkdqjh1 Mrxuqdo ri Hfrqrphwulfv/ 95/ 544055;1

Plfkdho/ S1/ G1 Qred| dqg P1 Wd|oru +4<<:,1 Dmxvwhphqw qrq olqìdluh yhuv oh

wdx{ gh fkdqjh g*ìtxloleuh ã orqj whuph1 Oh prgëoh prqìwdluh uhylvlwì1 Uh0

yxh ìfrqrpltxh 7;/ 986098<1

Whuçvyluwd/ W1 +4<<;,1 Prgholqj hfrqrplf uhodwlrqvklsv zlwk vprrwk wudqvlwlrq uh0

juhvvlrqv1 Lq= D1 Xoodk dqg G1H1D1 Jlohv/ hgv1 Kdqgerrn ri dssolhg hfrqrplf

vwdwlvwlfv/ 83:08851 Qhz \run= Pdufho Ghnnhu1

Whuçvyluwd/ W1 dqg D1 Holdvvrq +4<<;,1 Qrqolqhdu htxloleulxp fruuhfwlrq dqg wkh XN

ghpdqg iru eurdg prqh|/ 4;:;04<<61 Vwrfnkrop Vfkrro ri Hfrqrplfv Zrunlqj

Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh/ 5981
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Iljxuh 514= Wudqvlwlrq ixqfwlrq ri dq OVWU+4, Iljxuh 515= Wudqvlwlrq ixqfwlrq ri dq OVWU+4,

prgho zkhuh f @ 3=8 dqg � @ 4= prgho zkhuh f @ 3=8 dqg � @ 43=

Iljxuh 516= Wudqvlwlrq ixqfwlrq ri dq OVWU+4, Iljxuh 517= Wudqvlwlrq ixqfwlrq ri dq OVWU+5,

prgho zkhuh f @ 3=8 dqg � @ 433= prgho zkhuh f4 @ 3=58> f5 @ 3=:8 dqg

� @ 433=

4:
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Table 3.1 Size of the Johansen cointegration test. Rejection frequencies of the null hypothesis are
presented in the table. N=10000.

T=100 θθ=0.2 θθ=0.4 θθ=0.9

J-size 3.68 3.46 5.70

T=200 θθ=0.2 θθ=0.4 θθ=0.9

J-size 3.54 3.33 4.67



19

Table 3.2.a: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table.
Model: LSTR(1), θ=0.2, γ =1. Numbers of repetitions N = 10000. Note that δ1 and δ2

are the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0. 8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 54.62 48.28 40.16 100.0 99.94 99.76 100.0 100.0 100.0

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
 6.52
88.50

  6.48
89.23

 6.53
89.74

11.98
74.22

13.70
75.77

14.38
78.08

16.89
51.76

19.81
57.39

22.42
62.36

Case 2:
LM1

H0: δ = 0
 6.74
99.56

  7.33
99.38

  6.80
99.08

14.50
100.0

16.11
100.0

17.00
100.0

30.34
100.0

32.12
100.0

33.66
100.0

Case 3:
LM1

H0: δ1 = δ2 = 0
  9.67
71.84

10.34
67.77

10.28
64.42

12.55
99.98

13.71
99.95

14.02
99.79

23.03
100.0

24.80
100.0

26.33
100.0

LM-size  4.59  4.79  4.56 4.73 5.04 4.84 4.81 4.58 4.71

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0..8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 96.96 93.41 88.30 100.0 100.0 100.0 100.0 100.0 100.0

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
  8.19
86.17

 8.71
87.22

 9.17
88.57

21.24
74.22

22.94
76.51

24.49
77.83

28.98
50.05

34.68
56.46

38.33
62.12

Case 2:
LM1

H0: δ = 0
 8.67
99.99

 9.06
99.98

10.08
99.90

26.91
100.0

29.08
100.0

30.07
100.0

54.23
100.0

59.08
100.0

60.29
100.0

Case 3:
LM1

H0: δ1 = δ2 = 0
9.86
95.12

10.28
92.41

10.55
89.24

21.66
100.0

22.40
100.0

23.64
100.0

44.61
100.0

48.12
100.0

50.08
100.0

LM-size:  4.78  4.90  4.77  4.75  4.88  4.95  4.85  4.89  5.02
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 Table 3.2.b: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table.
Model: LSTR(1), θ=0.2, γ=10. Numbers of repetitions N = 10000. Note that δ1 and δ2

are the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 56.68 22.46 14.61 95.89 31.62 13.30 99.22 31.64 11.28

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
34.33
91.95

24.00
89.76

10.81
88.36

79.32
81.08

75.96
81.63

50.98
85.41

62.62
61.37

69.12
69.43

64.63
77.30

Case 2:
LM1

H0: δ = 0
48.71
99.70

61.98
97.33

70.77
87.13

96.73
100.0

99.34
99.78

93.53
94.89

99.90
100.0

100.0
99.87

99.82
96.28

Case 3:
LM1

H0: δ1 = δ2 = 0
38.64
75.72

49.29
52.05

60.37
49.08

91.76
99.76

97.15
87.98

90.38
59.62

99.79
100.0

100.0
92.95

99.02
77.04

LM-size:  4.87  4.48  5.08  5.04  4.77  5.23  4.60  4.87  5.19

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 91.41 40.59 21.06 99.99 51.05 21.94 100.0 52.94 17.69

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
70.44
95.26

58.17
93.27

21.70
90.50

84.09
83.31

83.80
86.33

64.04
87.33

59.98
58.65

76.79
76.20

71.40
83.15

Case 2:
LM1

H0: δ = 0
80.10
100.0

89.53
99.24

79.77
91.98

99.89
100.0

100.0
99.94

99.32
98.27

100.0
100.0

100.0
99.98

100.0
99.04

Case 3:
LM1

H0: δ1 = δ2 = 0
75.52
94.44

84.60
74.92

68.47
60.97

99.77
100.0

100.0
95.75

98.72
77.44

100.0
100.0

100.0
97.15

100.0
89.49

LM-size:  4.90  4.77  4.88  5.03  5.01 4.81  5.15 4 .57 4.72
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Table 3.2.c: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table.
Model: LSTR(1), θ =0.2, γ =100. Numbers of repetitions N = 10000. Note that δ1 and δ2

are the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 32.44 11.55  6.33 29.91  8.82  3.26 23.41  6.40  3.06

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
28.61
88.22

26.75
83.20

18.00
73.93

63.66
65.86

64.06
68.03

38.04
54.60

39.85
40.62

46.09
44.53

42.16
44.44

Case 2:
LM1

H0: δ = 0
44.88
99.32

59.05
92.29

54.82
71.41

97.06
99.67

99.77
95.80

73.31
70.55

99.96
99.32

100.0
95.16

87.58
67.65

Case 3:
LM1

H0: δ1 = δ2 = 0
41.25
69.27

47.79
45.54

33.18
30.96

96.05
95.29

99.09
75.85

61.04
34.05

99.87
93.21

99.84
79.38

79.08
47.39

LM-size:  5.03  4.57  4.84  4.85  5.10  4.81  4.76  5.03  4.93

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 45.41 16.39  7.58 32.15  9.26  3.87 24.63  6.59  2.54

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
64.52
91.96

51.68
87.49

22.82
81.00

71.32
71.51

69.33
74.08

51.42
63.82

41.74
41.58

51.44
50.22

51.18
53.15

Case 2:
LM1

H0: δ = 0
83.97
99.85

88.90
95.42

65.17
78.63

100.0
99.88

100.0
96.76

89.95
74.94

100.0
99.27

100.0
95.76

92.52
69.69

Case 3:
LM1

H0: δ1 = δ2 = 0
80.33
85.40

80.54
63.09

42.35
40.63

99.97
96.98

100.0
84.88

74.16
46.77

100.0
94.48

100.0
82.25

86.61
46.46

LM-size:  4.85  4.67  4.68  4.78  4.66  5.16  4.71  5.27 5.21
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Table 3.3.a: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table.
Model: LSTR(1), θ=0.4, γ =1. Numbers of repetitions N = 10000. Note that δ1 and δ2

are the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 52.43 43.60 36.04 100.0 99.99 99.88 100.0 100.0 100.0

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
6.29
75.22

6.08
75.34

6.60
76.44

7.88
47.08

9.56
50.90

9.92
54.77

6.82
16.35

8.84
22.56

10.31
28.47

Case 2:
LM1

H0: δ = 0
6.28
99.31

6.01
99.54

5.85
98.97

14.59
100.0

15.89
100.0

16.84
100.0

31.00
100.0

33.64
100.0

34.48
100.0

Case 3:
LM1

H0: δ1 = δ2 = 0
8.98
67.92

8.62
61.81

9.46
56.83

12.52
100.0

13.74
99.94

14.20
99.83

24.13
100.0

26.61
100.0

26.56
100.0

LM-size:  4.59  4.87  4.70  4.80  4.97  5.06  4.48  5.03  4.84

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 97.55 93.74 87.84 100.0 100.0 100.0 100.0 100.0 100.0

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
7.36
73.45

8.05
74.3
9

8.06
76.71

12.62
45.06

15.69
50.00

17.38
53.57

8.51
13.73

13.69
21.08

17.35
26.15

Case 2:
LM1

H0: δ = 0
8.39
100.0

9.58
99.99

9.06
99.94

26.13
100.0

29.24
100.0

31.27
100.0

56.51
100.0

60.75
100.0

63.14
100.0

Case 3:
LM1

H0: δ1 = δ2 = 0
9.48
95.40

10.36
92.76

9.56
88.50

20.73
100.0

22.62
100.0

24.34
100.0

46.17
100.0

51.21
100.0

52.52
100.0

LM-size:  4.61  4.76  4.37  4.56  4.74  5.16  4.83  5.10  5.26
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Table 3.3.b: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table.
Model: LSTR(1), θ=0.4, γ =10. Numbers of repetitions N = 10000. Note that δ1 and δ2

are the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 50.80 16.62  8.13 97.20 30.71 10.85 99.93 37.53 11.02

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
30.06
75.93

22.32
76.47

8.86
73.92

48.60
48.57

50.21
52.33

39.91
60.18

26.28
26.13

34.85
34.51

44.19
48.00

Case 2:
LM1

H0: δ = 0
45.33
99.74

53.67
96.15

49.08
78.60

96.69
100.0

99.67
99.80

90.14
92.17

99.92
100.0

100.0
99.87

99.46
95.64

Case 3:
LM1

H0: δ1 = δ2 = 0
42.15
70.63

45.67
43.32

34.81
28.91

94.87
99.80

99.19
88.70

84.06
57.97

99.87
100.0

100.0
92.97

99.46
81.03

LM-size:  4.60  5.10  4.51  4.74  4.65  4.81  4.93  5.17  5.16

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 88.21 31.09 13.00 99.98 47.95 16.96 100.0 58.93 16.08

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
61.46
79.75

50.08
78.39

21.62
81.77

49.64
48.74

57.88
56.87

56.72
67.39

17.11
16.77

41.80
41.08

47.57
49.56

Case 2:
LM1

H0: δ = 0
80.18
100.0

85.46
99.16

70.62
90.46

99.90
100.0

100.0
99.98

99.46
97.46

100.0
100.0

100.0
100.0

100.0
98.32

Case 3:
LM1

H0: δ1 = δ2 = 0
75.31
93.55

79.22
67.39

57.92
43.69

99.78
100.0

100.0
95.43

98.76
77.95

100.0
100.0

100.0
96.95

100.0
86.32

LM-size:  4.77  4.95  5.10  5.48 5.01 4.97 4.95 5.02  4.62
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 Table 3.3.c: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table.
Model: LSTR(1), θ=0.4, γ =100. Numbers of repetitions N = 10000. Note that δ1 and δ2

are the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 26.73  8.98  4.41 32.73 10.82  4.57 32.24  9.80  4.50

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
25.63
70.37

20.60
67.15

11.79
56.92

31.01
31.38

36.23
35.03

26.91
35.23

14.14
15.79

27.76
21.33

28.00
24.22

Case 2:
LM1

H0: δ = 0
42.76
99.51

52.56
90.31

31.52
60.32

97.68
99.60

99.72
94.55

76.59
66.74

100.0
99.32

100.0
91.02

90.89
62.00

Case 3:
LM1

H0: δ1 = δ2 = 0
37.75
66.55

41.09
39.64

23.81
24.04

97.22
94.29

98.89
76.34

58.64
29.76

100.0
92.56

99.90
76.12

75.56
42.22

LM-size:  4.87  4.96  4.55  4.89  4.71  4.81  4.64  5.13  4.79

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 38.37 12.46  4.64 33.34 10.48  3.81 30.86  9.07  3.08

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
54.96
72.58

44.94
70.55

18.97
62.07

32.63
31.97

41.41
41.22

30.71
41.21

13.90
16.14

26.24
23.59

32.79
30.52

Case 2:
LM1

H0: δ = 0
83.89
99.79

87.40
94.54

48.06
72.41

100.0
99.67

100.0
96.56

77.43
70.08

100.0
99.58

100.0
93.16

87.34
58.44

Case 3:
LM1

H0: δ1 = δ2 = 0
80.43
84.15

78.41
59.95

32.33
26.50

100.0
95.71

99.81
83.78

69.03
39.37

100.0
94.49

99.89
80.50

84.09
42.53

LM-size:  4.90  4.37  4.77  4.72  4.58  5.28  4.94  4.63  5.23
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Table 3.4.a: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table.
Model: LSTR(1), θ=0.9, γ =1. Numbers of repetitions N = 10000. Note that δ1 and δ2

are the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 98.58 96.93 94.25 100.0 100.0 100.0 100.0 100.0 100.0

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
 3.04
2.51

3.19
2.40

2.98
2.53

1.43
0.28

1.51
0.38

1.89
0.51

1.02
0.03

0.97
0.07

0.94
0.06

Case 2:
LM1

H0: δ = 0
9.80
99.98

10.60
99.98

10.90
100.0

39.64
100.0

42.05
100.0

43.27
100.0

79.06
100.0

81.49
100.0

82.18
100.0

Case 3:
LM1

H0: δ1 = δ2 = 0
9.65
97.18

10.74
95.90

11.05
92.89

31.49
100.0

33.69
100.0

34.58
100.0

71.42
100.0

74.15
100.0

74.35
100.0

LM-size:  4.33  4.78  4.60  5.04  5.01  4.82  4.85  4.52   4.87

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 100.0 100.0 99.97 100.0 100.0 100.0 100.0 100.0 100.0

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
1.08
0.80

1.00
0.92

1.10
1.22

0.39
0.03

0.50
0.03

0.48
0.03

0.35
0.00

0.32
0.00

0.36
0.00

Case 2:
LM1

H0: δ = 0
16.02
100.0

18.74
100.0

18.42
100.0

68.17
100.0

71.87
100.0

72.50
100.0

97.55
100.0

98.42
100.0

98.26
100.0

Case 3:
LM1

H0: δ1 = δ2 = 0
13.32
100.0

15.86
100.0

14.71
99.97

58.59
100.0

62.93
100.0

64.03
100.0

95.58
100.0

96.85
100.0

96.73
100.0

LM-size:  4.88  4.51  4.68  4.95  5.09  5.23  5.00  5.40 5.09
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Table 3.4.b: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table.
Model: LSTR(1), θ=0.9, γ =10. Numbers of repetitions N = 10000. Note that δ1 and δ2

are the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 97.79 45.96 20.26 100.0 74.29 28.26 100.0 87.21 25.75

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
3.82
1.17

3.76
2.59

5.82
4.64

1.07
0.16

2.53
1.10

4.21
3.22

0.58
0.03

2.00
0.80

3.81
2.60

Case 2:
LM1

H0: δ = 0
87.79
100.0

95.56
99.56

85.93
92.20

99.73
100.0

100.0
99.97

99.65
96.89

99.99
100.0

100.0
100.0

100.0
97.71

Case 3:
LM1

H0: δ1 = δ2 = 0
85.09
95.46

92.93
65.67

80.45
47.14

99.57
100.0

100.0
77.90

99.50
62.81

99.99
100.0

100.0
84.53

100.0
65.86

LM-size:  5.11  4.61  4.70  5.07  4.72  4.61  4.88  4.93  4.76

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 99.96 53.91 18.90 100.0 92.46 30.29 100.0 99.23 31.25

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
1.41
0.49

2.15
1.67

2.96
3.49

0.35
0.02

1.46
0.61

2.64
1.85

0.11
0.00

1.16
0.35

3.55
2.24

Case 2:
LM1

H0: δ = 0
97.91
100.0

99.91
99.87

94.23
94.60

100.0
100.0

100.0
100.0

100.0
98.28

100.0
100.0

100.0
100.0

100.0
99.10

Case 3:
LM1

H0: δ1 = δ2 = 0
96.75
99.89

99.80
76.63

91.43
56.72

100.0
100.0

100.0
92.70

99.97
70.55

100.0
100.0

100.0
99.00

100.0
74.66

LM-size:  4.86  4.93  4.68  5.04  4.81  4.69  4.64  4.97  4.93
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Table 3.4.c: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table.
Model: LSTR(1), θ=0.9, γ =100. Numbers of repetitions N = 10000. Note that δ1 and δ2

are the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 93.58 69.58 54.53 94.59 59.80 49.33 84.90 43.15 30.98

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
1.70
0.56

1.16
0.82

2.59
1.82

0.34
0.25

0.72
0.48

1.48
0.75

0.31
0.26

1.02
0.76

2.84
1.71

Case 2:
LM1

H0: δ = 0
95.91
100.0

99.17
99.57

97.21
97.41

99.95
99.99

100.0
99.38

99.74
94.65

100.0
100.0

100.0
98.22

99.71
86.67

Case 3:
LM1

H0: δ1 = δ2 = 0
95.03
91.12

98.58
79.72

95.47
72.82

99.94
88.56

99.98
73.51

99.70
70.18

100.0
77.13

100.0
65.17

99.55
54.84

LM-size:  4.50  4.58  4.84  5.21  4.99  4.72  5.31  5.04  5.08

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c=0.25 c=0.50  c=0.75 c=0.25 c=0.50 c=0.75 c=0.25 c=0.50 c=0.75

Johansen test
H0: No
cointegration 89.49 59.39 48.20 78.43 40.01 27.79 57.49 25.31 12.90

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
0.77
0.27

0.96
0.61

1.45
1.22

0.32
0.26

1.32
0.67

2.37
1.84

0.37
0.57

2.92
2.02

4.96
3.33

Case 2:
LM1

H0: δ = 0
99.83
99.99

99.93
99.29

97.26
95.35

100.0
100.0

100.0
97.88

98.92
87.51

100.0
99.98

100.0
94.19

99.30
75.47

Case 3:
LM1

H0: δ1 = δ2 = 0
99.68
88.97

99.76
77.18

95.75
73.42

100.0
79.05

99.93
66.73

98.38
55.31

100.0
77.42

99.92
61.36

97.21
40.85

LM-size:  5.23  4.41  4.65  4.67  4.96  4.64  5.03  4.51  5.18
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Table 3.5: Size and power of the Johansen cointegration test and the parameter constancy tests.
Rejection frequencies of the null hypotheses are presented in the table. Model: LSTR(2),
θ=0.2, γ=100, c2 =1- c1. Numbers of repetitions N = 10000. Note that δ1 and δ2 are
the coefficients for yt-1 and z t-1 when no cointegrating relationship is estimated.

T = 100 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c1=0.25 c1=1/3 c1=0.25 c1=1/3 c1=0.25 c1=1/3

Johansen test
H0: No
cointegration 19.93 43.27 22.73 74.19 18.40 78.10

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
18.41
80.63

14.93
82.20

60.36
66.74

60.97
67.52

54.57
54.57

48.35
47.63

Case 2:
LM1

H0: δ = 0
48.86
96.09

28.15
99.19

99.16
99.43

94.33
100.0

100.0
99.84

99.92
100.0

Case 3:
LM1

H0: δ1 = δ2 = 0
37.43
51.73

24.66
74.79

97.22
89.75

90.25
99.77

100.0
97.34

99.77
100.0

LM-size:  4.37  4.86  4.37  4.88  5.03  4.77

T = 200 δδ = –0.1 δδ = –0.4 δδ = –0.8

Test c1=0.25 c1=1/3 c1=0.25 c1=1/3 c1=0.25 c1=1/3

Johansen test
H0: No
cointegration 34.91 76.79 31.66 96.11 24.79 98.41

Parameter
constancy test
Case 1:
LM1

H0: δ = 0
45.92
82.15

40.19
83.28

72.33
73.12

71.11
69.59

59.06
57.68

50.56
49.47

Case 2:
LM1

H0: δ = 0
81.18
98.85

65.24
99.95

100.0
99.84

99.94
100.0

100.0
100.0

100.0
100.0

Case 3:
LM1

H0: δ1 = δ2 = 0
71.50
74.25

56.75
92.84

100.0
94.32

99.77
100.0

100.0
98.95

100.0
100.0

LM-size:   4.76  4.97  4.72  4.71  4.76  4.96


