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4 Lqwurgxfwlrq 6

5 Pdwkhpdwlfdo Edfnjurxqg dqg wkh Iurehqlxv Wkhruhp 7

6 Uhdol}dwlrqv dqg Lqyduldqw Pdqlirogv <

614 Krprjhqrxv V|vwhpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <

615 Lqwhusuhwlqj wkh Vwdwh Yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46

616 Wlph Ydu|lqj V|vwhpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47

7 Lqwhuhvw Udwh Prghov 49

714 Edvlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49

715 Wkh Vsdfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:

716 Wkh Jhqhudo Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

717 Pdlq Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54

8 Ghwhuplqlvwlf Yrodwlolw| 56

814 Ilqlwh Glphqvlrqdo Uhdol}dwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56

815 Lqyduldqw Pdqlirogv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 58

9 Ghwhuplqlvwlf Gluhfwlrq Yrodwlolw| 5:

914 D Vfdodu Gulylqj Zlhqhu Surfhvv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;

915 Wkh Wlph Ydu|lqj Fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

916 Vhyhudo Gulylqj Zlhqhu Surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63

917 Wkh Wlph Ydu|lqj Fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65

: Vkruw Udwh Uhdol}dwlrqv 66

:14 Jhqhudo Wkhru| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

:15 Ghwhuplqlvwlf Yrodwlolw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:

:16 Frqvwdqw Gluhfwlrq Yrodwlolw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<

:17 _Doo Jhqhulf Vkruw Udwh Prghov duh D�qh% 1 1 1 1 1 1 1 1 1 1 1 1 75
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Wkh sxusrvh ri wkh suhvhqw sdshu lv wr lqyhvwljdwh zkhq dqg krz d jlyhq/ d sulrul

lq�qlwh glphqvlrqdo/ iruzdug udwh prgho fdq eh uhdol}hg e| d �qlwh glphqvlrqdo

vwdwh vsdfh prgho lq wkh irup ri d qrqolqhdu gl�xvlrq1 Lq sduwlfxodu zh duh

lqwhuhvwhg lq plqlpdo uhdol}dwlrqv/ l1h1 uhdol}dwlrqv kdylqj d plqlpdo glphqvlrq1

Iru wkh fdvh ri d ghwhuplqlvwlf yrodwlolw| vwuxfwxuh +zklfk jlyhv ulvh wr olqhdu

iruzdug udwh g|qdplfv, wkh uhdol}dwlrq sureohp kdv ehhq frpsohwho| vroyhg lq

^6`1 Wkh qrqolqhdu uhdol}dwlrq sureohp kdv vr idu rqo| ehhq vwxglhg iru vshfldo

fdvhv dqg wkh w|slfdo uhvxowv duh lq whupv ri vx�flhqw frqglwlrqv iru wkh h{lvwhqfh

ri d �qlwh glphqvlrqdo uhdol}dwlrq +khqfhiruwk ghqrwhg IGU,1

Prvw sdshuv frqvlghu vrph yhuvlrq ri d pxowlsolfdwlyh yrodwlolw| vwuxfwxuh1 Vxfk

d yrodwlolw| vwuxfwxuh/ zklfk zh ehorz uhihu wr dv d _ghwhuplqlvwlf gluhfwlrq

yrodwlolw|%/ kdv ehhq vwxglhg lq ^4`/ ^56`/ dqg ^4:`1 Wkh w|slfdo dvvxpswlrq lv

wkdw yrodwlolwlwhv rqo| ghshqgv rq wkh vkruw udwh1 Lq wkh uhfhqw suhsulqw ^<`/

zklfk lv d pdvvlyh h{whqvlrq ri ^4`/ wkhuh duh vhyhudo qhz uhvxowv rq Pdunryldq

vxev|vwhpv iru dq lqwhuhvwlqj fodvv ri wlph ydu|lqj iruzdug udwh prghov zkhuh

wkh yrodwlolw| vwuxfwxuh lv doorzhg wr ghshqg xsrq d �qlwh qxpehu ri ehqfkpdun

iruzdug udwhv1

D fodvvlf sdshu rq Pdunryldq vkruw udwhv lv ^;`/ zkhuh d ghwhuplqlvwlf yrodwlolw|

lv frqvlghuhg1 Vhh dovr ^46` iru d vlplodu fdvh zlwk d gulylqj Ohy| surfhvv1 Wkh

ghhshvw vwxg| ri vkruw udwh uhdol}dwlrqv vr idu lv ^4<`1

Wkh suhvhqw sdshu/ lq frqwudvw wr suhylrxv zrun lq wkh �hog/ lv d vwxg| ri wkh

jhqhudo qrqolqhdu uhdol}dwlrq sureohp1 Pruh suhflvho|=

� Wkh iruzdug udwh yrodwlolwlhv duh doorzhg wr jhqhudo vprrwk ixqfwlrqdov ri

wkh suhvhqw iruzdug udwh fxuyh1

� Lq wklv jhqhudo vhwwlqj zh rewdlq qhfhvvdu| dqg vx�flhqw frqglwlrqv iru

wkh h{lvwhqfh ri dq IGU1

Zh duh wkxv deoh wr jlyh d frpsohwh vroxwlrq wr wkh jhqhudo IGU sureohp dqg/

dsduw iurp ^<` zkhuh wkh vhwxs lv oljkwo| gl�huhqw/ doo hduolhu uhvxowv duh lqfoxghg

dqg h{whqghg1

Wkh phwkrgrorj| lv urxjko| dv iroorzv= Rxu sureohp wxuqv rxw wr eh forvho| frq0

qhfwhg wr fhuwdlq jhrphwulf surshuwlhv ri wkh iruzdug udwh surfhvv1 Lq d suhylrxv

sdshu ^5`/ lw lv lqyhvwljdwhg zkhq wkh iruzdug udwh fxuyh iru d jlyhq +qrqolqhdu,

iruzdug udwh prgho dfwxdoo| hyroyhv rq d jlyhq �qlwh glphqvlrqdo vxepdqlirog lq

wkh iruzdug fxuyh vsdfh1 Vxfk d vxepdqlirog lv wkxv lqyduldqw xqghu wkh dfwlrq

ri wkh iruzdug udwh surfhvv/ dqg lq ^5` lw lv vkrzq wkdw wkhuh h{lvwv d IGU li dqg

rqo| li wkhuh h{lvwv dq lqyduldqw �qlwh glphqvlrqdo vxepdqlirog sdvvlqj wkurxjk

hdfk srlqw lq wkh vsdfh ri iruzdug udwh fxuyhv1 Lq wkh suhvhqw zrun zh xvh

uhvxowv iurp ^5`/ wrjhwkhu zlwk lghdv iurp gl�huhqwldo jhrphwu| dv zhoo dv iurp
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v|vwhpv dqg frqwuro wkhru| wr jlyh jhqhudo qhfhvvdu| dqg vx�flhqw frqglwlrqv/

lq whupv ri wkh yrodwlolw| vwuxfwxuh/ iru wkh h{lvwhqfh ri dq IGU1

Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5 zh jlyh wkh qhfhvvdu|

pdwkhpdwlfdo edfnjurxqg1 Lq sduwlfxodu zh jlyh d vhoi0frqwdlqhg surri ri dq lq0

�qlwh glphqvlrqdo yhuvlrq ri wkh Iurehqlxv Wkhruhp rq lqyroxwlyh glvwulexwlrqv/

zklfk lv wkh nh| uhvxow iru rxu hqwluh wkhru|1 Lq Vhfwlrq 6 zh vroyh wkh uhdol}dwlrq

sureohp iru d jhqhudo VGH hyroylqj lq Kloehuw vsdfh/ dqg zh dovr surylgh dq

h{solflw fkdudfwhul}dwlrq ri wkh plqlpdo lqyduldqw pdqlirog jhqhudwhg e| vxfk

dq VGH1

Wkh dssolfdwlrqv wr �qdqfh vwduwv lq Vhfwlrq 7/ zkhuh zh frqvwuxfw d vxlwdeoh

Kloehuw vsdfh ri iruzdug udwh fxuyhv wr zrun lq/ dqg dsso| rxu jhqhudo uhdol}dwlrq

uhvxowv wr wkh iruzdug udwh htxdwlrq1 Wkh pdlq uhvxow ri wkh sdshu lv Wkhruhp

714/ zklfk vd|v wkdw wkh iruzdug udwh prgho kdv d �qlwh glphqvlrqdo uhdol}dwlrq

li dqg rqo| li wkh Olh dojheud jhqhudwhg e| wkh guliw dqg wkh yrodwlolw| ri wkh

iruzdug udwh htxdwlrq lv �qlwh glphqvlrqdo1

Wkh uhvw ri wkh sdshu lv ghyrwhg wr dssolfdwlrqv ri wkh pdlq wkhruhp/ dqg lq

Vhfwlrq 8 zh vwxg| wkh fdvh ri d ghwhuplqlvwlf yrodwlolw| vwuxfwxuh1 Wkh pruh

lqwhuhvwlqj fdvh ri d pxowlsolfdwlyh yrodwlolw| lv vwxglhg/ lq vrph ghwdlo/ lq Vhfwlrq

9 zkhuh zh lqfoxgh dqg h{whqg doprvw doo suhylrxvo| nqrzq uhvxowv lq wkh �hog1

Zh hqg wkh sdshu zlwk d vwxg| ri vkruw udwh Pdunryldq uhdol}dwlrqv lq Vhfwlrq

:1 Wkh prvw lpsruwdqw uhvxow khuh lv Wkhruhp :14 zklfk surylghv d yhu| vlpsoh

qhfhvvdu| dqg vx�flhqw frqglwlrq iru zkhq wkh vkruw udwh lv Pdunryldq1 Dv dq

dssolfdwlrq ri wklv uhvxow zh uhghulyh/ lq Wkhruhp :15/ d uhpdundeoh uhvxow iurp

^4<` zklfk vkrzv wkdw wkh rqo| iruzdug udwh prghov/ zlwk vkruw udwh ghshqghqw

yrodwlolw| vwuxfwxuhv/ zklfk jhqhulfdoo| jlyh ulvh wr d Pdunryldq vkruw udwh duh

wkh d�qh rqhv1 Wkhvh prghov duh wkxv wkh rqo| jhqhulf vkruw udwh prghov iurp

d iruzdug udwh srlqw ri ylhz1

Wkh jhrphwulf lghdv suhvhqwhg ehorz duh lqwlpdwho| frqqhfwhg wr frqwuroodelolw|

sureohpv lq v|vwhpv wkhru|/ zkhuh wkh| kdyh ehhq xvhg h{whqvlyho| +vhh ^4;`,1

Wkh| kdyh dovr ehhq xvhg lq �owhulqj wkhru|/ zkhuh wkh sureohp lv wr �qg d

�qlwh glphqvlrqdo uhdol}dwlrq ri wkh xqqrupdol}hg frqglwlrqdo ghqvlw| surfhvv/

wkh hyroxwlrq ri zklfk lv jlyhq e| wkh ]dndl htxdwlrq1 D yhu| jrrg dffrxqw ri

wkhvh lghdv fdq eh irxqg lq ^:`1 Iru jhqhudo edfnjurxqg rq lqwhuhvw udwh wkhru|

vhh ^7`1

2 �@|�i4@|�U@* �@U!}hL�?_ @?_ |�i 6hLMi?��t

A�iLhi4

Lq wklv vhfwlrq zh jlyh wkh qhfhvvdu| +dqg vx�flhqw, edfnjurxqg rq lq�qlwh

glphqvlrqdo gl�huhqwldo jhrphwu|1 Lq wkh frqwh{w ri lqwhuhvw udwh wkhru| ehorz/

zh zloo rqo| eh zrunlqj lq d Kloehuw vsdfh vhwwlqj/ exw wkh uhvxowv duh mxvw dv

hdv| wr suryh lq Edqdfk vsdfh1
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Ohw xv wkxv frqvlghu d uhdo Edqdfk vsdfh [1 E| dq q0glphqvlrqdo glvwulexwlrq/

zh phdq d pdsslqj I / zklfk wr hdfk { lq dq rshq vxevhw Y ri [ dvvrfldwhv

dq q0glphqvlrqdo vxevsdfh I +{, � [1 D pdsslqj +yhfwru �hog, i = X $ [/

zkhuh X lv dq rshq vxevhw ri [/ lv vdlg wr olh lq I +rq X,/ li X � Y dqg

i+{, 5 I +{, iru hyhu| { 5 X 1 D froohfwlrq i4> = = = iq ri yhfwru �hogv o|lqj lq I

rq X jhqhudwh +ru vsdq, I rq X li vsdq ii4+{,> = = = iq+{,j @ I +{, iru hyhu| {

lq X / zkhuh vsdq ghqrwhv wkh olqhdu kxoo ryhu wkh uhdo �hog1 Wkh glvwulexwlrq lv

vprrwk li/ wr hyhu| { lq Y / wkhuh h{lvw dq rshq vhw X vxfk wkdw { 5 X
W
Y / dqg

vprrwk yhfwru �hogv i4> = = = iq vsdqqlqj I rq X 1 Li I dqg J duh glvwulexwlrqv

dqg J+{, � I +{, iru doo { zh vd| wkdw I frqwdlqv J/ dqg zh zulwh J � I 1
Wkh glphqvlrq ri d glvwulexwlrq I lv gh�qhg srlqwzlvh dv glpI +{,1

Uhpdun 514 Wkh suh�{ vprrwk deryh lv lqwhusuhwhg dv F41 Qrwh/ krzhyhu/

wkdw lq pdq| vlwxdwlrqv ehorz zh rqo| qhhg Fn iru vrph n zklfk ghshqgv xsrq

wkh sduwlfxodu frqwh{w1

Ohw i dqg j eh vprrwk yhfwru �hogv rq X 1 Wkhlu Olh eudfnhw lv wkh yhfwru �hog

^i> j` +{, @ i 3+{,j+{,� j3+{,i+{,>

zkhuh i 3+{, ghqrwhv wkh Iuhfkhw ghulydwlyh ri i dw {/ dqg vlploduo| iru j1 Iru
fodulw| zh zloo vrphwlphv zulwh i 3+{,^j+{,` lqvwhdg ri i 3+{,j+{, D glvwulexwlrq

I lv fdoohg lqyroxwlyh li/ iru hyhu| vprrwk i dqg j o|lqj lq I rq X / wkhlu Olh
eudfnhw dovr olhv lq I / l1h1

^i> j` +{, 5 I +{,> ;{ 5 X=

Ohw wkh glvwulexwlrq I eh dv deryh/ dqg ohw * = Y $ Z eh d gl�hrprusklvp

ehwzhhq wkh rshq vxevhwv Y dqgZ ri [1 Wkhq zh fdq gh�qh d qhz glvwulexwlrq

*BI rq Z e|
+*BI , +*+{,, @ *3+{,I +{,=

Vlploduo|/ iru dq| vprrwk yhfwru �hog i 5 F4 +X>[,/ zh gh�qh wkh �hog *Bi e|
*Bi @

�
*3 � *�4

� �
i � *�4

�
1 E| d vwudljkwiruzdug fdofxodwlrq rqh yhul�hv hdvlo|

wkdw
*B ^i> j` @ ^*Bi> *Bj` =

Iurp wklv zh frqfoxgh wkdw li I lv jhqhudwhg e| i4> = = = > iq/ wkhq *BI lv jhqhudwhg
e| *Bi4> = = = > *Biq/ dqg zh vhh wkdw I lv lqyroxwlyh li dqg rqo| li *BI lv lqyroxwlyh1

Wkh pdlq uhvxow ri wklv vhfwlrq lv wkh iroorzlqj lq�qlwh glphqvlrqdo h{whqvlrq

ri wkh vwdqgdug Iurehqlxv Wkhruhp1 Iru rxu sxusrvhv zh qhhg d sduwlfxodu

irupxodwlrq ri wkh wkhruhp dqg/ vlqfh wklv zdv qrw lpphgldwho| dydlodeoh lq wkh
olwhudwxuh +vhh h1j1 ^53`,/ zh dovr surylgh d vhoi frqwdlqhg surri1

Wkhruhp 514 +Iurehqlxv, Ohw I eh d vprrwk glvwulexwlrq rq wkh rshq vhw Y

lq wkh Edqdfk vsdfh [1 Ohw ixuwkhupruh { eh dq duelwudu| srlqw lq Y 1 Wkhq

wkhuh h{lvwv d gl�hrprusklvp * = X $ [ rq vrph qhljkerukrrg X � Y ri {/

vxfk wkdw *
B
I lv frqvwdqw rq *+X, li dqg rqo| li I lv lqyroxwlyh1
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Surri1 Wkh rqo| li sduw lv reylrxv iurp wkh uhpdunv deryh1 Ohw xv wkxv dvvxph
wkdw I lv lqyroxwlyh1 Zh surfhhg e| lqgxfwlrq rq q1 Iru q @ 4 wkh uhvxow iroorzv
edvlfdoo| iurp wkh h{lvwhqfh wkhruhp iru ruglqdu| gl�huhqwldo htxdwlrqv/ dqg d
vnhwfk ri wklv sduw ri wkh surri lv dv iroorzv1

Zlwkrxw orvv ri jhqhudolw| +ZORJ, zh pd| dvvxph wkdw wkh ruljlq lv lq Y / l1h1
wkdw 3 5 Y 1 Gh�qh wkh yhfwru h e| h @ i+3,/ dqg zulwh [ dv wkh gluhfw vxp
[ @ Uh. \ 1 Qrwh wkdw/ vlqfh Uh lv �qlwh glphqvlrqdo/ lw lv frpsohphqwhg/ vr
wkh vsdfh \ dozd|v h{lvwv1 Qrz frqvlghu wkh htxdwlrq

#+wh. |, @ | .

]
w

3

i +#+vh. |,,gv> w 5 U> | 5 \=

Xvlqj d vwdqgdug frqwudfwlrq dujxphqw/ lw fdq eh vkrzq wkdw/ iru vrph qhljk0
erukrrg X ri 3 5 [/ wkhuh h{lvwv d xqltxh frqwlqxrxv vroxwlrq # ri wklv htxdwlrq
zlwk # = X $ X 1 Wr suryh vprrwkqhvv +l1h1 F4, ri � lv kdughu/ exw lw fdq eh
grqh/ vhh h1j1 ^53`1 Iurp wkh htxdwlrq deryh zh kdyh #3+wh.|,h @ i +#+wh. |,,1
Zh dovr qrwh wkdw #+|, @ | dqg wkdw #3+3,+wh . |, @ wi+3, . | @ wh. | zkhuh
wkh odvw htxdolw| iroorzv iurp wkh irupxod

#+wh. |, @ | .

]
w

3

i +#+3, .R+vh. |,,gv

@ | . wi+3, . r+wh. |, @ | . wh. r+wh. |,=

Wkxv #3+3, lv wkh lghqwlw| pdsslqj/ dqg wkh lqyhuvh ixqfwlrq wkhruhp surylghv
xv zlwk d orfdo lqyhuvh * @ #�41 Qrz ohw { @ #+wh.|,/ l1h1 *+{, @ wh.|1 Wkhq
zh kdyh +*Bi, +wh . |, @ *3+{,i+{,1 Exw #3+wh . |,h @ i +#+wh. |,, @ i+{,/
vr +*Bi, +wh . |, @ *3 +#+wh. |,,#3+wh . |,h @ +* � #,

3

+wh . |,h @ h1 Wkxv
*Bi @ h lv d frqvwdqw yhfwru �hog1

Iru wkh lqgxfwlrq vwhs/ frqvlghu dq q zlwk q A 4 dqg vxssrvh wkdw wkh wkhruhp
krogv iru hyhu| p0glphqvlrqdo glvwulexwlrq zkhqhyhu p ? q1 Zh pd| djdlq
ZORJ dvvxph wkdw wkh ruljlq lv lq Y / l1h1 wkdw 3 5 Y 1 Dvvxph ixuwkhupruh
wkdw i4> = = = iq jhqhudwh I lq Y 1 Sxw hl @ il+3,> l @ 4> = = = > q dqg fkrrvh d forvhg

vxevsdfh ] ri [ vxfk wkdw

[ @ Uh4 . = = =.Uhq . ]>

dqg

+Uh4 . = = =.Uhq, _ ] @ 3=

Vxfk d vxevsdfh dozd|v h{lvwv/ vlqfh Uh4 . = = =.Uhq lv �qlwh glphqvlrqdo/ dqg

hyhu| �qlwh glphqvlrqdo vxevsdfh lq d Edqdfk vsdfh fdq eh frpsohphqwhg1 Zh

qrz gh�qh wkh vxevsdfh \ e|

\ @ Uh5 . = = =.Uhq . ]=

Vlqfh wkh wkhruhp krogv iru q @ 4 zh pd| +prgxor d gl�hrprusklvp, dvvxph

wkdw i4 @ h41 E| dsso|lqj Jdxvv holplqdwlrq zh dovr vhh wkdw zh pd| ZORJ

dvvxph wkdw

im @ hm . jm> m @ 5> = = = > q>

9



zkhuh jm 5 F4+Y> ],1

Vlqfh I zdv dvvxphg wr eh lqyroxwlyh/ wkhuh h{lvw vfdodu �hogv �mn 5 F4+Y>U,

vxfk wkdw ^i4> im ` @
Sq

n@4 �mnin iru m @ 5> = = = > q1 Khqfh

^i4> im ` @ i 3
4
im � i 3mi4 @ 3� j3mh4

@ �m4h4 . = = =. �mqhq . �m5j5 . = = =. �mqjq=

Qrz/ j3m = Y $ O+[>], +zkhuh O+[>], ghqrwhv wkh vsdfh ri erxqghg olqhdu

pdsv,/ vr j3mh4 5 ]/ iurp zklfk lw iroorzv wkdw iru m @ 5> = = = > q zh kdyh �m4 @

= = = @ �mq @ 31 Khqfh j3mh4 @ 3/ vr iru m @ 5> � � � > q zh kdyh jm+w4h4 . |, @ jm+|,

iru hyhu| w4 5 U dqg | 5 \ 1 Wkxv wkh uhvwulfwlrqv ri i5> = = = > iq wr \ jhqhudwhv

dq +q � 4,0glphqvlrqdo glvwulexwlrq I\ zklfk reylrxvo| dovr lv vprrwk dqg

lqyroxwlyh1 Iurp rxu lqgxfwlrq k|shwkhvlv wkhuh zloo wkxv h{lvw d gl�hrprusklvp

*\ / gh�qhg qhdu 3 5 \ / vxfk wkdw *\ BI\ lv frqvwdqw1 Ohw * eh wkh h{whqvlrq

ri *\ / gh�qhg e|

*+w4h4 . |, @ w4h4 . *\ +|,=

Fohduo| * lv d gl�hrprusklvp durxqg 3 5 [ vxfk wkdw *BI lv frqvwdqw qhdu

*+3,1

Zh zloo xvh wkh Iurehqlxv wkhruhp lq rughu wr suryh h{lvwhqfh ri vr fdoohg

wdqjhqwldo pdqlirogv1

Gh�qlwlrq 514 Ohw I eh d vprrwk glvwulexwlrq/ dqg ohw {3 eh d �{hg srlqw lq

[1 D vxepdqlirog J � [ zlwk {3 5 J lv fdoohg d wdqjhqwldo pdqlirog wkurxjk

{ iru I / li I +{, � W
J
+{, iru hdfk { lq d qhljkerukrrg ri {3 lq J1 Khuh W

J
+{,

ghqrwhv wkh wdqjhqw vsdfh wr J dw {1

Uhpdun 515 Zh qrwh wkdw wkh gh�qlwlrq ri d wdqjhqwldo pdqlirog +wkh frqfhsw

vhhpv wr eh qhz, lv vlplodu wr wkh gh�qlwlrq ri dq lqwhjudo pdqlirog/ exw wkdw iru

dq lqwhjudo pdqlirog zh kdyh wkh lqfoxvlrq W
J
+{, � I +{,1 Mxvw dv rqh w|slfdoo| lv

orrnlqj iru pd{lpdo lqwhjudo pdqlirogv/ zh zloo eh orrnlqj iru plqlpdo wdqjhqwldo

pdqlirogv1

Zh qrz kdyh wkh iroorzlqj uhvxow zklfk zh zloo xvh ehorz1

Wkhruhp 515 Ohw I eh dq q0glphqvlrqdo glvwulexwlrq/ dqg ohw {3 eh d �{hg

srlqw lq [1 Wkhuh h{lvwv dq q0glphqvlrqdo wdqjhqwldo pdqlirog wkurxjk { iru doo

{ lq d qhljkerukrrg ri {3 li dqg rqo| li I lv lqyroxwlyh1

Surri1 Dvvxph wkdw I lv lqyroxwlyh1 Wkhq wkh Iurehqlxv Wkhruhp surylghv xv

zlwk vprrwk yhfwru �hogv i4> = = = > iq vsdqqlqj I / dqg d orfdo gl�hrprusklvp vxfk

wkdw wkh �hogv *Bi4> = = = *Biq duh frqvwdqw1 Ghqrwlqj *Bil e| hl zh vhh wkdw iru

:



hyhu| { qhdu {3/ wkh sodqh S{ @ *+{,.Uh4. = = =.Uhq lv dq wdqjhqwldo pdqlirog

iru wkh glvwulexwlrq *BI / sdvvlqj wkurxjk *+{,1 Wkh sxoo0edfn *�4 +S{, ri wklv

sodqh lv wkhq dq wdqjhqwldo pdqlirog iru I sdvvlqj wkurxjk {1 Wkh surri ri wkh

rwkhu lpsolfdwlrq lv hdv| dqg wkh �qlwh glphqvlrqdo dujxphqw jrhv wkurxjk +vhh

h1j1 ^57`,1

Vxssrvh qrz wkdw zh duh jlyhq dq q0glphqvlrqdo lqyroxwlyh glvwulexwlrq I dqg

d srlqw {3 5 [1 Iurp wkh uhvxow deryh zh nqrz wkdw wkhuh h{lvwv d wdqjhqwldo

pdqlirog iru I sdvvlqj wkurxjk {3/ dqg d qdwxudo txhvwlrq lv li lw srvvleoh wr

sdudphwhul}h wklv pdqlirog lq vrph frqvwuxfwlyh zd|1 Wklv lv lq idfw srvvleoh

exw zh qhhg vrph qhz qrwdwlrq1

Gh�qlwlrq 515 Ohw i eh d vprrwk yhfwru �hog rq [/ dqg ohw { eh d �{hg srlqw

lq [1 Frqvlghu wkh RGH

;?
=

g{w

gw
@ i+{w,>

{3 @ {=

Zh ghqrwh wkh vroxwlrq {w dv {w @ hiw{1

Zh kdyh wkxv gh�qhg d jurxs ri rshudwruv ihiw = w 5 Uj/ dqg zh qrwh wkdw wkh

vhw ihiw{ = w 5 Uj � [ lv qrwklqj hovh wkdq wkh lqwhjudo fxuyh ri wkh yhfwru �hog

i / zlwk lqlwldo srlqw {/ l1h1 wkh fxuyh rewdlqhg e| vwduwlqj dw { dqg wkhq _joxlqj

wrjhwkhu lq�qlwhvlpdoo| vpdoo slhfhv% ri wkh yhfwru �hog i 1

Sursrvlwlrq 514 Wdnh dv jlyhq dq q0glphqvlrqdo lqyroxwlyh glvwulexwlrq vsdqqhg

e| i4> = = = > iq/ dqg d srlqw {3 5 [1 Ghqrwh wkh wdqjhqwldo pdqlirog wkurxjk {3
e| J1 Gh�qh wkh pdsslqj J = Uq $ [ e|

J+}4> = = = }q, @ hiq}q = = = hi4}4{3=

Wkhq J lv d orfdo sdudphwhul}dwlrq ri J lq wkh vhqvh wkdw wkhuh h{lvw rshq qhljk0

erukrrgv X � Uq dqg Y � J/ ri 3 dqg {3 uhvshfwlyho|/ vxfk wkdw Y @ J+X,1

Ixuwkhupruh/ wkh lqyhuvh ri J uhvwulfwhg wr Y lv d orfdo frruglqdwh v|vwhp iru J

dw {31

Surri1 Lw iroorzv gluhfwo| iurp wkh gh�qlwlrq ri dq wdqjhqwldo pdqlirog wkdw

J+}, 5 J iru doo } qhdu 3 lq Uq1 Ixuwkhupruh lw lv hdv| wr vhh wkdw J3+3,k @S
q

l@4
klil+{3, dqg / vlqfh i4> = = = > iq duh lqghshqghqw/ J3+3, lv lqmhfwlyh1 Wkh

lqyhuvh ixqfwlrq wkhruhp grhv wkh uhvw1

;
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��� OL4L}i?L�t 5)t|i4t

Wdnh dv jlyhq dq p0glphqvlrqdo vwdqgdug Zlhqhu surfhvv Z zlwk frpsrqhqwv

Z 4> = = = >Zp/ dqg d Kloehuw vsdfh K/ zkhuh d jhqhulf srlqw zloo eh ghqrwhg e| u1

Ohw ixuwkhupruh �> �4> = = = > �p eh vprrwk yhfwru �hogv rq K1 Iru d jlyhq lqlwldo

srlqw ur 5 K zh fdq wkhq frqvlghu wkh iroorzlqj Vwudwrqrylfk VGH rq K1+
guw @ �+uw,gw. �+uw, � gZw>

u3 @ ur>
+4,

zkhuh �+uw, � gZw @
S

p

4
�l+uw, � gZ

l

w
dqg zkhuh � ghqrwhv wkh Vwudwrqrylfk

lqwhjudo1 Zh qrwh wkdw/ ehfdxvh ri wkh dvvxphg vprrwkqhvv/ wkh VGH +4, zloo

orfdoo| +xs wr d srvlwlyh vwrsslqj wlph,/ dozd|v kdyh d xqltxh vwurqj vroxwlrq1

Ohw xv hpskdvl}h wkdw lq wkh vhtxho zh duh ghdolqj h{foxvlyho| zlwk orfdo vwurqj

+dv rssrvhg wr zhdn ru plog, vroxwlrqv wr doo VGHv1 Iru lqirupdwlrq rq VGHv

lq Kloehuw vsdfh vhh ^44`/ zklfk lv wkh vwdqgdug wh{w rq wkh vxemhfw1

Wkh uhdvrq iru ghqrwlqj wkh srlqwv lq K e| u lv wkdw lq rxu dssolfdwlrqv ehorz/

wkh vsdfh K zloo eh d vsdfh ri iruzdug udwh fxuyhv1

Uhpdun 614 Qrwh wkdw zh duh khuh rqo| frqvlghulqj wlph lqyduldqw v|vwhpv1

Iru wkh wlph ydu|lqj fdvh/ vhh qh{w vhfwlrq1

Wkh surfhvv u deryh lv lqkhuhqwo| dq lq�qlwh glphqvlrqdo surfhvv/ exw zh zloo

lqyhvwljdwh xqghu zkdw frqglwlrqv lw fdq eh uhdol}hg e| phdqv ri d �qlwh glphq0

vlrqdo VGH1 Zh zloo wr vrph h{whqw xvh uhvxowv iurp ^5`/ zkhuh wkh uhdghu dovr

fdq �qg d pruh ghwdlohg frqfhswxdo glvfxvvlrq1

Gh�qlwlrq 614 Zh vd| wkdw wkh VGH +4, kdv d +orfdo, g0glphqvlrqdo uhdol}d0

wlrq li wkhuh h{lvwv d srlqw }3 5 Ug
/ vprrwk yhfwru �hogv d> e4> = = = > ep rq vrph

rshq vxevhw ] ri Ug
dqg d vprrwk +vxepdqlirog, pds J = ] $ K/ vxfk wkdw u

kdv wkh orfdo uhsuhvhqwdwlrq

uw @ J+]w,> +5,

zkhuh ] lv wkh vroxwlrq ri wkh g0glphqvlrqdo Vwudwrqrylfk VGH+
g]w @ d+]w,gw. e+]w, � gZw>

]3 @ }3=
+6,

Wkh suh�{ _orfdo% deryh phdqv wkdw wkh uhsuhvhqwdwlrq lv dvvxphg wr krog iru

doo w zlwk 3 � w ? �+ur,/ S 0d1v1 zkhuh/ iru hdfk ur 5 K/ �+ur, lv d d vwulfwo|

srvlwlyh vwrsslqj wlph1

<



Zh zdqw wr jlyh frqglwlrqv iru wkh h{lvwhqfh ri d �qlwh uhdol}dwlrq lq whupv ri

wkh orfdo fkdudfwhulvwlfv �> � dqg lq wklv frqwh{w d orfdo uhdol}dwlrq lv wkh ehvw

rqh fdq krsh iru1 Vhh ^5` iru d glvfxvvlrq rq wklv srlqw1 Zh zloo wkxv riwhq

vxssuhvv wkh suh�{ _orfdo%/ vr lq wkh vhtxho wkh zrug uhdol}dwlrq vkrxog dozd|v

eh lqwhusuhwhg dv orfdo uhdol}dwlrq1

Wkh uhdol}dwlrq frqfhsw lv forvho| frqqhfwhg wr wkh frqfhsw ri dq lqyduldqw vxe0

pdqlirog1

Gh�qlwlrq 615 D vxepdqlirog J lq K lv vdlg wr eh +orfdoo|, lqyduldqw xqghu

wkh dfwlrq ri wkh VGH +4,/ li iru hyhu| fkrlfh ri u3 5 J zh kdyh uw 5 J iru

3 � w ? �+ur,/ zkhuh � lv d vwulfwo| srvlwlyh vwrsslqj wlph1

Wkh �uvw vwhs wr d vroxwlrq ri wkh uhdol}dwlrq sureohp olhv lq wkh iroorzlqj uhvxow1

Sursrvlwlrq 614 Wkhuh h{lvwv d orfdo g0glphqvlrqdo uhdol}dwlrq wr +4, li dqg

rqo| li wkhuh h{lvwv dq lqyduldqw vxepdqlirog J zlwk ur 5 J1

Surri1 Iru d irupdo surri vhh wkh surri ri Sursrvlwlrq 715 lq ^5`/ zklfk jrhv

wkurxjk lq rxu suhvhqw vhwwlqj1 D vlpsoh lqwxlwlyh dujxphqw uxqv dv iroorzv1

Vxssrvh wkdw wkhuh h{lvwv d �qlwh glphqvlrqdo lqyduldqw pdqlirog J zlwk ur 5 J1

Wkhq J kdv d orfdo frruglqdwh v|vwhp/ dqg zh pd| gh�qh wkh ] surfhvv dv wkh

orfdo frruglqdwh surfhvv iru wkh u0surfhvv1 Rq wkh rwkhu kdqg lw lv fohdu wkdw li

u kdv d �qlwh glphqvlrqdo uhdol}dwlrq dv lq +5,0+6,/ wkhq doo srlqwv u surgxfhg

e| wkh uhdol}dwlrq duh ri wkh irup u @ J+}, vr wkhuh reylrxvo| h{lvwv d �qlwh

glphqvlrqdo lqyduldqw vxepdqlirog J frqwdlqlqj wkh lqlwldo srlqw ur/ qdpho|

J @ Lp ^J` @ iJ+},> } 5 ]j1

Wkh sureohp ri �qglqj d uhdol}dwlrq lv wkxv uhgxfhg wr wkh sureohp ri �qglqj d

�qlwh glphqvlrqdo lqyduldqw vxepdqlirog dqg/ xvlqj dqrwkhu uhvxow iurp ^5`/ zh

fdq qrz frqqhfw wklv sureohp wr wkh Iurehqlxv wkhru| lq wkh suhfhhglqj vhfwlrq1

Wkhruhp 614 D vxepdqlirog J lv lqyduldqw xqghu wkh dfwlrq ri wkh VGH +4,

li dqg rqo| li/ iru hyhu| srlqw u 5 J/ wkh yhfwruv �+u,> �4+u,> = = = > �p+u, ehorqj wr

wkh wdqjhqw vsdfh ri J dw u1 Wkxv J lv lqyduldqw li dqg rqo| li lw lv dq wdqjhqwldo

pdqlirog iru wkh glvwulexwlrq jhqhudwhg e| �> �4> = = = > �p1

Surri1 Vhh ^5`/ Wkhruhp 7141

Sxwwlqj wkhvh uhvxowv wrjhwkhu zh lpphgldwho| kdyh wkh iroorzlqj1

43



Sursrvlwlrq 615 Wkh VGH +4, kdv d �qlwh glphqvlrqdo uhdol}dwlrq li dqg rqo|

li wkhuh h{lvwv d �qlwh glphqvlrqdo wdqjhqwldo pdqlirog iru �> �4> = = = > �p/ frq0

wdlqlqj wkh lqlwldo srlqw ur1 Wkh glphqvlrq ri d plqlpdo +z1u1w1 wkh glphqvlrq

g, uhdol}dwlrq frlqflghv zlwk wkh glphqvlrq ri wkh plqlpdo wdqjhqwldo pdqlirog1

Ehiruh jrlqj wr rxu pdlq uhvxow zh qhhg d qhz frqfhsw1

Gh�qlwlrq 616 Ohw I eh d vprrwk glvwulexwlrq rq K1 Wkh Olh dojheud jhq0

hudwhg e| I / ghqrwhg e| iIj
OD

/ lv gh�qhg dv wkh plqlpdo +xqghu lqfoxvlrq,

lqyroxwlyh glvwulexwlrq frqwdlqlqj I 1

Li/ iru h{dpsoh/ wkh glvwulexwlrq I lv vsdqqhg e| wkh yhfwru �hogv i4> = = = > iq
wkhq/ wr frqvwuxfw wkh Olh dojheud ii4> = = = > iqjOD/ |rx vlpso| irup doo srvvleoh

eudfnhwv/ dqg eudfnhwv ri eudfnhwv/ hwf1 ri wkh �hogv i4> = = = > iq/ dqg dgmrlq wkhvh

wr wkh ruljlqdo glvwulexwlrq xqwlo wkh glphqvlrq ri wkh glvwulexwlrq lv qr orqjhu

lqfuhdvhg1

Zh fdq qrz irupxodwh dqg suryh rxu pdlq uhvxow rq wkh h{lvwhqfh ri �qlwh

glphqvlrqdo uhdol}dwlrqv1

Wkhruhp 615 Wdnh dv jlyhq wkh yhfwru �hogv �> � dqg d srlqw au 5 K1 Wkh

iroorzlqj vwdwhphqwv duh htxlydohqw1

� Iru hdfk fkrlfh ri lqlwldo srlqw ur qhdu au 5 K/ wkhuh h{lvwv d g0glphqvlrqdo

uhdol}dwlrq ri wkh lq�qlwh glphqvlrqdo VGH +4,1

� Wkh Olh dojheud i�> �4> = = = > �pjOD kdv glphqvlrq g qhdu au1

Surri1 Iurp Iurehqlxv lw iroorzv wkdw J lv dq wdqjhqwldo pdqlirog iru wkh glvwul0

exwlrq vsdqqhg e| i�> �4> = = = > �pj/ li dqg rqo| li lv wdqjhqwldo iru i�> �4> = = = > �pjOD1

Wkh uhvw iroorzv iurp Sursrvlwlrq 6151

Uhpdun 615 Qrwh wkdw/ dv idu dv �qlwh uhdol}dwlrqv duh frqfhuqhg/ zh duh rqo|

frqvlghulqj sxuh h{lvwhqfh uhvxowv1 Zh gr qrw wuhdw wkh sureohp ri krz wr

frqvwuxfw d frqfuhwh uhdol}dwlrq1 _Lq sulqflsoh% wklv lv vlpsoh= \rx _mxvw% �{ d

frruglqdwh v|vwhp rq wkh lqyduldqw pdqlirog +rewdlqhg wkurxjk Sursrvlwlrq 514,

dqg zulwh grzq wkh frruglqdwh g|qdplfv ri wkh u0surfhvv/ exw wklv lv hdvlhu vdlg

wkdq grqh1 Qrwh dovr wkdw wkhuh lv qr vxfk wklqj dv d xqltxh uhdol}dwlrq/ vlqfh

dq| gl�hrprusklf wudqvirupdwlrq ri wkh vwdwh vsdfh zloo jlyh d qhz htxlydohqw

uhdol}dwlrq1 Wkh sureohp ri �qglqj fdqrqlfdo uhdol}dwlrqv lv d vxemhfw ri rqjrlqj

uhvhdufk1

Lq dssolfdwlrqv/ zkhq rqh lv wu|lqj wr frqvwuxfw wkh Olh dojheud jhqhudwhg e|

d frqfuhwh fkrlfh ri i�> �4> = = = > �pj/ wkh iroorzlqj revhuydwlrqv duh riwhq txlwh

xvhixo
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Ohppd 614 Wdnh wkh yhfwru �hogv i4> = = = > in dv jlyhq1 Wkh Olh dojheud ii4> = = = > injOD
uhpdlqv xqfkdqjhg xqghu wkh iroorzlqj rshudwlrqv1

� Wkh yhfwru �hog il pd| eh uhsodfhg e| �il/ zkhuh � lv dq| vprrwk qrq}hur

vfdodu �hog1

� Wkh yhfwru �hog il pd| eh uhsodfhg e|

il .
[

m 9@l

�mim >

zkhuh �4> = = = > �n duh dq| vprrwk vfdodu �hog1

Surri1 Wkh �uvw srlqw lv jhrphwulfdoo| reylrxv/ vlqfh pxowlsolfdwlrq e| d vfdodu
�hog zloo rqo| fkdqjh wkh ohqjwk ri wkh yhfwru �hog il/ dqg qrw lwv gluhfwlrq/
dqg wkxv qrw wkh wdqjhqwldo pdqlirog1 Irupdoo| lw iroorzv iurp wkh _Ohleqlw}
uxoh% ^i> � � j` @ � � ^i> j`� +�3i, � j1 Wkh vhfrqg srlqw iroorzv iurp wkh elolqhdu
surshuw| ri wkh Olh eudfnhw wrjhwkhu zlwk wkh idfw wkdw ^i> i ` @ 31

Zh hqg wklv vhfwlrq zlwk vrph uhpdunv rq wkh vwuxfwxudo vwdelolw| ri uhdol}dwlrqv1
Frqvlghu wkhuhiruh d jlyhq g|qdplfdo vwuxfwxuh/ vshfl�hg e| �> �1 Lw lv lpsruwdqw
wr qrwh wkdw lw pd| zhoo kdsshq wkdw wkh VGH jhqhudwhg e| i�> �j kdv d �qlwh
glphqvlrqdo uhdol}dwlrq iru d sduwlfxodu fkrlfh ri lqlwldo srlqw ur/ zkhuhdv qr
�qlwh glphqvlrqdo uhdol}dwlrq h{lvwv iru srlqwv forvh wr ur1 Zh vd| wkdw vxfk
d v|vwhp kdv d qrq0jhqhulf ru _dfflghqwdo% �qlwh glphqvlrqdo uhdol}dwlrq dw
ur1 Li/ rq wkh rwkhu kdqg/ wkh v|vwhp kdv d �qlwh glphqvlrqdo uhdol}dwlrq iru
doo srlqwv lq d qhljkerukrrg ri ur zh vd| wkdw wkh v|vwhp kdv d jhqhulf �qlwh
glphqvlrqdo uhdol}dwlrq dw ur1 Wkh h{lvwhqfh ri d qrq0jhqhulf uhdol}dwlrq lv ri
frxuvh ri yhu| olplwhg ydoxh/ vlqfh wkh vlwxdwlrq lv vwuxfwxudoo| xqvwdeoh1 Zh qrwh
+zlwk vdwlvidfwlrq, wkdw rxu Olh dojheudlf uhvxow deryh jxdudqwhhv wkh h{lvwhqfh
ri d jhqhulf �qlwh glphqvlrqdo uhdol}dwlrq1

D frqfuhwh/ dqg yhu| vlpsol�hg slfwxuh ri zkdw lv jrlqj rq/ lv wkh iroorzlqj wzr0
glphqvlrqdo h{dpsoh1 Lq wkh +{> |,0sodqh zh frqvlghu wkh glvwulexwlrq vsdqqhg
e| wkh iroorzlqj yhfwru �hogv

i+{> |, @ +|>�{,>

j+{> |, @
�
+{5 . |5,|>�{,

�

Lw lv fohdu wkdw wkhvh wzr �hogv duh lqghshqghqw dw hyhu| srlqw qrw o|lqj rq wkh
xqlw flufoh/ zkhuhdv wkh| duh lghqwlfdo rq wkh xqlw flufoh1 Iru dq| srlqw r� wkh
xqlw flufoh/ wkh plqlpdo wdqjhqwldo pdqlirog zloo wkxv eh wzr0glphqvlrqdo dqg
wklv surshuw| lv jhqhulf1 Rq wkh frqwudu|/ iru dq| jlyhq srlqw rq wkh xqlw flufoh/
wkh wdqjhqwldo pdqlirog zloo eh rqh0glphqvlrqdo +lw zloo eh wkh flufoh lwvhoi,/
exw wklv lv d qrq0jhqhulf fdvh/ vlqfh wkh wdqjhqwldo pdqlirog zloo eh ri kljkhu
glphqvlrq dw srlqwv duelwudulo| forvh wr wkh vwduwlqj srlqw1
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Dv qrwhg deryh/ wkhuh lv qr vxfk wklqj dv d xqltxh uhdol}dwlrq ri d jlyhq v|vwhp/
vlqfh dq| gl�hrprusklf wudqvirupdwlrq ri ] zloo surylgh dq htxlydohqw uhdol}d0

wlrq1 Qhyhuwkhohvv/ lq pdq| dssolfdwlrqv lw lv ri lqwhuhvw wr �qg uhdol}dwlrqv

zkhuh wkh vwdwh yduldeohv kdyh d qdwxudo +iru h{dpsoh hfrqrplf, lqwhusuhwdwlrq1

Iru wkdw sxusrvh zh zloo qrz suryh d idluo| jhqhudo uhvxow frqfhuqlqj frrugl0

qdwh v|vwhpv/ dqg iru wkh uhvw ri wklv vxevhfwlrq zh pdnh wkh iroorzlqj vwdqglqj

dvvxpswlrq1

Dvvxpswlrq 614 Zh dvvxph wkdw wkh Kloehuw vsdfh K lv d vsdfh ri ixqfwlrqv

ri wkh irup u = L $ U/ zkhuh { :�$ u+{,1 Khuh L lv dvvxphg wr eh vrph lqwhuydo

rq wkh uhdo olqh1

Lq wkh dssolfdwlrqv ehorz K zloo eh d vsdfh ri +dqdo|wlf, iruzdug udwh fxuyhv1

Wkhruhp 616 Vxssrvh wkdw wkhuh h{lvwv d g0glphqvlrqdo uhdol}dwlrq iru d jlyhq

v|vwhp1 Wkhq wkhuh h{lvwv uhdo qxpehuv {4> = = = > {g lq wkh lqwhuydo L/ dqg d uhdo0

l}dwlrq ] vxfk wkdw ]w @ +uw+{4,> = = = > uw+{g,,1 Li wkh vsdfh K lv d vsdfh ri uhdo

dqdo|wlf ixqfwlrqv/ wkhq wkh qxpehuv {4> = = = > {g fdq/ dsduw iurp d glvfuhwh vhw ri

_iruelgghq ydoxhv%/ eh fkrrvh frpsohwho| iuhho|1

Surri1 Vlqfh wkhuh h{lvwv d g0glphqvlrqdo uhdol}dwlrq/ wkhuh zloo h{lvw d g0

glphqvlrqdo lqyduldqw pdqlirog/ J/ lq rxu Kloehuw vsdfh K1 Lw lv hqrxjk wr vkrz

wkdw zh fdq fkrrvh { @ +{4> = = = > {g, lq Ug vxfk wkdw wkh pds a{ = J $ Ug/

gh�qhg e| a{+u, @ +u+{4,> = = = > u+{g,, lv d orfdo frruglqdwh pdsslqj1 E| wkh

lqyhuvh pdsslqj wkhruhp lw lv hqrxjk wr vkrz wkdw wkh Iuhfkhw ghulydwlyh ri a{ lv

elmhfwlyh1 Ohw wkhuhiruh u eh d �{hg srlqw rq J dqg ghqrwh e| WJu wkh wdqjhqw

vsdfh ri J dw u1 Vlqfh J � K zh fdq lghqwli| WJu zlwk d g0glphqvlrqdo vxevsdfh

ri K1 Ixuwkhupruh/ vlqfh a{ dv d pdsslqj irup K lv olqhdu dqg frqwlqxrxv/ wkh

ghulydwlyh a{Bu ri a{ dw u lv/ iru t 5 WJu/ jlyhq e| a{Bu+t, @ +t+{4,> = = = > t+{g,,1 Wr

suryh wkdw wklv pdsslqj lv elmhfwlyh iru vrph fkrlfh ri { zh ohw h4> = = = > hg eh d

edvlv iru WJu1 Gh�qlqj/ iru n � g/ wkh pdwul{

Hn+{, @

5
97

h4+{4, = = = h4+{n,
111

111

hn+{4, = = = hn+{n,

6
:8 >

lw lv wkxv hqrxjk wr vkrz wkdw ghw ^Hg+{,` 9@ 3 iru vrph { lq Ug1 Zh surfhhg

e| lqgxfwlrq rq n1

Vlqfh h4 lv qrw wkh qxoo ixqfwlrq/ wkhuh lv vrph {4 vxfk wkdw ghw ^H4+{,` @

h4+{4, 9@ 31 Qrz dvvxph wkdw {4> = = = > {n kdyh ehhq fkrvhq vxfk wkdw ghw ^Hn+{,` 9@
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3 dqg frqvlghu

Hn.4+{, @

5
9997

h4+{4, = = = h4+{n, h4+{n.4
111

111
111

hn+{4, = = = hn+{n, hn+{n.4,

hn.4+{4, = = = hn.4+{n, hn.4+{n.4,

6
:::8 =

Vxssrvh wkdw ghw ^Hn.4+{,` @ 3 iru dq| fkrlfh ri {n.41 Wkhq/ vlqfh ghw ^Hn+{,` 9@

3/ wkh odvw urz lv d olqhdu frpelqdwlrq ri wkh rwkhu urzv1 Li wkh m=wk urz lv gh0

qrwhg e| um zh zrxog wkhq kdyh

un.4 @ �4u4 . = = = �nun=

Krzhyhu/ vlqfh ghw ^Hn+{,` 9@ 3/ wkh �=v rqo| ghshqg rq {4> = = = > {n1 Wkxv zh

zrxog kdyh

hn.4+{n.4, @ �4h4+{n.4,>. = = = �nhn+{n.4,

iru hyhu| fkrlfh ri {n.41 Wklv/ krzhyhu/ lv d frqwudglfwlrq vlqfh h4> = = = > hn zhuh

vxssrvhg wr eh olqhduo| lqghshqghqw1 Li K lv d vsdfh ri dqdo|wlf ixqfwlrqv/ zh

xvh wkh idfw wkdw d qrq}hur dqdo|wlf ixqfwlrq rqo| kdv lvrodwhg }hurhv1

��� A�4i V@h)�?} 5)t|i4t

Zh qrz h{whqg wkh dqdo|vlv wr fryhu wlph ydu|lqj v|vwhpv ri wkh irup+
guw @ �+uw> w,gw. �+uw> w, � gZw>

uv @ ur=
+7,

Qrwh wkdw zh qr orqjhu lqlwldwh wkh v|vwhp dw w @ 3 exw dw dq duelwudu| srlqw v

lq wlph1 Wkh uhohydqw gh�qlwlrqv ri uhdol}dwlrqv dqg lqyduldqw pdqlirogv duh wkh

qdwxudo rqhv zlwk wkh reylrxv h{whqvlrq ri wkh suh�{ _orfdo%1

Gh�qlwlrq 617 Zh vd| wkdw wkh VGH +7, kdv d +orfdo, g0glphqvlrqdo uhdol}d0

wlrq dw +v> ur,/ li wkhuh h{lvwv d srlqw }v 5 Ug
/ vprrwk yhfwru �hogv d> e4> = = = > ep

rq vrph rshq vxevhw ] ri Ug
dqg d vprrwk +vxepdqlirog, pds J = ] $ K/

vxfk wkdw u kdv wkh orfdo uhsuhvhqwdwlrq

uw @ J+]w,> w � v +8,

zkhuh ] lv wkh vroxwlrq ri wkh g0glphqvlrqdo Vwudwrqrylfk VGH+
g]w @ d+]w,gw. e+]w, � gZw>

]v @ }v=
+9,

47



Gh�qlwlrq 618 D vxepdqlirog J lq K lv vdlg wr eh +orfdoo|, lqyduldqw xqghu

wkh dfwlrq ri wkh VGH +7,/ li iru hyhu| fkrlfh ri +v> u3, 5 U.�J zh kdyh uw 5 J

orfdoo| iru v � w1

Dv ehiruh zh duh lqyhvwljdwlqj wkh h{lvwhqfh ri �qlwh glphqvlrqdo uhdol}dwlrqv

dqg lqyduldqw pdqlirogv1 Zh kdqgoh wklv qhz vlwxdwlrq e| hqodujlqj wkh vwdwh

vsdfh dqg lqwurgxflqj uxqqlqj wlph dv d qhz vwdwh1 Gh�qlqj/ iru hdfk �{hg v/

wkh Zlhqhu surfhvv Z v dv Z v
w
@ Zw �Zv/ zh fdq zulwh +7, dv;AA?

AA=
gux @ �+ux> w,gx. �+ux> w, � gZ

v

x
>

gw @ 4 � gx. 3 � gZ v

x
>

u3 @ ur>

w3 @ v=

Zh duh ohg wr wkh iroorzlqj qdwxudo qrwdwlrq1

Gh�qlwlrq 619 Gh�qh wkh iroorzlqj h{whqghg remhfwv1

aK @ K�U> +:,

au @

�
u

w

�
> +;,

a�+au, @

�
�+u> w,

4

�
> +<,

a�+au, @

�
�+u> w,

3

�
> +43,

Zh fdq qrz zulwh +7, dv wkh iroorzlqj VGH rq aK zkhuh/ lq rughu wr vdyh vsdfh/

zh vxssuhvv wkh vxshulqgh{ lq Z v1 dqg+
gaux @ a�+aux,gx. a�+ aux, � gZx>

au3 @ aur=
+44,

Khuh zh kdyh xvhg wkh qrwdwlrq

aur @

�
ur

v

�
=

Lw lv qrz hdv| wr vhh wkdw d pdqlirog J lv lqyduldqw lq K iru wkh wlph ydu|lqj

v|vwhp +7, li dqg rqo| li J � U lv lqyduldqw iru wkh krprjhqrxv v|vwhp +44,1

Ixuwkhupruh lw lv fohdu wkdw �qglqj d uhdol}dwlrq iru +7, lv htxlydohqw wr wkdw

ri �qglqj d uhdol}dwlrq iru +44,/ dqg zh kdyh rxu pdlq uhvxow/ zklfk iroorzv

lpphgldwho| iurp Wkhruhp 6151

Wkhruhp 617 Wkh wlph ydu|lqj v|vwhp +7, kdv d �qlwh glphqvlrqdo uhdol}dwlrq
li dqg rqo| li

glpia�> a�j
OD

?4
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Dv lq Khdwk/ Mduurz/ dqg Pruwrq +4<<5,/ zh frqvlghu d ghidxow iuhh erqg pdunhw

dqg ohw s+w> W , ghqrwh wkh sulfh dw wlph w � 3 ri d }hur frxsrq erqg pdwxulqj

dw W � w1 Zh dvvxph iulfwlrqohvv pdunhwv dqg shuihfwo| glylvleoh erqgv1 Wkh

iruzdug udwhv i+w> W , duh dv xvxdo gh�qhg e|

i+w> W , @ �
C orj s+w> W ,

CW
> +45,

dqg wkh vkruw udwh U lv gh�qhg e|

U+w, @ i+w> w,=

Frqvlghu qrz dv jlyhq d frqfuhwh whup vwuxfwxuh prgho/ gh�qhg rq d �owhuhg

suredelolw| vsdfh +
>I > T> iIwjw�3,1 Zh dvvxph wkdw wkh prgho lv iuhh ri du0

elwudjh lq wkh vhqvh wkdw wkh suredelolw| phdvxuh T lv d pduwlqjdoh phdvxuh

iru wkh prgho/ l1h1 iru hdfk �{hg W / wkh surfhvv s+w> W ,@Ew lv d T0pduwlqjdoh/

zkhuh wkh prqh| dffrxqw E lv gh�qhg dv xvxdo e| Ew @ h{s
qU w

3
U+v,gv

r
1 Wkh

sk|vlfdo suredelolw| phdvxuh S zloo sod| qr uroh ehorz/ vr doo fdofxodwlrqv duh

fduulhg rxw xqghu T1

Pruh vshfl�fdoo|/ zh dvvxph wkdw xqghu wkh pduwlqjdoh phdvxuh T/ wkh g|qdplfv

ri wkh iruzdug udwhv duh ri wkh irup

gi+w> W , @ �+w> W ,gw. �3+w> W ,gZw> +46,

zkhuh Z lv dq p0glphqvlrqdo T0Zlhqhu surfhvv1

Dv zh zloo vhh ehorz/ lw lv frqyhqlhqw wr xvh wkh Pxvlhod +^9`/ ^54`, sdudphwhul0

}dwlrq ri iruzdug udwhv

u+w> {, @ i+w> w. {,> +47,

zkhuh wkh v|pero { ghqrwhv wlph wr pdwxulw| dv rssrvhg wr W / zklfk ghqrwhv

wlph ri pdwxulw|1 Zh ghqrwh wkh lqgxfhg g|qdplfv iru wkh u0surfhvv e|

gu+w> {, @ �+w> {,gw. �+w> {,gZw> +48,

dqg lw lv hdv| wr vhh wkdw wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq wkh

irupxodwlrqv +46, dqg +48,/ qdpho|

�+w> {, @
C

C{
u+w> {, . �+w> w. {,> +49,

�+w> {, @ �3+w> w. {,= +4:,

Wkh KMP qr duelwudjh guliw frqglwlrq fdq qrz eh wudqvihuuhg wr wkh qhz sdud0

phwhul}dwlrq1 Zulwlqj B iru wudqvsrvh/ wkh uhvxow lv dv iroorzv +^54`,1
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Sursrvlwlrq 714 +Iruzdug Udwh Htxdwlrq, Xqghu wkh pduwlqjdoh phdvxuh

T/ wkh u0g|qdplfv duh

gu+w> {, @

�
C

C{
u+w> {, . �+w> {,

]
{

3

�+w> x,Bgx

�
gw. �+w> {,gZw= +4;,

e�2 A�i 5T@Ui

Wkh elj sureohp zlwk wkh iruzdug udwh htxdwlrq +4;,/ iurp rxu srlqw ri ylhz/

lv wkh rshudwru C

C{
lq wkh guliw whup1 Lq prvw _qdwxudoo|% fkrvhq vsdfhv/ olnh d

zhljkwhg Vrerohy vsdfh/ wkh rshudwru lv xqerxqghg/ zklfk phdqv wkdw zh kdyh

qr h{lvwhqfh uhvxowv frqfhuqlqj vwurqj vroxwlrqv1 Wkxv/ lq rughu wr vwxg| wkh

uhdol}dwlrq sureohp xvlqj rxu suhylrxvo| ghyhorshg iudphzrun/ zh qhhg d yhu|

uhjxodu vsdfh wr zrun lq +vhh Uhpdun 716,1

Gh�qlwlrq 714 Frqvlghu �{hg uhdo qxpehuv � A 4/ dqg � A 31 Wkh vsdfh K�>�

lv gh�qhg dv wkh vsdfh ri doo lq�qlwho| gl�huhqwldeoh ixqfwlrqv

u = U. $ U

vdwlvi|lqj wkh qrup frqglwlrq nun�>� ?4= Khuh wkh qrup lv gh�qhg dv

nun5�>� @

4[
q@3

��q
]
4

3

�
gqu

g{q
+{,

�5
h��{g{=

Qrwh wkdw K�>� lv qrw d vsdfh ri glvwulexwlrqv/ exw d vsdfh ri ixqfwlrqv1 Wkh

uhdvrq iru wkh h{srqhqwldo zhljkwlqj lv wr lqfoxgh doo frqvwdqw ixqfwlrqv lq wkh

vsdfh1 Prvw ri wkh uhvxowv ehorz duh xqlirup z1u1w1 +�> �,/ vr lq wkh vhtxho

zh zloo riwhq vxssuhvv wkh vxelqglfhv1 Zlwk wkh reylrxv lqqhu surgxfw K lv d

suh0Kloehuw vsdfh/ dqg zh kdyh wkh iroorzlqj uhvxow1

Sursrvlwlrq 715 Wkh vsdfh K lv d Kloehuw vsdfh +l1h1 frpsohwh,/ dqg li iq $

i lq K wkhq i
+p,
q $ i +p, xqlirupo| rq frpsdfwv iru hyhu| p � 3/ zkhuh

i +p,
@ gpi@g{p1 Wkxv lq sduwlfxodu/ iru dq| �{hg { 5 U./ wkh srlqw hydoxdwlrq

pdsslqj u :�$ u+{, lv d erxqghg olqhdu ixqfwlrqdo1 Ixuwkhupruh/ hyhu| ixqfwlrq

lq K lv lq idfw uhdo dqdo|wlf/ dqg fdq wkxv eh xqltxho| h{whqghg wr d krorprusklf

ixqfwlrq lq wkh hqwluh frpsoh{ sodqh1

Surri1 Ohw xv lqwurgxfh phdvxuhv � dqg � rq Q +wkh qdwxudo qxpehuv, dqg

U. uhvshfwlyho| +zlwk reylrxv vljpd dojheudv,/ e|

�+H, @

[
q5H

��q> H � Q>

�+I , @

]
I

h��{g{= I � U.=

4:



Ohw ixuwkhupruh � � � ghqrwh wkh surgxfw phdvxuh1

Iru hyhu| i 5 F4+U., zh gh�qh Wi = Q �U. $ U e| Wi+q> {, @ i +q,+{,/ vr

K @
�
i 5 F4+U., = Wi 5 O5 +� � �,

�
1

Qrz ohw ii
qj eh d Fdxfk| vhtxhqfh lq K dqg sxw iq>n @ iq � in1 Wkhq/ dv

q> n $4/ Wiq>n $ 3 lq O5 +� � �, Wkxv wkhuh h{lvwv vrph j 5 O5 +� � �, vxfk

wkdw Wiq $ j lq O5 +� � �,/ dqg zh fdq fkrrvh d vxevhtxhqfh iiq3j iurp iiqj

vxfk wkdw

Wiq3 $ j> +� � �,� d=h=

Exw wkhq/ iru hyhu| p � 3 zh kdyh wkdw

i +p,
q

$ jp> lq O5+�,>

dqg

i
+p,

q3 $ jp> +�,� d=h=>

zkhuh jp+{, @ j+p>{,1 Ohw/ iru W A 3/ F^3> W ` ghqrwh wkh vsdfh ri frqwlqxrxv

ixqfwlrqv ^3> W ` $ U zlwk vxsuhpxp qrup1 Zh qrz zdqw wr suryh wkdw/ iru

hyhu| p/
q
i
+p,
q

r
lv d Fdxfk| vhtxhqfh lq F^3> W `/ dqg iru wklv zh qhhg wkh

iroorzlqj ohppd1

Ohppd 714 Wkh vhtxhqfh
q
i
+p,
q +3,

r
q

lv Fdxfk| lq U1

Surri ri Ohppd= Wr jhw d frqwudglfwlrq/ dvvxph wkdw wkhuh h{lvwv vrph � A 3

vxfk wkdw/ iru hyhu| Q / i
+p,

q>n +3, A � iru vrph q> n A Q 1 Qrz frqvlghu

i
+p,

q>n +{, @ i
+p,

q>n +3, .

] {

3

i
+p.4,

q>n +|,g|=

Zh kdyh/ krzhyhu/

����
] {

3

i
+p.4,

q>n +|,g|

����
5

@

����
]
4

3

h+�|,@5L^3>{`+|,h
��|@5i

+p.4,

q>n +|,g|

����
5

�

�] {

3

h�|g|

��]
4

3

q
i
+p.4,

q>n +|,
r5

h��|g|

�
@

�
h�{ � 4

�

����i +p.4,

q>n

���5
O5+�,

Wkxv ���i +p,

q>n � i
+p,

q>n +3,
���
F^3>W `

� N
���i +p.4,

q>n

���
O5+�,

iru vrph N ghshqglqj rq � dqg W 1 Qrz fkrrvh Q vxfk wkdw

N
���i +p.4,

q>n

���
O5+�,

? �@5

li q> n A Q 1 Wkhq reylrxvo| i
+p,

q>n +{, A �@5 iru doo { 5 ^3> W ` dqg iru duelwudulo|

odujh q> n1 Wklv/ krzhyhu/ frqwudglfwv wkh dvvxpswlrq wkdw ni
+p,

q>n nO5+�, $ 3

4;



zkhq q> n$41 Wkxv i
+p,

q>n +3,$ 3 dv q> n$41
Hqg ri surri ri Ohppd1

Iurp wkh deryh surri zh dovr kdyh

ni
+p,

q>n nF^3>W ` �

���i +p,

q>n +3,
���.Nni

+p.4,

q>n nO5+�, $ 3

dv q> n $ 4/ vr
q
i
+p,
q

r
lv Fdxfk| lq F^3> W `1 Wkxv i

+p,
q $ kp lq F^3> W `

iru vrph kp lq F^3> W `1 Vlqfh i
+p,

q3 $ jp> � � d=h= zh frqfoxgh wkdw jp @

kp> �� d=h= rq ^3> W `1

Iurp

i
+p,
q +{, @ i

+p,
q +3, .

] {

3

i
+p.4,
q +|,g|>

zh jhw

kp+{, @ kp+3, .

] {

3

kp.4+|,g|>

iurp zklfk lw iroorzv wkdw k3

p @ kp.4/ dqg frqvhtxhqwo| wkdw Wk3 @ j/ k3 5 K

dqg iq $ k3 lq K1 Wkxv zh kdyh suryhg frpsohwhqhvv dqg xqlirup frqyhujhqfh

ri ghulydwlyhv rq frpsdfwv1

Wr suryh dqdo|wlflw| zh pdnh d Wd|oru h{sdqvlrq zlwk h{dfw uhvw whup1 Wkxv

i+{, @

q[
n@3

4

n$
i
+n,+3,{n .

4

q$

] {

3

w
q
i
+q.4,+{� w,gw>

dqg lw lv hqrxjk wr suryh wkdw wklv vhulhv frqyhujhv iru hyhu| {/ l1h/ wr suryh

wkdw wkh uhpdlqghu whup whqgv wr }hur dv q$41 Xvlqj reylrxv hvwlpdwhv dqg

Fdxfk|0Vfkzduw} zh rewdlq

4

q$

����
] {

3

w
q
i
+q.4,+{� w,gw

���� � {
q

q$

] {

3

���i +q.4,+w,��� gw

�
{
q
�
q

5

q$

u
h�{ � 4

�

�
�
�q

]
4

3

h
��w
���i +q.4,+w,���5

�4@5
=

Lq wklv surgxfw wkh �uvw whup whqgv wr }hur ehfdxvh ri wkh idfwruldo/ wkh vhfrqg

lv frqvwdqw/ dqg wkh wklug whqg wr }hur ehfdxvh nin�>� ?41

e�� A�i Bi?ih@* �L_i*

Zh wdnh dv jlyhq d yrodwlolw| � ri wkh irup

� = K�U. $ Up>

l1h1 hdfk frpsrqhqw ri �+u> {, @ ^�4+u> {,> = = = > �p+u> {,` lv d ixqfwlrqdo ri wkh

lq�qlwh glphqvlrqdo u0yduldeoh/ dqg d ixqfwlrq ri wkh uhdo yduldeoh {1 Zh zloo

4<



dovr ylhz �l dv d pdsslqj iurp K wr d vsdfh ri ixqfwlrqv/ dqg zh zloo lq idfw

dvvxph wkdw hdfk frpsrqhqw �l lv d vprrwk yhfwru �hog rq K1

Uhpdun 714 Qrwh wkdw zh duh sulpdulo| lqwhuhvwhg lq krprjhqrxv v|vwhpv/

l1h1 zh frqvlghu iruzdug udwh yrodwlolwlhv zlwkrxw dq h{solflw wlph0ghshqghqfh1

Wklv lv sduwo| gxh wr wkh idfw wkdw lw +wr xv, vhhpv xqqdwxudo wr dvvxph wlph0

ydu|lqj yrodwlolwlhv/ exw pdlqo| lq rughu wr vdyh vsdfh1 Lq rxu h{shulhqfh/ wkh

lqwurgxfwlrq ri d wlph ghshqghqw yrodwlolw| vhhpv wr dgg yhu| olwwoh ri lqwhuhvw/

dqg wlph ydu|lqj prghov duh hdvlo| kdqgohg e| wkh phwkrgv lq Vhfwlrq 6161 Zh

zloo jlyh h{dpsohv ehorz1

Zh qhhg wr lqwurgxfh vrph pruh frpsdfw qrwdwlrq1

Gh�qlwlrq 715 Lq wkh vhtxho/ zh zloo ghqrwh lqwhjudwlrq z1u1w1 wlph wr pdwxulw|

e| K1 Wkxv/ zh zloo zulwh

K�+u> {, @

]
{

3

�+u> v,gv= +4<,

Vxssuhvvlqj wkh {0yduldeoh/ wkh Lwar g|qdplfv +4;, ri wkh iruzdug udwhv xqghu

wkh pduwlqjdoh phdvxuh T fdq wkxv eh zulwwhq dv

guw @

�
C

C{
uw . �+uw,K�+uw,

B

�
gw. �+uw,gZw= +53,

Uhpdun 715 Qrwh wkdw �+uw,K�+uw,
B lv vkruwkdqg iru

S
p

4
�l+uw,K�l+uw,/ zkhuh

wkh surgxfw �l+uw,K�l+uw, lv/ iru hdfk �{hg u/ wkh srlqwzlvh surgxfw ri wzr uhdo

ydoxhg ixqfwlrqv1 Wklv qrwdwlrqdo frqyhqwlrq zloo eh nhsw lq wkh vhtxho1

Lw lv qrw kdug wr vkrz +vhh ^5`, wkdw wkh iruzdug udwh prgho rq Vwudwrqrylfk

irup lv jlyhq e|

guw @ �+uw,gw. �+uw, � gZw +54,

zkhuh

�+u, @
C

C{
u . �+u,K�+u,B �

4

5
�3

u
+u,^�+u,`> +55,

zkhuh �
3

u
+u,^�+u,` ghqrwhv wkh Iuhfkhw ghulydwlyh �

3
+u, rshudwlqj rq �+u,1 Zh

qhhg vrph uhjxodulw| dvvxpswlrqv1

Dvvxpswlrq 714 Iurp qrz rq zh dvvxph wkdw � kdv wkh iroorzlqj surshuwlhv1

� Wkh pdsslqjv �4> = = = > �p duh vprrwk yhfwru �hogv rq K1

� Wkh pdsslqj

u :�$ �+u,K�+u,
B

lv d vprrwk yhfwru �hog rq K1
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Uhpdun 716 Wkh uhdvrq iru rxu fkrlfh riK dv wkh xqghuo|lqj vsdfh/ lv wkdw wkh

olqhdu rshudwru I @
C

C{
lv erxqghg lq wklv vsdfh1 Wrjhwkhu zlwk wkh dvvxpswlrqv

deryh/ wklv lpsolhv wkdw erwk � dqg � duh vprrwk yhfwru �hogv rq K/ wkxv

hqvxulqj wkh orfdo h{lvwhqfh ri d vwurqj vroxwlrq wr wkh iruzdug udwh htxdwlrq iru

hyhu| lqlwldo srlqw u
r 5 K1

e�e �@�? +it�*|t

Zh qrz jr rq wr dsso| rxu jhqhudo uhvxowv iurp Vhfwlrqv 5 dqg 6 wr wkh fodvv

ri lqwhuhvw udwh prghov suhvhqwhg lq wkh Vhfwlrq 7161 Dvvxpswlrq 714 lv lq irufh

wkurxjkrxw wkh hqwluh vhfwlrq1

Wkhruhp 714 +Pdlq Wkhruhp, Wdnh dv jlyhq wkh yrodwlolw| pdsslqj � @

+�4> = = = > �p, dv zhoo dv dq lqlwldo iruzdug udwh fxuyh u
r 5 K1 Wkhq wkh iruzdug

udwh prgho jhqhudwhg e| � jhqhulfdoo| dgplwv d �qlwh glphqvlrqdo uhdol}dwlrq dw

u
r/ li dqg rqo| li

glp i�> �4> = = = > �pjOD ?4 +56,

lq d qhljkerukrrg ri ur/ zkhuh � lv jlyhq e|

�+u, @
C

C{
u . �+u,K�+u,B �

4

5
�3

u+u,^�+u,`> +57,

dqg K� lv gh�qhg e|

K�+u> {, @

] {

3

�+u> v,gv= +58,

Surri1 Iroorzv dw rqfh iurp Wkhruhp 615 dqg +55,1

Lq wkh vhtxho zh zloo/ lq rughu wr vdyh vsdfh/ ghqrwh wkh Olh dojheud deryh e|

i�> �jOD/ e| O+�> �, ru e| O1

Li wkh dvvxpswlrqv ri Wkhruhp 714 duh lq irufh/ zh fdq ixuwkhupruh xvh Sursr0

vlwlrq 514 wr jlyh d jlyh d ghvfulswlrq ri wkh plqlpdo lqyduldqw +wdqjhqwldo ,

pdqlirog/ frqwdlqlqj ur/ zklfk lv jhqhudwhg e| wkh lqwhuhvw udwh g|qdplfv1 Lq

rwkhu zrugv/ zh fdq ghvfuleh wkh vwuxfwxuh ri doo srvvleoh iruzdug fxuyhv wkdw

fdq eh surgxfhg e| wkh prgho1

Wkhruhp 715 Dvvxph wkdw wkh Olh dojheud i�> �jOD lv vsdqqhg e| wkh vprrwk

yhfwru �hogv i4> = = = > ig1 Wkhq/ iru wkh lqlwldo srlqw ur/ doo iruzdug udwh fxuyhv

surgxfhg e| wkh prgho zloo ehorqj wr wkh lqgxfhg wdqjhqwldo pdqlirog J/ zklfk
fdq eh sdudphwhul}hg dv J @ Lp^J`/ zkhuh

J+}4> = = = > }g, @ hig}g = = = hi4}4ur> +59,

dqg zkhuh wkh rshudwru hil}l lv jlyhq lq Gh�qlwlrq 5151
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Zlwk wklv pdfklqhu| zh fdq dovr yhu| hdvlo| vroyh d uhodwhg txhvwlrq/ zklfk zdv

ohiw rshq lq ^5`1 Frqvlghu d �{hg lqwhuhvw udwh prgho/ vshfl�hg e| wkh yrodwlolw|

� dqg dovr d �{hg idplo| ri iruzdug udwh fxuyhv sdudphwhul}hg e| wkh pdsslqj

J3 = Un $ K1 Qrz/ li J3 @ Lp^J3` lv lqyduldqw/ wkhq wkh lqwhuhvw udwh prgho

zloo/ jlyhq dq| lqlwldo srlqw ur lq J3/ rqo| surgxfh iruzdug udwh fxuyhv ehorqjlqj

wr J3/ lq zklfk fdvh zh vd| wkdw wkh prgho dqg wkh idplo| J3 duh frqvlvwhqw1

Li wkh idplo| lv qrw frqvlvwhqw/ wkhq dq lqlwldo iruzdug udwh fxuyh lq J3 pd|

surgxfh ixwxuh iruzdug udwh fxuyhv rxwvlgh J3/ dqg wkh txhvwlrq dulvhv krz wr

frqvwuxfw wkh vpdoohvw srvvleoh idplo| ri iruzdug udwh fxuyhv zklfk frqwdlqv

wkh lqlwldo idplo| J3/ dqg lv frqvlvwhqw +l1h1 lqyduldqw, z1u1w wkh lqwhuhvw udwh

prgho1 Dv d frqfuhwh h{dpsoh/ rqh pd| zdqw wr �qg wkh plqlpdo h{whqvlrq ri

wkh Qhovrq0Vlhjho idplo| ri iruzdug udwh fxuyhv +vhh ^55`/ ^5`, zklfk lv frqvlvwhqw

zlwk wkh Kxoo0Zklwh +h{whqghg Ydvl�fhn, prgho1 Lq sduwlfxodu rqh zrxog olnh wr

nqrz xqghu zkdw frqglwlrqv wklv plqlpdo h{whqvlrq ri J3 lv �qlwh glphqvlrqdo1

Lq jhrphwulfdo whupv zh wkxv zdqw wr frqvwuxfw wkh plqlpdo pdqlirog frqwdlqlqj

J3/ zklfk lv wdqjhqwldo z1u1w1 wkh yhfwru �hogv �> �4> = = = > �p1 Wkh vroxwlrq lv

reylrxv= Iru yhu| srlqw rq J3 zh frqvwuxfw wkh plqlpdo wdqjhqwldo pdqlirog

wkurxjk wkdw srlqw/ dqg wkhq zh gh�qh wkh h{whqvlrq J dv wkh xqlrq ri doo

wkhvh �ehuv1 Wkxv zh kdyh wkh iroorzlqj uhvxow/ wkh surri ri zklfk lv reylrxv1

Frqfuhwh dssolfdwlrqv zloo eh jlyhq ehorz1

Sursrvlwlrq 716 Frqvlghu d �{hg yrodwlolw| pdsslqj �/ dqg ohw J3 eh d n0

glphqvlrqdo vxepdqlirog sdudphwhul}hg e| J3 = Un
$ K1 Wkhq J3 fdq eh

h{whqghg wr d �qlwh glphqvlrqdo lqyduldqw vxepdqlirog J/ li dqg rqo| li

glp i�> �4> = = = > �pjOD ?4=

Pruhryhu/ li J3 lv wudqvyhuvdo wr i�> �jOD dqg li wkh Olh dojheud lv vsdqqhg e| wkh

lqghshqghqw yhfwru �hogv i4> = = = > ig/ wkhq glpJ @ n . g dqg d sdudphwhul}dwlrq

ri J lv jlyhq e| wkh pds J = Un.g $K/ gh�qhg e|

J+}4> = = = > }n> |4> = = = > |g, @ hig|g = = = hi4|4J+}4> = = = > }n,= +5:,

Uhpdun 717 Wkh whup _wudqvyhuvdo% deryh phdqv wkdw qr yhfwru lq wkh Olh

dojheud O+�> �, lv frqwdlqhg wkh wdqjhqw vsdfh ri J3 dw dq| srlqw ri J31 Wklv

surklelwv dq lqwhjudo fxuyh ri O wr eh frqwdlqhg lq J3/ zklfk rwkhuzlvh zrxog

ohdg wr dq h{whqvlrq zlwk orzhu glphqvlrq wkdq g . n1 Lq vxfk d fdvh wkh

sdudphwhul}dwlrq deryh zrxog dprxqw wr dq ryhu sdudphwhul}dwlrq lq wkh vhqvh

wkdw J zrxog qrw eh lqmhfwlyh1

Zh hqg wklv vhfwlrq e| vkrzlqj wkdw lw lv dozd|v srvvleoh wr fkrrvh wkh vwdwh

yduldeohv dv d vhw ri ehqfkpdun iruzdug udwhv1

Sursrvlwlrq 717 Vxssrvh wkdw glpi�> �4> = = = > �pjOD @ g1 Wkhq/ iru doprvw

hyhu| fkrlfh ri glvwlqfw ehqfkpdun pdwxulwlhv {4> = = = > {g/ wkh uhdol}dwlrq fdq eh
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fkrvhq vxfk wkdw wkh vwdwh surfhvv ]w lv jlyhq e| ]w @ +uw+{4,> = = = uw+{g,,1 Wkh

h{suhvvlrq _doprvw hyhu| fkrlfh% deryh phdqv wkdw/ dsduw iurp d glvfuhwh vhw ri

iruelgghq ydoxhv/ {4> = = = > {g fdq eh fkrvhq iuhho|1

Surri1 Iroorzv lpphgldwho| iurp Wkhruhp 616 dqg wkh idfw wkdw K lv d vsdfh

ri dqdo|wlf ixqfwlrqv1

D #i|ih4�?�t|�U VL*@|�*�|)

Zh qrz pryh rq wr suhvhqw vrph dssolfdwlrqv ri wkh wkhru| ghyhorshg deryh1

Zh vwduw zlwk wkh vlpsohvw fdvh/ zklfk lv zkhq wkh yrodwlolw| �+u> {, grhv qrw

ghshqg rq u/ l1h1 zkhq zh fdq zulwh �+u> {, @ �+{,1 Wklv fdvh zdv �uvw vwxglhg
lq ^54`/ dqg pruh ru ohvv frpsohwho| dqdo|}hg lq ^6`1 Iru vlpsolflw| zh dovr

dvvxph +iru wkh prphqw, wkdw zh kdyh rqo| rqh gulylqj Zlhqhu surfhvv/ vr wkh
yrodwlolw| lv d frqvwdqw yhfwru �hog lq K1

D�� 6�?�|i #�4i?t�L?@* +i@*�3@|�L?t

Lq rughu wr xvh Wkhruhp 714 zh qrz frpsxwh wkh Olh dojheud O+�> �,1 Vlqfh wkh

yhfwru �hog � lv frqvwdqw zh kdyh �3 @ 3 vr/ iurp +57, zh kdyh

�+u, @ Iu .G>

zkhuh G+{, @ �+{,
U
{

3
�+x,gx1 Wkh Iuhfkhw ghulydwlyhv duh wulyldo lq wklv fdvh1

Vlqfh I lv olqhdu +dqg erxqghg lq rxu vsdfh,/ zh rewdlq

�3 @ I>

�3 @ 3=

Wkxv wkh Olh eudfnhw ^�> �` lv jlyhq e|

^�> �` @ I�>

dqg lq wkh vdph zd| zh kdyh

^�> ^�> �`` @ I5�=

Frqwlqxlqj lq wkh vdph zd| lw lv hdvlo| vhhq wkdw wkh uhohydqw Olh dojheud O lv
jlyhq e|

O @ i�> �j
OD

@ vsdq
�
�> �>I�>I5�> = = =

�
=

Lw lv wkxv fohdu wkdw O lv �qlwh glphqvlrqdo +dw hdfk srlqw u, li dqg rqo| li wkh

ixqfwlrq vsdfh
vsdq iIq� >q @ 3> 4> 5> = = =j
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lv �qlwh glphqvlrqdo1 Wklv dujxphqw hdvlo| fduulhv ryhu wr wkh fdvh ri vhyhudo

gulylqj Zlhqhu surfhvvhv/ dqg zh kdyh wkh iroorzlqj uhvxow/ zklfk ruljlqdoo| zdv
suryhg lq ^6`1 Vhh dovr ^54` iru d forvho| uhodwhg uhvxow1

Sursrvlwlrq 814 Dvvxph wkdw wkh yrodwlolw| frpsrqhqwv �4 = = = > �p duh ghwhu0

plqlvwlf1 Wkhq wkh prgho srvvhvvhv d �qlwh glphqvlrqdo uhdol}dwlrq li dqg rqo|

li wkh ixqfwlrq vsdfh

vsdq
�
In�l > l @ 4> � � � >p= n @ 3> 4> � � �

�

lv �qlwh glphqvlrqdo1 Li wkh glphqvlrq ri wkh ixqfwlrq vsdfh deryh htxdov g/ wkhq

wkh glphqvlrq ri d plqlpdo uhdol}dwlrq lv g. 41

Zh wkxv kdyh d �qlwh glphqvlrqdo uhdol}dwlrq li dqg rqo| li wkh frpsrqhqwv

ri � vroyh/ dv ixqfwlrqv ri {/ d pxowlglphqvlrqdo olqhdu RGH zlwk frqvwdqw

frh�flhqwv1 Xvlqj vwdqgdug uhvxowv iurp RGH wkhru|/ d pruh frqfuhwh fkdudf0

whul}dwlrq lv jlyhq dv iroorzv1

Fruroodu| 814 Jlyhq wkh dvvxpswlrqv deryh wkhuh h{lvwv d �qlwh glphqvlrqdo

uhdol}dwlrq li dqg rqo| li wkh yrodwlolw| �+{, @ ^�4+{,> = = = > �p+{,` fdq eh zulwwhq

�+{, @ fhD{E> +5;,

zkhuh f lv d urz yhfwru/ zkhuhdv D dqg E duh pdwulfhv1 Lq sduwlfxodu/ li hyhu|

frpsrqhqw ri � lv ri wkh irup

�l+{, @ sl+{,h
��l{> +5<,

iru vrph sro|qrpldo sl dqg vrph uhdo srvlwlyh qxpehu �l/ wkhq wkhuh h{lvwv d

�qlwh glphqvlrqdo uhdol}dwlrq1

Uhpdun 814 Ohw xv fdoo d ixqfwlrq ri wkh irup fhD{e/ zkhuh f lv d urz yhfwru/

D lv d vtxduh pdwul{ dqg e lv d froxpq yhfwru/ d txdvl0h{srqhqwldo +ru TH,

ixqfwlrq1 Doo ixqfwlrqv ri wkh irup +5<, duh ri frxuvh txdvl h{srqhqwldo/ dqg wkh

jhqhudo irup ri d txdvl0h{srqhqwldo ixqfwlrq i lv jlyhq e|

i+{, @
[

l

h�l{
.

[

m

h�l{
^sm+{, frv+$m{, . tm+{, vlq+$m{,` > +63,

zkhuh �l> �4> $m duh uhdo qxpehuv/ zkhuhdv sm dqg tm duh uhdo sro|qrpldov1

TH ixqfwlrqv zloo wxuq xs djdlq/ vr zh olvw vrph vlpsoh surshuwlhv1

Ohppd 814 Wkh iroorzlqj krog iru wkh txdvl0h{srqhqwldo ixqfwlrqv1

� D ixqfwlrq lv TH li dqg rqo| li lw lv d frpsrqhqw ri wkh vroxwlrq ri d yhfwru

ydoxhg olqhdu RGH zlwk frqvwdqw frh�flhqwv1
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� D ixqfwlrq lv TH li dqg rqo| li lw fdq eh zulwwhq dv i+{, @ fhD{e1

� Li i lv TH/ wkhq i 3 lv TH1

� Li i lv TH/ wkhq lwv sulplwlyh ixqfwlrq lv TH1

� Li i dqg j duh TH/ wkhq ij lv TH1

D�2 W?�@h�@?| �@?�uL*_t

Zh qrz wxuq wr wkh frqvwuxfwlrq ri lqyduldqw pdqlirogv/ dqg wr wklv hqg zh

dvvxph wkdw wkh Olh dojheud deryh lv �qlwh glphqvlrqdo1 Wkxv lw lv vsdqqhg e|

d �qlwh qxpehu ri yhfwru �hogv dv

i�> �j
OD

@ vsdq
q
�> �

+n,
l

> l @ 4> = = = >p> n @ 3> 4> = = = > ql

r
>

zkhuh

�
+n,
l

+{, @
Cn�

l

C{n
+{,=

Lq rughu wr dsso| Wkhruhp 715 dqg Sursrvlwlrq 716/ zh kdyh wr frpsxwh wkh

rshudwruv h{s ^�w` dqg h{s

k
�
+n,
l

l
/ l1h1 zh kdyh wr vroyh K0ydoxhg RGHv1 Zh

uhfdoo wkdw

�+u, @ Iu .G>

zkhuh wkh frqvwdqw �hog G lv jlyhq

G+{, @

p[

l

�l+{,

] {

3

�l+v,gv>

zklfk fdq eh zulwwhq dv

G+{, @
4

5

C

C{
nV+{,n5>

zkhuh/ dv ehiruh/ V+{, @
U {
3
�+v,gv1 Wkxv h�w lv rewdlqhg e| vroylqj

gu

gw
@ Iu .G=

Wklv lv d olqhdu htxdwlrq zlwk vroxwlrq

uw @ hIwu3 .

] w

3

hI+w�v,Ggv

vr �
h�wu3

�
+{, @ u3+{. w, .

4

5

�
nV+{. w,n5 � nV+{,n5

�
=

Wkh yhfwru �hogv �
+n,
l duh frqvwdqw/ vr wkh fruuhvsrqglqj RGHv duh wulyldo1 Zh

kdyh

h�
+n,
l

wu3 @ u3 . �
+n,
l w=
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Zh wkxv kdyh wkh iroorzlqj uhvxowv rq wkh sdudphwhul}dwlrq ri lqyduldqw pdql0

irogv1 Iru d jlyhq pdsslqj J = Uq $K/ zh zulwh J+},+{, ru J+}> {, wr ghqrwh

wkh ixqfwlrq J+}, 5 K hydoxdwhg dw { 5 U.1

Sursrvlwlrq 815 Wkh lqyduldqw pdqlirog jhqhudwhg e| wkh lqlwldo iruzdug udwh

fxuyh u3 lv sdudphwhul}hg dv

J+}3> }
n

l
> l @ 4> = = = >p> n @ 3> = = = > q

l
,+{,

@ u3+{. }3, .
4

5

�
nV+{. w,n5 � nV+{,n5

�
.

p[

l@4

ql[

n@3

�
+n,
l

+{,}n
l
=

Li wkh n0glphqvlrqdo pdqlirog J3 lv wudqvyhuvdo wr Oi�> �j dqg sdudphwhul}hg

e| J3+|4> = = = > |n,/ wkhq wkh plqlpdo frqvlvwhqw +l1h1 lqyduldqw, h{whqvlrq lv sd0

udphwhul}hg dv

J+|4> = = = > |n> }3> }
n

l
> l @ 4> = = = >p> n @ 3> = = = > q

l
,+{,

@ J3+|4> = = = > |n,+{. }3, .
4

5

�
nV+{. }3,n

5 � nV+{,n5
�
.

p[

l@4

ql[

n@3

�
+n,
l

+{,}n
l
=

Qrwh wkdw li J3 lv lqyduldqw xqghu vkliw lq wkh {0yduldeoh +wklv lv lq idfw wkh

w|slfdo fdvh,/ wkhq d vlpsohu sdudphwhul}dwlrq ri J lv jlyhq e|

J+|4> = = = > |n> }3> }
n

l
> l @ 4> = = = >p> n @ 3> = = = > q

l
,+{,

@ J3+|4> = = = > |n,+{, .
4

5

�
nV+{. }3,n

5 � nV+{,n5
�
.

p[

l@4

ql[

n@3

�
+n,
l

+{,}n
l
=

Dv d frqfuhwh dssolfdwlrq ohw xv frqvlghu wkh vlpsoh fdvh zkhq p @ 4 dqg

�+{, @ �h
�d{

>

zkhuh/ zlwk d voljkw dexvh ri qrwdwlrq/ d dqg � ghqrwh srvlwlyh frqvwdqwv1 Dv

lv zhoo nqrzq/ wklv lv wkh KMP irupxodwlrq ri wkh Kxoo0Zklwh h{whqvlrq ri wkh

Ydvl�fhn prgho ^49`/^58`1 Lq wklv fdvh zh kdyh

V+{, @
�

d

�
4� h�d{

�
=

Wkh uhohydqw ixqfwlrq vsdfh

iIq�> q � 3j @

�
Cq

C{q
h�d{> q � 3

�

lv reylrxvo| rqh0glphqvlrqdo dqg vsdqqhg e| wkh vlqjoh ixqfwlrq h�d{/ vr wkh
Olh dojheud lv wzr0glphqvlrqdo1
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Dv wkh jlyhq pdqlirog J3 zh wdnh wkh Qhovrq0Vlhjho +^55`, idplo| ri iruzdug udwh
fxuyhv/ sdudphwhul}hg dv

J3+|4> = = = > |7,+{, @ |4 . |5h
�|7{ . |6{h

�|7{=

Wklv idplo| lv reylrxvo| lqyduldqw xqghu vkliw lq {/ vr zh kdyh wkh iroorzlqj
uhvxow1

Sursrvlwlrq 816 Iru d jlyhq lqlwldo iruzdug udwh fxuyh u3/ wkh lqyduldqw pdq0

lirog jhqhudwhg e| wkh Kxoo0Zklwh h{whqghg Ydvl�fhn prgho lv sdudphwhul}hg e|

J+}3> }4,+{, @ u3+{.}3,.h�d{
�5

d5

�
4� h�d}3

�
�h�5d{

�5

5d5

�
4� h�5d}3

�
.}4h

�d{=

Wkh plqlpdo h{whqvlrq ri wkh QV idplo| frqvlvwhqw zlwk wkh Kxoo0Zklwh h{whqghg

Ydvl�fhn prgho lv sdudphwhul}hg e|

J+}3> }4> |4> = = = > |7,+{, @ |4 . |5h
�|7{ . |6{h

�|7{

.h�d{
�5

d5

�
4� h�d}3

�
� h�5d{

�5

5d5

�
4� h�5d}3

�
. }4h

�d{=

S #i|ih4�?�t|�U #�hiU|�L? VL*@|�*�|)

Zh jr rq wr vwxg| wkh prvw qdwxudo h{whqvlrq ri wkh ghwhuplqlvwlf yrodwlolw|

fdvh/ qdpho| wkh fdvh zkhq wkh yrodwlolw| lv ri wkh irup

�l+u> {, @ *l+u,�l+{,> l @ 4> = = = >p= +64,

Lq wklv fdvh wkh lqglylgxdo yhfwru �hog �l kdv frqvwdqw gluhfwlrq �l 5 K/ exw lv

ri ydu|lqj ohqjwk/ ghwhuplqhg e| *l1 Iru hdvh ri h{srvlwlrq zh pdlqo| uhvwulfw

rxuvhoyhv wr wkh wlph lqyduldqw fdvh/ exw wkh uhvxowv fdq hdvlo| eh h{whqghg wr

wkh wlph ydu|lqj fdvh +vhh ehorz,1

Lq rughu wr dyrlg wulyldolwlhv zh pdnh wkh iroorzlqj dvvxpswlrq1

Dvvxpswlrq 914 Zh dvvxph wkdw *l+u, 9@ 3 iru doo u 5 K dqg iru doo l @
4> = = = >p1

Qrwh wkdw *l lv doorzhg wr eh dq| vprrwk ixqfwlrqdo ri wkh hqwluh iruzdug udwh
fxuyh1 Wkh vlpsohu vshfldo fdvh zkhq *l lv d srlqw hydoxdwlrq ri wkh vkruw udwh/

l1h1 ri wkh irup *+u, @ k+u+3,, kdv ehhq vwxglhg lq ^4`/ ^4:` dqg ^56`1 D pruh

jhqhudo fdvh/ wuhdwhg lq ^<`/ rffxuv zkhq * lv d �qlwh srlqw hydoxdwlrq/ l1h1 zkhq
*+u, @ k+u+{4,> = = = u+{n,, iru �{hg ehqfkpdun pdwxulwlhv {4> = = = > {n1 Doo wkhvh

vhwxsv duh vshfldo fdvhv ri rxu suhvhqw iudphzrun dqg/ dsduw iurp ^<` zklfk dovr
frqvlghu qrq0pxowlsolfdwlyh yrodwlolwlhv/ doo uhvxowv duh lqfoxghg dqg h{whqghg

ehorz1

Wkh vshfldo fdvh ri rqo| rqh gulylqj Zlhqhu surfhvv wxuqv rxw wr kdyh vrph

ihdwxuhv zklfk zloo eh xvhg odwhu/ vr zh pdnh d vhsdudwh lqyhvwljdwlrq ri wkdw
sduwlfxodu fdvh1

5:



S�� � 5U@*@h #h���?} `�i?ih �hLUitt

Lq wklv fdvh zh kdyh �+u> {, @ *+u,�+{,/ dqg diwhu d vlpsoh fdofxodwlrq wkh guliw
yhfwru � wxuqv rxw wr eh

�+u, @ Iu . *5+u,G�
4

5
*3+u,^�`*+u,�> +65,

zkhuh *3+u,^�` ghqrwhv wkh Iuhfkhw ghulydwlyh *3+u, dfwlqj rq wkh yhfwru �/ dqg

zkhuh wkh frqvwdqw yhfwru G 5 K lv jlyhq e|

G+{, @ �+{,

]
{

3

�+v,gv=

Zh qrz zdqw wr nqrz xqghu zkdw frqglwlrqv rq * dqg � zh kdyh d �qlwh

glphqvlrqdo uhdol}dwlrq/ l1h1 zkhq wkh Olh dojheud jhqhudwhg e|

�+u, @ Iu . *5+u,G�
4

5
*3+u,^�`*+u,�>

�+u, @ *+u,�>

lv �qlwh glphqvlrqdo1 Xqghu Dvvxpswlrq 914 zh fdq xvh Ohppd 614/ wr vhh wkdw

wkh Olh dojheud lv lq idfw jhqhudwhg e| wkh vlpsohu v|vwhp ri yhfwru �hogv

i3+u, @ Iu .�+u,G>

i4+u, @ �>

zkhuh zh kdyh xvhg wkh qrwdwlrq

�+u, @ *5+u,=

Vlqfh wkh �hog i4 lv frqvwdqw/ lw kdv }hur Iuhfkhw ghulydwlyh1 Wkxv wkh �uvw Olh
eudfnhw lv hdvlo| frpsxwhg dv

^i3> i4` +u, @ I�.�3+u,^�`G=

Wkh qh{w eudfnhw wr frpsxwh lv ^^i3> i4` > i4` zklfk lv jlyhq e|

^^i3> i4` > i4` @ �33+u,^�>�`G=

Qrwh wkdw �33+u,^�>�` lv wkh vhfrqg rughu Iuhfkhw ghulydwlyh ri � rshudwlqj rq wkh

yhfwru sdlu ^�>�`1 Wklv sdlu lv wr eh glvwlqjxlvkhg iurp +qrwlfh wkh vhplfrorq,
wkh Olh eudfnhw ^�> �` +zlwk d frppd,/ zklfk li frxuvh zrxog eh htxdo wr }hur1

Zh qrz pdnh d ixuwkhu dvvxpswlrq1

Dvvxpswlrq 915 Zh dvvxph wkdw �33+u,^�>�` 9@ 3 iru doo u 5 K1

5;



Jlyhq wklv dvvxpswlrq zh pd| djdlq xvh Ohppd 614 wr vhh wkdw wkh Olh dojheud

lv jhqhudwhg e| wkh iroorzlqj yhfwru �hogv

i3+u, @ Iu>

i4+u, @ �>

i6+u, @ I�>

i7+u, @ G=

Ri wkhvh yhfwru �hogv/ doo exw i3 duh frqvwdqw/ vr doo eudfnhwv duh hdv|1 Diwhu

hohphqwdu| fdofxodwlrqv zh vhh wkdw lq idfw

i�> �j
OD

@ vsdq iIu>Iq�> IqG> q @ 3> 4> = = =j =

Iurp wklv h{suhvvlrq lw iroorzv lpphgldwho| wkdw d qhfhvvdu| frqglwlrq iru wkh Olh

dojheud wr eh �qlwh glphqvlrqdo lv wkdw wkh yhfwru vsdfh vsdqqhg e| iIq�> q � 3j
lv �qlwh glphqvlrqdo1 Wklv rffxuv li dqg rqo| li � lv txdvl0h{srqhqwldo +vhh Uh0
pdun 814,1 Li/ rq wkh rwkhu kdqg/ � lv txdvl0h{srqhqwldo/ wkhq zh nqrz iurp

Ohppd 814/ wkdw dovr G lv txdvl0h{srqhqwldo/ vlqfh lw lv wkh lqwhjudo ri wkh TH
ixqfwlrq �pxowlsolhg e| wkh TH ixqfwlrq �1 Wkxv wkh vsdfh iIqG> q @ 3> 4> = = =j
lv dovr �qlwh glphqvlrqdo/ dqg zh kdyh suryhg wkh iroorzlqj uhvxow1

Sursrvlwlrq 914 Xqghu Dvvxpswlrqv 914 dqg 915/ wkh lqwhuhvw udwh prgho zlwk

yrodwlolw| jlyhq e| �+u> {, @ *+u,�+{, kdv d �qlwh glphqvlrqdo uhdol}dwlrq li dqg

rqo| li � lv d txdvl0h{srqhqwldo ixqfwlrq1 Wkh vfdodu �hog * lv doorzhg wr eh dq|

vprrwk �hog1

Uhpdun 914 Wkh fdvh zkhq dvvxpswlrq 915 lv qrw lq irufh lv lqwhuhvwlqj zkhq
rqh lv orrnlqj iru d wzr0glphqvlrqdo uhdol}dwlrq/ dqg zh zloo frph edfn wr wklv

fdvh lq Vhfwlrq :1

S�2 A�i A�4i V@h)�?} �@ti

Iru wkh wlph ydu|lqj fdvh ri wkh prgho deryh zh pd| dsso| Wkhruhp 617 dqg/

xvlqj wkh xvlqj wkh vdph whfkqltxh dv deryh/ wkh iroorzlqj uhvxow fdq hdvlo| eh

ghulyhg1 Wkh surri lv yhu| vlplodu wr wkh rqh deryh/ dqg wkhuhiruh rplwwhg1

Sursrvlwlrq 915 Frqvlghu d yrodwlolw| ri wkh irup

�+u> w> {, @ *+u> w,�+w> {,>

dqg gh�qh G>� e| G+w> {, @ �+w> {,
U {
3
�+w> v,gv dqg �+u> w, @ *5+u> w,1 Dvvxph

wkdw �33

u +u> w, ^�> �` 9@ 3/ zkhuh �33

u ghqrwhv wkh vhfrqg Iuhfkhw ghulydwlyh z1u1w1 u1

Wkhq wkh prgho kdv d �qlwh glphqvlrqdo uhdol}dwlrq li dqg rqo| li/ iru hdfk w/

wkh ixqfwlrq vsdfh��
C

Cw
�

C

C{

�q
�>

�
C

Cw
�

C

C{

�q
G> q � 3

�

5<



kdv �qlwh glphqvlrq1

Lq wkh wkhruhp deryh zh ylhz/ iru hdfk w/ wkh ixqfwlrq vsdfh deryh dv d vsdfh

ri ixqfwlrqv ri wkh vlqjoh yduldeoh {1 Wkxv wkhuh h{lvwv d �qlwh glphqvlrqdo

uhdol}dwlrq li dqg rqo| li wkhuh h{lvw vfdodu ixqfwlrqv i�l+w,> l @ 4> = = = > Qj dqg

i�m+w,> m @ 4> = = = >Pj zlwk �Q @ �P @ 4/ vxfk wkdw wkh SGH=v

Q[
l@3

�l+w,

�
C

Cw
�

C

C{

�l
�+w> {, @ 3>

P[
m@3

�m+w,

�
C

Cw
�

C

C{

�m
G+w> {, @ 3=

duh vdwlv�hg iru doo w dqg {1

Vrphwlphv wkh prghov deryh duh gh�qhg lq whupv ri wlph ri pdwxulw| W / lqvwhdg
ri wlph wr pdwxulw| {/ dqg lw pd| eh frqyhqlhqw wr kdyh wkh uhvxow deryh lq

whupv wklv +KMP0w|sh, sdudphwhul}dwlrq1 E| gh�qlwlrq zh kdyh { @ W � w/ vr
zh pd| wkhuhiruh gh�qh wkh remhfwv �3 dqg G3e|

�3+w> W , @ �+w> W � w,>

G3+w> W , @ G+w> W � w,=

Lw lv wkhq hdvlo| vhhq wkdw wkhuh h{lvwv d �qlwh glphqvlrqdo uhdol}dwlrq li dqg rqo|

li wkhuh h{lvw vfdodu ixqfwlrqv i�l+w,> l @ 4> = = = > Qj dqg i�m+w,> m @ 4> = = = >Pj
zlwk �Q @ �P @ 4 vxfk wkdw wkh RGH=v

Q[

l@3

�l+w,
Cl

Cwl
�3+w> W , @ 3>

P[

m@3

�m+w,
Cl

Cwl
G3+w> W , @ 3=

duh vdwlv�hg iru doo w dqg W 1

S�� 5i�ih@* #h���?} `�i?ih �hLUittit

Zh qrz jr edfn wr wkh pxowlglphqvlrqdo prgho zlwkp gulylqj Zlhqhu surfhvvhv

dqg yrodwlolwlhv ri wkh irup +64,1 Zlwk qrwdwlrq sdudooho wr wkdw ri wkh vfdodu

fdvh/ wkh guliw �hog ri wkh iruzdug udwh htxdwlrq lv jlyhq e|

�+u, @ Iu .

p[

l@4

*5l +u,Gl �
4

5

p[

l@4

*3

l+u,^�l`*l+u,�l> +66,

zkhuh

Gl+{, @ �l+{,

] {

3

�l+v,gv> l @ 4> = = = >p=
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Zh qrz kdyh wr vwxg| wkh glphqvlrq ri wkh Olh dojheud jhqhudwhg e|

�+u, @ Iu .

p[
l@4

*5l +u,Gl �
4

5

p[
l@4

*3

l+u,^�l`*l+u,�l>

�4+u, @ *4+u,�4>

111

�p+u, @ *p+u,�p=

Xqghu Dvvxpswlrq 914 zh fdq djdlq xvh Ohppd 614/ wr vhh wkdw wkh Olh dojheud

lv lq idfw jhqhudwhg e| wkh pxfk vlpsohu v|vwhp ri yhfwru �hogv

i3+u, @ Iu .

p[
l@4

�l+u,Gl>

i4+u, @ �4>

111

ip+u, @ �p>

zkhuh zh kdyh xvhg wkh qrwdwlrq

�l+u, @ *5l +u,=

Lq wklv fdvh/ wkh vwuxfwxuh ri wkh Olh dojheud lv qr orqjhu dv vlpsoh dv lq wkh
fdvh ri d vfdodu Zlhqhu surfhvv/ vr zh zloo uhvwulfw rxuvhoyhv wr jlylqj vx�0

flhqw frqglwlrqv iru �qlwh glphqvlrqdolw|1 Vxfk frqglwlrqv duh/ rq wkh rwkhu

kdqg/ yhu| hdv| wr surylgh1 Iurp wkh vhw ri jhqhudwlqj yhfwru �hogv jlyhq
deryh/ lw lv reylrxv wkdw wkh Olh dojheud i�> �jOD lv lqfoxghg lq wkh dojheud

iIu>G4> = = = > Gp> �4> = = = > �pjOD1 Iru wklv Olh dojheud zh kdyh/ krzhyhu/ wkh

iroorzlqj wulyldo uhodwlrq

iIu>G4> = = = > Gp> �4> = = = > �pjOD
@ vsdq iIu>IqGl>I

q�l> l @ 4> = = = >p> q � 3j =

Dujxlqj dv lq wkh surri ri Sursrvlwlrq 914 zh kdyh wkh iroorzlqj vx�flhqw frq0

glwlrqv1

Sursrvlwlrq 916 Xqghu Dvvxpswlrq 914/ d vx�flhqw frqglwlrq iru wkh yrodwlolw|

vwuxfwxuh �l+u> {, @ *l+u,�l+{, wr kdyh d �qlwh glphqvlrqdo uhdol}dwlrq/ lv wkdw

doo wkh ixqfwlrqv �4> = = = > �p duh txdvl0h{srqhqwldo1 Wkh ixqfwlrqv *4> = = = > *p
duh doorzhg wr eh duelwudu| vprrwk vfdodu �hogv rq K1

Sursrvlwlrq 916 fdq txlwh hdvlo| eh h{whqghg wr wkh fdvh zkhq hdfk yrodwlolw|
frpsrqhqw �l lv d �qlwh olqhdu frpelqdwlrq ri TH ixqfwlrqv1
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Sursrvlwlrq 917 Dvvxph wkdw wkh yrodwlolw| kdv wkh vwuxfwxuh

�l+u> {, @

Q[

m@4

*lm+u,�m+{,> l @ 4> = = =p=

D vx�flhqw frqglwlrq iru wkh h{lvwhqfh ri d �qlwh glphqvlrqdo uhdol}dwlrq/ lv

wkdw doo wkh ixqfwlrqv �m duh txdvl0h{srqhqwldo1 Wkh ixqfwlrqv *lm duh doorzhg

wr eh duelwudu| vprrwk vfdodu �hogv rq K1

Surri1 Dujxlqj dv lq wkh surri ri wkh Sursrvlwlrq 916/ zh vhh wkdw i�> �jOD lv
lqfoxghg lq

vsdq iIu>Iq�m >I
qGmn> m> n @ 4> = = = Q > q � 3j >

zkhuh

Gmn+{, @ �m+{,

] {

3

�n+v,gv=

Xvlqj Ohppd 614 zh vhh wkdw wklv ixqfwlrq vsdfh lv �qlwh glphqvlrqdo1

S�e A�i A�4i V@h)�?} �@ti

Dv lq Vhfwlrq 915 zh fdq hdvlo| kdqgoh wkh wlph ydu|lqj fdvh1

Sursrvlwlrq 918 Frqvlghu yrodwlolwlhv ri wkh irup

�l+u> w> {, @ *l+u> w,�l+w> {,> l @ 4> = = = >p=

dqg gh�qh Gl>�l e| Gl+w> {, @ �l+w> {,
U {
3
�+w> v,gv dqg �l+u> w, @ *5

l
+u> w,1 D

vx�flhqw frqglwlrq iru wkh h{lvwhqfh ri d �qlwh glphqvlrqdo uhdol}dwlrq lv wkdw/

iru hdfk w/ wkh ixqfwlrq vsdfh

��
C

Cw
�

C

C{

�q

�l>

�
C

Cw
�

C

C{

�q

Gl> q � 3> l @ 4> = = = >p=

�

kdv �qlwh glphqvlrq1

Wklv uhvxow fdq reylrxvo| eh uhirupxodwhg lq whupv ri W lqvwhdg ri lq whupv ri

{ dorqj wkh olqhv ri Vhfwlrq 9151
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Rqh ri wkh fodvvlfdo sureohpv frqfhuqlqj wkh KMP dssurdfk wr lqwhuhvw udwh

prgholqj lv wkdw ri ghwhuplqlqj zkhq d jlyhq iruzdug udwh prgho lv uhdol}hg

e| d vkruw udwh prgho/ l1h1 zkhq wkh vkruw udwh lqgxfhg e| wkh iruzdug udwh

prgho lv d rqh0glphqvlrqdo Pdunry surfhvv1 Wkhuh duh vhyhudo uhvxowv lq wklv

duhd surylglqj sduwldo dqvzhuv +vhh uhihuhqfhv lq wkh lqwurgxfwlrq,1 Qrwh wkdw

zh/ dv xvxdo/ pdlqo| uhvwulfw rxuvhoyhv wr wkh fdvh ri wlph krprjhqrxv iruzdug

udwh yrodwlolwlhv1

.�� Bi?ih@* A�iLh)

Xvlqj rxu suhylrxv uhvxowv/ zh lpphgldwho| kdyh wkh iroorzlqj jhqhudo qhfhvvdu|

frqglwlrq1

Sursrvlwlrq :14 Wkh iruzdug udwh prgho jhqhudwhg e| �+u> {, lv d jhqhulf vkruw

udwh prgho/ l1h wkh vkruw udwh lv jhqhulfdoo| d Pdunry surfhvv/ rqo| li

glp i�> �j
OD

� 5 +67,

Surri1 Vxssrvh wkdw wkh prgho lv uhdoo| d vkruw udwh prgho dqg dvvxph iru

qrwdwlrqdo vlpsolflw| wkdw zh kdyh d vfdodu gulylqj Zlhqhu surfhvv/ vr wkdw wkh

vkruw udwh U vdwlv�hv d vfdodu VGH ri wkh irup

gU @ d+w> Uw,gw. e+Uw,gZw=

Qrwh wkdw/ vlqfh rxu u0prgho lv wlph lqyduldqw/ wkh yrodwlolw| e pxvw dovr eh wlph

lqyduldqw1 Wkhq erqg sulfhv duh jlyhq dv s+w> W , @ I
W +w> Uw, zkhuh I

W vroyhv

wkh whup vwuxfwxuh SGH

CI
W

Cw
+w> U, . d+w> U,

CI
W

CU
+w> U, .

4

5
e
5+U,

C
5
I
W

CU5
+w> U,�UI

W +w>U, @ 3>

I
W +W>U, @ 4

Wkxv zh kdyh

u+w> {, @ J+w> Uw> {,>

zkhuh

J+w> U> {, @ �
C

C{
oqI w.{+w> U,=

Khqfh zh vhh wkdw wkh iruzdug udwh surfhvv lv jhqhudwhg e| d wzr glphqvlrqdo

vwdwh vsdfh prgho zlwk wlph w dqg wkh vkruw udwh U dv wkh vwdwhv1
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Uhpdun :14 Wkh qdwxudo fdvh lv ri frxuvh glp i�> �j
OD

@ 5/ vlqfh zh duh

edvlfdoo| orrnlqj iru d vkruw udwh uhdol}dwlrq zkhuh wkh frh�flhqwv duh wlph

ghshqghqw +lq rughu wr pdnh lw srvvleoh wr �w dq| lqlwldo iruzdug udwh fxuyh,1

Lw lv suhvhqwo| dq rshq txhvwlrq zkhwkhu wkhuh h{lvwv d qrqwulyldo jhqhulf vkruw

udwh prgho zlwk glp i�> �j
OD

@ 41

Ohw xv vwduw e| revhuylqj wkdw/ lq wklv frqwh{w/ wkh fdvh ri d vfdodu Zlhqhu

surfhvv lv wkh rqo| qrq sdwkrorjlfdo fdvh1

Ohppd :14 Dvvxph wkdw wkhuh duh p gulylqj Zlhqhu surfhvvhv/ dqg wkdw wkh

yrodwlolwlhv duh ri wkh jhqhudo irup �4+u> {,> = = = > �p+u> {,1 Wkhq/ d qhfhvvdu|

frqglwlrq iru wkh Olh dojheud i�> �j
OD

wr eh wzr glphqvlrqdo lv wkdw wkhuh h{lvwv

d yhfwru �hog �3+u> {, dqg vfdodu �hogv *l+u,> l @ 4> = = = >p vxfk wkdw

�l+u> {, @ *l+u,�3+u> {,

Surri1 Li wkh Olh dojheud lv wzr0glphqvlrqdo/ wkhq wkh �hogv �4> = = = > �p pxvw eh

sdudooho dw hdfk srlqw u/ rwkhuzlvh i�+u,> �4+u,> = = = > �p+u,j zloo vsdq d vxevsdfh

ri K ri glphqvlrq juhdwhu wkdq wzr1

Wr dyrlg ghjhqhudwh fdvhv olnh wklv zh pdnh d vwdqglqj dvvxpswlrq1

Dvvxpswlrq :14 Zh dvvxph wkdw zh kdyh rqo| rqh vfdodu gulylqj Zlhqhu

surfhvv/ l1h1 wkdw p @ 41

Qrwh wkdw frqglwlrq +67, lv rqo| d vx�flhqw frqglwlrq iru wkh h{lvwhqfh ri d vkruw

udwh uhdol}dwlrq1 Lw jxdudqwhhv wkdw wkhuh h{lvwv d wzr0glphqvlrqdo uhdol}dwlrq/

exw wkh txhvwlrq uhpdlqv zkhwkhu wkh uhdol}dwlrq fdq fkrvhq lq vxfk d zd|

wkdw wkh vkruw udwh dqg uxqqlqj wlph duh wkh vwdwh yduldeohv1 Wklv txhvwlrq lv

frpsohwho| uhvroyhg e| wkh iroorzlqj fhqwudo uhvxow1

Wkhruhp :14 Dvvxph wkdw wkh prgho lv qrw ghwhuplqlvwlf/ dqg wdnh dv jlyhq d

wlph lqyduldqw yrodwlolw| �+u> {,1 Wkhq wkhuh h{lvwv d vkruw udwh uhdol}dwlrq li dqg

rqo| li wkh yhfwru �hogv ^�> �` dqg � duh sdudooho/ l1h1 li dqg rqo| li wkhuh h{lvwv

d vfdodu �hog �+u, vxfk wkdw wkh iroorzlqj uhodwlrq krogv +orfdoo|, iru doo u1

^�> �` +u, @ �+u,�+u,= +68,

Wklv fdq dovr eh zulwwhq

^Iu .G>�` +u,�
4

5
�33+u,^�+u,>�+u,` @ �+u,�+u,= +69,

zkhuh

G+u> {, @ �+u> {,

]
{

3

�+u> v,gv=
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Li wkh yrodwlolw| lv wlph ydu|lqj ri wkh irup �+u> w> {,/ wkhq +68, lv uhsodfhg e|

�u+u> w,^�+u> w,`� �u+u> w,^�+u> w,`� �w+u> w, @ �+u> w,�+u> w,> +6:,

zkhuh vxelqgh{ ghqrwhv wkh Iuhfkhw ghulydwlyh z1u1w1 wkh lqglfdwhg yduldeoh1

Uhpdun :15 Zh qrwh wkdw wkh qhfhvvdu| dqg vx�flhqw frqglwlrq +68, lv yhu|

h{solflw/ lq wkh vhqvh wkdw lw fdq hdvlo| eh fkhfnhg iru dq| frqfuhwh vshfl�fdwlrq

ri wkh yrodwlolw| vwuxfwxuh1 Wkh rqo| wklqj uhtxluhg lv wkdw zh fdofxodwh vrph

ghulydwlyhv1

Surri1 Zh vwduw e| qrwlqj wkdw +68, reylrxvo| lpsolhv wkdw wkh Olh dojheud lv wzr

glphqvlrqdo1 Wkh kdug sduw wr suryh lv wkdw +68, lv qhfhvvdu| dqg vx�flhqw1 Wkh

rwkhu uhvxowv wkhq iroorz e| gluhfw fdofxodwlrqv dqg dq dssolfdwlrq ri Wkhruhp

6171

Wkh surri frqvlvwv ri wzr sduwv1 Zh ehjlq e| vkrzlqj wkdw +68, lv qhfhvvdu|

dqg vx�flhqw iru d wzr glphqvlrqdo uhdol}dwlrq zkhuh uxqqlqj wlph lv rqh ri wkh

vwdwh yduldeohv1 Wkhq zh vkrz wkdw +68, lv dovr vx�flhqw iru xv wr eh deoh wr

fkrrvh wkh vkruw udwh dv wkh rwkhu vwdwh yduldeoh1

Zh ehjlq wkh �uvw sduw e| vkrzlqj qhfhvvlw|1 Dvvxph wkxv wkdw wkhuh h{lvwv d

wzr glphqvlrqdo uhdol}dwlrq zkhuh uxqqlqj wlph lv rqh ri wkh vwdwh yduldeohv1

Wkhq lw pxvw kdyh wkh irup

g}4 @ 4 � gw. 3 � gZ>

g}5 @ d+},gw. e+}, � gZ>

u @ J+},=

Lq yhfwru qrwdwlrq wklv uhdgv

g} @ D+},gw.E+}, � gZ>

zkhuh wkh yhfwru �hogv D dqg E duh jlyhq e|

D+}, @

�
4

d+},

�
> E+}, @

�
3

e+},

�
=

Wkh Iuhfkhw ghulydwlyhv +Mdfreldqv, duh hdvlo| rewdlqhg dv iroorzv/ zkhuh vxe0

vfulsw ghqrwhv sduwldo ghulydwlyhv1

D3+}, @

�
3 3

d4+}, d5+},

�
> E3+}, @

�
3 3

e4+}, e5+},

�
=

Wkxv wkh Olh eudfnhw lv jlyhq e|

^D>E` @ D3E �E3D @

�
3

d5e4 � e5d4 � e4

�
=
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Lw lv qrz fohdu e| lqvshfwlrq wkdw zh kdyh ^D>E`@@E/ zkhuh @@ ghqrwhv sdudooho1
Rq wkh rwkhu kdqg/ ehfdxvh ri wkh uhodwlrq u @ J+},/ zh dovr kdyh � @ JBD dqg
� @ JBE1 Xvlqj wkh idfw wkdw wkh eudfnhw lv suhvhuyhg xqghu vprrwk pdsslqjv
zh rewdlq

^�> �` @ ^JBD>JBE` @ JB ^D>E` =

Vlqfh ^D>E` @@E zh wkxv kdyh JB ^D>E` @@JBE/ exw JBE @ � dqg zh duh �q0
lvkhg1

Zh qrz jr rq wr suryh vx�flhqf|/ dqg wkxv dvvxph wkdw +68, dfwxdoo| krogv1
Wkh Olh dojheud lv wkhq wzr0glphqvlrqdo vr wkhuh zloo h{lvw d wzr glphqvlrqdo
uhdol}dwlrq ri wkh irup

g}4 @ d4+},gw. e4+}, � gZ>

g}5 @ d5+},gw. e5+}, � gZ>

u @ J+},=

Ixuwkhupruh/ lw iroorzv iurp wkh �uvw sduw +wkh fdvh q @ 4, ri wkh surri ri wkh
Iurehqlxv Wkhruhp wkdw/ diwhu d gl�hrprusklvp/ wkh uhdol}dwlrq fdq eh zulwwhq
rq wkh irup

g}4 @ d4+},gw. 3 � gZ>

g}5 @ d5+},gw. 4 � gZ=

Zh qrz kdyh wr vkrz wkdw zh fdq �qg d gl�hrprusklvp K = U5
$ U5 vxfk

wkdw

K3

�
d4

d5

�
@

�
4
f

�
> +6;,

dqg

K3

�
3
4

�
@

�
3
g

�
> +6<,

iru vrph ixqfwlrqv f dqg g1 Zulwlqj

K @

�
K4

K5

�
>

zh kdyh/ zlwk vxevfulswv ghqrwlqj sduwldo ghulydwlyhv/

K3 @

�
K4

4 K4
5

K5

4
K5

5

�
>

vr +6;,0+6<, ehfrph
�
K4

5

K5

5

�
@

�
3
f

�
>

�
K4

4d
4 .K4

5d
5

K4

5
d4 .K5

5
d5

�
@

�
4
g

�

zklfk fdq eh zulwwhq�
K4

5

K5
5

�
@

�
3
f

�
>

�
K4

4
d4

K4
5d

4 .K5
5d

5

�
@

�
4
g

�
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Wkh sureohp lv wkxv uhgxfhg wr wkdw ri �qglqj d ixqfwlrq k @ K4+}4> }5, vxfk
wkdw

Ck

C}5
+}, @ 3>

Ck

C}4
+},d4+}, @ 4= +73,

Iru dq duelwudulo| fkrvhq ixqfwlrq d4 wklv lv ri frxuvh qrw srvvleoh1 Zh fdq/
krzhyhu/ qrz xvh rxu dvvxpswlrq wkdw ^�> �`@@�1 Xvlqj wkh ixqfwruldo surshuw|
ri wkh Olh eudfnhw z1u1w1 gl�hrprusklvpv/ wkh sdudooho frqglwlrq fdq eh wudqv0
ihuuhg wr wkh orfdo frruglqdwh v|vwhp +l1h1 wr rxu uhdol}dwlrq deryh, vr wkdw/ zlwk
reylrxv qrwdwlrq/ ^D>E`@@E1 Zulwwhq rxw lq ghwdlo wklv phdqv wkdw

�
d4
5

d5
5

�
@@

�
3
4

�
>

vr zh vhh wkdw d4 lv d ixqfwlrq ri }4 rqo|/ dqg +73, ehfrphv

Ck

C}5
+}4> }5, @ 3>

Ck

C}4
+}4> }5,d

4+}4, @ 4=

Zh fdq wkxv gh�qh rxu orfdo frruglqdwh wudqvirupdwlrqK e| fkrrvlqjK4+}4> }5, @
k+}4, dv dq| sulplwlyh ixqfwlrq wr 4@d4+}4,/ dqg fkrrvlqj K5 duelwudulo|1 Zh
qrwh lq sdvvlqj wkdw d4 9@ 3 vlqfh rwkhuzlvh wkh hqwluh v|vwhp lv ghwhuplqlvwlf1

Zh kdyh wkxv vkrzq wkdw li frqglwlrq +68, lv vdwlv�hg wkhq wkhuh h{lvwv d uhdo0
l}dwlrq ri wkh irup

g| @ d+|> w,gw. e+|> w, � gZ

uw+{, @ J +|w> w> {, >

zkhuh | lv d vfdodu surfhvv +fruuhvsrqglqj wr }5 deryh,/ dqg lw uhpdlqv wr vkrz
wkdw zh fdq fkrrvh | dv wkh vkruw udwh U1 Lq rughu wr vhh wklv zh xvh wkh
uhdol}dwlrq wr rewdlq Uw @ J+|w> w> 3,1 Wklv jlyhv xv wkh U0g|qdplfv dv

gU @

�
CJ

Cw
. d

CJ

C|

�
gw. e

CJ

C|
� gZ>

iurp zklfk zh vhh wkdw CJ
C|

+|> w> 3, 9@ 3/ vlqfh rwkhuzlvh zh zrxog kdyh d gh0
whuplqlvwlf prgho1 Zh fdq wkxv/ iru hdfk w/ orfdoo| lqyhuw wkh pdsslqj | :�$

J+|> w> 3,1 Ghqrwlqj wkh lqyhuvh e| K+U> w, zh kdyh |w @ K+Uw> w,/ dqg zlwk
wklv fkdqjh ri yduldeoh zh kdyh wkxv rewdlqhg d uhdol}dwlrq zlwk U dv wkh vwdwh
yduldeoh1

.�2 #i|ih4�?�t|�U VL*@|�*�|)

Zh qrz wxuq wr dssolfdwlrqv ri Wkhruhp :14/ dqg lq wklv vhfwlrq zh vwxg| wkh
vlpsohvw qrq0wulyldo h{dpsoh/ zklfk lv wkh fdvh vwxglhg e| Fduyhukloo lq ^;`1
Zh kdyh p gulylqj Zlhqhu surfhvvhv/ dqg lq rxu qrwdwlrq wkh yrodwlolwlhv duh

6:



dvvxphg wr eh ghwhuplqlvwlf/ l1h1 +zlwk d voljkw plvxvh ri qrwdwlrq, wkh| kdyh
wkh irup

�l+w> u> {, @ �l+w> {,=

Dgdswlqj Ohppd :14 wr rxu suhvhqw vhwwlqj/ zh vhh wkdw wkhuh pxvw h{lvw ixqf0
wlrqv j+w, dqg �3+w> {, vxfk wkdw

�l+w> {, @ jl+w,�3+w> {,> l @ 4> = = = >p=

Wklv krzhyhu/ lpsolhv wkdw zh fdq uhsodfh wkh p gulylqj Zlhqhu surfhvvhv zlwk
mxvw rqh Zlhqhu surfhvv vr/ dv zdv h{shfwhg/ zh pd| dv zhoo dvvxph wkdw p @ 41
Ghqrwlqj �4 e| �/ zh rewdlq

�+u> w> {, @
C

C{
u+{, . �+w> {,

] {

3

�+w> v,gv=

dqg zh vhh wkdw �u @ Iu dqg �u @ 31 Vlqfh zh kdyh d wlph ydu|lqj v|vwhp/
zh xvh wkh vhfrqg sduw ri Wkhruhp :14 zklfk vd|v wkdw wkhuh h{lvwv d vkruw udwh
uhdol}dwlrq li dqg rqo| li khuh h{lvwv d vfdodu �hog �+u> w,/ vxfk wkdw iru doo u> w> {
zh kdyh

�{+w> {,� �w+w> {, @ �+u> w,�+w> {,=

Iurp wklv lw lv fohdu wkdw �+u> w, @ �+w,1 Glylglqj e| � dqg gh�qlqj j e|
j+w> {, @ oq�+w> {, zh kdyh wkh htxdwlrq

j{+w> {,� jw+w> {, @ �+w,=

Wdnlqj {0ghulydwlyhv/ dqg gh�qlqj k e| k @ j{ zh jhw

k{+w> {,� kw+w> {, @ 3=

Wklv lv wkh vlpsohvw srvvleoh h{dpsoh ri wkh zdyh htxdwlrq/ zlwk vroxwlrq k+w> {, @
�+w. {, iru vrph duelwudu| ixqfwlrq �1 Wkxv

j+w> {, @

] {

3

�+w. v,gv. �+w,>

iru vrph ixqfwlrq � dqg/ jrlqj edfn doo wkh vwhsv wr �/ zh kdyh wkh iroorzlqj
uhvxow/ zklfk zdv suryhg lq ^;`1

Sursrvlwlrq :15 Wkh ghwhuplqlvwlf yrodwlolw| vwuxfwxuh �+w> {, lqgxfhv d Pdunry0

ldq vkruw udwh li dqg rqo| li lw fdq eh zulwwhq dv

�+w> {, @ f+w, h{s

�]
w.{

w

�+v,gv

�
=

iru vrph ixqfwlrqv f dqg �/ zkhuh f A 31

6;



.�� �L?t|@?| #�hiU|�L? VL*@|�*�|)

Zh qrz wxuq wr prghov zlwk d frqvwdqw gluhfwlrq yrodwlolw|/ dqg iru vlpsolflw|

zh zloo fduu| rxw wkh glvfxvvlrq rqo| iru wkh fdvh zkhq wkhuh lv qr h{solflw wlph

ghshqghqfh1 Zh wkxv dvvxph wkdw

�+u> {, @ *+u,�+{,= +74,

Zh uhfdoo iurp Vhfwlrq 914 wkdw iru wklv prgho � lv jlyhq e|

�+u, @ Iu . *5+u,G�
4

5
*3+u,^�`*+u,�=

Xvlqj Wkhruhp :14/ Ohppd 614/ dqg fdofxodwlrqv douhdg| pdgh lq Vhfwlrq 914

zh frqfoxgh wkdw wkhuh h{lvwv d vkruw udwh uhdol}dwlrq li dqg rqo| li wkhuh h{lvwv

d vfdodu �hog f+u, vxfk wkdw

I�.�3+u,^�`G. f+u,� @ 3=

iru doo u1 Wklv lv d yhfwru htxdwlrq/ dqg li zh zulwh lw lq frpsrqhqw irup lw uhdgv

g�

g{
+{, . �3+u,^�`G+{, . f+u,�+{, @ 3> ;+{> u, 5 U. �K= +75,

Vhwwlqj { @ 3/ dqg uhfdoolqj wkdw G+{, @ 3/ zh rewdlq

g�

g{
+3, . f+u,�+3, @ 3> ;+{> u, 5 U. �K> ;u 5 K=

Dvvxplqj wkdw �+3, 9@ 3/ wklv lpsolhv wkdw wkh vfdodu �hog f lv lq idfw frqvwdqw1

Ghqrwlqj wklv frqvwdqw e| f/ +75, wudqvirupv lqwr

g�

g{
+{, . �3+u,^�`G+{, . f�+{, @ 3> ;+{> u, 5 U. �K=

Iurp wklv htxdwlrq lw lv fohdu wkdw zh pxvw kdyh

�3+u,^�` @ g> +76,

iru vrph frqvwdqw g1 Soxjjlqj wklv lqwr +75, zh jhw

g�

g{
+{, . g �G+{, . f�+{, @ 3> ;{ 5 U= +77,

Wklv lv dq RGH iru �/ dqg zh reylrxvo| vkrxog wuhdw wkh fdvhv g @ 3 dqg g 9@ 3

vhsdudwho|1

Li g @ 3/ wkhq +77, lv wkh vlpsoh htxdwlrq

g�

g{
+{, . f�+{, @ 3>
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zlwk vroxwlrq

�+{, @ �+3,h�f{=

Iurp +76,/ wkh frqglwlrq g @ 3 vd|v wkdw �3+u,^�` @ 3 iru doo u1 Wklv lq wxuqv

lpsolhv wkdw �+u, lv frqvwdqw rq doo olqhv lq K/ zklfk duh sdudooho wr �1 Zulwlqj

K @ i�j. \ / zkhuh \ @ i�j
B
/ zh wkxv vhh wkdw � pxvw eh ri wkh irup

�+| . v�, @ �+|,> v 5 U> | 5 \>

iru vrph vprrwk pdsslqj � = \ $ U1

Zh qrz wxuq wr wkh fdvh g 9@ 31 Lq wklv fdvh zh uhzulwh +77, e| qrwlqj wkdw

G+{, @
4

5

g

g{
O5+{,>

zkhuh

O+{, @

] {

3

�+v,gv= +78,

Wkxv � @ g

g{
O dqg +77, ehfrphv/

g5O

g{5
. g

g

g{
O5 . f

gO

g{
@ 3=

Wkxv
gO

g{
+{, . gO5+{, . fO+{, . h @ 3>

zklfk lv d Ulffdwl htxdwlrq iru O1

Wr rewdlq lqirupdwlrq iurp frqglwlrq +76,/ zh pd| zulwh lw dv

�3+u,^�` @ 3>

zkhuh �+u, @ �+u,�+y> u,/ iru dq| �{hg yhfwru y 5 K vxfk wkdw +y> �, @ g1 Khuh

+�> �, ghqrwhv wkhq lqqhu surgxfw lq K1 Wkxv � lv frqvwdqw rq doo olqhv sdudooho

wr �/ dqg zh fdq vxppdul}h rxu �qglqjv1

Sursrvlwlrq :16 Dvvxph wkdw wkh yrodwlolw| lv ri wkh irup �+u> {, @ *+u,�+{,/

dqg wkdw �+3, 9@ 31 Wkhq wkhuh h{lvwv d vkruw udwh uhdol}dwlrq li dqg rqo| li rqh

ri wkh iroorzlqj wzr fdvhv rffxu1

41 Wkh yhfwru � lv ri wkh irup

�+{, @ �3h
�f{> +79,

iru vrph frqvwdqw f1 Ixuwkhupruh/ wkh vfdodu �hog * lv ri wkh irup

*+u> w, @
s
�+Su,> +7:,

zkhuh � lv dq duelwudu| qrqolqhdu vprrwk pds � = i�j
B
$ U/ dqg S lv

wkh ruwkrjrqdo surmhfwlrq lq K rqwr �B1
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51 Gh�qlqj O dv lq +78,/ O vdwlv�hv d Ulffdwl htxdwlrq ri wkh irup

gO

g{
+{, . gO5+{, . fO+{, . h @ 3= +7;,

Ixuwkhupruh * kdv wkh irup

*+u, @
s
+y> u, . �+Su, +7<,

zkhuh � lv dv deryh/ dqg zkhuh y lv dq| yhfwru zlwk +y> �, @ g1

Uhpdun :16 Wkh dvvxpswlrq �+3, 9@ 3 lv yhu| lqqrfhqw/ vlqfh lw vd|v wkdw wkh
g|qdplfv ri wkh vkruw udwh kdv qrq}hur gl�xvlrq whup1 Wkh uhdghu zloo suredeo|
qrwlfh wkh vwuxfwxudo vlplodulw| zlwk wkh uhvxowv deryh dqg wkh fodvv ri d�qh
vkruw udwh prghov1 Dovr qrwh wkdw doo rxu uhvxowv duh orfdo/ rwkhuzlvh zh zrxog
ri frxuvh kdyh sureohpv zlwk h{suhvvlrqv olnh

s
+y> u, . �+Su, zkhuh wkh olqhdu

ixqfwlrqdo fdq wdnh duelwudulo| odujh qhjdwlyh ydoxhv1

Wkh uhvxow deryh kdv dq hdv| dq lqwhuhvwlqj fruroodu|/ zklfk zloo eh xvhg odwhu1

Fruroodu| :14 Dvvxph wkdw wkh vfdodu �hog * deryh lv d srlqw hydoxdwlrq ri wkh

vkruw udwh/ l1h1 wkdw +zlwk d voljkw dexvh ri qrwdwlrq,

*+u, @ *+U,=

Wkhq wkh ixqfwlrq � lq Sursrvlwlrq :16 pxvw eh frqvwdqw z1u1w1 u1 Wkxv +7:,

dqg +7<, duh/ iru vrph fkrlfh ri frqvwdqwv � dqg �/ uhsodfhg e|

*+U, @ �> +83,

dqg

*+U, @
s
�U. �> +84,

uhvshfwlyho|1

Surri1 Lq wklv fdvh/ zlwk �+u, @ *5+U,/ wkh frqglwlrq +76, ehfrphv

g�+U,

gU
�+3, @ g>

zklfk/ jlyhq wkh vwdqglqj dvvxpswlrq �+3, 9@ 3/ lpphgldwho| jlyh xv wkh uhvxow1

Uhpdun :17 Iurp Fruroodu| :14 zh uhfrjql}h/ e| lqvshfwlrq ri * dqg �/ wkuhh
zhoo nqrzq vkruw udwh prghov1
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� *+U, @ � dqg f @ 31 Wklv lv wkh Kr0Ohh prgho1

� *+U, @ � dqg f 9@ 31 Wklv lv wkh Kxoo0Zklwh h{whqvlrq ri wkh Ydvl�fhn

prgho1

� *+U, @
s
�U. �1 Wklv lv wkh Kxoo0Zklwh h{whqvlrq ri wkh Fr{0Lqjhuvroo0

Urvv prgho1

Wkhvh prghov duh khqfhiruwk uhihuuhg wr dv wkh d�qh vkruw udwh prghov1 Zh
vd| wkdw d iruzdug udwh prgho zklfk lv jhqhudwhg +uhdol}hg, e| dq d�qh vkruw

udwh prgho lv dq d�qh iruzdug udwh prgho1

.�e R�** Bi?ih�U 5�Lh| +@|i �L_i*t @hi ��?i�

Zh qrz frqvlghu wkh shukdsv prvw lqwhuhvwlqj vshfldo fdvh/ zklfk lv zkhq wkh

iruzdug udwh yrodwlolw| �+u, rqo| ghshqgv rq wkh vkruw udwh U1 Zh zloo xvh wkh
whfkqltxhv deryh lq rughu wr uhghulyh d udwkhu dvwrqlvklqj uhvxow iurp ^4<`1

Dvvxpswlrq :15 Wkh yrodwlolw| lv ri wkh irup

� @ �+U> {,>

zkhuh/ zlwk d voljkw dexvh ri qrwdwlrq/ � lv d vprrwk ixqfwlrq ri wkh wzr uhdo

yduldeohv U dqg {1

Wkh txhvwlrq lv qrz zkhq d yrodwlolw| vshfl�fdwlrq olnh wklv zloo srvvhvv d vkruw

udwh uhdol}dwlrq dqg/ dv zh zloo vhh/ wkh uhtxluhphqw ^�> �` @@� lq Wkhruhp :14

wxuqv rxw wr eh yhu| vhyhuh1 Zh kdyh lq idfw wkh iroorzlqj vwurqj uhvxow1

Sursrvlwlrq :17 Xqghu Dvvxpswlrq :15/ wkh wkhuh h{lvwv d vkruw udwh uhdol}d0

wlrq li dqg rqo| li � fdq eh idfwruhg dv

�+U> {, @ *+U,�+{,=

Surri1 Zulwlqj rxw doo yduldeohv/ wkh guliw yhfwru �hog � lv hdvlo| fdofxodwhg dv

�+U> {, @ Iu+{, . �+U> {,

] {

3

�+U> v,gv�
4

5
�3

U+U> {,j+U,>

zkhuh j+U, @ �+U> 3, dqg zkhuh �3

U
@ C�

CU
1 Zh qrz kdyh wr frpsxwh wkh Olh

eudfnhw ^�> �`/ dqg zh rewdlq

�3+u,^�+u,`+{, @ �3

U
+U> {,Iu+3,�

4

5
�3

U
+U> {,j3+U,j+U,
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dqg

�3+u,^�+u,`+{, @ �3

{+U>{,�
4

5

�
�33

U+U> {,j
5+U,� �3

U+U> {,j
3+U,j+U,

�
. j+U,

�
�3

U
+U> {,

]
{

3

�+U> v,gv. �U+U> {,

]
{

3

�3

U
+U> v,gv

�
=

Wkxv

^�> �` +{, @ �3

{
+U>{, . j+U,

C

CU

�
�+U> {,

]
{

3

�+U> v,gv

�

�

4

5
�33

U
+U> {,j5+U,� �3

U
+U> {,Iu+3,

Dsso|lqj Wkhruhp :14/ d qhfhvvdu| dqg vx�flhqw iru wkh h{lvwhqfh ri d vkruw

udwh uhdol}dwlrq lv wkdw � dqg ^�> �` duh sdudooho1 Ghqrwlqj Iu+3, e| }/ wkhuh

pxvw wkxv h{lvw d ixqfwlrq �+}>U, vxfk wkdw wkh htxdwlrq

�3

{
+U> {, . j+U,

C

CU

�
�+U> {,

]
{

3

�+U> v,gv

�

�

4

5
�33

U+U> {,j5+U,� �3

U+U> {,} . �+}>U,�+U> {, @ 3

krogv iru doo U dqg }1 Vlqfh wklv htxdwlrq krogv lghqwlfdoo| lq }/ zh fdq wdnh wkh

}0ghulydwlyh/ wr rewdlq wkh htxdwlrq

�3

U
+U> {, @ �3

}
+}>U,�+U> {,>

iurp zklfk lw iroorzv wkdw lq idfw �3

}+}>U, @ i+U,1 Zh wkxv rewdlq

�3

U
+U> {, @ i+U,�+U> {,>

zklfk lv dq RGH iru �+U> {, zlwk wkh vroxwlrq

�+U> {, @ h{s

+] U

3

i+v,gv

,
�+3> {,>

dqg zh kdyh wkh ghvluhg idfwrul}dwlrq1

Zh pd| qrz vwdwh wkh pdlq uhvxow ri wkh vhfwlrq +vhh Uhpdun :17,1 Lw zdv �uvw

vwdwhg dqg suryhg +xvlqj frpsohwho| gl�huhqw whfkqltxhv, lq wkh uhpdundeoh

sdshu ^4<`1

Wkhruhp :15 Dvvxph wkdw wkh iruzdug udwh yrodwlolwlhv duh ri wkh irup

�+u> {, @ �+U> {,=

Wkhq wkh prgho kdv d vkruw udwh uhdol}dwlrq li dqg rqo| li lw lv d�qh1
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Surri1 Wklv iroorzv lpphgldwho| iurp Sursrvlwlrq :17/ Fruroodu| :14/ dqg wkh

frpphqwv deryh1

Zh kdyh wkxv frpsohwho| fkdudfwhul}hg wkh fodvv ri iruzdug udwh prghov zlwk

d yrodwlolw| vwuxfwxuh ri wkh irup �+U> {, zklfk duh jhqhudwhg e| vkruw udwh

prghov1 Dqrwkhu zd| ri irupxodwlqj wklv vrphzkdw vxusulvlqj uhvxow lv wr vd|

wkdw _wkh rqo| jhqhulf vkruw udwh prghov duh wkh d�qh rqhv%1 Wr xqghuvwdqg

wkh jhrphwulf slfwxuh rqh fdq wklqn ri wkh iroorzlqj surjudp1

41 Fkrrvh dq duelwudu| vkruw udwh prgho/ vd| ri wkh irup

gUw @ d+w> Uw,gw. e+Uw,gZw

zlwk d �{hg lqlwldo srlqw U31

51 Vroyh wkh dvvrfldwhg SGH lq rughu wr frpsxwh erqg sulfhv1 Wklv zloo dovr

surgxfh=

� Dq lqlwldo iruzdug udwh fxuyh aur+{,1

� Iruzdug udwh yrodwlolwlhv ri wkh irup �+U>{,1

61 Irujhw derxw wkh xqghuo|lqj vkruw udwh prgho/ dqg wdnh wkh iruzdug udwh

yrodwlolw| vwuxfwxuh �+U> {, dv jlyhq lq wkh iruzdug udwh htxdwlrq +53,1

71 Lqlwldwh wkh iruzdug udwh htxdwlrq zlwk dq duelwudu| lqlwldo iruzdug udwh

fxuyh ur+{,

Wkh txhvwlrq lv qrz zkhwkhu wkh wkxv frqvwuxfwhg iruzdug udwh prgho zloo sur0

gxfh d Pdunryldq vkruw udwh surfhvv1 Reylrxvo|/ li |rx fkrrvh wkh lqlwldo iruzdug

udwh fxuyh ur dv ur @ aur/ wkhq |rx duh edfn zkhuh |rx vwduwhg/ dqg hyhu|wklqj

lv RN1 Li/ krzhyhu/ |rx fkrrvh dqrwkhu lqlwldo iruzdug udwh fxuyh aur/ vd| wkh

revhuyhg iruzdug udwh fxuyh ri wrgd|/ wkhq lw lv qr orqjhu fohdu wkdw wkh vkruw

udwh zloo eh Pdunryldq1 Zkdw wkh wkhruhp deryh vd|v/ lv wkdw rqo| wkh prghov

olvwhg deryh zloo surgxfh d Pdunryldq vkruw udwh prgho iru doo lqlwldo srlqwv lq

d qhljkerukrrg ri ur1 Li |rx wdnh dqrwkhu prgho +olnh/ vd|/ wkh Grwkdq prgho,

wkhq d jhqhulf fkrlfh ri wkh lqlwldo iruzdug udwh fxuyh zloo surgxfh d vkruw udwh

surfhvv zklfk lv qrw Pdunryldq1

+iuihi?Uit

^4` Ekdu/ U1 ) Fklduhood/ F1 +4<<:, Wudqvirupdwlrq ri Khdwk0Mduurz0Pruwrq

Prghov wr Pdunryldq v|vwhpv1 Hxurshdq Mrxuqdo ri Ilqdqfh/ 6/ Qr1 4/ 40591

^5` Em�run/ W1 ) Fkulvwhqvhq/ E1M1 +4<<:, Lqwhuhvw Udwh G|qdplfv dqg Frqvlv0

whqw Iruzdug Udwh Fxuyhv1 Wr dsshdu lq Pdwkhpdwlfdo Ilqdqfh1
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^6` Em�run/ W1 ) Jrpedql D1 +4<<<, Plqlpdo Uhdol}dwlrq ri Iruzdug Udwhv1

Ilqdqfh dqg Vwrfkdvwlfv/ 6/ Qr1 7/ 74607651

^7` Em�run/ W1 +4<<:,1 Lqwhuhvw Udwh Wkhru|1 Lq Z1 Uxqjjdoglhu +hg1,/ Ilqdqfldo

Pdwkhpdwlfv1 Vsulqjhu Ohfwxuh Qrwhv lq Pdwkhpdwlfv/ Yro1 49891 Vsulqjhu

Yhuodj/ Ehuolq1

^8` Em�run/ W1 +4<<;, Duelwudjh Wkhru| lq Frqwlqxrxv Wlph1 R{irug Xqlyhuvlw|

Suhvv1

^9` Eudfh/ D1 ) Pxvlhod P1 +4<<7, D Pxowl0Idfwru Jdxvv Pdunry Lpsohphqwd0

wlrq ri Khdwk Mduurz dqg Pruwrq1 Pdwkhpdwlfdo Ilqdqfh 7/ Yro16/ 89608:91

^:` Eurfnhww/ U1Z1 +4<;4, Qrqolqhdu V|vwhpv dqg Qrqolqhdu Hvwlpdwlrq Wkh0

ru|1 Lq Vwrfkdvwlf v|vwhpv= Wkh Pdwkhpdwlfv ri Ilowhulqj dqg Lghqwl�fdwlrq

dqg Dssolfdwlrqv +hgv1 Kd}hzlqnho/ P ) Zloohpv/ M1F1, Uhlgho1

^;` Fduyhukloo/ D1 +4<<7, Zkhq lv wkh Vsrw Udwh PdunryldqB Pdwkhpdwlfdo

Ilqdqfh/ / 63806451

^<` Fklduhood/ F ) Nzrq/ N1 +4<<;, Iruzdug Udwh Ghshqghqw Pdunry0

ldq Wudqvirupdwlrqv ri wkh Khdwk0Mduurz0Pruwrq Whup Vwuxfwxuh Prgho1

Zrunlqj sdshu1 Vfkrro ri Ilqdqfh dqg Hfrqrplfv/ Xqlyhuvlw| ri Whfkqro0
rj|/ V|gqh|1

^43` Fr{/ M1/ Lqjhuvroo/ M1 ) Urvv/ V1 +4<;8e,1 D Wkhru| ri wkh Whup Vwuxfwxuh

ri Lqwhuhvw Udwhv1 Hfrqrphwulfd 86/ 6;8~73;1

^44` Gd Sudwr/ J1 ) ]def}|n/ M1+4<<5, Vwrfkdvwlf Htxdwlrqv lq Lq�qlwh Glphq0

vlrqv1 Fdpeulgjh Xqlyhuvlw| Suhvv1

^45` Gx�h/ G1 ) Ndq/ U +4<<9, D |lhog Idfwru Prgho ri Lqwhuhvw Udwhv1 Pdwk0

hpdwlfdo Ilqdqfh/ 9/ 6:<07391

^46` Hehuohlq/ H1 ) Udleoh/ V1 +4<<<, Whup Vwuxfwxuh Prghov Gulyhq e| Jhqhudo

Ohy| Surfhvvhv1 Pdwkhpdwlfdo Ilqdqfh/ </ Qr 4/ 640861

^47` Khdwk/ G1 ) Mduurz/ U1 ) Pruwrq/ D1 +4<<5, Erqg Sulflqj dqg wkh Whup

Vwuxfwxuh ri Lqwhuhvw Udwhv1 Hfrqrphwulfd 93 Qr14/ ::04391

^48` Kr/ W1 ) Ohh/ V1 +4<;9, Whup Vwuxfwxuh Pryhphqwv dqg Sulflqj Lqwhuhvw
Udwh Frqwlqjhqw Fodlpv1 Mrxuqdo ri Ilqdqfh 74/ 43440435<1

^49` Kxoo/ M ) Zklwh/ D1 +4<<3, Sulflqj Lqwhuhvw0Udwh0Ghulydwlyh Vhfxulwlhv1 Wkh

Uhylhz ri Ilqdqfldo Vwxglhv 6/ 8:608<51

^4:` Lqxl/ N1 ) Nlmlpd/ P1 +4<<;, D Pdunryldq Iudphzrun lq Pxowl0Idfwru

Khdwk0Mduurz0Pruwrq Prghov1 MITD 66 qr1 6/ 75607731

^4;` Lvlgrul/ D1 +4<;<, Qrqolqhdu Frqwuro V|vwhpv1 Vsulqjhu0Yhuodj/ Ehuolq1
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^4<` Mh�uh|/ D1 +4<<8, Vlqjoh Idfwru Khdwk0Mduurz0Pruwrq Whup Vwuxfwxuh Prg0

hov Edvhg rq Pdunryldq Vsrw Lqwhuhvw Udwhv1 MITD 63 qr17/ 94<09751

^53` Odqj/ V1 +4<<8, Gl�huhqwldeoh Pdqlirogv dqg Ulhpdqqldq Jhrphwu|1

Vsulqjhu0Yhuodj/ Ehuolq1

^54` Pxvlhod P1 +4<<6, Vwrfkdvwlf SGH=v dqg Whup Vwuxfwxuh Prghov1 Suhsulqw1

^55` Qhovrq/ F1 ) Vlhjho/ D1 +4<;:,= Sduvlprqlrxv Prgholqj ri \lhog Fxuyhv1

Mrxuqdo ri Exvlqhvv/ 93/ 7:607;<1

^56` Ulwfknhq/ S1 ) Vdqndudvxeudpdqldq/ O1 +4<<8, Yrodwlolw| Vwuxfwxuhv ri Iru0

zdug Udwhv dqg wkh G|qdplfv ri wkh Whup Vwuxfwxuh1 Pdwkhpdwlfdo Il0

qdqfh/ 8/ qr1 4/ 880:51

^57` Zduqhu/ I1Z1 +4<:<, Irxqgdwlrqv ri Gl�huhqwldeoh Pdqlirogv dqg Olh

Jurxsv1 Vfrww/ Iruhvpdq/ Kloo1

^58` Ydvl�fhn/ R1 +4<::, Dq Htxloleulxp Fkdudfwhul}dwlrq ri wkh Whup Vwuxfwxuh1

Mrxuqdo ri Ilqdqfldo Hfrqrplfv 8/ 4::04;;1
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