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Prqlwrulqj dqg Sd|= Jhqhudo uhvxowv


Pdjqxv Doojxolq�


VVH2HIL Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh
Qr1 673


Rfwrehu/ 4<<<


Devwudfw


Wklv sdshu frqvlghuv wkh rswlpdo lqfhqwlyhv iru prwlydwlqj d ulvn qhx0


wudo/ zhdowk frqvwudlqhg djhqw1 Lq sduwlfxodu/ prqlwrulqj dqg sd| duh


vkrzq wr eh frpsohphqwdu| lqvwuxphqwv xqghu yhu| jhqhudo frqgl0


wlrqv/ h{whqglqj hduolhu uhvxowv e| Doojxolq dqg Hoolqjvhq +4<<;,1 Wkh


sdshu dovr suryhv wkdw olqhdu lqfhqwlyh vfkhphv duh vwulfwo| vxe0rswlpdo


lq wklv vhwwlqj1


MHO fodvvlilfdwlrq= M64/ M741


Nh|zrugv= Prqlwrulqj/ h!flhqf| zdjhv/ lqfhqwlyh sd|1


�Dgguhvv= Ghsduwphqw ri Hfrqrplfv/ Vwrfnkrop Vfkrro ri Hfrqrplfv/ Er{ 9834/ V�


446 ;6 Vwrfnkrop/ Vzhghq1 Hpdlo= pdjqxv1doojxolqCsrvw1kduydug1hgx


L dp judwhixo wr Wruh Hoolqjvhq iru khosixo frpphqwv dqg glvfxvvlrqv1 Ilqdqfldo vxssruw


iurp Kdqghovedqnhq/ wkh Vwrfnkrop Vfkrro ri Hfrqrplfv dqg wkh Ur|do Vzhglvk Dfdghp|


ri Vflhqfhv lv judwhixoo| dfnqrzohgjhg1


4







4 Lqwurgxfwlrq


Vwdqgdug dqdo|vlv ri wkh h!flhqf| zdjh prgho dujxhv wkdw prqlwrulqj dqg
sd| duh vxevwlwxwh lqvwuxphqwv iru prwlydwlqj zrunhuv14 Krzhyhu/ Doojxolq
dqg Hoolqjvhq kdyh uhfhqwo| ghprqvwudwhg wkdw wklv uhvxow klqjhv rq xqgxo|
uhvwulfwlyh dvvxpswlrqv uhjduglqj zrunhuv* fkrlfh ri h�ruw 0 iru h{dpsoh wkdw
wkhuh duh rqo| wzr srvvleoh h�ruw ohyhov1 Wkh| h{whqg wkh vlpsoh vklunlqj
prgho wr d frqwlqxxp ri h�ruw ohyhov dqg fkdudfwhul}h wkh sur�w pd{lpl}lqj
ohyhov ri prqlwrulqj dqg sd|1 Wkh htxloleulxp ohyhov ri prqlwrulqj dqg sd|
duh fkdudfwhul}hg e| wzr �uvw0rughu frqglwlrqv frqwdlqlqj wkuhh jhqhudo ixqf0
wlrqv= wkh sulqflsdo*v ehqh�w ixqfwlrq ri wkh djhqw*v h�ruw/ wkh djhqw*v frvw
ri h�ruw dqg wkh sulqflsdo*v frvw ri prqlwrulqj1 Lq wkh dqdo|vlv lw lv fdofx0
odwhg krz prqlwrulqj dqg sd| ydu| dffruglqj wr pxowlsolfdwlyh vkliwv wr wkuhh
ixqfwlrqv= wkh sur�wdelolw| �Ee� +l1h1 wkh sulqflsdo*v ehqh�w iurp wkh djhqw*v
h�ruw,/ wkh djhqw*v frvw ri h�ruw �Ee�/ dqg wkh sulqflsdo*v frvw ri prqlwrulqj/
�ER�1 Lw lv vkrzq wkdw xqghu uhdvrqdeoh dvvxpswlrqv/ prqlwrulqj dqg sd|
duh frpsohphqwdu| lqvwuxphqwv/ l1h1 d sdudphwhu fkdqjh zklfk fdxvhv dq
lqfuhdvh lq wkh dffxudf| ri prqlwrulqj dovr fdxvhv dq lqfuhdvh lq wkh ohyho ri
sd| dqg ylfh yhuvd1 Wklv sdshu zloo ghprqvwudwh wkdw wkh uhvxow lv wuxh iru
dq| prqrwrqlf vkliw/ qrw mxvw wkh pxowlsolfdwlyh1


Wzr h{whqvlrqv ri wkh prgho duh dovr lqyhvwljdwhg1 Wkh �uvw lv wkh lq0
wurgxfwlrq ri dq h{ dqwh lqglylgxdo udwlrqdolw| frqvwudlqw iru wkh djhqw lq
dgglwlrq wr wkh suhylrxv h{ srvw olplwhg oldelolw| frqvwudlqw1 Wklv zloo w|sl0
fdoo| eh ri lqwhuhvw li xqhpsor|hg zrunhuv elg ryhu hdfk rwkhu zlwk hqwudqfh
ihh r�huv iru d mre rssruwxqlw|1 Wkh lpsolfdwlrq lv wkdw d elqglqj h{ dqwh
lqglylgxdo udwlrqdolw| frqvwudlqw jhqhudol}hv wkh uhvxow hyhq ixuwkhu1


Wkh vhfrqg h{whqvlrq doorzv wkh sulqflsdo wr fuhgleo| xvh d pl{hg vwudw0
hj| zkhq prqlwrulqj wkh djhqw1 Lq wkdw fdvh/ dq| frqfdyh prqlwrulqj frvw
ixqfwlrq fdq eh uhsodfhg e| dqrwkhu prqlwrulqj frvw ixqfwlrq wkdw lv fkhdshu
dqg olqhdu1 Khqfh/ wkh prqlwrulqj whfkqrorj| xvhg e| wkh sulqflsdo lv dozd|v
zhdno| frqyh{/ lpso|lqj wkdw hyhq wklv h{whqvlrq zloo pdnh wkh uhvxow pruh
jhqhudo1


Ilqdoo|/ wkh rswlpdo qrq0olqhdu lqfhqwlyh vfkhph vroxwlrq lq wkh sdshu lv
frpsduhg wr wkh ehvw olqhdu lqfhqwlyh vfkhph vroxwlrq1 Wkh �qglqj lv wkdw/
iru wkh sulqflsdo/ wkhuh lv dozd|v d qrq0olqhdu zdjh frqwudfw zklfk vwulfwo|
grplqdwhv dq| olqhdu zdjh frqwudfw1 Wklv uhvxow pd| qrw eh vxusulvlqj/ exw
wkh pdlq frqwulexwlrq ri wklv vhfwlrq lv wr surylgh d frpprq iudphzrun iru
h!flhqf| zdjhv dqg olqhdu lqfhqwlyh zdjhv/ lq zklfk wkhlu gl�huhqw lpsolfd0
wlrqv fdq eh dqdo|}hg1


4Vhh h1j1 Vkdslur dqg Vwljolw} +4<;7, dqg Plojurp dqg Urehuwv +4<<5,1
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Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 vhwv xs d pruh jhqhudo yhuvlrq
ri wkh prgho sursrvhg e| Doojxolq dqg Hoolqjvhq +4<<;,1 Vhfwlrq 6 frqwdlqv
d frpsohwh dqdo|vlv ri wklv prgho1 Vhfwlrq 7 lqwurgxfhv dq h{ dqwh lqglylgxdo
udwlrqdolw| frqvwudlqw lqwr wkh prgho dqg glvfxvvhv lwv lpsolfdwlrqv zkhq lw
lv elqglqj1 Lq Vhfwlrq 8/ wkh sulqflsdo lv doorzhg wr xvh pl{hg vwudwhjlhv/
dqg wklv lv vkrzq wr vwuhqjwkhq wkh suhylrxv uhvxowv1 Vhfwlrq 9 vkrzv wkdw
wkh rswlpdo lqfhqwlyh vfkhph xvhg lq wkh sdshu vwulfwo| grplqdwhv d olqhdu
lqfhqwlyh vfkhph1 Vhfwlrq : frqfoxghv1


5 Prgho


D ulvn qhxwudo sulqflsdo hpsor|v d vlqjoh ulvn qhxwudo djhqw1 Wkh djhqw fdq
h{huw h�ruw e 5Un zklfk d�hfwv wkh sulqflsdo*v ehqh�w/ �Ee�/ dw vrph frvw wr
wkh djhqw/ �Ee�1 Wkh sulqflsdo prwlydwhv wkh djhqw wkurxjk d frpshqvdwlrq
frqwudfw �Ee�/ zkhuh � lv wkh zdjh wkdw wkh djhqw uhfhlyhv li wkh sulqflsdo
revhuyhv e1


Wkh sulqflsdo fdq revhuyh dqg yhuli| wkh djhqw*v h�ruw zlwk suredelolw| R1
Wklv suredelolw| lv d�hfwhg e| wkh sulqflsdo*v fkrlfh ri prqlwrulqj whfkqrorj|1
Lq rughu wr dwwdlq suredelolw| R ri revhuylqj wkh djhqw*v h�ruw/ wkh sulqflsdo
kdv wr sd| �ER�� Wkh iroorzlqj dvvxpswlrq uhjduglqj ixqfwlrqdo irupv lv
pdgh1


Dvvxpswlrq 4


+l, ��Ee� : fc ���Ee� � fc


+ll, �Ef� ' fc � �Ee� : fc � ��Ee� : fc


+lll, � �ER� : f1


Wkh h{ srvw xwlolw| ri wkh sulqflsdo fdq qrz eh zulwwhq


L ' �Ee�� � ��ER�c +4,


dqg wkh h{ srvw xwlolw| ri wkh djhqw lv


T ' � � �Ee�� +5,


D nh| dvvxpswlrq ri wkh h!flhqf| zdjh prgho lv wkdw wkhuh lv d orzhu
olplw/ �f 5Un/ wr wkh sd|phqw1 Wkh olplw pd| eh gxh hlwkhu wr ohjdo uxohv
ru wr d zhdowk frqvwudlqw1


Vlqfh h�ruw lv qrw dozd|v revhuyhg/ wkh frpshqvdwlrq frqwudfw dovr qhhgv
wr vshfli| vrph sd|phqw 7� 5Un wkdw wkh djhqw lv wr uhfhlyh lq wklv fdvh1
Wkh djhqw lv dvvxphg wr pd{lpl}h wkh h{shfwhg xwlolw|


,dT o ' R�Ee� n E�� R� 7� � �Ee�� +6,
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Vxssrvh qrz wkdw wkh sulqflsdo zloo lqgxfh wkh djhqw wr wdnh wkh ohyho ri
h�ruw 	e 5Un1 Wkhq wkh iroorzlqj lqfhqwlyh frpsdwlelolw| frqvwudlqw pxvw eh
vdwlv�hg iru doo e=


R�E	e� n E�� R� 7� � �E	e� � R�Ee� n E�� R� 7� � �Ee��


Zh vhh wkdw dq| lqfhqwlyh frpsdwleoh frqwudfw wkdw lpsohphqwv 	e fdq/ zlwkrxw
orvv wr wkh sulqflsdo/ eh uhsolfdwhg e| d vwhs ixqfwlrq ri wkh irup �Ee� ' �f


iru e 	 	e dqg �Ee� ' � iru e � 	e� Lq rwkhu zrugv/ wkh sulqflsdo vhwv dq
h�ruw wdujhw/ 	e1 Wkh djhqw jhwv � li kh phhwv ru h{fhhgv wkh wdujhw dqg wkh
plqlpxp sd|phqw �f rwkhuzlvh1


5 Odwhu/ lw lv vkrzq wkdw wklv nlqg ri frqwudfw
vwulfwo| grplqdwhv d olqhdu lqfhqwlyh vfkhph1 Jlyhq wkh deryh frqwudfw/ li dq
djhqw hyhu zdqwv wr ghyldwh/ kh zloo ghyldwh wr e ' f1 Wkxv/ wkh lqfhqwlyh
frpsdwlelolw| frqvwudlqw ehfrphv


RE� � �f� � �E	e�� +7,


Ilqdoo|/ wkh dvvxpswlrq wkdw dq lqgl�huhqw djhqw wdnhv wkh dfwlrq wkdw wkh
sulqflsdo idyruv hqdeohv wkh sulqflsdo wr orzhu wkh zdjh grzq wr wkh ohyho
zkhuh wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw ehfrphv dq htxdolw|1 Lqyhuwlqj
wklv htxdolw|/ zh rewdlq dq h{suhvvlrq iru wkh dfwxdo h�ruw zklfk wkh djhqw
zloo h{huw/


eERc �� G' �3�EE� � �f�R�� +8,


Qrwh wkdw 7�/ wkh zdjh lq wkh fdvh wkdw wkh h�ruw ohyho lv qrw revhuyhg/ lv
luuhohydqw iru wkh djhqw*v lqfhqwlyhv1 Lw lv frpprq wr dvvxph wkdw 7� ' �E	e�/
dqg zh iroorz wklv sudfwlfh1 Rqh uhdvrq zk| wkh dvvxpswlrq lv sodxvleoh lv
wkdw li 7� 	 �E	e�/ wkh sulqflsdo zrxog kdyh kdg dq lqfhqwlyh qrw wr prqlwru
+ru wr idovho| fodlp wkdw kh kdv qrw prqlwruhg,1


Wkh sulqflsdo*v sureohp lv wr �qg d suredelolw| R dqg d zdjh � wr pd{l0
pl}h


LERc �� ' �EeERc���� � ��ER� +9,


vxemhfw wr wkh frqvwudlqwv � � �f dqg R 5 dfc �o� Wklv lv d vwudljkwiruzdug
pd{lpl}dwlrq sureohp lq wzr yduldeohv1 Ohw d vroxwlrq wr wklv sureohp eh
ghqrwhg ERWc �W�c dqg ohw eW G' eERWc �W� ghqrwh wkh dvvrfldwhg h�ruw ohyho1
Wkh �uvw�rughu frqglwlrqv iru wkh vroxwlrq fdq wkhq eh zulwwhq


RW
��EeW�


� �EeW�
� � � fc +:,


5Dv vkrzq e| Ghprxjlq dqg Ioxhw +4<<:,/ wkh rswlpdolw| ri h�ruw wdujhwv lv txlwh


jhqhudo1 Lw lv qrw dq duwhidfw ri wkh vlpsoh prqlwrulqj whfkqrorj|1
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zlwk htxdolw| li �W : �f/ dqg


E�W


� �f�
��EeW�


� �EeW�
�� �ERW� � fc +;,


zlwk htxdolw| li RW 	 �1
Htxdwlrq +:, whoov xv wkdw wkh pdujlqdo ehqh�w iurp lqfuhdvhg h�ruw zloo


eh odujhu wkdq wkh pdujlqdo frvw zkhqhyhu wkh sulqflsdo fkrrvhv wr prqlwru
lpshuihfwo|1 Wkh uhdvrq iru wkh glvwruwlrq dzd| iurp wkh vrfldoo| rswlpdo
h�ruw ohyho lv wkdw wkh djhqw pxvw eh sdlg d uhqw lq rughu qrw wr vklun1 Dovr/
htxdwlrq +:, frq�upv wkdw wkhuh pxvw eh d srvlwlyh ohyho ri prqlwrulqj lq
rughu wr lqgxfh dq| h�ruw1 +Li RW ' fc wkhq �W ' �f�,


Ohw L�� ghqrwh wkh vhfrqg ghulydwlyh ri L dqg ohw LW


��
ghqrwh wkh vhfrqg


ghulydwlyh ri L hydoxdwhg dw d vroxwlrq ERWc �W�� Wkh vhfrqg�rughu frqglwlrqv
duh wkhq LW


��
	 fc LW


RR
	 f dqg LW


RR
LW


��
� ELW


R�
�2 : f1 Wr vwdwh wkh frqglwlrqv


lq ixoo/ qrwh wkdw
L�� ' R2�Ee�c +<,


LRR ' E� � �f�
2�Ee��� ��ER�c +43,


LR� ' RE� � �f��Ee� n
��Ee�


� �Ee�
c +44,


zkhuh


�Ee� G'
���Ee�� �Ee�� � ��Ee���Ee�


E� �Ee���
�


6 Dqdo|vlv


614 Phwkrg


Wkh phwkrg wr dqdo|}h wkh h�hfwv ri d vkliw lq rqh ri wkh jhqhudo ixqfwlrqv
lv dv iroorzv1 Wkh �uvw0rughu frqglwlrqv +:, dqg +;, duh xvhg wr fuhdwh wzr
htxdwlrqv fkdudfwhul}lqj wkh htxloleulxp ydoxhv ri � dqg R zkhuh/ D, htxdwlrq
4 lv odfnlqj rqh ri wkh frqwuro yduldeohv dqg/ E, htxdwlrq 5 lv odfnlqj dq| irup
ri wkh jhqhudo ixqfwlrq wkdw lv derxw wr eh vkliwhg1


Wkh wulfn lv wkdw zh fdq qrz orrn dw wkh vkliw dv wkrxjk lw fuhdwhg d fkdlq
uhdfwlrq1 Wkh htxloleulxp ydoxh ri wkh uhpdlqlqj frqwuro yduldeoh lq htxdwlrq
4 lv vroho| ghwhuplqhg e| wklv htxdwlrq1 D vkliw lq wkh jhqhudo ixqfwlrq lq
htxdwlrq 4 pd| fkdqjh wkh htxloleulxp ydoxh ri wklv frqwuro yduldeoh1 Wkhq/
vlqfh htxdwlrq 5 lv odfnlqj dq| irup ri wkh vkliwhg ixqfwlrq/ wkh hqwluh h�hfw ri
wkh vkliw rq wkh rwkhu frqwuro yduldeoh lv iruzdughg e| wkh �uvw frqwuro yduldeoh
dffruglqj wr htxdwlrq 51 Khqfh zh rqo| kdyh wr gl�huhqwldwh htxdwlrq 5 lq
rughu wr �qg rxw wkh frqglwlrq iru wkh frqwuro yduldeohv wr eh srvlwlyho|
uhodwhg1
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615 Pdlq uhvxowv


+:, dqg +;, wrjhwkhu whoo xv wkdw


E�W


� �f� ' R� �ERW�� +45,


Wklv htxdwlrq fdq eh xvhg wr vxevwlwxwh iru �W lq +:, wr jhw wkh htxdwlrq


RW
��E�3�EERW�2�ERW���


� �E�3�EERW�2�ERW���
' �c +46,


zklfk vroho| ghwhuplqhv RW1 Wkh htxdwlrqv +45, dqg +46, wrjhwkhu fkdudfwhul}h
wkh htxloleulxp ydoxhv ri � dqg R1 Zh vhh wkdw qhlwkhu wkh sulqflsdo*v ehqh�w
ixqfwlrq/ �Ee�/ qru wkh djhqw*v frvw ixqfwlrq/ �Ee�/ dsshduv lq dq| irup
lq htxdwlrq +45,1 Wkhuhiruh/ dq| h�hfw wkdw dq| fkdqjh lq wkhvh ixqfwlrqv
zloo kdyh rq �W zloo eh iruzdughg e| RW dffruglqj wr htxdwlrq +45,1 E|
gl�huhqwldwlqj +45, zh rewdlq


_�W


_RW
' RW� ��ERW� n� �ERW�c


zklfk lv srvlwlyh li dqg rqo| li


�RW
� ��ERW�


� �ERW�
	 ��


Khqfh/ zh fdq frqfoxgh wkdw prqlwrulqj dqg sd| duh frpsohphqwdu| lqvwux0
phqwv dffruglqj wr dq| vkliw lq wkh sulqflsdo*v ehqh�w ixqfwlrq/ �Ee�/ ru wkh
djhqw*v frvw ri h�ruw ixqfwlrq/ �Ee�/ dv orqj dv wkh frqglwlrq deryh lv ixo�oohg1


Wr dqdo|}h wkh h�hfwv ri d vkliw lq wkh sulqflsdo*v prqlwrulqj frvw ixqfwlrq/
�uvw gh�qh


sERW� ' RW� �ERW��


Xvlqj wklv dqg lqyhuwlqj +45, qrz |lhogv


RW ' s3�E�W


� �f�c


zklfk zh fdq xvh wr vxevwlwxwh iru RW edfn lq htxdwlrq +:, wr jhw wkh htxdwlrq


s3�E�W


� �f�
��E�3�EE�W � �f�s


3�E�W � �f���


� �E�3�EE�W � �f�s3�E�W � �f���
' � +47,


zklfk vroho| ghwhuplqhv �W1 Wklv htxdwlrq wrjhwkhu zlwk +:, fkdudfwhul}hv wkh
htxloleulxp ydoxhv ri � dqg R dqg +:, lv odfnlqj dq| irup ri wkh prqlwrulqj
frvw ixqfwlrq/ �ER�1 Gl�huhqwldwlrq ri +:, |lhogv


_�W


_RW
' �


LW


R�


LW


��
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zklfk lv srvlwlyh li dqg rqo| li


LW


R�
: f�


Wkxv zh fdq frqfoxgh wkdw prqlwrulqj dqg sd| duh frpsohphqwdu| lqvwux0
phqwv dffruglqj wr dq| vkliw lq wkh sulqflsdo*v prqlwrulqj frvw ixqfwlrq/
�ER�/ dv orqj dv prqlwrulqj dqg sd| duh Hgjhzruwk frpsohphqwv1


Wkh deryh dqdo|vlv fdq eh vxppdul}hg lq wkh iroorzlqj wzr sursrvlwlrqv/


Sursrvlwlrq 4 Dffruglqj wr dq| vkliw lq wkh sulqflsdo*v ehqh�w ixqfwlrq/
�Ee�/ ru wkh djhqw*v frvw ri h�ruw ixqfwlrq/ �Ee�/ prqlwrulqj dqg sd|
duh frpsohphqwdu| lqvwuxphqwv li dqg rqo| li �R� ��ERW�*� �ERW� 	 �1


Sursrvlwlrq 5 Dffruglqj wr dq| vkliw lq wkh sulqflsdo*v prqlwrulqj frvw
ixqfwlrq/ �ER�/ prqlwrulqj dqg sd| duh frpsohphqwdu| lqvwuxphqwv
li dqg rqo| li LW


R�
: f1


7 Elqglqj lqglylgxdo udwlrqdolw| frqvwudlqw


Vr idu lw kdv lpsolflwo| ehhq dvvxphg wkdw wkh djhqw lv zloolqj wr eh kluhg
e| wkh sulqflsdo/ jlyhq wkh htxloleulxp vroxwlrq1 Wkh djhqw zloo uhfhlyh d
kljkhu zdjh wkdq �f lq dq| vroxwlrq/ dqg wkh lqwhusuhwdwlrq ri �f dv wkh
pdunhw sulfh ri oderu kdv mxvwl�hg wkh suhylrxv ljqrudqfh ri d sduwlflsdwlrq
frqvwudlqw1


Krzhyhu/ wkhuh duh wzr lpsruwdqw remhfwlrqv djdlqvw wklv uhdvrqlqj1 Iluvwo|/
rqh ri wkh irxqgdwlrqv ri h!flhqf| zdjhv lv wkdw wkhuh lv lqfrpsohwh frpsh0
wlwlrq lq wkh oderu pdunhw/ gxh wr iru h{dpsoh wkh qrq0krprjhqhlw| ri �upv/
ru wkh wudqvdfwlrq frvwv ri ehlqj �uhg iru wkh djhqw1 Khqfh/ �f pd| eh orzhu
wkdq wkh djhqw*v rxwvlgh rswlrq ehiruh wkh uhodwlrqvkls vwduwv1 Vhfrqgo|/ lw
kdv iuhtxhqwo| ehhq dujxhg wkdw wkh djhqw*v +h{ dqwh, lqglylgxdo udwlrqdolw|
frqvwudlqw pxvw eh elqglqj ehfdxvh rwkhuzlvh wkh djhqw zrxog mxvw r�hu wr
sd| dq hqwudqfh ihh iru wkh mre rssruwxqlw|/ vxfk wkdw wkh lqglylgxdo udwlr0
qdolw| frqvwudlqw lv elqglqj dq|zd|16


Ehorz/ lq dgglwlrq wr wkh olplwhg oldelolw| frqvwudlqw/ �f/ rq wkh pd{lpxp
sxqlvkphqw wkdw wkh sulqflsdo fdq lpsrvh rq wkh djhqw h{ srvw/ dq h{ dqwh
lqglylgxdo udwlrqdolw| frqvwudlqw lv lqwurgxfhg lqwr wkh prgho/


� � �Ee� � 7T c +48,


zkhuh wkh h{ dqwh uhvhuydwlrq xwlolw|/ 7T c lv dvvxphg wr eh kljkhu wkdq wkh h{
srvw olplwhg oldelolw| frqvwudlqw/ �f1 Fohduo|/ wkhuh duh wzr glvwlqfw fdvhv1 Li


6
Vhh iru h{dpsoh Fduplfkdho +4<;8, dqg +4<<3,1


:







wkh vroxwlrq lq wkh deryh dqdo|vlv |lhogv xwlolw| iru wkh djhqw wkdw lv kljkhu
wkdq wkh uhvhuydwlrq xwlolw|/ l1h1 li


�W


� �EeW� � 7T c +49,


wkhq wkh sduwlflsdwlrq frqvwudlqw lv qrw elqglqj dqg wkh dqdo|vlv uhpdlqv
lqwdfw1 Rq wkh rwkhu kdqg/ li wklv lv qrw wkh fdvh/ wkh iroorzlqj dqdo|vlv zloo
dsso|1


Uhduudqjlqj dqg dvvxplqj wkdw wkh sduwlflsdwlrq frqvwudlqw/ +48,/ lv elqg0
lqj |lhogv wkh h{suhvvlrq iru wkh orzhvw srvvleoh prqlwrulqj dffxudf|/


R '
� � 7T


� � �f


� +4:,


Xvlqj wklv wr vxevwlwxwh iru wkh prqlwrulqj dffxudf| dqg wkh lqfhqwlyh frq0
vwudlqw/ +8,/ wr vxevwlwxwh iru wkh h�ruw ohyho/ |lhogv wkh iroorzlqj pd{lpl}d0
wlrq sureohp iru wkh sulqflsdo1


�@%
�


LE�� ' �E�3�E� � 7T ��� � ��E
� � 7T


� � �f


� +4;,


vxemhfw wr wkh frqvwudlqwv � � �f dqg 7T : �f1 Ohw wkh vroxwlrq wr wklv
sureohp eh ghqrwhg �Wc dqg ohw eW G' eE�W�/ RW G' RE�W� ghqrwh wkh dvvrfl0
dwhg h�ruw ohyho dqg prqlwrulqj dffxudf| uhvshfwlyho|1 Dvvxplqj dq lqwhulru
vroxwlrq/ wkh �uvw�rughu frqglwlrq iru wkh vroxwlrq fdq eh zulwwhq


��EeW�


� �EeW�
� ��� �ERW�


7T � �f


E�W � �f�2
' f� +4<,


Wkh rswlpdo zdjh lv vroho| ghwhuplqhg e| wklv frqglwlrq dqg qhlwkhu wkh
sulqflsdo*v ehqh�w ixqfwlrq/ �Ee�/ wkh sulqflsdo*v prqlwrulqj frvw ixqfwlrq/
�ER�/ ru wkh djhqw*v frvw ixqfwlrq/ �Ee�/ dsshduv lq dq| irup lq wkh h{suhv0
vlrq +4:,1 Khqfh/ gl�huhqwldwlrq ri +4:, lq htxloleulxp zloo uhyhdo krz wkh
zdjh dqg wkh prqlwrulqj dffxudf| ydu| wrjhwkhu dffruglqj wr dq| vkliw lq
wkhvh ixqfwlrqv/


_RW


_�W


'
7T � �f


E�W � �f�2
�


Wklv lv fohduo| dozd|v srvlwlyh1


Sursrvlwlrq 6 Li wkh djhqw*v lqglylgxdo udwlrqdolw| frqvwudlqw lv elqglqj/
wkhq dffruglqj wr dq| vkliw lq wkh sulqflsdo*v ehqh�w ixqfwlrq/ �Ee�/ wkh
sulqflsdo*v prqlwrulqj frvw ixqfwlrq/ �ER�/ ru wkh djhqw*v frvw ri h�ruw
ixqfwlrq/ �Ee�/ prqlwrulqj dqg sd| duh frpsohphqwdu| lqvwuxphqwv1


;







8 Pl{hg vwudwhjlhv


Zlwk d qrq0elqglqj lqglylgxdo udwlrqdolw| frqvwudlqw/ wkh dqdo|vlv vhfwlrq
ghprqvwudwhg wkdw prqlwrulqj dqg sd| duh frpsohphqwv dffruglqj wr dq|
vkliw lq wkh sulqflsdo*v ehqh�w ixqfwlrq/ �Ee�/ ru wkh djhqw*v frvw ixqfwlrq/
�Ee�/ dv orqj dv wkh frqglwlrq


�RW
� ��ERW�


� �ERW�
	 � +53,


lv ixo�oohg1 Wkxv d vx!flhqw/ exw qrw qhfhvvdu|/ frqglwlrq lv wkdw �ER� lv
frqyh{1 Jhqhudoo|/ vrph lqfuhdvlqj uhwxuqv wr prqlwrulqj pd| eh doorzhg
iru/ exw zkhq wkh uhwxuqv wr prqlwrulqj lqfuhdvh vx!flhqwo| idvw wkh uhvxow
pd| eh ryhuwxuqhg1


Krzhyhu/ li wkh sulqflsdo fdq xvh pl{hg vwudwhjlhv wkhuh zloo qhyhu eh
lqfuhdvhg uhwxuqv wr prqlwrulqj1 Pruh suhflvho|/ li wkh sulqflsdo lv deoh wr
udqgrpl}h ehwzhhq wkh prqlwrulqj dffxudf| R ' f dqg R ' �/ kh zloo rs0
wlpdoo| gr vr zkhqhyhu wkh prqlwrulqj frvw ixqfwlrq/ �ER�/ lv frqfdyh1 Dv
looxvwudwhg lq Iljxuh 4/ e| wklv udqgrpl}dwlrq kh zloo fuhdwh d qhz dqg fkhdshu
prqlwrulqj frvw ixqfwlrq/


��E^� ' E�� ^��Ef� n ^�E��c +54,


zkhuh ^ 5 dfc �o/ l1h1 lv olqhdu lq ^1


p, q10


$


�M(q)


M(p)


Iljxuh 4


Wkh sulqflsdo lv deoh wr gr wklv ehfdxvh wkh djhqw*v h{shfwhg xwlolw| +6,


,dT o ' R�Ee� n E�� R� 7� � �Ee� +55,


<







lv olqhdu lq wkh ghwhfwlrq suredelolw| R1 Wkh djhqw*v h{shfwhg xwlolw| zkhq
wkh sulqflsdo udqgrpl}hv lq wklv pdqqhu lv


,dT o ' ^E� � �Ee� n f � 7�� n E�� ^�Ef � �Ee� n � � 7��� �Ee�c +56,


zklfk fdq eh vlpsol�hg wr


,dT o ' ^�Ee� n E�� ^� 7� � �Ee�� +57,


Khqfh/ wkh djhqw zloo uhdfw lq h{dfwo| wkh vdph zd| wrzdugv wkh udqgrpl}d0
wlrq yduldeoh ^ dv kh glg wrzdugv wkh ghwhfwlrq suredelolw| R1


Ri frxuvh/ rqh frxog dujxh wkdw wkhuh pd| eh fuhglelolw| sureohpv iru
wkh sulqflsdo> lw frxog eh whpswlqj iru wkh sulqflsdo wr suhwhqg wkdw wkh
udqgrpl}dwlrq yduldeoh ^ lv kljk zkhq lw lv qrw1 Whfkqlfdoo|/ wklv sureohp
vkrxog dulvh hyhq zlwk wkh ruljlqdo prqlwrulqj ixqfwlrq/ exw wklv fdq eh
vroyhg e| h1j1 wkh dvvxpswlrq wkdw wkh prqlwrulqj whfkqrorj| deoh wr ghwhfw
dw suredelolw| RW lv revhuydeoh dqg lqvwdoohg ehiruh wkh djhqw pdnhv klv h�ruw1
Krzhyhu/ wklv remhfwlrq djdlqvw wkh xvh ri pl{hg vwudwhjlhv iru wkh sulqflsdo
idoov li kh lv deoh wr fuhdwh d phfkdqlvp wkdw frpplwv klp wr d fhuwdlq ^1
Wkxv lq d �qdo sursrvlwlrq lw fdq eh frqfoxghg wkdw=


Sursrvlwlrq 7 Dffruglqj wr dq| vkliw lq wkh sulqflsdo*v ehqh�w ixqfwlrq/
�Ee�/ ru wkh djhqw*v frvw ri h�ruw ixqfwlrq/ �Ee�/ prqlwrulqj dqg sd|
duh frpsohphqwdu| lqvwuxphqwv li wkh sulqflsdo fdq fuhgleo| xvh pl{hg
vwudwhjlhv1


9 Wkh vxerswlpdolw| ri olqhdu lqfhqwlyh vfkhphv


Dvvxph wkdw wkh sulqflsdo lv lqwhuhvwhg lq lpsohphqwlqj d fhuwdlq h�ruw ohyho/
	e1 Ehorz/ zh vkdoo qrz vhh wkdw lpsohphqwdwlrq ri 	e lv +vwulfwo|, pruh frvwo|
xvlqj d olqhdu lqfhqwlyh vfkhph wkdq xvlqj wkh rswlpdo qrq0olqhdu vfkhph17


Li wkh sulqflsdo lv iuhh wr xvh d qrq0olqhdu lqfhqwlyh vfkhph/ kh zloo vlpso|
vroyh wkh plqlpl}dwlrq sureohp


��?
�cR


� n�ER� +58,


vxemhfw wr wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw


RE� � �f� ' �E	e�� +59,


7Wklv uhvxow frqwudvwv zlwk wkh frqyhqwlrqdo uhvxow lq pdq| sulqflsdo0djhqw prghov/


zkhuh olqhdu lqfhqwlyh vfkhphv duh rswlpdo1 Wkh gl�huhqfh lv dffrxqwhg iru e| olplwhg


oldelolw|1
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Vxevwlwxwlrq ri wkh frqvwudlqw lqwr wkh plqlpl}dwlrq sureohp |lhogv d
sureohp zlwk rqo| rqh yduldeoh/ iru h{dpsoh


��?
R


�f n
�E	e�


R
n�ER� +5:,


zlwk wkh �uvw rughu frqglwlrq


ERW�2� �ERW� ' �E	e� +5;,


li dq lqwhulru vroxwlrq lv dvvxphg1
Li wkh sulqflsdo lv uhvwulfwhg wr xvlqj d olqhdu lqfhqwlyh vfkhph/ wkh qhz


uhvwulfwlrq lv lqwurgxfhg wkdw wkh zdjh pxvw eh ri wkh irup kf n k�e li wkh
djhqw*v h�ruw lv revhuyhg1 Li wkh djhqw*v h�ruw lv qrw revhuyhg/ wkh djhqw
uhfhlyhv wkh zdjh kf n k	e1 Ixuwkhupruh/ wkh olplwhg oldelolw| frqvwudlqw rq
wkh djhqw uhvwulfwv wkh sulqflsdo wr vhwwlqj kf wr dw ohdvw �f= wkh zdjh zklfk
wkh djhqw jhwv li kh pdnhv qr h�ruw dqg wklv lv ghwhfwhg1 Wkh sulqflsdo grhv
qrw jlyh dq|wklqj dzd| iru iuhh vr kh zloo rswlpdoo| vhw kf ' �f1 Khqfh/ wkh
djhqw*v h{ dqwh zdjh zloo qrz eh


�Ee� ' �f n kERen E�� R�	e�� +5<,


Wkxv wkh djhqw zloo idfh wkh iroorzlqj pd{lpl}dwlrq sureohp=


�@%
e


T Ee� ' �f n kERen E�� R�	e�� �Ee� +63,


zlwk wkh �uvw0rughu frqglwlrq


kR ' ��Ee�� +64,


Wkxv/ wkh sulqflsdo vroyhv wkh plqlpl}dwlrq sureohp +58, vxemhfw wr wkh
frqvwudlqwv


� ' �f n k	e +65,


dqg
kR ' ��E	e�� +66,


Vxevwlwxwlrq ri wkh frqvwudlqwv lqwr wkh plqlpl}dwlrq sureohp |lhogv d
sureohp zlwk rqo| rqh yduldeoh/ iru h{dpsoh


��?
R


�f n
� �E	e�	e


R
n�ER� +67,


zlwk wkh �uvw rughu frqglwlrq


ERWW�2� �ERWW� ' � �E	e�	e +68,
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iru dq lqwhulru vroxwlrq1
E| wkh dvvxpswlrqv �Ef� ' f dqg � ��Ee� : f zh nqrz wkdw �Ee� 	 e� �Ee�1


Wklv fdq hdvlo| eh vhhq lq Iljxuh 51 Wkhuh/ �E	e� '
	eU


f


� �Ee�_e lv uhsuhvhqwhg


e| wkh duhd �/ dqg 	e� �E	e� lv uhsuhvhqwhg e| wkh vwulfwo| odujhu duhd �n�1


′C e( �)


′C e( )


e
�e


A


B


0


Iljxuh 5


Wkxv +5;, dqg +68, wrjhwkhu whoo xv wkdw


ERW�2� �ERW� 	 ERWW�2� �ERWW�c +69,


lpso|lqj wkdw iru dq| ohyho ri h�ruw wkh sulqflsdo zdqwv wr lpsohphqw kh zloo
prqlwru pruh dffxudwho| xqghu d olqhdu lqfhqwlyh vfkhph li � ��ER� � f1


Lw lv qrz hdv| wr frpsduh wkh ohdvw uhvrxufhv uhtxluhg wr lpsohphqw wkh
h�ruw ohyho/ 	e/ xvlqj d qrq0olqhdu frqwudfw dqg d olqhdu frqwudfw uhvshfwlyho|1
Li rqh vxevwlwxwhv iru wkh htxloleulxp zdjh/ lw lv fohdu wkdw


�f n RW� �ERW� n�ERW� 	 �f n RWW� �ERWW� n�ERWW�� +6:,


Wkxv/ wkh sulqflsdo fdq lpsohphqw dq| ohyho ri h�ruw xqghu wkh ehvw qrq0
olqhdu lqfhqwlyh vfkhph xvlqj ohvv uhvrxufhv rq lqfhqwlyhv iru wkh djhqw wkdq
xqghu wkh ehvw olqhdu lqfhqwlyh vfkhph1


Sursrvlwlrq 8 Iru dq| ohyho ri h�ruw wkh sulqflsdo zdqwv wr lpsohphqw/ kh
zloo prqlwru pruh dffxudwho| li kh lv uhvwulfwhg wr xvlqj olqhdu lqfhqwlyh
vfkhphv wkdq li kh lv qrw/ li � ��ER� � f ru li wkh sulqflsdo fdq fuhgleo|
xvh pl{hg vwudwhjlhv1
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Li � ��ER� 	 f/ wkh rswlpdo prqlwrulqj dffxudf| xqghu d qrq0olqhdu lqfhq0
wlyh vfkhph/ RW/ pd| eh kljkhu wkdq wkh rswlpdo prqlwrulqj dffxudf| xqghu
d olqhdu lqfhqwlyh vfkhph/ RWW1 Exw hyhq li wklv lv wkh fdvh/ lw lv pruh frvwo|
iru wkh sulqflsdo wr lpsohphqw 	e li wkh zdjh frqwudfw lv uhvwulfwhg wr eh olqhdu1
Wr vhh wklv/ �uvw qrwh wkdw RW : RWW wrjhwkhu zlwk +69, lpso| wkdw


RW� �ERW� 	 RWW� �ERWW�c +6;,


ru dowhuqdwlyho| h{suhvvhg/


R
W]


RWW


E� �ER� n R� ��ER�� _R 	 f� +6<,


Dvvxph qrz wkdw wkh lqhtxdolw| +6:, grhv qrw krog/ l1h1 wkdw


R
W]


RWW


E2� �ER� n R� ��ER�� _R � f� +73,


Lw lv hdvlo| vhhq wkdw wkh iroorzlqj pxvw wkhq eh wuxh=


R
W]


RWW


� �ER� : f� +74,


Exw wklv lv lpsrvvleoh vlqfh lw frqwudglfwv wkh dvvxpswlrq wkdw � ��ER� 	 f1
Hylghqwo|/ wkh sulqflsdo lv dozd|v kduphg e| uhvwulfwlqj wkh zdjh frqwudfw wr
eh olqhdu1 Wkxv d �qdo sursrvlwlrq fdq eh vwdwhg=


Sursrvlwlrq 9 Wkh vhw ri rswlpdo olqhdu frqwudfwv dqg wkh vhw ri rswlpdo
qrq0olqhdu frqwudfwv duh glvmxqfw1


: Frqfoxglqj uhpdunv


Doojxolq dqg Hoolqjvhq +4<<;, ghprqvwudwh wkdw d qdwxudo jhqhudol}dwlrq ri wkh
frqyhqwlrqdo vklunlqj prgho ri h!flhqf| zdjhv frpsohwho| ryhuwxuqv suhylrxv
lqwxlwlrqv1 Wkh fxuuhqw sdshu kdv ghprqvwudwhg wkh urexvwqhvv ri wklv uhvxow
wr d ydulhw| ri jhqhudol}dwlrqv1 Lq dgglwlrq/ lw kdv vkrzq wkdw olqhdu lqfhqwlyh
vfkhphv duh vxerswlpdo1


Wkh prvw reylrxv dujxphqw djdlqvw wkh odwwhu uhvxow lv wkdw lw klqjhv rq
wkh dvvxpswlrq ri ulvn qhxwudo zrunhuv1 Lq sudfwlfh/ olqhdu lqfhqwlyh vfkhphv
pd| eh suhihudeoh1 Exw wkh frqwulexwlrq khuh lv qrw phuho| wkh uhvxow> lw
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lv udwkhu wkh iudphzrun1 Suhylrxvo|/ h!flhqf| zdjhv dqg olqhdu zdjh frq0
wudfwv kdyh ehhq ghvfulehg lq gl�huhqw vhwwlqjv1 Vwdqgdug vklunlqj prghov ri
h!flhqf| zdjhv/ vxfk dv Vkdslur dqg Vwljolw} +4<;7,/ dvvxph lpshuihfw prq0
lwrulqj dqg olplwhg oldelolw| exw qr ulvn dyhuvlrq1 Rq wkh rwkhu kdqg/ prghov
ri olqhdu zdjh frqwudfwv/ vxfk dv Kropvwuùp +4<<7, +ru Plojurp dqg Urehuwv
+4<<5/ s5590:,,/ dvvxph lpshuihfw prqlwrulqj/ ulvn dyhuvlrq dqg xqolplwhg
oldelolw|1 Wr eh deoh wr frpsduh wkh wzr gl�huhqw w|shv ri zdjh frqwudfwv/
wkh xqghuo|lqj dvvxpswlrqv iru wkhp pxvw ri frxuvh eh wkh vdph1 D �uvw
vwhs wrzdugv d frpprq iudphzrun lv wdnhq khuh/ dv erwk wkh frqyhqwlrqdo
h!flhqf| zdjh frqwudfw dqg wkh olqhdu zdjh frqwudfw duh prghoohg lq d zruog
ri lpshuihfw prqlwrulqj/ olplwhg oldelolw| dqg qr ulvn dyhuvlrq1 Wkh qh{w
vwhs/ zklfk fohduo| phulwv dq lqyhvwljdwlrq/ lv d frpprq iudphzrun zlwk
ulvn dyhuvh zrunhuv1 D frqmhfwxuh lv wkdw/ zkhq erwk olplwhg oldelolw| dqg
ulvn dyhuvlrq duh suhvhqw/ wkh rswlpdo zdjh frqwudfw lv qhlwkhu dq h!flhqf|
zdjh vwhs ixqfwlrq qru d olqhdu zdjh/ exw udwkhu d vprrwk qrq0olqhdu zdjh
frqwudfw1
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Uhihuhqfhv


Doojxolq/ Pdjqxv dqg Wruh Hoolqjvhq +4<<;,= Prqlwrulqj dqg Sd|/Zrun0
lqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh Qr1 578/ Vwrfnkrop Vfkrro
ri Hfrqrplfv1


Fduplfkdho/ K1 Oruqh +4<;8,= Fdq Xqhpsor|phqw eh Lqyroxqwdu|B= Frp0
phqw/ Dphulfdq Hfrqrplf Uhylhz Ghfhpehu/ :8/ 4546045471


Fduplfkdho/ K1 Oruqh +4<<3,= H!flhqf| Zdjh Prghov ri Xqhpsor|phqw
0 Rqh Ylhz/ Hfrqrplf Lqtxlu| Dsulo/ 5;/ 59<05<81


Ghprxjlq/ Grplqltxh dqg Fodxgh Ioxhw +4<<:,= Prqlwrulqj yhuvxv Lq0
fhqwlyhv= Vxevwlwxwhv ru FrpsohphqwvB/ Plphr/ Xqlyhuvlwì gx Txìehf
ã Prqwuìdo1


Kropvwuùp/ Ehqjw dqg Sdxo Plojurp +4<<7,= Wkh Ilup dv dq Lqfhq0
wlyh V|vwhp/ Dphulfdq Hfrqrplf Uhylhz ;7/ <:5�<<41


Plojurp/ Sdxo dqg Mrkq Urehuwv +4<<5,= Hfrqrplfv/ Rujdql}dwlrq dqg
Pdqdjhphqw/ +Hqjohzrrg Fol�v/ QM= Suhqwlfh�Kdoo,1


Vkdslur/ Fduo dqg Mrvhsk H1 Vwljolw} +4<;7,= Lqyroxqwdu| Xqhpsor|phqw
dv d Zrunhu Glvflsolqh Ghylfh/ Dphulfdq Hfrqrplf Uhylhz :7/ 766�
7771
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