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Olnholkrrg0Edvhg Lqihuhqfh lq Pxowlyduldwh
Sdqho Frlqwhjudwlrq Prghov


Uroi Oduvvrq�


Ghsduwphqw ri Vwdwlvwlfv
Vwrfnkrop Xqlyhuvlw|


Mrkdq O|kdjhq|


Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv
Vwrfnkrop Vfkrro ri Hfrqrplfv
Vwrfnkrop Vfkrro ri Hfrqrplfv


Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh/ Qr1 664


Vhswhpehu 54/ 4<<<


�H0pdlo= uroi1oduvvrqCvwdw1vx1vh
|Fruuhvsrqglqj dxwkru/ h0pdlo= vwmoCkkv1vh1







Devwudfw= Wklv sdshu suhvhqwv d jhqhudo olnholkrrg0edvhg iudphzrun iru lq0
ihuhqfh lq sdqho0YDU prghov zlwk frlqwhjudwlqj uhvwulfwlrqv1 Wkh frlqwhjudwlqj
uhodwlrqv duh uhvwulfwhg wr hdfk furvv0vhfwlrq zkloh wkh uhvw ri wkh prgho lv xq0
uhvwulfwhg1 Wkh krprjhqrxv uhvwulfwlrq ri frpprq frlqwhjudwlqj vsdfh lv dovr
frqvlghuhg1 Dv|pswrwlf glvwulexwlrqv ri sdudphwhu hvwlpdwhv dqg wkh whvw vwdwlv0
wlfv iru wkh frlqwhjudwlqj udqn dqg wkh krprjhqrxv uhvwulfwlrq duh ghulyhg1 Wkh
glvwulexwlrq iru wkh frlqwhjudwlqj udqn lv vkrzq wr eh wkh frqyroxwlrq ri wkh vwdq0
gdug glvwulexwlrq ri wkh wudfh vwdwlvwlf dqg wkh �2 glvwulexwlrq1 Wkh krprjhqrxv
uhvwulfwlrq whvw vwdwlvwlf lv �21 D Prqwh Fduor vlpxodwlrq lqyhvwljdwhv wkh vpdoo
vdpsoh surshuwlhv ri wkh wzr whvwv1 Wkh hpslulfdo vl}h ri wkh whvw iru wkh frlq0
whjudwlqj udqn lv zhoo deryh wkh qrplqdo1 D Eduwohww fruuhfwhg whvw vwdwlvwlf lv
vkrzq wr kdyh vl}h yhu| forvh wr wkh qrplqdo1 Zh jlyh dq hpslulfdo h{dpsoh iru d
frqvxpswlrq prgho lqfoxglqj frqvxpswlrq/ lqfrph dqg lq dwlrq1
Nh| Zrugv= Frlqwhjudwlrq> Frqvxpswlrq> Sdqho gdwd> Udqn whvw1
MHO0Fodvvl�fdwlrq= F45> F46> F48> F55> F56> G451
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41 Lqwurgxfwlrq


Frpsduhg wr prvw suhylrxv zrun rq sdqhov dqg xqlw urrwv2frlqwhjudwlrq +vhh h1j1
Ohylq dqg Olq/ 4<<5/ 4<<6/ dqg Lp/ Shvdudq dqg Vklq/ 4<<:,/ wklv sdshu irfxvhv
rq pxowlyduldwh frlqwhjudwlrq dqg h{whqgv wkh suhylrxv zrun e| Oduvvrq/ O|kdjhq
dqg Oùwkjuhq +4<<;, dqg Jurhq dqg Nohlehujhq +4<<<,1 Frqvlghu d sdqho gdwd
vhw wkdw frqvlvwv ri d vdpsoh ri furvv0vhfwlrqv zkhuh wkh furvv0vhfwlrqv duh h1j1
lqgxvwulhv/ uhjlrqv ru frxqwulhv1 Hfrqrplf wkhru| pd| srvwxodwh wkdw orqj uxq
htxloleulxpv vkrxog krog iru hdfk furvv0vhfwlrq/ exw lw lv ihdvleoh wr doorz wkh furvv0
vhfwlrqv wr ghshqg rq doo wkh htxloleulxpv ri wkh furvv0vhfwlrqv1 D sdqho prgho
zlwk vxfk frlqwhjudwlqj uhvwulfwlrqv duh sursrvhg1 Wkh dv|pswrwlf glvwulexwlrq ri
wkh olnholkrrg udwlr whvw iru wkh qxpehu ri frlqwhjudwlqj uhodwlrqv lv ghulyhg1 Wklv
glvwulexwlrq pd| eh ghvfulehg dv wkh frqyroxwlrq ri wzr lqghshqghqw yduldwhv=
wkh �uvw rqh iroorzlqj wkh zhoo0nqrzq dv|pswrwlf glvwulexwlrq ri wkh wudfh whvw +d
Glfnh|0Ixoohu w|sh glvwulexwlrq, dqg wkh vhfrqg rqh ehlqj �21 Ixuwkhu/ d olnholkrrg
udwlr whvw ri frpprq frlqwhjudwlqj vsdfh lv sursrvhg dqg lw lv vkrzq wkdw wkh
dv|pswrwlf glvwulexwlrq lv �21


D Prqwh Fduor vlpxodwlrq lv shuiruphg wr dqdo|}h wkh vpdoo vdpsoh surshuwlhv
ri wkh wzr whvwv1 Wkh whvw iru frpprq frlqwhjudwlqj vsdfh kdv vx!flhqwo| jrrg
vl}h dqg srzhu surshuwlhv zkloh wkh whvw iru frlqwhjudwlqj udqn grhv qrw1 Wklv
uhvxow pdnhv xv sursrvh wkh xvh ri d Eduwohww fruuhfwhg whvw vwdwlvwlf zklfk lv
irxqg wr kdyh ghvluhg surshuwlhv/ l1h1 d vl}h yhu| forvh wr wkh qrplqdo rqh1


Dq hpslulfdo h{dpsoh frqfhuqlqj wzr jurxsv lv fduulhg rxw1 Wkh jurxsv frq0
vlvwv ri frxqwulhv wkdw duh/ lq vrph vhqvh/ vlplodu1 Wkh �uvw frqvlvwv ri vrph odujhu
hfrqrplhv +Mdsdq/ XN dqg XV, dqg wkh vhfrqg ri wkh pdmru Qruglf frxqwulhv
+Ghqpdun/ Ilqodqg/ Qruzd| dqg Vzhghq,1 Wkh yduldeohv duh lqfrph/ frqvxps0
wlrq dqg lq dwlrq1 Wkh uhvxow lv wkdw wkh �uvw jurxs kdv wzr frlqwhjudwlqj yhfwruv
zkloh wkh vhfrqg kdv rqo| rqh1 Wkh whvw ri frpprq frlqwhjudwlqj vsdfh lv uhmhfwhg
iru erwk jurxsv1


Wkh sdshu lv dv iroorzv1 Lq wkh qh{w vhfwlrq/ wkh jhqhudo prgho dqg wkh wzr
vshfldo fdvhv duh suhvhqwhg zkloh hvwlpdwlrq lv glvfxvvhg lq Vhfwlrq 61 Vhfwlrq 7
frqvlghuv dv|pswrwlf uhvxowv iru wkh glvwulexwlrq ri sdudphwhuv dqg wkh olnholkrrg
udwlr whvwv1 Wr hydoxdwh wkh vpdoo vdpsoh surshuwlhv d Prqwh Fduor vlpxodwlrq lv
fduulhg rxw lq Vhfwlrq 8/ dqg wkh hpslulfdo h{dpsoh lv suhvhqwhg lq Vhfwlrq 91 D
frqfoxvlrq hqgv wkh sdshu1
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51 Wkh Jhqhudo Prgho


Frqvlghu d sdqho gdwd vhw wkdw frqvlvwv ri d vdpsoh ri � furvv0vhfwlrqv +h1j1
lqgxvwulhv/ uhjlrqv ru frxqwulhv, revhuyhg ryhu A wlph shulrgv1 Wr eh deoh wr
h!flhqwo| glvfxvv pxowlyduldwh sdqho frlqwhjudwlrq zh qhhg wr gh�qh vrph qrwd0
wlrq1 Ohw � ' �c ���c � lqgh{ wkh jurxsv/ | ' �c ���c A wkh vdpsoh wlph shulrg dqg
� ' �c ���c R wkh yduldeohv lq hdfk jurxs1 Wkhq +


��|


ghqrwhv wkh lwk jurxs/ wkh mwk
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Dv vhhq deryh/ � dqg K
&


/ & ' �c ���c6��/ fdq eh sduwlwlrqhg lqwr vxepdwulfhv/
�
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dqg K
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/ �c � ' �c ���c �c uhvshfwlyho|/ hdfk ri glphqvlrq R� R1
Wr frqwlqxh/ zh lpsrvh vrph vwuxfwxuh rq wklv prgho1 Iluvw/ zh frqvlghu d
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Wklv jhqhudo prgho doorzv d vlpxowdqhrxv prghoolqj ri wkh orqj0uxq uhodwlrqv
ehwzhhq vhyhudo yduldeohv iru d sdqho ri jurxsv doorzlqj iru khwhurjhqhrxv orqj0uxq
frlqwhjudwlrq uhodwlrqv zlwklq hdfk jurxs1 Gxh wr wkh uhvwulfwlrq q
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Oduvvrq/ O|kdjhq dqg Oùwkjuhq +4<<;, frqvlghu d vlplodu khwhurjhqhrxv sdqho
gdwd prgho xqghu frlqwhjudwlqj uhvwulfwlrqv/ zlwk wkh dgghg uhvwulfwlrq wkdw qr
ghshqghqflhv duh doorzhg ehwzhhq wkh sdqho jurxsv1 L1h1/ wkh r�0gldjrqdo eorfn
hohphqwv ri wkh pdwulfhv �c K dqg l duh }hur1 Zlwk wklv dgglwlrqdo uhvwulfwlrq wkh
prgho lv frpsohwho| khwhurjhqhrxv dqg wkh sdqho jurxsv duh prghoohg lqglylgxdoo|
dv
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Jurhq dqg Nohlehujhq +4<<<, uhod{ wkh dvvxpswlrq ri eorfn gldjrqdolw| ri l
lq wklv prgho1


5141 Krprjhqhlw| uhvwulfwlrqv2whvwv


Edvhg rq wkh jhqhudo sdqho prgho zh duh lqwhuhvwhg lq whvwv ri krprjhqhlw| uh0
vwulfwlrqv rq wkh prgho1 Wkh �uvw edvlf k|srwkhvlv zh frqvlghu vwdwhv wkdw doo ri
wkh sdqho jurxs0vshfl�f pdwulfhv �


�


� ' �c ���c �c kdyh d pd{lpxp udqn o=


Mf G o@?& E��
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lv whvwhg djdlqvw wkh dowhuqdwlyh


M� G o@?& E��


� ' R iru doo � ' �c ���c �� +51<,


Wklv qxoo k|srwkhvlv vwdwhv wkdw wkh pd{lpxp frlqwhjudwlqj udqn lq wkh sdqho
lv jlyhq e| o1 Oduvvrq/ O|kdjhq dqg Oùwkjuhq +4<<;, ghyhors d olnholkrrg0edvhg
whvwv iru wklv k|srwkhvlv edvhg rq wkh frpsohwho| khwhurjhqhrxv prgho1 Lq wklv
sdshu zh frqvlghu dq h{whqvlrq ri wklv whvw vwdwlvwlf wr wkh pruh jhqhudo prgho
frqvlghuhg khuh1


Jlyhq wkh dvvxpswlrq ri htxdo udqn/ wkh krprjhqhlw| k|srwkhvlv wkdw wkh
frlqwhjudwlqj yhfwruv lq wkh sdqho vsdq wkh vdph vsdfh iru hdfk ri wkh lqglylgxdo
jurxsv lq wkh sdqho lv qdwxudo1 Wkdw lv/ wkh vhfrqg krprjhqhlw| k|srwkhvlv zh
frqvlghu lv jlyhq e|=
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Qrwh wkdw wkh krprjhqhrxv orqj0uxq frh!flhqw q lv qrw xqltxho| ghwhuplqhg1 Lq0
vwhdg/ wkh krprjhqhlw| k|srwkhvlv lv wkh k|srwkhvlv wkdw wkh orqj0uxq frh!flhqwv
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61 Vwdwlvwlfdo Dqdo|vlv ri wkh Prghov


Lq wklv vhfwlrq zh glvfxvv wkh hvwlpdwlrq ri wkh prgho
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Revhuyh wkdw/ iru vpdoo hqrxjk A / lw pd| qrw eh srvvleoh wr hvwlpdwh wkh


sdudphwhuv ri wkh prgho1 Iru h{dpsoh/ li wkh odj ohqjwk 6 lv rqh/ wkh qxpehu ri
sdudphwhuv lv dw prvw � 2R2� Dv zh kdyh �R htxdwlrqv hdfk htxdwlrq pxvw kdyh
�R revhuydwlrqv wr jlyh dq h{dfwo| lghqwl�hg v|vwhp1 Gxh wr wkdw wkh uljkw kdqg
vlgh frqvlvwv ri odjjhg ohiw vlgh yduldeohv rqh revhuydwlrq lv orvw/ khqfh wkh qxpehu
ri wlph xqlwv xvhg pxvw eh dw ohdvw A ' �Rn 2�


6141 Lqglylgxdo frlqwhjudwlqj uhodwlrqv
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dqg Mrkdqvhq +4<<8e,1 Wkh hvwlpdwlrq surfhgxuh lv wr hvwlpdwhM�q�� lq d uhgxfhg
udqn uhjuhvvlrq zkhuh M2q22c � � � c M�


q
��


kdyh ehhq frqfhqwudwhg rxw1 Frqwlqxh
e| hvwlpdwlqj M2q22 jlyhq M�q��c M�q��c � � � cM�


q
��


� Zkhq M
�


q
��


kdv ehhq
hvwlpdwhg/ uhvwduw wkh hvwlpdwlrq zlwk wkh qhz ydoxhv ri M�q��c � � � cM�


q
��


� Uh0
shdw xqwlo frqyhujhqfh1 Iru vwduwlqj ydoxhv zh sursrvh wr xvh wkh q


��


irxqg zkhq
grlqj d vwdqgdug frlqwhjudwlqj dqdo|vlv iru �=wk furvv0vhfwlrq1


:







6151 Krprjhqrxv frlqwhjudwlqj uhodwlrqv


Hvwlpdwlqj
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xvlqj wkh phwkrg sursrvhg e| Mrkdqvhq +4<;;, zh jhw wkh xquhvwulfwhg hvwlpdwru
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 q/
khqfh/ lw fdq qrw eh xvhg wr hvwlpdwh wkh prgho zh duh lqwhuhvwhg lq1 Lqvwhdg
zh sursrvh wr xvh wkh vzlwfklqj phwkrg ri Ervzlmn +4<<8,1 Lw lv srvvleoh wr
qxphulfdoo| pd{lpl}h wkh olnholkrrg/ exw wklv lv suredeo| pruh wlph frqvxplqj
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lv d � � � yhfwru ri }hurv h{fhsw zlwk rqh lq wkh lwk srvlwlrq1 Wkhq
yhfEU
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Wklv vkrzv wkdw iru d jlyhq ydoxh ri � dqg l zh pd| hvwlpdwh q1 Wkh sureohp ri
hvwlpdwlqj � dqg l iru jlyhq ydoxhv ri q lv pxfk vlpsohu/ hvwlpdwh � lq E��2� e|
uhjuhvvlrq ri {t


|


rq ��t
|3�/ fruuhfwhg iru E{t


|3�c ���c{t|36n��1 Wklv uhjuhvvlrq
dovr jlyhv dq hvwlpdwh ri l� Wkh vzlwfklqj dojrulwkp lv wkdw iru jlyhq lqlwldo ydoxhv
ri q hvwlpdwh � dqg lc wkhq iru wkhvh hvwlpdwhg ydoxhv hvwlpdwh q� Uhshdw xqwlo
wkh lqfuhdvh ri wkh olnholkrrg lv vx!flhqwo| vpdoo1 Wkh phdq ri wkh q


��


irxqg zkhq
grlqj d vwdqgdug frlqwhjudwlqj dqdo|vlv iru �=wk furvv0vhfwlrq duh xvhg dv vwduwlqj
ydoxhv1


71 Glvwulexwlrq ri sdudphwhuv dqg whvwv


Lq wklv vhfwlrq zh ghulyh wkh glvwulexwlrq ri wkh hvwlpdwhg sdudphwhuv dqg wkh
glvwulexwlrq ri wkh olnholkrrg udwlr whvw iru wkh frlqwhjudwlqj udqn xqghu wkh prghov
zkhuh zh kdyh wkh uhvwulfwlrqv � ' (�@} Eq


��


� dqg � ' EU
�


 q�1 Wkh udqn lv
whvwhg e| d olnholkrrg udwlr whvw zkhq wkh hvwlpdwhg prgho kdv wkh uhvwulfwlrq
� ' (�@} Eq


��


�1 Wkhq/ jlyhq wkh udqn/ prgho � ' EU
�


 q� lv whvwhg djdlqvw
� ' (�@} Eq


��


�1 Wkh surriv duh lq wkh dsshqgl{1
Frqvlghu wkh prgho jlyhq lq +515,1 Kdylqj revhuydwlrqv xs wr wlph A / rxu


remhfw lv wr whvw


Mf G o@?& E��


� ' o
�


� o iru doo � ' �c ���c �c +714,


djdlqvw wkh dowhuqdwlyh


M� G o@?& E��


� ' R iru doo � ' �c ���c �c +715,


xvlqj wkh olnholkrrg udwlr whvw/ '
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1 Ixuwkhu/ gh�qh �zdv d �R�� ER� o� pdwul{
+wkh fkrlfh ri lw lv qrw xqltxh, wkdw ixo�oov wkh uhtxluhphqwv ��
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7141 Wkh glvwulexwlrq ri wkh sdudphwhu hvwlpdwhv


Wkh dv|pswrwlfv ri e� � � lv ghvfulehg lq wkh iroorzlqj wkhruhp1 Iroorzlqj Mr0
kdqvhq +4<<8e,/ zh ohw e� �� ' �zfA


/ zkhuh f
A


lv � ER� o���o/ dqg zkhuh
�z � �z E�
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zkhuh wkh ME?�
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duh dv gh�qhg lq vhfwlrq 6141 Pruhryhu/ C dqg ` duh vkruwkdqg
iru wkh surfhvvhv C
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dqg `
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zkhuh `
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lv dq �R0glphqvlrqdo Zlhqhu surfhvv zlwk
fryduldqfh pdwul{ l dqg C
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1 Qrwh wkdw li o ' f/ wkh eorfn gldjrqdo vwuxfwxuh kdv qr phdqlqj1 Khqfh/
lq wkh iroorzlqj zh zloo dvvxph wkdw o : f1


Wkhruhp 7141 Xqghu dvvxpswlrq D dqg li o : f/ zh kdyh wkdw dv A $4/
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7151 Olnholkrrg udwlr whvw vwdwlvwlfv


Zh duh qrz uhdg| iru rxu �uvw pdlq uhvxow1


Wkhruhp 7151 Xqghu dvvxpswlrq D dqg li o : f/ zh kdyh wkdw dv A $4/


�2 *L}'
A


�$ L n Tc


zkhuh/ gh�qlqj ì
|


wr eh dq � ER� o�0glphqvlrqdo vwdqgdug Zlhqhu surfhvv +zlwk
phdq }hur dqg xqlw| fryduldqfh pdwul{,/


L ' wu
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_ì ì �


�] ì ì �


�
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] ì_ì �


,
c


dqg zkhuh T lv �2 zlwk � E� � �� ER� o� o ghjuhhv ri iuhhgrp/ lqghshqghqw ri L 1
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Lq rwkhu zrugv/ wkh olplw glvwulexwlrq ri rxu whvw iru frlqwhjudwlqj udqn htxdov
wkh frqyroxwlrq ri d zhoo0nqrzq Glfnh|0Ixoohu w|sh glvwulexwlrq +zklfk dulvhv dv
wkh dv|pswrwlf glvwulexwlrq iru wkh fruuhvsrqglqj udqn whvw lq d prgho zlwkrxw
dq| uhvwulfwlrqv rq �/ fi Mrkdqvhq/ 4<<8, dqg dq lqghshqghqw �2 yduldwh1 Lw lv
idluo| hdv| wr vlpxodwh wklv glvwulexwlrq lq wkh xvxdo idvklrq/ dssur{lpdwlqj wkh
Zlhqhu surfhvv zlwk d udqgrp zdon1 Pruhryhu/ frqvlghulqj wkh prphqwv ri L
dv nqrzq +vhh h1j1 wkh vlpxodwlrq uhvxowv ri Grruqln/ 4<<;,/ rxu uhsuhvhqwdwlrq
surylghv xv zlwk d vlpsoh zd| ri fdofxodwlqj wkh dv|pswrwlf prphqwv ri rxu whvw
vwdwlvwlf1


7161 Whvwlqj krprjhqrxv frlqwhjudwlqj uhodwlrqv


Rxu qh{w vwhs lv wr �qg wkh dv|pswrwlf glvwulexwlrq ri wkh orj olnholkrrg udwlr
whvw/ jlyhq wkh udqn/ ri wkh krprjhqhlw| k|srwkhvlv


Mf G q� ' q
2
' ��� ' q


�


' qc


djdlqvw wkh dowhuqdwlyh
M� G q


�


9' q
�


iru vrph �c ��


Lq ylhz ri hduolhu olwhudwxuh rq vlplodu uhvwulfwlrq whvwv +vhh h1j1 Mrkdqvhq/ 4<<8e,/
wkh uhvxow wkdw wklv glvwulexwlrq lv �2/ jlyhq lq wkh wkhruhp ehorz/ vkrxog qrw frph
dv d vxusulvh wr wkh uhdghu1 Wkh qxpehu ri ghjuhhv ri iuhhgrp/ E� � �� o ER� o�/
lv qdwxudo ehfdxvh dv lv hdvlo| vhhq/ wklv lv wkh gl�huhqfh ri wkh qxpehuv ri iuhh
sdudphwhuv xqghu wkh gl�huhqw k|srwkhvhv1


Wkhruhp 7161 Xqghu dvvxpswlrq D dqg jlyhq wkh udqn o/ wkh orj olnholkrrg udwlr
whvw vwdwlvwlf iru whvw ri Mf G q� ' ��� ' q


�


' q djdlqvw M� G q
�


9' q
�


iru vrph �c �
lv/ xqghu Mf dqg dv A $4/ dv|pswrwlfdoo| �2 glvwulexwhg zlwk E� � �� o ER� o�
ghjuhhv ri iuhhgrp1


81 D Vlpxodwlrq Vwxg|


Lw lv ri sudfwlfdo lqwhuhvw wr hydoxdwh krz zhoo wkh dv|pswrwlf glvwulexwlrq ri wkh
olnholkrrg udwlr whvw iru wkh frlqwhjudwlqj udqn plplfv wkh vpdoo vdpsoh glvwulex0
wlrq1 Wr wklv hqg/ d Prqwh Fduor vlpxodwlrq lv d vxlwdeoh wrro wr xvh1 Wkh ohqjwk
ri wkh udqgrp zdon dssur{lpdwlqj wkh Eurzqldq prwlrq lv ;33 dqg wkh qxpehu
ri uhsolfdwhv lv 4333331 Iru wkh dqdo|vlv ri vpdoo vdpsoh surshuwlhv/ wkh vdpsoh
vl}hv zh frqvlghu duh A ' �ffc 2ffc Dff dqg �fff1 Gxh wr wlph frqvlghudwlrqv/ wkh
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Prgho Fdvh 4 Fdvh 6 Fdvh 8
u 4 5 4 5 4 5


31739 31373 31639 31463 3199; 31:63
31739 31895 31656 31747 31;6< 31:79
31;73 31996 31<33 31747 31;<: 31:79
4 31996 4 31934 4 31;7<
4 31:<: 4 31:8< 4 31;9:
4 31:<: 4 31;:4 4 31;<9
4 4 4 4 4 4
4 4 4 4 4 4
4 4 4 4 4 4


Wdeoh 814= Devroxwh ydoxh ri wkh hljhqydoxhv ri vrph gdwd jhqhudwlqj srfhvvhv
xvhg lq wkh vlpxodwlrq vwxg|1 Lq Fdvh 8 rqo| wkh odujhvw rqh lv lq wkh wdeoh1


qxpehu ri uhsolfdwhv lv olplwhg wr 433331 Wkh gdwd jhqhudwlqj surfhvv lv jdlqhg
e| hvwlpdwlqj wkh prghov ri lqwhuhvw rq gdwd1 Wkh yduldeohv xvhg duh +orj ri,
frqvxpswlrq/ lqfrph dqg lq dwlrq iru Mdsdq/ XN dqg XV/ l1h1 ? ' R ' �/ vhh wkh
qh{w vhfwlrq1 Wkh odujhvw +devroxwh ydoxh ri wkh, hljhqydoxhv ri wkh gdwd jhqhu0
dwlqj surfhvvhv qdphg Fdvh 4/ Fdvh 6 dqg Fdvh 8 duh vkrzq lq Wdeoh ED���1 Doo
ri wkhp duh uhodwlyho| idu iurp rqh/ khqfh/ wkh surfhvv iru udqn rqh dqg udqn wzr
duh vx!flhqwo| vhsdudwhg1


Wkh vlpxodwlrqv duh fduulhg rxw lq Jdxvv 6151 Ehorz duh wkh gl�huhqw fdvhv
vlpxodwhg iru udqnv rqh dqg wzr=


41 � ' EU
�


 q� zlwk � dqg l xquhvwulfwhg1


51 Dv lq 4 exw zlwk eorfn gldjrqdo l1


61 � ' (�@} Eq
��


� zlwk � dqg l xquhvwulfwhg1


71 Dv 6 exw zlwk erwk � dqg l eorfn gldjrqdo1


81 Dv 7 exw zlwk 6 ' 21


Fdvhv 4/ 6 dqg 8 duh hvwlpdwhg iurp gdwd1 Fdvh 5 lv jdlqhg iurp uhvwulfwlqj
fdvh 4 dqg fdvh 7 lv rewdlqhg iurp uhvwulfwlqj fdvh 81 Xqiruwxqdwho|/ dqg frqwudu|
wr wkh ruglqdu| fdvh/ wkh frqyhujhqfh wr wkh dv|pswrwlf glvwulexwlrq lv vorz1 Wklv
lv hvshfldoo| ydolg iru Fdvh 8 zkhuh 6 ' 2� Wklv pdnhv lw sodxvleoh wr xvh vrph
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Fdvh W@433 W@533 W@833 W@4333
4 315<6 3147< 313;< 313:5
5 315<8 31485 313;< 3139<
6 31647 314:6 313<4 313:9
7 31584 31457 313:: 3139:
8 31;79 3173; 31489 313<:


Wdeoh 815= Vl}h iru vpdoo vdpsohv/ 8( whvw dqg udqn@41 Wkh fulwlfdo ydoxh lv <:1531


Fdvh W@433 W@533 W@833 W@4333
4 31586 31468 313;5 31396
5 3156; 31459 313:6 31396
6 31559 31457 313;4 3139;
7 31649 31484 313;9 313:3
8 31:67 31676 31466 313;9


Wdeoh 816= Vl}h iru vpdoo vdpsohv/ 8( whvw dqg udqn@51 Wkh fulwlfdo ydoxh lv 6<1761


nlqg ri vpdoo vdpsoh dv|pswrwlfv vxfk dv wkh Eduwohww fruuhfwlrq1 Pruhryhu/ lw
vhhpv wkdw wkh vl}h surshuwlhv iru wkh wzr gl�huhqw udqnv frqvlghuhg duh txlwh
vlplodu1


Iru wkh whvw ri � ' EU
�


 q� yhuvxv � ' (�@} Eq
��


�/ wkh vl}h ri wkh whvw lv pxfk
ehwwhu/ vhh Wdeoh ED�e� dqg Wdeoh ED�D�1 Ixuwkhu wkh srzhu lv h{wuhpho| jrrg/ wkh
srzhu lv 4 hyhq iru wkh vpdoohvw vdpsoh vl}h EA ' �ff�1


Fdvh W@433 W@533 W@833 W@4333
4 31443 3137< 31388 31384
5 313<7 313:6 3138< 31387
6 4 4 4 4
7 4 4 4 4
8 4 4 4 4


Wdeoh 817= Vl}h dqg srzhu iru vpdoo vdpsohv ri whvw iru frpprq frlqwhjudwlqj
vsdfh/ irxu ghjuhhv ri iuhhgrp/ 8( whvw dqg udqn@41
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Fdvh W@433 W@533 W@833 W@4333
4 31453 313:7 31388 31388
5 31437 313:7 3138< 31385
6 4 4 4 4
7 4 4 4 4
8 4 4 4 4


Wdeoh 818= Vl}h dqg srzhu iru vpdoo vdpsohv ri whvw iru frpprq frlqwhjudwlqj
vsdfh/ 8( whvw dqg udqn@51


8141 Eduwohww fruuhfwlrq


Wkh Eduwohww fruuhfwlrq zdv lqwurgxfhg e| Eduwohww +4<6:,/ vhh Fuledur0Qhwr dqg
Frughlur +4<<9, iru d qlfh wuhdwphqw ri wkh vxemhfw1 Lq frlqwhjudwlrq/ lw kdv ehhq
xvhg e| h1j1 Mdfrevrq dqg Oduvvrq +4<<<, zlwk rqo| d vpdoo lpsuryhphqw ri wkh
dv|pswrwlf glvwulexwlrq1 Wklv lv suredeo| gxh wr wkh jrrg shuirupdqfh ri wkh
dv|pswrwlf glvwulexwlrq1 Lq rxu fdvh/ zkhuh wkh vl}h ri wkh whvw lv idu dzd| iurp
wkh qrplqdo iru vdpsoh vl}hv xs wr A ' Dffc wkh xvh ri d Eduwohww fruuhfwhg vwdwlvwlf
pd| eh xvhixo1 Frqvlghu wkh vwdwlvwlf �


A


iru vdpsoh vl}h A dqg ohw �" ghqrwh
wkh dv|pswrwlf rqh dqg . wkh h{shfwdwlrq rshudwru1 Wkhq wkh Eduwohww fruuhfwhg
vwdwlvwlf lv


�W


A


' .�
A


�"
.�"


+814,


dqg kdv ehhq irxqg xvhixo lq sudfwlvh +jlyhq wkdw d jrrg hvwlpdwru ri .�
A


frxog eh
irxqg,1 Mdfrevrq dqg Oduvvrq +4<<<, kdyh ghprqvwudwhg wkh gl!fxowlhv wr dfklhyh
d forvhg irup h{suhvvlrq iru wkh olnholkrrg udwlr whvw iru hyhq vxfk d vlpsoh v|vwhp
dv rqh zlwk rqo| wzr yduldeohv dqg rqh frlqwhjudwlqj yhfwru1 Lq rxu vlpxodwlrqv
wkh phdq ri wkh vpdoo vdpsoh vwdwlvwlfv duh xvhg/ dq dssurdfk wkdw frxog eh xvhg
lq sudfwlvh li frqglwlrqlqj rq wkh hvwlpdwhg prgho1 Wkh uhvxow lv wkdw wkh Eduwohww
fruuhfwhg vwdwlvwlf zrunv h{wuhpho| zhoo iru doo vdpsoh vl}hv dqg fdvhv frqvlghuhg/
wkh vl}h lv yhu| forvh wr wkh qrplqdo 8(/ vhh Wdeoh ED�S� iru udqn rqh1 Wkh uhvxow
iru udqn wzr lv yhu| vlplodu/ khqfh/ qrw uhsruwhg1


91 Dq Hpslulfdo H{dpsoh= Wkh Frqvxpswlrq Ixqfwlrq


Lq wklv vhfwlrq/ zh hvwlpdwh d vwdqgdug frqvxpswlrq ixqfwlrq ri wkh w|sh frqvlg0
huhg e| Gdylgvrq hw do1 +4<:;, iru wzr krprjhqrxv jurxsv ri RHFG frxqwulhv
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Fdvh W@433 W@533 W@833 W@4333
4 31378 3137< 3137: 31383
5 31378 3137; 3137: 3137;
6 31378 3137; 31379 3137<
7 3137< 31383 3137: 31384
8 3136; 3137: 3137; 3137<


Wdeoh 819= Vl}h iru vpdoo vdpsohv/ 8( Eduwohww fruuhfwhg whvw dqg udqn@41


ryhu wkh �D |hdu shulrg �bSf��bbe1 Wkh wzr jurxsv duh 4, Mdsdq/ XN dqg XV/ 5,
Ghqpdun/ Ilqodqg/ Qruzd| dqg Vzhghq41 Zh frqvlghu wkh khwhurjhqhrxv sdqho
huuru fruuhfwlrq prgho zlwk yduldeoh yhfwru iru hdfk frxqwu| jlyhq e|


t
�|


'
�
S
�|


c +_
�|


c{R
�|


�
�


c


zkhuh S
�|


lv wkh orjdulwkp ri uhdo frqvxpswlrq shu fdslwd/ +_
�|


lv wkh orjdulwkp
ri uhdo glvsrvdeoh lqfrph shu fdslwd dqg {R


�|


lv wkh udwh ri lq dwlrq1 Zh iroorz
Shvdudq/ Vklq dqg Vplwk +4<<<, lq wkh gh�qlwlrq ri wkh yduldeohv= Frqvxpswlrq lv
phdvxuhg e| wkh orjdulwkp ri wrwdo sulydwh frqvxpswlrq shu0fdslwd/ lq dwlrq e|
wkh fkdqjh lq wkh orjdulwkp ri wkh frqvxpswlrq gh dwru dqg qdwlrqdo glvsrvdeoh
lqfrph gh dwhg e| wkh frqvxpswlrq gh dwru lv xvhg dv phdvxuh ri lqfrph1 Ixu0
wkhu/ wkh yduldeohv duh ghphdqhg dqg rqo| 6 ' � lv frqvlghuhg1 Wkh uhvxowv ri wkh
olnholkrrg udwlr whvwv duh lq Wdeoh ES���1 Wkh Eduwohww fruuhfwhg fulwlfdo ydoxhv duh
jdlqhg e| xvlqj wkh hvwlpdwhg prgho dv gdwd jhqhudwlqj surfhvv zkhq fdofxodwlqj
wkh vdpsoh phdq1 D errwvwuds dssurdfk olnh wkh rqh sursrvhg e| Juhghqkr� dqg
Mdfrevvrq +4<<;, frxog eh xvhg exw zlwk wkh jrrg vl}h surshuwlhv ri wkh Eduwohww
fulwlfdo ydoxhv zh gr qrw wklqn wkdw d errwvwuds lv qhfhvvdu|1 Iru wkh jurxsv wkdw
frqvlvwv ri Mdsdq/ XN dqg XV wkh qxpehu ri frlqwhjudwlqj yhfwruv lv 5 zkhq xvlqj
wkh Eduwohww fruuhfwhg fulwlfdo ydoxhv zkloh iru wkh jurxs wkdw frqvlvwv ri Ghqpdun/
Ilqodqg/ Qruzd| dqg Vzhghq wkh qxpehu lv 41 Qrwh wkdw li wkh dv|pswrwlf fulw0
lfdo ydoxhv zrxog eh xvhg wkh hvwlpdwhg udqn zrxog eh 6 iru erwk jurxsv1 Wkh
Eduwohww fruuhfwhg fulwlfdo ydoxh iru wkh Ghqpdun jurxs dqg udqn 5 frxog qrw eh
fdofxodwhg gxh wr wkh idfw wkdw wkh hvwlpdwhg prgho kdyh urrwv odujhu wkdq rqh/
khqfh/ qxphulfdo +dqg wkhruhwlfdo, sureohpv hudvhg1 Wkh whvwv ri frpprq frlq0
whjudwlqj vsdfh jlyhv whvw vwdwlvwlfv ri 731:5 dqg 6814< uhvshfwlyho| dqg vkrxog eh


4Wkh gdwd duh rewdlqhg iurp wkh RHFG FG0URP Vwdwlvwlfdo Frpshqglxp/ hglwlrq 35&4<<:1
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Mdsdq111 Ghqpdun111
Mf Dv1 fulw1 E1 fulw1 �2 *L}'


A


Dv1 fulw1 E1 fulw1 �2 *L}'
A


o ' f 4::16: 54;194 5<8139 639187 758198 79;1:;
o � � <:145 475157 4881:7 49;1<4 5<5165 58<1<4
o � 2 6<18< 9;176 7<1;7 9;1;8 0 <9145


Wdeoh 914= Whvw iru frlqwhjudlqj udqn xvlqj dv|pswrwlf dqg Eduwuohww fruuhfwhg
fruuhfwhg fulwlfdo ydoxhv iru wkh jurxs Mdsdq/ XN dqg XV dqg wkh jurxs Ghqpdun/
Ilqodqg/ Qruzd| dqg Vzhghq1


frpsduhg wr �2
f�bDc_s'e


' b�eb dqg �2
f�bDc_s'S


' �2�Db1 Khqfh/ erwk jurxsv uhmhfw
wkh qxoo ri frpprq frlqwhjudwlqj vsdfh1


:1 Vxppdu| dqg Frqfoxglqj Uhpdunv


Lq wklv sdshu zh kdyh sursrvhg d sdqho0YDU zlwk frlqwhjudwlqj uhvwulfwlrqv zkhuh
wkh frlqwhjudwlqj uhodwlrqv pdwul{ lv eorfn gldjrqdo/ hdfk eorfn fruuhvsrqgv wr d
furvv0vhfwlrq/ zkloh wkh uhvw ri wkh prgho lv xquhvwulfwhg1 Wklv prgho lv d jhqhu0
dol}dwlrq ri wkh prghov sursrvhg e| Oduvvrq/ O|kdjhq dqg Oùwkjuhq +4<<;, dqg
Jurhq dqg Nohlehujhq +4<<<,1 Wkh dv|pswrwlf glvwulexwlrq ri wkh hvwlpdwhg sd0
udphwhuv dqg wkh wzr whvw vwdwlvwlfv frqvlghuhg duh ghulyhg1 Wkh �uvw whvw vwdwlvwlf
whvwv iru wkh frlqwhjudwlqj udqn zkloh wkh vhfrqg whvw wkh krprjhqhlw| uhvwulfwlrqv
ri frpprq frlqwhjudwlqj vsdfh1 D Prqwh Fduor vlpxodwlrq lv fduulhg rxw zlwk
wkh sxusrvh ri dqdo|}lqj wkh vpdoo vdpsoh surshuwlhv ri wkh wzr whvw vwdwlvwlfv1
Wkh krprjhqhlw| whvw kdv vdwlvi|lqj vl}h surshuwlhv zkloh wkh whvw iru frlqwhjudw0
lqj udqn kdv qrw1 Krzhyhu/ zkhq Eduwohww fruuhfwlqj wkh udqn whvw/ d vl}h yhu|
forvh wr wkh qrplqdo lv jdlqhg1 Dq hpslulfdo h{dpsoh xvlqj lqfrph/ frqvxpswlrq
dqg lq dwlrq dqg wzr jurxsv ri frxqwulhv vkrzv wkdw Mdsdq/ XN dqg XV kdyh
wzr frlqwhjudwlqj uhodwlrqv zkloh Ghqpdun/ Qruzd|/ Ilqodqg dqg Vzhghq kdyh
rqo| rqh1 Lw vkrxog eh qrwhg wkdw li wkh dv|pswrwlf fulwlfdo ydoxhv lqvwhdg ri wkh
Eduwohww fruuhfwhg rqhv zrxog eh xvhg/ d frlqwhjudwlqj udqn ri wkuhh zrxog kdyh
hphujhg iru erwk jurxsv/ vkrzlqj wkdw xvlqj d whvw zlwk fruuhfw vl}h lv fuxfldo iru
hpslulfdo zrun1


Wkh suhvhqw zrun pd| eh h{whqghg lq pdq| lqwhuhvwlqj gluhfwlrqv1 Iru h{dp0
soh/ gxpp| yduldeohv frxog eh lqfoxghg lq wkh prgho1 Wklv zrxog suredeo| jlyh
wkh vdph w|sh ri dv|pswrwlf uhvxowv1 Dqrwkhu lpsruwdqw lvvxh iru dssolfdwlrqv
zrxog eh wr lqyhvwljdwh dv|pswrwlfv dv wkh qxpehu ri lqglylgxdov/ ru lq rxu fdvh
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frxqwulhv/ whqgv wr lq�qlw|1 Xqghu vxlwdeoh dvvxpswlrqv/ zh vkrxog lq wklv fdvh
jhw dv|pswrwlf qrupdolw| dv lq Oduvvrq/ O|kdjhq dqg Oùwkjuhq +4<<;,1


Dfnqrzohgjphqwv


Zh zrxog olnh wr wkdqn Plfndho Oùwkjuhq dqg Sdror Sduxror iru ydoxdeoh frp0
phqwv1 Ilqdqfldo vxssruw iru O|kdjhq iurp Wruh Eurzdogkv Irxqgdwlrq iru Vfl0
hqwl�f Uhvhdufk dqg Hgxfdwlrq dqg Wkh Vzhglvk Irxqgdwlrq iru Lqwhuqdwlrqdo
Frrshudwlrq lq Uhvhdufk dqg Kljkhu Hgxfdwlrq +VWLQW, lv judwhixoo| dfnqrzo0
hgjhg1


Uhihuhqfhv


Eduwohww/ P1V1 +4<6:, Surshuwlhv ri vx!hqf| dqg vwdwlvwlfdo whvwv/ Surfhhglqjv ri
wkh Ur|do Vwdwlvwlfdo Vrflhw| ri Orqgrq/ Vhulhv D/ Yro 493/ 59;05;51


Ervzlmn/ K1S1 +4<<8, Lghqwl�delolw| ri Frlqwhjudwhg v|vwhpv1 Wlqehujhq Lqvwlwxwh
Glvfxvvlrq Sdshu WL :0<803:;1


Fuledur0Qhwr/ I1 dqg J1 Frughlur +4<<9, Rq Eduwohww dqg Eduwohww0w|sh fruuhf0
wlrqv/ Hfrqrphwulf Uhylhzv/ 48/ 66<069:1


Grruqln/ M1D1 +4<<;, D frqyhqlhqw dssur{lpdwlrq wr wkh dv|pswrwlf glvwulexwlrq
ri frlqwhjudwlrq whvwv/ Qx!hog Froohjh/ R{irug/ Plphr1


Juhghqkr�/ P1 dqg W1 Mdfrevvrq +4<<;, Errwvwuds whvwlqj dqg dssur{lpdwh
�qlwh vdpsoh glvwulexwlrqv iru whvw ri olqhdu uhvwulfwlrqv rq frlqwhjudwlqj
yhfwruv/ Zrunlqj Sdshu Qr1 9:/ Vyhuljhv Ulnvedqn


Jurhq/ M1M1M dqg I1U1 Nohlehujhq +4<<<, Olnholkrrg0edvhg frlqwhjudwlrq dqdo|vlv
lq sdqhov ri yhfwru huuru fruuhfwlrq prghov/ Wlqehujhq Lqvwlwxwh Glvfxvvlrq
Sdshu WL <<0388271


Lp/ N1V1/ P1K1 Shvdudq dqg \1 Vklq +4<<:, Whvwlqj iru xqlw urrwv lq khwhurjhqrxv
sdqhov/ Wulqlw| Froohjh/ Fdpeulgjh/ Plphr1


Mdfrevrq/ W1 dqg U1 Oduvvrq +4<<<, Eduwohww Fruuhfwlrqv lq Frlqwhjudwlrq Whvw0
lqj/ Frpsxwdwlrqdo Vwdwlvwlfv ) Gdwd Dqdo|vlv/ 64/ 53605581
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Mrkdqvhq V1 +4<;;, Vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq yhfwruv/ Mrxuqdo ri Hfr0
qrplf G|qdplfv dqg Frqwuro/ 45/ 68<06;91


Mrkdqvhq/ V1 +4<<8d, Lghqwli|lqj uhvwulfwlrqv ri olqhdu htxdwlrqv 0 Zlwk dssolfd0
wlrqv wr vlpxowdqhrxv htxdwlrqv dqg frlqwhjudwlrq/ Mrxuqdo ri Hfrqrphwulfv/
9</ 44404651


Mrkdqvhq/ V1 +4<<8e, Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dxwruh0
juhvvlyh prghov/ R{irug Xqlyhuvlw| Suhvv/ R{irug1


Oduvvrq/ U1/ M1 O|kdjhq dqg P1 Oùwkjuhq +4<<;, Olnholkrrg0Edvhg Frlqwhjudwlrq
Whvwv lq Khwhurjhqhrxv Sdqhov/ Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg
Ilqdqfh Qr1 583/ Vwrfnkrop Vfkrro ri Hfrqrplfv1


Ohylq/ D1 dqg F10I1 Olq +4<<5, Xqlw urrw whvw lq sdqho gdwd= Dv|pswrwlfv dqg
�qlwh0vdpsoh surshuwlhv/ Glvfxvvlrq Sdshu <5056/ Xqlyhuvlw| ri Fdoliruqld dw
Vdq Glhjr1


Ohylq/ D1 dqg F10I1 Olq +4<<6, Xqlw urrw whvw lq sdqho gdwd= Qhz uhvxowv/ Glv0
fxvvlrq Sdshu <6089/ Xqlyhuvlw| ri Fdoliruqld dw Vdq Glhjr1


Pdjqxv/ M1 dqg K1 Qhxghfnhu +4<;;, Pdwul{ gl�huhqwldo fdofxoxv zlwk dssolfd0
wlrqv lq vwdwlvwlfv dqg hfrqrphwulfv/ Zloh|/ Fklfkhvwhu1


Pxlukhdg/ U1 M1 +4<;5, Dvshfwv ri pxowlyduldwh vwdwlvwlfdo wkhru|/ Zloh|/ Qhz
\run1


Shvdudq/ P1K1/ \1 Vklq dqg U1S1 Vplwk +4<<<, Srrohg phdq jurxs hvwlpdwlrq ri
g|qdplf khwhurjhqhrxv sdqhov/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfl0
dwlrq/ <7/ 95409671


4;







;1 Dsshqgl{= rplwwhg surriv


Ohw xv vwduw e| jlylqj wkh gh�qlwlrqv +fi Mrkdqvhq/ 4<<8e,


Ydu


#
{t


|


��t
|3�


m{t
|3�c ���c{t|36n�


$
�
#


Pff Pf�


P
�f P


��


$
c


C
|


� �
�


z
�`


|


/ � � �z E�
�


z
K�z�


3���


z
/ K � U


�R


�S
63�


�'�
K
�


/ �z � �z E�
�


z
�z�


3�


dqg � � � E����3�1 Pruhryhu/ iroorzlqj Mrkdqvhq +4<<8e,/ s1 <4/ zh pd|
frqfhqwudwh rxw kljk rughu odj whupv iurp +519, wr rewdlq wkh dx{loldu| uhjuhvvlrq


-f| ' ���-�| n e0
|


c +;14,


dqg gh�qh


7
��


� A3�
A[
|'�


-
�|


-�


�|


c �c � ' fc ��


Zh wkhq kdyh wkh iroorzlqj ohppd =


Ohppd ;141 Xqghu dvvxpswlrq D/ zh kdyh wkdw dv A $4c


7ff
�$ Pffc +;15,


��7���
�$ P


��


c +;16,


� �7�f
�$ P


�fc +;17,


A3��
�


z
7���z


�$
]
CC�c +;18,


�
�


z
7�0 � �


�


z
E7�f � 7����


��
�$


]
C_` �c +;19,


�
�


z
7��� ' �


�


E�� c +;1:,


Surri1 Wkh ohppd iroorzv e| d vlpsoh prgl�fdwlrq ri wkh surri ri Ohppd 4316
ri Mrkdqvhq +4<<8e,1 Wklv surri exlogv xsrq wkh uhsuhvhqwdwlrq


t
|


' �
|[


�'�


0
�


n L
|


c


zkhuh L
|


lv dq UEf� surfhvv1


4<







Ehiruh jrlqj rq/ zh olvw vrph xvhixo lghqwlwlhv/ wr eh irxqg lq h1j1 Pdjqxv dqg
Qhxghfnhu +4<;;,1 Iru duelwudu| pdwulfhv � / '/ - dqg 7 ri glphqvlrqv vxfk wkdw
wkh surgxfwv ehorz duh gh�qhg/ lw krogv wkdw


wu E� � ' wu E� �� c +;1;,


wu E�'� ' wu E'� � c +;1<,


E� '� E- 7� ' �-'7c +;143,


wu E� �'� ' Eyhf� �� yhf'c +;144,


yhf E�'-� ' E-�  � � yhf'c +;145,


wu E�'-7� ' Eyhf7�� E� -�� yhf'�c +;146,


E� '�3� ' �3� '3�� +;147,


Zh zloo dovr pdnh xvh ri wkh lghqwlw|


U ' CzC
�


z
nCC


�


' CzC
�


z
nCC�c +;148,


zkhuh U lv dq lghqwlw| pdwul{1 Wkh �uvw htxdolw| ri +;148, iroorzv iurp wkh idfw
wkdw ohiw0kdqg pxowlsolfdwlrq ri erwk vlghv e| C� ru e| C�


z
|lhog wkh vdph uhvxowv


rq erwk vlghv ri wkh htxdolw| vljq1 Wkh vhfrqg htxdolw| lv d vlpsoh frqvhtxhqfh ri
wkh gh�qlwlrqv1


Surri ri Wkhruhp 714= Dv lq Mrkdqvhq +4<<8e,/ s1 <4/ frqfhqwudwlqj rxw
wkh K


�


whupv ohdgv xv wr wkh dx{loldu| uhjuhvvlrq


-f| ' ���-�| n e0
|


c +;149,


zkhuh wkh e0
|


duh lqghshqghqw qrupdov/ hdfk zlwk phdq }hur dqg fryduldqfh pdwul{
l1 Iru d prphqw/ ohw xv dvvxph wkdw � dqg l duh erwk �{hg/ wkh iroorzlqj
dujxphqwv ehlqj dssolfdeoh dovr zkhq wkh| duh qrw/ gxh wr frqvlvwhqf|1 Wkhq/
dsduw iurp d frqvwdqw/ wkh orj olnholkrrg pd| eh h{suhvvhg dv


*L}u ' ��


2
wu


#
l3�


A[
|'�


e0
|


e0�
|


$
c


dqg ehfdxvh _e0
|


' ��MEo�


�


_q�
�


M
ER��


�


-�|/ lw iroorzv e| +;1<, dqg +;149, wkdw


A3�_ *L}u ' �A3�wu
#
l3�


A[
|'�


_e0
|


e0�
|


$
' A3�wu


#
M


ER��


�


A[
|'�


-�|
e0�
|


l3��M
Eo�


�


_q�
�


$
' wu


q
M


ER��


�


e7�0l3��M
Eo�


�


_q �
�


r
c


53







zkhuh e7�0 � 7�f � 7�� e��� ' 7�0 � 7��
� e� ��


�
���


Khqfh/ sxwwlqj wkh ghulydwlyh z1u1w1 q
�


htxdo wr }hur/ lw iroorzv wkdw


M
ER��


�


7�0l
3��M


Eo�


�


' M
ER��


�


7��
� e� ��


�
��l3��M


Eo�


�


c +;14:,


iru doo �1 Qrz/ ehfdxvh


q
�


�z
M


ER��


�


'
�
fc ���c fc q


�


�z
c fc ���c f


�
' M


ER3o��


�


�
�


z
c +;14;,


ohiw0pxowlsolfdwlrq ri +;14:, e| q
�z


dqg lqvhuwlrq ri e� �� ' �zfA


|lhogv


M
ER3o��


�


�
�


z
7�0l


3��M
Eo�


�


' M
ER3o��


�


�
�


z
7���zfA


��l3��M
Eo�


�


�


Wr �qg yhff
A


/ zh dsso| +;145, wr jhw�
M


Eo��


�


M
ER3o��


�


�
yhf


�
�
�


z
7�0l


3��
�


'
�
M


Eo��


�


M
ER3o��


�


� �
��l3���


�


z
7���z


�
yhff


A


+;14<,


iru doo �1 Wkhq/ sxwwlqj wkh +;14<, htxdwlrqv iru hdfk � �rq wrs� ri hdfk rwkhu
|lhogv


g �yhf
�
�
�


z
7�0l


3��
�
' g �


�
��l3���


�


z
7���z


�
yhff


A


� +;153,


Qrz/ zh pd| wdnh


gz '
�
M


Eo�


�z
M


ER3o�


�
c ���c M


Eo�


�z
M


ER3o�


�


�
+;154,


zlwk


MEo�


�z
'


3EC U
oE�3�� f


oE�3��foE�3��


f
ofoE�3�� f


ofoE�3��


f
oE�3��foE�3�� U


oE�3��


4FD c � ' �c ���c ��


Ixuwkhu/ revhuyh wkdw ehfdxvh f
A


lv eorfn gldjrqdo/ +;145, lpsolhv


g �


z
yhff


A


'


3EEC
M


Eo��


�z
M


ER3o��


�


111
M


Eo��


�z
M


ER3o��


�


4FFDyhff
A


'


3EEEC
yhf


�
M


ER3o��


�
f


A


M
Eo�


�z


�
111
yhf


�
M


ER3o��


�


f
A


M
Eo�


�z


�
4FFFD ' fc


+;155,


54







vr e| +;153, dqg +;148,/


g �yhf
�
�
�


z
7�0l


3��
�
' g �


�
��l3�� A3��


�


z
7���z


�
gAg


�


yhff
A


�


Khqfh/ xvlqj wkh ohppd zh �qg


g �yhf
�]


C_` �l3��
�
' A8�g


�


yhff
A


n J
�


E�� c


zlwk 8� dv gh�qhg deryh/ xsrq zklfk/ e| +;148, dqg +;155,/


Ayhff
A


' gAg
�


yhff
A


' g83�


�
g �yhf


�]
C_` �l3��


�
n J


�


E�� c


dv zdv wr eh suryhg1
Zh qrz qhhg dq dojheudlf ohppd1


Ohppd ;151 Ohwwlqj x � P
��


� P
�fP


3�


ff
Pf�/ zh kdyh


x3� ' ��l3��nP3�


��


c +;156,


�P
��


� Pf� ' fc +;157,


Pf��
� ' Pff �lc +;158,


Pf�P
3�


��


' �c +;159,


Pf�x
3� ' Pffl


3��c +;15:,


Surri1 Wkh lghqwlwlhv +;156,0+;158, duh jlyhq lq Ohppd 4314 ri Mrkdqvhq +4<<8e,1
Ixuwkhu/


Pf�P
3�


��


' � E�P
��


� Pf�� P
3�


��


n � ' �c


surylqj +;159,/ dqg +;15:, lv d vlpsoh frqvhtxhqfh ri +;156,/ +;158, dqg +;159,1
Surri ri Wkhruhp 715= Frqvlghu wkh wkuhh k|srwkhvhv M� G udqnE�� � �R/


M2 G � ' �� � zkhuh �c� duh �R��o/ ri ixoo udqn dqg M� G dv M2 exw zkhuh � lv
eorfn0gldjrqdo zlwk R� o0glphqvlrqdo eorfnv1 Ghqrwlqj wkh pd{lpxp olnholkrrg
udwlr ehwzhhq M


�


dqg M
�


+M
�


� M
�


, e| '
��


/ zh wkhq kdyh '�� ' '�2'2�/ l1h1


�2 *L}'�� ' �2 *L}'�2 � 2 *L}'2�1


Mrkdqvhq +4<<8e, kdv vkrzhg wkdw wkh dv|pswrwlf glvwulexwlrq ri�2 *L}'2� htxdov
wkh glvwulexwlrq ri L dv gh�qhg lq wkh wkhruhp1 +Wkh idfw wkdw � kdv wkh vshfl�f
eorfn gldjrqdo irup xqghu rxu k|srwkhvlv xqghu whvw grhv qrw d�hfw wklv uhvxow1,
Qrz/ wr suryh rxu wkhruhp/ rxu sodq lv


55







4, Wr vkrz wkh frqyhujhqfh ri �2 *L}'�2 wr wkh �2 glvwulexwlrq1
5, Wr vkrz wkh dv|pswrwlf lqghshqghqfh ehwzhhq �2 *L}'�2 dqg �2 *L}'2��
4, Lw iroorzv dv lq Mrkdqvhq +4<<8e,/ s1 <5 wkdw/ dsduw iurp d frqvwdqw/ wkh


pd{lpxp olnholkrrg xqghu M�/ u� vd|/ ixo�oov


u
32*A


�
' m7ffm


��� e��� e������� e��7�� e���� c � � 7�� � 7�f7
3�


ff
7f�c +;15;,


zkhuh e� lv wkh PO hvwlpdwh ri � xqghu M�1 Ehorz/ zh zloo xvh wkh lghqwlw|


e� ' � n
� e� ��


�
' � n�zfA


c +;15<,


wrjhwkhu zlwk wkh frqyhujhqfh uhvxow iru f
A


ri wkhruhp 7141 Vlploduo|/ iru u2/ wkh
pd{lpxp olnholkrrg xqghu M2/ lw krogv wkdw


u
32*A


2
' m7ffm


��� h��� h������� h��7�� h���� c +;163,


zkhuh h� lv wkh PO hvwlpdwh ri � xqghu M21 Dv lq Mrkdqvhq +4<<8e,/ s1 4;6/ L
A


gh�qhg wkurxjk h� �� ' �zLA


ixo�oov


AL
A


'
�
A3��


�


z
7���z


�
3�


�
�


7 �
�0
l3��


�
��l3��


�
3�


n J
�


E��


'
�]


CC�


�
3�
]
C_` �l3��


�
��l3��


�
3�


n J
�


E�� � +;164,


Revhuyh wkdw wklv vkrzv wkdw h� lv frqvlvwhqw iru � dovr xqghu M�1 Ixuwkhu/ dv
deryh zh kdyh h� ' � n


� h� ��
�
' � n�zLA


c +;165,


vr wkdw iurp +;15<,/


( � e� � h� ' �z EfA


� L
A


� ' �
�


�
A3�


�
� +;166,


Qrz/ iurp +;15;, dqg +;163,


'
32*A


�2
'


��� e� �� e������� h�� h����
3C
��� e��7�� e������� h�7�� h����


4D3�


c +;167,


56







zkhuh/ ehfdxvh e� � h� n(/��� e��� e������� h��� h���� '
����U n � h��� h��3� � h���( n(�� h� n(��(


����� +;168,


dqg vlploduo| zlwk 7�� lq sodfh ri � 1 Khuh/ ehfdxvh L
A


lv �
�


EA3�� +fi +;164,,/
zh kdyh e| +;165, dqg ohppd ;14 wkdw


h� �� h� ' ���� n����zLA


n L �


A


�
�


z
�� n L �


A


�
�


z
��zLA


' ���� n J
�


E�� ' x n J
�


E�� c +;169,


dqg vlploduo|/ h��7�� h� ' P3�


��


n J
�


E�� � +;16:,


Pruhryhu/ +;166, |lhogv


h���( '
�
�� n L �


A


�
�


z


�
��z EfA


� L
A


� c +;16;,


(��( ' Ef
A


� L
A


���
�


z
��z EfA


� L
A


� c +;16<,


dqg vlploduo| zlwk 7�� lq sodfh ri � 1 Qrz/ f
A


+fi wkhruhp 714, dqg L
A


duh
�
�


EA3��/ dqg ixuwkhupruh/ yld ohppd ;14/ ����z dqg ��7���z duh �
�


E�� dqg
�
�


z
��z dqg �


�


z
7���z duh�


�


EA � � Khqfh/ yld +;168,0+;16<,/ zh vhh wkdw wkh u1k1v1
ri +;167, lv ri wkh irup


mU n A3���m
mU n A3��2m c


zkhuh�� dqg�2 duh��


E��/ dqg xvlqj wkh Wd|oru h{sdqvlrqv +fi Mrkdqvhq +4<<8e,/
s1 557, ���U n A3��


�


��� ' � n A3�wu�
�


n�
�


�
A32


�
c � ' �c 2


dqg *L} E� n %� ' %n� E%2� c lq frqmxqfwlrq zlwk +;1;, dqg +;1<,/ zh duulyh dw


�2 *L}'�2 ' A wu E2X� n 2X2 nX�� n J
�


E�� c +;173,


zkhuh


X� � (� EfA


� L
A


� c


X2 � (2 EfA


� L
A


� c


X� � E�����
3�


Ef
A


� L
A


���
�


z
��z EfA


� L
A


�


� E��7����
3�


Ef
A


� L
A


���
�


z
7���z EfA


� L
A


� �


57







zlwk


(� � E�����
3�


����z � E��7����
3�


��7���zc


(2 � E�����
3�


L �


A


�
�


z
��z � E��7����


3�


L �


A


�
�


z
7���z�


Zh zloo qrz vkrz wkdw (� dqg (2 fdqfho rxw hdfk rwkhu dv|pswrwlfdoo|1 Wr wklv
hqg/ ohppd ;14 |lhogv


(� ' x3�


�
��7�� � P


�fP
3�


ff
7f�


�
�z � P3�


��


� �7���z n J
�


E�� �


Pruhryhu/ e| ohppd ;15/


x3� ' ��l3��nP3�


��


c


x3�P
�fP


3�


ff
' ��l3�c


vr wkdw


(� ' �x3�P
�fP


3�


ff
7f��z n ��l3����7���z n J


�


E��


' ���l3� E7f� � ���7����z n J
�


E��


' ���l3�7
0��z n J


�


E��


' ���l3�


�]
C_` �


�
�


n J
�


E�� c +;174,


zkhuh wkh odvw htxdolw| iroorzv iurp ohppd ;141 Ixuwkhupruh/ ehfdxvh e| ohppd
;14/ �


�


z
��z dqg �


�


z
7���z dv|pswrwlfdoo| erwk ehkdyh olnh A


U
CC�/ lw iroorzv


dv deryh dqg iurp +;164, wkdw


(2 '
�
x3� � P3�


��


� �
��l3��


�
3�


��l3�


�]
C_` �


�
�
�]


CC�


�
3�
]
CC� n J


�


E��


' ��l3�


�]
C_` �


�
�


n J
�


E�� c


zklfk ehkdyhv olnh �(�/ dv dvvhuwhg1 Khqfh/ +;173, vlpsol�hv lqwr


�2 *L}'�2 ' A wuX� n J
�


E�� �


Dv iru X�c zh dw �uvw �qg lq d vlplodu pdqqhu dv deryh wkdw


AX� '
�
��l3��


�
A Ef


A


� L
A


��
�]


CC�


�
A Ef


A


� L
A


� n J
�


E�� c


58







dqg +;146, lpsolhv


�2 *L}'�2 ' A iyhf Ef
A


� L
A


�j� aAyhf Ef
A


� L
A


� n J
�


E�� c +;175,


zkhuh
a � ��l3��


]
CC��


Ixuwkhu/ zh jhw yld +;145,/ +;147, dqg +;164, wkdw


AyhfL
A


' a3�yhf
�]


C_` �l3��
�
n J


�


E�� c +;176,


zklfk/ frpelqhg zlwk wkhruhp 714/ |lhogv


Ayhf Ef
A


� L
A


� ' ��yhf
�]


C_` �l3��
�
n J


�


E�� c +;177,


zkhuh


� � a3� �g83�


�
g � ' a3� �g Eg �ag�


3�


g �


' a3�gz


�
g �


z
a3�gz


�
3�


g �


z
a3�� +;178,


+Wkh odvw htxdolw| krogv ehfdxvh ohiw0kdqg pxowlsolfdwlrq e| g �a ru g �


z
|lhogv wkh


vdph uhvxow rq erwk vlghv1, Khqfh/ ehfdxvh � �a� ' � / +;175, ehfrphv


�2 *L}'�2


' yhf
�]


C_` �l3��
�
�


�yhf
�]


C_` �l3��
�
n J


�


E��


' yhf
�]


C_` �l3��
�
�


a3�gz


�
g �


z
a3�gz


�
3�


g �


z
a3�yhf


�]
C_` �l3��


�
nJ


�


E�� � +;179,


Qrz/ ohw xv iru d zkloh frqglwlrq rqC1 Wkhq/ yhfE
U
C_` �l3��� kdv fryduldqfh


pdwul{ a 1 Wklv lv vhhq ehfdxvh l3�*2` lv d surfhvv zlwk xqlw fryduldqfh pdwul{/
dqg vr +;145, dqg +;143, lpso|


H
��
yhf


�]
C_` �l3��


���
yhf


�]
C_` �l3��


��
�
�


'
] �


��l3�*2 C
� �


l3�*2�C�


�
' a�


59







Khqfh/ frqglwlrqdo rq C/ g �


z
a3�yhfE


U
C_` �l3��� lv qrupdo zlwk h{shfwdwlrq f


dqg fryduldqfh pdwul{ g �


z
a3�gz1 Wkhuhiruh/ wkh ohdglqj whup ri +;179, lv �2/ dqg


vlqfh wklv glvwulexwlrq lv lqghshqghqw ri C/ wklv surshuw| krogv dovr xqfrqglwlrq0
doo|1 Wkxv/ frqyhujhqfh wr d �2 glvwulexwlrq lv vkrzq1 Pruhryhu/ wkh qxpehu ri
ghjuhhv ri iuhhgrp htxdov wkh glphqvlrq ri g �


z
a3�gz/ l1h1 wkh qxpehu ri froxpqv


ri gz/ zklfk yld +;154, lv vhhq wr eh � E� � �� ER� o� o1
5, Iurp Mrkdqvhq +4<<8e,/ s1 48;0493/ zh ghgxfh wkh uhsuhvhqwdwlrq


�2 *L}'2� ' wu


+�]
CC�


�
3�
]
C_` ��z E�


�


z
l�z�


3�


��


z


�]
C_` �


�
�


,
n J


�


E�� c


+;17:,
zkhuh` dqg C duh dv deryh1 Zh qhhg wr vkrz wkdw wkh pdlq whupv ri +;179, dqg
+;17:,/ �� dqg �2 vd|/ duh lqghshqghqw1 Qrz/ e| +;1<,/ +;146, dqg +;147,/ +;17:,
pd| eh uh0zulwwhq dv


�2 *L}'2�


' wu


+
E��


z
l�z�


3�


��


z


�]
C_` �


�
�
�]


CC�


�
3�
]
C_` ��z


,
n J


�


E��


' yhf
�]


C_` ��z


�
�
�
��


z
l�z 


]
CC�


�
3�


yhf
�]


C_` ��z


�
n J


�


E�� �


Ohw xv djdlq frqglwlrq rq C1 Wkhq/
U
C_` �l3�� dqg


U
C_` ��z duh erwk qru0


pdov/ hdfk zlwk h{shfwdwlrq }hur/ dqg wkh fryduldqfh ehwzhhq wkhp lv


H
�]


C_` �l3��
�]


C_` ��z


�
�
�
' fc


vkrzlqj wkdw
U
C_` �l3�� dqg


U
C_` ��z duh frqglwlrqdoo| lqghshqghqw jlyhq C1


Khqfh/�� dqg�2 pxvw dovr eh frqglwlrqdoo| lqghshqghqw jlyhq C1 Ixuwkhupruh/
dv zh vdz hduolhu/ �� lv lqghshqghqw ri C1 Khqfh zh jhw/ ghqrwlqj wkh ghqvlwlhv
iru �� dqg �2 e| s� dqg s2c wkhlu vlpxowdqhrxv ghqvlw| e| s�c2c wkh ghqvlw| ri C
e| s


C


dqg wkh fruuhvsrqglqj frqglwlrqdo ghqvlwlhv e| s
��C hwfhwhud/


s�c2 '
]
s
�c2�CsC '


]
s
��Cs2�CsC ' s�


]
s
2�CsC ' s�s2c


zkhuh wkh lqwhjudov duh ryhu wkh vxssruw ri wkh C ghqvlw|1 Wklv vkrzv wkh lqgh0
shqghqf| ehwzhhq �� dqg �2/ dqg zh duh grqh1


5:







Surri ri Wkhruhp 716= Ghqrwh e| �W wkh PO hvwlpdwh ri � xqghu wkh
suhvhqw Mf1 Xqghu wklv Mf/ zh �qg dv lq wkh surri ri Wkhruhp 714 wkdw


A3�_ *L}u ' wu


+
�[
�'�


M
ER��


�


7W
�0
l3��M


Eo�


�


_q �
,
c


zkhuh 7W
�0
� 7�f � 7���


W��1 Exw yld +;1;,/ +;1<,/ +;144, dqg +;145,/ zh jhw


A3�_ *L}u '
�[
�'�


wu
��
M


ER��


�


7W
�0
l3��M


Eo�


�


�
�


_q
�


'
�[
�'�


q
yhf


�
MER��


�


7W
�0
l3��MEo�


�


�r
�


yhf E_q�


'
�[
�'�


q�
M


Eo��


�


M
ER��


�


�
yhf


�
7W
�0
l3��


�r
�


yhf E_q�


'
q
yhf


�
7W
�0
l3��


�r
�


gW


ocR


yhf E_q� c


zkhuh wkh �2Ro � Ro pdwul{ gW


ocR


lv gh�qhg wkurxjk


gW


ocR


�
�[
�'�


�
M


Eo�


�


M
ER�


�


�
�


Khqfh/ ehfdxvh 7W
�0
� 7�0 � 7�� E�


W �����/ zh jhw wkh htxdolw|


gW�


ocR


yhf
�
7�0l


3��
�
' gW�


ocR


yhf
q
7�� E�


W �����l3��
r
c


ru/ zulwlqj �W �� ' �zf
W


A


dqg xvlqj +;145,/


gW�


ocR


yhf
�
7�0l


3��
�
' gW�


ocR


�
��l3�� 7���z


�
yhffW


A


� +;17;,


Exw dsso|lqj +;14;, zlwk q lq sodfh ri q
�


/ lw iroorzv yld +;143, wkdw


�
U
o


 q
�


z


�
gW�


ocR


'
�[
�'�


�
M


Eo�
�


�


M
ER3o�


�


�


�
�


z


�
' gW�


ocR3o


�
U
o


�
�


z


�
c


dqg vr/ ohiw0pxowlso|lqj +;17;, e| U
o


 q
�


z
dqg xvlqj +;143, dqg +;145,/ zh �qg


+iurp qrz rq/ zh sxw gW � gW


ocR3o
,


gW�yhf
�
�
�


z
7�0l


3��
�
' gW�


�
��l3���


�


z
7���z


�
yhffW


A


� +;17<,


5;







Qrz/ qrwh wkdw e| frqvwuxfwlrq/


gW ' g
�
�
�


 U
oER3o�


�
c +;183,


zkhuh �
�


ghqrwhv dq � 0glphqvlrqdo yhfwru zlwk hohphqwv �1 Khqfh/ zh pd| gh�qh


gW


z
' gz


�
�
�E�3��  U


oER3o�


�
c


vr wkdw yld +;155, zlwk fW


A


lq sodfh ri f
A


c gW�


z
yhffW


A


' f/ dqg +;148, dqg +;17<,
|lhog


gW�yhf
�
�
�


z
7�0l


3��
�
' gW�


�
��l3�� A3��


�


z
7���z


�
gWAg


W�


yhffW


A


c


dqg frqvhtxhqwo|/ e| Ohppd ;14/


AyhffW


A


' gWAg
W�


yhffW


A


' gW83�


2
gW�yhf


�]
C_` �l3��


�
n J


�


E�� c +;184,


zkhuh
82 � gW�agWc a ' ��l3��


]
CC��


Qrz/ ohw M� eh wkh dowhuqdwlyh k|srwkhvlv/ l1h1 wkh k|srwkhvlv wkdw � ' ���


zlwk � eorfn gldjrqdo1 +Wklv lv wkh vdph M� dv lq wkh surri ri wkh suhylrxv
wkhruhp1, Rxu lghd lv wr uhodwh wkh pd{lpxp olnholkrrg udwlr ehwzhhq Mf dqg
M�/ 'f� vd|/ wr'f2 dqg'�2/ zklfk duh gh�qhg dffruglqjo| zlwkM2 ehlqj� ' ���


zlwk � xquhvwulfwhg zlwk udqn �o dv lq wkh suhylrxv surri/ yld 'f� ' 'f2*'�2/
l1h1


�2 *L}'f� ' �2 *L}'f2 � E�2 *L}'�2� � +;185,


Zh douhdg| nqrz �2 *L}'�2 iurp wkh suhylrxv surri1 Pruhryhu/ �2 *L}'f2 pd|
eh ghulyhg lq d vlplodu idvklrq dv �2 *L}'�2 zdv irxqg wkhuh1 Wkh dqdorj| wdnhv
xv dv idu dv wr wkh uhsuhvhqwdwlrq +fi +;175,,


�2 *L}'f2 ' A iyhf EfW


A


� L
A


�j� aAyhf EfW


A


� L
A


� n J
�


E�� � +;186,


Khuh/ +;176, dqg +;184, |lhog


Ayhf EfW


A


� L
A


� ' �� Wyhf
�]


C_` �l3��
�
n J


�


E�� c +;187,


zkhuh
� W ' a3� �gW83�


2
gW��


5<







Qrz/ lq dqdorj| zlwk � �a� ' � +fi +;178,,/ zh dovr kdyh � W�a� W ' � W/ vr iurp
+;177,/ +;175,/ +;187,/ +;186, dqg +;185, zh �qg


�2 *L}'f� ' yhf
�]


C_` �l3��
�
�


~yhf
�]


C_` �l3��
�
n J


�


E�� c +;188,


zkhuh
~ � � W�a� W � � �a� ' � W � � ' g83�


�
g � �gW83�


2
gW��


Ixuwkhupruh/ sxwwlqj % � �
�


 U
oER3o�/ zh kdyh e| +;183, wkdw gW ' g%/ 82 '


%�8�%/ dqg vr
~ ' g


q
83�


�
� % E%�8�%�


3�


%�
r
g ��


Qrz/ vlplodu wr +;178,/ zh kdyh


83�


�
� % E%�8�%�


3�


%� ' 83�


�
%z


�
%�
z
83�


�
%z
�
3�


%�
z
83�


�
c


dqg vr/ zh �qg


~ ' g83�


�
%z


�
%�
z
83�


�
%z
�
3�


%�
z
83�


�
g �1


Khqfh/ ohwwlqj


t � g �yhf
�]


C_` �l3��
�
c


zh pd| uh0zulwh +;188, dv


�2 *L}'f� ' t �83�


�
%z


�
%�
z
83�


�
%z
�
3�


%�
z
83�


�
t n J


�


E�� �


Wkh uhvxow wkdw �2 *L}'f� lv �2 iroorzv lq wkh vdph zd| dv lq sduw 5, ri wkh surri
ri wkh suhylrxv wkhruhp/ li zh fdq suryh wkdw/ frqglwlrqlqj rq C/ t lv qrupdo
zlwk h{shfwdwlrq f dqg fryduldqfh pdwul{ 8�1 Wr wklv hqg/ qrwh wkdw iurp wkh
gh�qlwlrq ri g zh kdyh t � '


�
t �


�
c ���c t


�


�


�
zlwk


t
�


�
�
M


Eo��


�


M
ER3o��


�


�
yhf


�]
C_` �l3��


�
�


Exw/ dv zh vdz lq sduw 5, ri wkh surri ri wkh suhylrxv wkhruhp/ frqglwlrqhg rq C/
yhfE


U
C_` �l3��� kdv fryduldqfh pdwul{ a 1 Khqfh/


H
�
t
�


t �


�


�
'
�
M


Eo��


�


M
ER3o��


�


�
a
�
M


Eo�


�


M
ER3o�


�


�
c


l1h1
H Et t �� ' g �ag ' 8�c


dv zdv wr eh vkrzq1
Ilqdoo|/ zh qrwh wkdw wkh qxpehu ri ghjuhhv ri iuhhgrp ri rxu �2 glvwulexwlrq


htxdov wkh glphqvlrq ri %�
z
83�


�
%z/ zklfk lv E� � �� o ER� o�1


63






