
Prphqwv dqg wkh Dxwrfruuhodwlrq Vwuxfwxuh ri wkh H{srqhqwldo

JDUFK+s> t, Surfhvv

e|

Fkdqjol Kh

Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv

Vwrfnkrop Vfkrro ri Hfrqrplfv

Er{ 9834/ VH0446 ;6 Vwrfnkrop/ Vzhghq

Iluvw gudiw= Mdqxdu| 5333

Devwudfw1 Lq wklv sdshu wkh dxwrfruuhodwlrq vwuxfwxuh ri wkh H{srqhqwldo JDUFK+s> t,

surfhvv ri Qhovrq +4<<4, lv frqvlghuhg1 Frqglwlrqv iru wkh h{lvwhqfh ri dq| duelwudu|

xqfrqglwlrqdo prphqw duh jlyhq1 Ixuwkhupruh/ wkh h{suhvvlrqv iru wkh nxuwrvlv dqg wkh

dxwrfruuhodwlrqv ri vtxduhg revhuydwlrqv duh ghulyhg1 Wkh surshuwlhv ri wkh dxwrfruuhodwlrq

vwuxfwxuh duh glvfxvvhg dqg frpsduhg wr wkrvh ri wkh vwdqgdug JDUFK+s> t, surfhvv1 Lq

sduwlfxodu/ lw lv vhhq wkdw/ wkh HJDUFK+s> t, prgho kdv d ulfkhu dxwrfruuhodwlrq vwuxfwxuh

wkdq wkh vwdqgdug JDUFK+s> t, rqh1 Wkh vwdwlvwlfdo wkhru| lv ixuwkhu looxvwudwhg e| d ihz

vshfldo fdvhv vxfk dv wkh v|pphwulf dqg wkh dv|pphwulf HJDUFK+5/5, prghov xqghu wkh

dvvxpswlrq ri qrupdo huuruv ru qrq0qrupdo huuruv1 Wkh dxwrfruuhodwlrqv frpsxwhg iurp

dq hvwlpdwhg HJDUFK+5/4, prgho ri Qhovrq +4<<4, duh kljkoljkwhg1

Nh| Zrugv1 dxwrfruuhodwlrq ixqfwlrq ri vtxduhg revhuydwlrqv/ frqglwlrqdo yduldqfh

prgho/ JDUFK/ wlph vhulhv/ yrodwlolw|

MHO Fodvvl�fdwlrq Frgh= F55

Dfnqrzohgjhphqwv1 Ilqdqfldo vxssruw iurp wkh Wruh Eurzdogk*v Irxqgdwlrq dqg wkh

Edqn ri Vzhghq Whufhqwhqdu| Irxqgdwlrq lv judwhixoo| dfnqrzohgjhg1 Wkh dxwkru dovr

zlvkhv wr wkdqn Wlpr Whu�dvyluwd iru xvhixo frpphqwv dqg Vxqh Nduovvrq iru khosixo glv0

fxvvlrqv1

4



4 Lqwurgxfwlrq

Uhfhqwo|/ wkh prphqw vwuxfwxuh ri prghov ri jhqhudol}hg dxwruhjuhvvlyh khwhurvnhgdvwlflw|

+JDUFK, kdv dwwudfwhg frqvlghudeoh dwwhqwlrq1 Wkhvh prghov/ �uvw frqvlghuhg e| Eroohu0

vohy +4<;9, dqg Wd|oru +4<;9,/ kdyh ehfrph yhu| srsxodu lq prghoolqj dqg suhglfwlqj

yrodwlolw|1 Wkh nqrzohgjh derxw wkh frqglwlrqv ri h{lvwhqfh ri prphqwv dqg sdudphwulf

gh�qlwlrqv ri prphqwv lv lpsruwdqw zkhq uhvhdufkhuv zdqw wr nqrz krz zhoo wkhlu hvwl0

pdwhg JDUFK prghov pdwfk vw|ol}hg idfwv irxqg lq d odujh qxpehu ri �qdqfldo vhulhv

ri vx�flhqwo| kljk vdpsolqj iuhtxhqf|1 W|slfdo vw|ol}hg idfwv lqfoxgh olwwoh ru qr olq0

hdu ghshqghqfh lq wkh vhulhv exw kljk nxuwrvlv ri wkh revhuydwlrqv dqg d vorzo| ghfd|lqj

dxwrfruuhodwlrq ixqfwlrq iru wkh vtxduhg dqg fhqwuhg revhuydwlrqv1

Eroohuvohy +4<;9/ 4<;;, douhdg| frqvlghuhg wkh irxuwk prphqw vwuxfwxuh ri wkh vwdqgdug

�uvw0rughu JDUFK prgho xqghu wkh dvvxpswlrq ri qrupdolw|1 Kh dqg Whu�dvyluwd +4<<<d,

jdyh d frpsohwho| fkdudfwhul}dwlrq ri wkh prphqw vwuxfwxuh ri wkh jhqhudo JDUFK+s> t,

prgho1 Exw wkhq/ ihzhu uhvxowv duh dydlodeoh iru dqrwkhu srsxodu JDUFK prgho/ wkh

h{srqhqwldo JDUFK prgho ri Qhovrq +4<<4,1 Euhlgw/ Fudwr dqg Olpd +4<<;, ghulyhg wkh

dxwrfruuhodwlrq ixqfwlrq ri wkh orjdulwkpv ri vtxduhg revhuydwlrqv ri wklv prgho1 Wklv

dxwrfruuhodwlrq ixqfwlrq pd| dovr eh rewdlqhg dv d olplwlqj fdvh iurp wkh vr0fdoohg srzhu

DUFK prgho> vhh Kh dqg Whu�dvyluwd +4<<<e, iru glvfxvvlrq1 Kh/ Whu�dvyluwd dqg Pdopvwhq

+4<<<, ghulyhg h{suhvvlrqv iru wkh prphqwv/ wkh nxuwrvlv/ dqg wkh dxwrfruuhodwlrq ixqfwlrq

ri wkh vtxduhg revhuydwlrqv iru d idplo| ri �uvw0rughu HJDUFK prghov/ lqfoxglqj wkdw ri

Qhovrq +4<<4,1 Rq wkh rwkhu kdqg/ fruuhvsrqglqj uhvxowv kdyh qrw |hw ehhq rewdlqhg iru

kljkhu0rughu HJDUFK prghov1

Wkh suhvhqw sdshu lqwhqgv wr �oo wklv jds1 Wkh uhvxowv dsso| wr Qhovrq*v prgho dv zhoo

dv wr wkh orjdulwkplf JDUFK prgho wkdw Jhzhnh +4<;9, dqg Sdqwxod +4<;9, vxjjhvwhg1
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Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5/ frqglwlrqv iru wkh h{lvwhqfh ri dq|

duelwudu| prphqw ri d idplo| ri HJDUFK prghov duh ghulyhg1 Wkh h{suhvvlrq iru wkh

nxuwrvlv lv jlyhq dv zhoo1 Vhfwlrq 6 frqwdlqv wkh uhvxowv rq wkh dxwrfruuhodwlrq ixqfwlrq1 Lq

Vhfwlrq 7/ wkh jhqhudo wkhru| lv looxvwudwhg e| frqvlghulqj d vshfldo fdvh/ wkh vhfrqg0rughu

HJDUFK prgho1 Wklv Vhfwlrq dovr frqwdlqv d qxphulfdo h{dpsoh1 Vhfwlrq 8 frqwdlqv

vrph frqfoxvlrqv1 Wkh surriv duh suhvhqwhg lq wkh Dsshqgl{1

5 H{lvwhqfh ri xqfrqglwlrqdo prphqwv

Zh ehjlq zlwk d qhfhvvdu| dqg vx�flhqw frqglwlrq iru h{lvwhqfh ri xqfrqglwlrqdo prphqwv

lq wkh HJDUFK+s> s, surfhvv1 Wkh uhvxowv ghulyhg iru wkh HJDUFK+s> s, prgho dsso|

gluhfwo| wr wkh HJDUFK+s> t, prgho zlwk s 9@ t ehfdxvh wkh odwwhu lv dozd|v qhvwhg lq d

prgho zlwk s @ t1 Dvvxph ixuwkhu wkdw s � 51 Wklv lv d whfkqlfdo dvvxpswlrq gxh wr

wkh vshfl�f pl{hg prphqw qrwdwlrq xvhg lq wklv sdshu +fhuwdlq prphqwv duh qrw gh�qhg

iru s @ 4,1 Wkh uhvxowv iru wkh orzhu0rughu HJDUFK surfhvvhv pd| eh rewdlqhg iurp wkh

HJDUFK+5/5, prgho e| vhwwlqj wkh dssursuldwh sdudphwhuv htxdo wr }hur1 Wkh HJDUFK

prgho lv gh�qhg dv

%w @ }wkw +4,

zkhuh i}wj lv d vhtxhqfh ri lqghshqghqw lghqwlfdoo| glvwulexwhg udqgrp yduldeohv zlwk

}hur phdq dqg �qlwh irxuwk prphqw/ dqg kw lv d Iw�40phdvxudeoh ixqfwlrq/ zkhuh Iw�4 lv

wkh vljpd0dojheud jhqhudwhg e| i}w�4> }w�5> }w�6> ===j dqg srvlwlyh zlwk suredelolw| rqh1

Ixuwkhupruh/

oqk5w @ �3.
sS

l@4

�lj+}w�l,.
sS

l@4

�l oqk
5
w�l +5,

zkhuh j+}w, lv d zhoo0gh�qhg ixqfwlrq ri }w= Htxdwlrqv +4, dqg +5, gh�qh d fodvv ri H{0

srqhqwldo JDUFK+s> s, prghov1 Iru h{dpsoh/ vhwwlqj j+}w, @ �}w . $+m}wm � H m}wm, lq +5,
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|lhogv wkh HJDUFK+s> s, prgho sursrvhg e| Qhovrq +4<<4,1

Lw lv xvhixo wr uhzulwh +5, lq wkh pxowlsolfdwlyh irup

k5w @ +h{si�3j
sT

l@4

h{si�lj+}w�l,j,
sT

l@4

k
5�

l

w�l= +6,

Wklv lv ehfdxvh zh duh lqwhuhvwhg lq wkh prphqw vwuxfwxuh ri ik5wj lqvwhdg ri wkdw ri

ioqk5wj=

D xvhixo uhsuhvhqwdwlrq iru k5w fdq eh irxqg e| dsso|lqj h{suhvvlrq +6, uhfxuvlyho| dv

iroorzv1 Iluvw/ dsso| +6, wr k5w�4 lq
sT

l@4

k
5�

l

w�l= Wklv |lhogv dq h{suhvvlrq zklfk lv ghshqghqw

rq k5w�5 exw qr orqjhu rq k5w�4= Dsso|lqj +6, wr k5w�5 lq
sT

l@4

k
5�

l

w�l frpsohwhv wkh qh{w

uhfxuvlrq1 Wkh dssursuldwh h{suhvvlrq iru
sT

l@4

k
5�

l

w�l diwhu wkh n0wk uhfxuvlrq/ n A s> zklfk

lv d ixqfwlrq ri odjv ri
sT

l@4

k
5#

n.l

w�l�n> zkhuh hyhu| #n.l lv d ixqfwlrq ri �4> ===> �s> dsshduv lq

Ohppd 5 ri wkh Dsshqgl{1 Wkh jhqhudo h{suhvvlrq ri
sT

l@4

k
5��

l

w�l zkhuh ��l A 3 lv jlyhq e|

Ohppd 7 lq wkh Dsshqgl{1

Lq rughu wr rewdlq wkh ghvluhg uhvxowv zh gh�qh d +s� s, pdwul{

� @

3
EEEEEEEEEEEEEEC

�4 �5 �6 === �s�4 �s

4 3 3 === 3 3

3 4 3 === 3 3

=== === === === === ===

3 3 3 === 4 3

4
FFFFFFFFFFFFFFD

> +7,

dqg vhw

!n @ �3�n�s�4!> n A s> +8,

zkhuh � @ +�4> ===> �s,
3 dqg ! @ +!s> ===> !4,

3 vxfk wkdw

!
4

@ �
4

!m @
mS

l@4

�l!m�l> m @ 5> ===> s> zlwk !3 @ 4= +9,
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Qh{w/ ohw

�+�, @ pd{im�lmj +:,

eh wkh pd{lpxp devroxwh hljhqydoxh ri wkh pdwul{ � zkhuh �l> l @ 4> ===> s> duh wkh hljhq0

ydoxhv ri pdwul{ � dqg �+hj> $, @H+h{si$j+}w,j, iru dq| uhdo qxpehu $= Dvvxph qrz wkdw

wkh HJDUFK surfhvv vwduwhg dw vrph �qlwh ydoxh lq�qlwho| pdq| shulrgv djr1 Lw wxuqv

rxw wkdw doo xqfrqglwlrqdo prphqwv ri i%wj h{lvw dqg duh lqghshqghqw ri w dv n $ 4 li

dqg rqo| li doo wkh hljhqydoxhv ri � lq +7, olh lqvlgh wkh xqlw flufoh/ wkdw lv/ �+�, ? 4= Lq

wkdw fdvh/ �n $ 3 dqg
nS

l@3

�
l @ +L��,

�4
dv n $4= Wklv lv qhhghg iru wkh vhtxhqfh i!nj

gh�qhg lq +8, wr frqyhujh wr d �qlwh ydoxh/ zklfk/ lq wxuq/ lv uhtxluhg iru dq| xqfrqglwlrqdo

prphqw ri wkh HJDUFK+s> s, surfhvv +4, dqg +5, wr h{lvw1 Iurp Ohppdwd 4 dqg 5 lq

wkh Dsshqgl{ zh rewdlq

Wkhruhp 4 Dvvxph wkdw �+hj>p�l*l, ?4 iru dq duelwudu| srvlwlyh lqwhjhu p dqg wkdw

�5p @ H+m}wm
5p, ?4= Iru wkh HJDUFK+s/s, prgho +4, zlwk +5,/ wkh 5p0wk xqfrqglwlrqdo

prphqw h{lvwv li dqg rqo| li

�+�, ? 4= +;,

Xqghu wklv frqglwlrq wkh 5p0wk prphqw ri %w fdq eh h{suhvvhg dv

�
5p @ H%5pw @ +h{sip�3+4�

sS

l@4

�l,
�4j,

4T

l@4

�+hj>p*l, +<,

vxfk wkdw

*
4

@ �4

*m @
mS

l@4

�l!m�l> !3 @ 4> m @ 5> ===> s

*m @
sS

l@4

�l!m�l> m A s +43,

zkhuh !n duh gh�qhg lq +8,0+9,1
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Surri1 Vhh Dsshqgl{1

Uhpdun 41 W|slfdoo|/ dq xqfrqglwlrqdo prphqw ri i%wj lv h{suhvvhg dv dq lq�qlwh surgxfw

ri xqfrqglwlrqdo prphqwv ri i}wj frpsxwhg iurp wkh iudfwlrqdo h{srqhqwldo ixqfwlrq ri

j+},1 Iurp +8, dqg +9, lw iroorzv wkdw *n lq +<, fdq eh uhzulwwhq dv *n @
sS

l@4

�l�
3�n�s�4�l!

iru n A 5s= Zkhq frqglwlrq +;, krogv/ *n frqyhujhv wr d �qlwh ydoxh/ dqg wklv lv vx�flhqw

iru wkh surgxfw
qT

l@4

�+hj>p*l, wr frqyhujh wr d �qlwh qrq}hur ydoxh dv q$41 Qxphulfdo

frpsxwdwlrq ri wkh prphqwv �+hj>p*l, pd| eh gl�fxow lq wkh jhqhudo fdvh lq wkdw zh

kdyh wr dssur{lpdwh wkh lq�qlwh surgxfw lq irupxod +<, e| d surgxfw zlwk d �qlwh qxpehu

ri whupv1 Lq vrph vshfldo fdvhv vxfk dv wkh h{dpsoh iroorzlqj Fruroodu| 4 ehorz/ dq

dqdo|wlfdo h{suhvvlrq iru wkh lq�qlwh surgxfw pd| eh dydlodeoh lq Fruroodu| 61

Uhpdun 51 Qhovrq +4<<4, vwxglhg wkh vwdwlrqdulw| frqglwlrqv ri ioqk5wj xvlqj dq DUPD

uhsuhvhqwdwlrq ri +5,

oqk5w @ �3 .

4.
sS

l@4

�lO
lj+}w�l,

4�
sS

l@4

�lO
l

j+}w�4,=

Dvvxplqj wkdw wkh odj sro|qrpldov 4�
sS

l@4

�lO
l dqg 4.

sS

l@4

�lO
l kdyh qr frpprq urrwv/

ioqk5wj lv vwdwlrqdu| li dqg rqo| li doo wkh urrwv ri 4�
sS

l@4

�lO
l olh rxwvlgh wkh xqlw flufoh1

Reylrxvo|/ frqglwlrq +;, lq Wkhruhp 4 lv htxlydohqw wr wklv frqglwlrq/ zklfk lq idfw lv wkh

rqh Qhovrq +4<<4, ghulyhg1

Uhpdun 61 Frpsduhg zlwk wkh vwdqgdug JDUFK+s> s, surfhvv ri Eroohuvohy +4<;9,/

frqglwlrq +;, jxdudqwhhv wkh h{lvwhqfh ri dq| prphqw iru wkh HJDUFK+s> s, prgho1 Iru

frpsdulvrq/ wkh h{lvwhqfh ri wkh vhfrqg prphqw ri wkh JDUFK+s> s, prgho lv qhfhvvdu|

exw idu iurp vx�flhqw iru wkh h{lvwhqfh ri wkh irxuwk prphqw/ vhh Kh dqg Whu�dvyluwd

+4<<<d, iru d glvfxvvlrq1 Dvvxplqj wkdw �7 ? 4> frqglwlrq +;, iru h{lvwhqfh ri wkh

xqfrqglwlrqdo prphqwv ghshqgv rqo| rq wkh hljhqydoxhv ri pdwul{ � h{suhvvhg lq �4> ===> �s>
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exw frqglwlrqv iru h{lvwhqfh ri wkh irxuwk prphqw ri wkh JDUFK+s> s, prgho ghshqg qrw

rqo| rq wkh hljhqydoxhv ri � +qrwh wkdw wkh gh�qlwlrq ri � iru d vwdqgdug JDUFK surfhvv

lv qrw wkh vdph dv khuh,= wkh| ghshqg rq wkh ydoxhv ri �l*v dqg �l*v dv zhoo1 Fohduo|/

frqglwlrq +;, lv pxfk hdvlhu wr fkhfn wkdq wkh frqglwlrq iru wkh h{lvwhqfh ri wkh irxuwk

prphqw iru kljkhu rughu JDUFK prghov1

Dq h{suhvvlrq iru wkh nxuwrvlv ri %w lv vwdwhg dv d fruroodu|1

Fruroodu| 4 Iru wkh HJDUFK+s/s, prgho +4, zlwk +5, zkhq �7 ? 4> �+hj> *l, dqg

�+hj> 5*l, h{lvw iru dq| l dqg +;, krogv/ wkh nxuwrvlv ri %w h{lvwv dqg lv jlyhq e|

�7 @ H%7w@+H%
5

w ,
5 @ �7+}w,

4T

l@4

�+hj> 5*l,

+�+hj> *l,,
5

+44,

zkhuh �7+}w, @ �7@�
5

5
lv wkh nxuwrvlv ri }w=

Iurp Mhqvhq*v lqhtxdolw| dqg Fruroodu| 4/ zh kdyh

Fruroodu| 5 Frqvlghu wkh HJDUFK+s/s, prgho +4, dqg +5, zkhq �7 ? 4= Dvvxph/

ixuwkhupruh/ wkdw �+hj> *l, dqg �+hj> 5*l, h{lvw iru dq| l dqg wkdw frqglwlrq +;, krogv1

Wkhq

�7 A �7+}w,= +45,

Wkh xqfrqglwlrqdo glvwulexwlrq ri %w lv wkxv ohswrnxuwlf1

Wr looxvwudwh Fruroodu| 4 zh jlyh wkh iroorzlqj dqdo|wlf h{dpsoh ehorz=

Fruroodu| 6 Frqvlghu wkh HJDUFK+5/5, prgho +4, dqg +5, lv rewdlqhg e| vhwwlqj j+}w, @

�}w dqg dvvxph }w �qlg+3> 4, lq +5, dqg wkdw +;, krogv1 Lw wkhq wkh nxuwrvlv ri wklv surfhvv

htxdov

�7 @ 6 h{si
�5^+�5

4 . �55,+4� �5, . 5�4�5�4`

4� �5 � �54 � �55 � �54�5 . �65
j A 6 +46,

iru dq| � 9@ 31

Surri1 Vhh Dsshqgl{1

:



6 Dxwrfruuhodwlrq ixqfwlrq iru wkh vtxduhg revhuydwlrqv

Lq wklv vhfwlrq zh ghulyh wkh q0wk rughu dxwrfruuhodwlrq ixqfwlrq ri i%5wj iru wkh HJDUFK+s> s,

prgho +4, zlwk +5,1 Wr �{ qrwdwlrq/ gh�qh wkh q0wk rughu dxwrfruuhodwlrq ri i%5wj dv

�q @ �+%5w > %
5
w�q, @

H+%5w %
5
w�q,� +H%5w ,

5

H%7w � +H%5w ,
5

+47,

iru dq| q � 4= Kdylqj douhdg| rewdlqhg h{suhvvlrqv iru H%7w dqg H%5w zh pxvw �qg dq

dssursuldwh rqh iru H+%5w %
5
w�q, iru q � 41 Wkh h{suhvvlrq lv zrunhg rxw dqg fkdudfwhul}hg

lq Ohppdwd 70:1 Ohw h�+hj> !q�l�m.l . *�mq, @ H+h{si+!q�l�m.l . *�mq,j+}w�+q.m,,j, iru

vrph l dqg m vxfk wkdw q � 4= Ixuwkhupruh/ ohw �qs+h
j> *q, @ H+}5w�qh{si*qj+}w�q,j

iru dq| srvlwlyh lqwhjhu q> zkhuh *�mq iru q � 4 dqg m � 4 duh gh�qhg lq Ohppdwd 80:1

Qrwh wkdw *�mq duh vrphzkdw vlplodu wr *m exw gl�huhqw lq wkdw *�mq lqlwldoo| ghshqg rq

q= Wkhruhp 4 dqg Ohppdwd 70: doorz xv wr h{suhvv wkh dxwrfruuhodwlrqv ri i%5wj iru wkh

HJDUFK+s> s, surfhvv dv iroorzv=

Wkhruhp 5 Dvvxph wkdw �7 ?4 dqg +;, krogv dqg wkdw �+�,> �+�, dqg h�+�, h{lvw1 Wkhq

wkh q0wk rughu dxwrfruuhodwlrq ri i%5w j iru wkh HJDUFK+s> s, prgho +4, dqg +5, kdv wkh

irup

�q @

�5�qs+h
j> *q,P4+q,P5+q,� �5

5
+
4T

l@4

+�+hj> *l,,
5

�7
4T

l@4

�+hj> 5*l,� �5
5
+
4T

l@4

�+hj> *l,,
5

> q � 4 +48,

zkhuh P4+q,> q � 4> lv d ixqfwlrq ri �+�, dqg P5+q,> q � 4> d ixqfwlrq ri h�+�, gh�qhg lq

Ohppd :1

Surri1 Vhh Dsshqgl{1

Uhpdun 71 Wkh pl{hg prphqw h�+�, lv uhtxluhg iru kljkhu0rughu HJDUFK prghov1 Eh0

fdxvh lw lv qrw gh�qhg iru wkh HJDUFK+4/4, prgho wkh irupxod iru wkh dxwrfruuhodwlrq

;



vwuxfwxuh ri i%5wj iru wkh HJDUFK+4/4, prgho lv vlpsohu wkdq h{suhvvlrq +48,/ vhh Kh/

Whu�dvyluwd dqg Pdopvwhq +4<<<,1

Uhpdun 81 Surshuwlhv ri wkh dxwrfruuhodwlrq ixqfwlrq i�qj> q @ 4> 5> ===> fdq eh hvwde0

olvkhg wkurxjk h{suhvvlrq +48,1 Vrph ri wkhp duh olvwhg ehorz=

� �q $ 3 dv q $ 4= Lq idfw/ �qs+h
j> *q, $ �5> P4+q, $ +

4T
l@4

+�+hj> *l,,
5 dqg

P5+q,$ 4 dv q$4=

� Dxwrfruuhodwlrq �q lv d ixqfwlrq ri q lq wkh whupv ri wkh srzhuv ri pdwul{ � dv zhoo

dv !
4
> ===> !s= Lw lv vhhq wkdw wkh �uvw s dxwrfruuhodwlrqv ghshqg rq P4+q,P5+q, dqg

gr qrw qhhg wr ghfd| prqrwrqlfdoo|1 Zkhq q A s wkh dxwrfruuhodwlrqv ghfd| ehfdxvh

wkh srzhu ri � lqfuhdvhv zlwk q= Krzhyhu/ �q iru q A s gr qrw vdwlvi| wkh \xoh0Zdonhu

htxdwlrqv iru wkh dxwrfruuhodwlrq ri i%5
w
j dv lv wkh fdvh zlwk wkh JDUFK+s> s, prgho

grhv1 Vhh/ iru h{dpsoh/ wkh HJDUFK+4/4, prgho lq Kh/ Whu�dvyluwd dqg Pdopvwhq

+4<<<,1

� Hljhqydoxhv +d srvlwlyh grplqdqw hljhqydoxh/ ru d qhjdwlyh rqh/ ru d sdlu ri frpsoh{

hljhqydoxhv, lq � ghwhuplqh wkh vkdsh ri �
q
lq +48,1 Vhh wkh HJDUFK+5/4, h{dpsoh

lq Iljxuh 41 Wkh h{lvwhqfh ri dq hljhqydoxh �l / l 5 i4> ===> sj/ ri pdwul{ � lq +7,/

vxfk wkdw �l � 4> lqglfdwhv wkdw wkh dxwrfruuhodwlrq lv shuvlvwhqw> rwkhuzlvh wkh

dxwrfruuhodwlrqv ghfd| txlfno| zlwk lqfuhdvlqj q=

� Lw lv srvvleoh wkdw �
q

? 3 iru vrph q= Wklv lv ehfdxvh iru HJDUFK prghov qr

sdudphwhu frqvwudlqwv lq +5, duh uhtxluhg wr jxdudqwhh wkdw wkh frqglwlrqdo yduldqfh

eh srvlwlyh zlwk suredelolw| rqh1 Iru wkh JDUFK+s> s, surfhvv/ vxfk frqglwlrqv

jlyhq lq Qhovrq dqg Fdr +4<<5, ohdg wr �
q
A 3> q � 4> vhh dovr Kh dqg Whu�dvyluwd

+4<<<f, iru looxvwudwlrq1

<



7 Vshfldo fdvh= HJDUFK+5/5,

Wr looxvwudwh wkh jhqhudo uhvxow zh frqvlghu wkh HJDUFK+5/5, surfhvv1

Fruroodu| 7 Dvvxph wkdw �7 ?4 dqg frqglwlrq +;, krogv dqg wkdw �+�,> �+�,> h�+�, ? 4

lq wkh HJDUFK+5/5, prgho +4, zlwk +5,1 Wkhq wkh q0wk rughu dxwrfruuhodwlrq ixqfwlrq ri

wkh vtxduhg revhuydwlrqv iru wklv surfhvv lv rewdlqhg e| vhwwlqj s @ 5 lq htxdwlrq +48,1 Lq

wkh h{suhvvlrq ri wklv dxwrfruuhodwlrq ixqfwlrq/

P4+q, @ +
q�4T

l@4
�+hj> *l,,+

4T

l@5
�+hj> *�lq,, +49,

P5+q, @ h�+hj> �5!q�4 . *�4q, +4:,

iru dq| q � 4 vxfk wkdw

*�4q @ �4+!q . 4,>

*�5q @ �4!
�

5q . �5!
�

4q> +4;,

*�mq @
5S

l@4
�l!

�

+m.4,�l>q> m � 6

zlwk

!�4q @ !q . 4>

!�5q @ �4+!q . 4, . �5!q�4> +4<,

!�mq @ �3�m�5�4!�q> m � 6

zkhuh !�q @ +!�5q> !
�

4q,
3/ � @ +�4> �5,

3> dqg � @

3
EEC

�4 �5

4 3

4
FFD1 Ixuwkhupruh/ !l dqg *l

duh gh�qhg lq +8,0+9, dqg +43, iru dq| l � 41

Surri1 Vhh Dsshqgl{1
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Iurp Fruroodu| 7 lw iroorzv wkdw wkh �uvw0rughu dxwrfruuhodwlrq kdv wkh irup

�
4
@

�5+�45+h
j> �4,,h�+h

j> �5 . �4+�4 . 4,,
4T
l@5

�+hj> *�l4,� �5
5
+
4T
l@4

�+hj> *l,,
5

�7
4T
l@4

�+hj> 5*l,� �5
5
+
4T
l@4

�+hj> *l,,
5

+53,

zkhuh *�l4 lv ghwhuplqhg e| vhwwlqj q @ 4 lq +4<, dqg qrwlqj wkdw

!�
44

@ �
4
. 4>

!�
54

@ �
4
+�

4
. 4, . �

5
> +54,

!�m4 @ �3�m�5�4!�
4
> m � 6

zlwk !�
4
@ +!�

54
> !�

44
,3= Vxevhtxhqwo|/ wkh vhfrqg0rughu dxwrfruuhodwlrq

�
5

@

�5�+h
j> �4,�55+h

j> �4�4 . �5,h�+hj> �4�5 . �4+�
5

4
. �

5
. 4,,

4T
l@5

�+hj> *�l5,� �5
5
+
4T
l@4

�+hj> *l,,
5

�7
4T
l@4

�+hj> 5*l,� �5
5
+
4T
l@4

�+hj> *l,,
5

+55,

zkhuh *�l5 lv ghwhuplqhg e| vhwwlqj q @ 5 lq +4<, dqg qrwlqj wkdw

!�
45

@ !
5
. 4>

!�
55

@ �
4
+!

5
. 4, . �

5
!
4
> +56,

!�m5 @ �3�m�5�4!�
5
> m � 6>

zlwk !�
5
@ +!�

55
> !�

45
,3= Vlploduo|/ zh fdq frpsxwh kljkhu0rughu dxwrfruuhodwlrqv wkurxjk

h{suhvvlrqv +49,0+4<, lq Fruroodu| 71

Dssursuldwh fkrlfhv ri j+}w, |lhog wkh dxwrfruuhodwlrq ixqfwlrqv iru ydulrxv HJDUFK

+5/5, prghov1 Vxfk fdvhv duh frqvlghuhg lq wkh qh{w vxevhfwlrqv1 Qrwh wkdw zh dozd|v

dvvxph wkdw frqglwlrqv lq Fruroodu| 7 krog lq wkh iroorzlqj fruroodulhv1
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714 Dq dqdo|wlf h{dpsoh= V|pphwulf HJDUFK+5/5, prgho

Lw iroorzv iurp Fruroodulhv 6 dqg 7 wkdw dq dqdo|wlf h{suhvvlrq ri wkh dxwrfruuhodwlrqv iru

wkh v|pphwulf HJDUFK+5/5, prgho lv dydlodeoh1 Lw lv jlyhq lq wkh iroorzlqj fruroodu|1

Fruroodu| 8 Frqvlghu d v|pphwulf HJDUFK+5/5, prgho +4, dqg +5, dqg dvvxph wkdw

j+}w, @ �}w dqg }w �qlg+3> 4, lq +5,1 Wkh dxwrfruuhodwlrq ixqfwlrq ri i%5
w
j wkhq kdv wkh

irup

�
q

@

+4 . �5*5
q
, h{si3=8�5�+q,@+4� �5 � �54 � �55 � �54�5 . �65,j h{si3=8�

5
qS

l@4

*5
l
j � 4

6 h{si�5^+�5
4
. �5

5
,+4� �5, . 5�4�5�4`@+4� �5 � �54 � �55 � �54�5 . �65,j � 4

+57,

zkhuh

�+q, @ ^+�5
4 . �5

5,+4� �5, . 5�4�5�4`+!
5
q
. 5!

q
� 4,

.5^+�5
4 . �5

5,�4�5 . �4�5+4� �5
4 � �5

5,`^!q�4+!q � 4,`

.^+�5
4�

5
5 . �5

5,+4� �5,� �5
5�

5
4+4 . �5, . 5�4�5�4�

5
5`!

5
q�4= +58,

Surri1 Vhh Dsshqgl{1

Wkh dxwrfruuhodwlrq ixqfwlrq uhpdlqv srvlwlyh dv lw gdpshqv rxw dv d ixqfwlrq ri q/

li wkh grplqdqw hljhqydoxh ri � lq +4<, lv srvlwlyh1 Rq wkh rwkhu kdqg/ lw dowhuqdwhv lq

vljq dv lw gdpshqv rxw/ zkhq wkh grplqdqw hljhqydoxh ri � lv qhjdwlyh1 Ixuwkhupruh/ wkh

dxwrfruuhodwlrq ixqfwlrq glvsod|v d gdpshg vlqh zdyh/ zkhq d frpsoh{ sdlu ri hljhqydoxhv

ri � grplqdwhv> vhh Iljxuh 4 iru dq looxvwudwlrq1

Wkh fruuhvsrqglqj uhvxowv iru wkh HJDUFK+4/4, prgho duh rewdlqhg e| vhwwlqj �5 @

�5 @ 3 lq +57,1 Wkh dxwrfruuhodwlrq ixqfwlrq wkxv kdv wkh irup

�
q
@

+4 . �5�5
4�

5+q�4,
4 , h{si�5�5

4�
q

4@+4� �5
4,j � 4

6 h{si�5�5
4@+4� �5

4,j � 4
> q � 4> +59,
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dv jlyhq lq Kh/ Whu�dvyluwd dqg Pdopvwhq +4<<<,1

715 Dv|pphwulf HJDUFK+5/5, prgho xqghu qrupdo huuruv

Lw iroorzv iurp Fruroodu| 7 dqg Wkhruhp D414 ri Qhovrq +4<<4, wkdw zh duh deoh wr frpsxwh

wkh dxwrfruuhodwlrq ixqfwlrq ri wkh vtxduhg revhuydwlrqv iru dq dv|pphwulf HJDUFK+5/5,

prgho xqghu qrupdo huuruv1 Wkh uhvxow lv frqwdlqhg lq wkh iroorzlqj fruroodu|1

Fruroodu| 9 Frqvlghu wkh dv|pphwulf HJDUFK+5/5, prgho +4, dqg +5, lv rewdlqhg e|

vhwwlqj j+}w, @ �}w.$+m}wm�H m}wm, dqg dvvxplqj }w �qlg+3> 4, lq +5,1 Wkh dxwrfruuhodwlrq

ixqfwlrq ri i%5wj wkhq kdv wkh irup

�q @

t
5

�
h{si�

t
5

�
$

qS
l@4

*lj�+q,Gq+�,
q�4T
l@4

�l+*l,
4T
l@5

�lq+*
�

lq,�
4T
l@4

�5

l +*l,

6
4T
l@4

�l+5*l,�
4T
l@4

�5
l +*l,

= +5:,

Lq h{suhvvlrq +5:,/

�+q, @ h{si�

t
5

�
$

4� +�
4
. �

5
,
^+!q � 4,+�4 . �5, . +�5+4� �

4
, . �4�5,!q�4`j+5;,

Gq+�, @ G�6^�*q+$ . �,` h{si3=58*5q+$ . �,5j

.G�6^�*q+$ � �,` h{si3=58*5q+$ � �,5j +5<,

dqg �l+{l, lq +5:, lv d ixqfwlrq ri {l> gh�qhg dv

�l+{l, @ �+{l+$ . �,, h{si3=8{5l +$ . �,5j

.�+{l+$ � �,, h{si3=8{5l +$ � �,5j +63,

zkhq {l @ *l> ru *�lq ru 5*l> zkhuh �+�, lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh

vwdqgdug qrupdo udqgrp yduldeoh dqg Gt^�` lv wkh sduderolf f|olqghu ixqfwlrq +Judgvkwh|q

dqg U|}kln/ 4<;3,1

Surri1 Vhh Dsshqgl{1
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Dv pd| eh h{shfwhg/ wkh dxwrfruuhodwlrq ixqfwlrq ri wkh vtxduhg revhuydwlrqv iru wkh

dv|pphwulf HJDUFK+5/5, prgho ghshqgv rq wkh dv|pphwu| sdudphwhu $=

716 Dv|pphwulf HJDUFK+5/5, prgho xqghu qrq0qrupdo huuruv

Zh vhw j+}w, @ �}w . $+m}wm � H m}wm, +Qhovrq/ 4<<4, lq +5, dqg dvvxph wkdw wkh i}wj duh d

vhtxhqfh ri l1l1g1 udqgrp yduldeohv iurp wkh JHG +Jhqhudol}hg Huuru Glvwulexwlrq +Kduyh|

+4<;4,/ Er{ dqg Wldr +4<:6,, zlwk phdq }hur dqg yduldqfh rqh1 Wkxv }w kdv wkh ghqvlw|

i+}, @
 h{si�3=8 m}@�m

 
j

�5+4.4@ ,�+4@ ,
> 04 ? } ?4> 3 ?  � 4> +64,

zkhuh �+�, lv wkh jdppd ixqfwlrq/ dqg � @ ^5+�5@ ,�+4@ ,@�+6@ ,`4@5= Sdudphwhu  lv d

wdlo0wklfnqhvv sdudphwhu/ vhh Qhovrq +4<<4, iru d glvfxvvlrq1 Iroorzlqj iurp Fruroodu| 7

dqg Wkhruhp D415 ri Qhovrq +4<<4, wkdw zh kdyh wkh iroorzlqj fruroodu|=

Fruroodu| : Frqvlghu dq dv|pphwulf HJDUFK+5/5, prgho +4, dqg +5, dqg dvvxph

wkdw j+}w, @ �}w . $+m}wm � H m}wm, dqg }w �JHG+ , zlwk H}w @ 3> H}5w @ 4 dqg  A 4

lq +5,= Wkhq wkh dxwrfruuhodwlrq ixqfwlrq ri i%5wj zkhq i%wj zkhq iroorzv dq dv|pphwulf

HJDUFK+5/5, prgho/ htxdov

�q

@

�55
5@ �5 h{si�$�+�>  ,

qS

l@4
*lj�+q,V4q+*q,

q�4T

l@4
V5l+*l,

4T

l@5
V5lq+*

�

lq,� �55
4T

l@4
V5
5l+*l,

�7
4T

l@4
V5l+5*l,� �5

5

4T

l@4
V5
5l+*l,

+65,

zkhuh

�+�>  , @ �54@ �+5@ ,@�+4@ ,

�+q, @ h{si�
$�+�>  ,

4� +�
4
. �

5
,
^+!q � 4,+�4 . �5, . +�5+4� �4, . �4�5,!q�4`j

V4q+*q, @
4S

n@3

+54@ �*q,
n^+$ . �,n . +$ � �,n`

�++n . 6,@ ,

5�+4@ ,�+n . 4,
+66,
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V5l+{l, @
4S

n@3

+54@ �{l,
n^+$ . �,n . +$ � �,n`

�++n . 4,@ ,

5�+4@ ,�+n . 4,

iru {l @ *l> *
�

lq> 5*l=

Surri1 Vhh Dsshqgl{1

Qrwh wkdw wkh vxpv V4q+�, dqg V5l+�, lq +66, duh frqyhujhqw li  A 4= Li  ? 4> zh uhihu

wr Qhovrq +4<<4, iru d glvfxvvlrq1

717 Dq hpslulfdo h{dpsoh

Qhovrq +4<<4, hpsor|hg dq HJDUFK+5/4, prgho wr dqdo|}h wkh gdlo| uhwxuqv iru wkh

ydoxh0zhljkwhg pdunhw lqgh{ iurp wkh FUVS wdshv iru Mxo| 4<950Ghfhpehu 4<;:1 Wr

dffrpprgdwh wkh srvvleo| dv|pphwulf uhodwlrq ehwzhhq vwrfn uhwxuqv dqg yrodwlolw| Qhovrq

fkrvh j+}w, @ �}w . $+m}wm � H m}wm,= Wr doorz �h{leoh sdudphwulf idplolhv ri glvwulexwlrqv/

Qhovrq dvvxphg wkdw }w �llg zlwk wkh JHG+ , ghqvlw| lq +64,1 Wkh hvwlpdwhg sdudphwhuv

duh jlyhq lq Wdeoh 41 Vlqfh e @ 4=8:96 A 4 wkh fruuhvsrqglqj �7 dqg �+h
j> �, h{lvw dffruglqj

wr wkh hvwlpdwhg prgho1 Wkh hvwlpdwhg JHG+e , ghqvlw| ixqfwlrq kdv d pruh shdnhg fhqwuh

sduw dqg d idwwhu wdlo wkdq wkh vwdqgdug qrupdo ghqvlw|1 Wkh hljhqydoxhv ri wkh hvwlpdwhg e�

duh 3=<<<8: dqg 3=<5<;4> zklfk lqglfdwhv wkh h{lvwhqfh ri doo wkh xqfrqglwlrqdo prphqwv ri

%w iru wkh hvwlpdwhg HJDUFK+5/4, prgho1 Wkh srvlwlyh grplqdqw hljhqydoxh ri e� lv yhu|

forvh wr rqh/ vr wkdw wkh hvwlpdwhg dxwrfruuhodwlrq ghfd|v yhu| vorzo|1 Xqiruwxqdwho|/ vlqfh

�+e�, +@ 3=<<<8:, lv yhu| forvhg wr rqh/ lw lv qxphulfdoo| gl�fxow wr frpsxwh wkh ydoxhv

ri wkh nxuwrvlv dqg wkh dxwrfruuhodwlrqv iurp wkh hvwlpdwhg prgho1 Zh doohyldwh wkh

gl�fxow| e| frpsxwlqj wkrvh uhvxowv iurp wkh hvwlpdwhg prgho diwhu d voljkw uhgxfwlrq lq

wkh ydoxh ri e�
4
= Wkh uhgxfhg sdudphwhu hvwlpdwh e�

4
+U, @ 4=<5<58 dqg wkh fruuhvsrqglqj

e�+e�+U,, @ 3=<<:9= Wkh qxphulfdo uhvxowv duh jlyhq lq Wdeoh 51 Zh �qg wkdw wkh nxuwrvlv

iru wkh uhgxfhg hvwlpdwhg prgho lv yhu| kljk/ dqg e�4+U, dqg e�5+U, duh orzhu wkdq e�7+U,1
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Exw lw vhhpv wkdw e�q+U, ghfd|v yhu| txlfno|1

8 Ilqdo uhpdunv

Zh kdyh ghulyhg d frpsohwh fkdudfwhul}dwlrq ri wkh prphqw vwuxfwxuh ri d jhqhudo HJDUFK

+s> t, surfhvv1 Wkh uhvxowv ri wkh sdshu duh xvhixo/ iru h{dpsoh/ li zh zdqw wr frpsduh wkh

kljkhu0rughu HJDUFK prgho zlwk wkh vwdqgdug kljkhu0rughu JDUFK prgho1 Lq sduwlf0

xodu/ zh kdyh douhdg| vhh wkdw wkh dxwrfruuhodwlrq ixqfwlrq ri wkh vtxduhg revhuydwlrqv

iru wkh HJDUFK+5/5, prgho ri Qhovrq +4<<4, kdv d ulfkhu dxwrfruuhodwlrq vwuxfwxuh wkdq

wkdw ri wkh vwdqgdug JDUFK+5/5, prgho1

Wkh vwdwlvwlfdo wkhru| lq wklv sdshu dovr dssolhv wr wkh jhqhudo orjdulwkplf JDUFK

+OJDUFK, +s> t, prgho=

%w @ }wkw> +4*,

oqk5w @ �3.
tS

l@4

�l oq j+}w�l,k
5

w�l.
sS

l@4

�l oqk
5

w�l= +5*,

Vhwwlqj j+}w, @ }5w lq +5*, jlyhv wkh OJDUFK+s> t, prgho Sdqwxod +4<;9, dqg Jhzhnh

+4<;9, suhylrxvo| sursrvhg1 Lq jhqhudo vxevwlwxwlqj �l . �l dqg j�l+}w�l, iru �
l
dqg

h{si�lj+}w�l,j> l @ 4> 5> ===>pd{is> tj> uhvshfwlyho|/ wkurxjkrxw wklv sdshu/ |lhogv wkh fru0

uhvsrqglqj uhvxowv iru wkh jhqhudo OJDUFK+s> t, prgho +4*, dqg +5*,1 Wkh �uvw0rughu fdvh

kdv ehhq wuhdwhg lq Kh/ Whu�dvyluwd dqg Pdopvwhq +4<<<,1
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Uhihuhqfhv

Eroohuvohy/ W1 +4<;9,1 Jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|1 Mrxuqdo

ri Hfrqrphwulfv 64/ 63:065:1

Eroohuvohy/ W1 +4<;;,1 Rq wkh fruuhodwlrq vwuxfwxuh iru wkh jhqhudol}hg dxwruhjuhvvlyh

frqglwlrqdo khwhurvnhgdvwlf surfhvv1 Mrxuqdo ri Wlph Vhulhv Dqdo|vlv </ 45404641

Eroohuvohy/ W1/ U1I1 Hqjoh dqg G1E1 Qhovrq +4<<7,1 DUFK prghov1 Lq= U1I1 Hqjoh dqg

G1O1 PfIdgghq/ hgv1 Kdqgerrn ri hfrqrphwulfv/ Yro1 7/ 5<8<0636;1 Dpvwhugdp=

Hovhylhu1

Euhlgw/ I1M1/ Q1 Fudwr dqg S1 gh Olpd +4<<;,1 Wkh ghwhfwlrq dqg hvwlpdwlrq ri orqj

phpru| lq vwrfkdvwlf yrodwlolw|1 Mrxuqdo ri Hfrqrphwulfv ;6/ 658067;1

Er{/ J1 H1 S1 dqg J1 F1 Wldr +4<:6,1 Ed|hvldq Lqihuhqfh lq Vwdwlvwlfdo Dqdo|vlv1 Uhdglqj/

PD= Dgglvrq0Zhvoh| Sxeolvklqj Fr1

Hqjoh/ U1I1 +4<;5,1 Dxwruhjuhvvlyh frqglwlrqdo khwhurvfhgdvwlflw| zlwk hvwlpdwhv ri wkh

yduldqfh ri Xqlwhg Nlqjgrp lq�dwlrq1 Hfrqrphwulfd 83/ <;:043391

Judgvkwh|q/ L1 V1 dqg L1 P1 U|}kln +4<;3,1 Wdeohv ri Lqwhjudov/ Vhulhv dqg Surgxfwv1 Qhz

\run= Dfdghplf Suhvv1

Jhzhnh/ M1 +4<;9,1 Prghoolqj shuvlvwhqfh ri frqglwlrqdo yduldqfhv0Frpphqw1 Hfrqrphw0

ulf Uhylhzv 8/ 8:0941

Kduyh|/ D1 F1 +4<;4,1 Wkh Hfrqrphwulf Dqdo|vlv ri Wlph Vhulhv1 R{irug= Sklols Doodq1
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Wdeoh 41 Wkh HJDUFK+5/4, prgho hvwlpdwhg iru wkh FUVS h{fhvv uhwxuq vhulhv/ Mxo| 4<95

wr Ghfhpehu 4<;:1 Vrxufh= Qhovrq +4<<4, +vwdqgdug huuruv lq sduhqwkhvhv,
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Iljxuh 41 Wkh wkuhh w|shv ri dxwrfruuhodwlrq ixqfwlrqv ri vtxduhg revhuydwlrqv lq
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