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Abstract: The panel cointegration test of Larsson et al (1998) tests for the
maximum number of cointegrating relations in a dynamic panel given the as-
sumption of a common cointegrating rank. This paper presents a test for this
assumption. The test is based on the test statistic of Larsson et al (1998) and
a new panel test based on the principal component estimator of cointegrating
relations of Harris (1997). The asymptotic distribution is derived and shown to
be standard normal. An extensive Monte Carlo simulation shows that the test
has good small sample size and power properties. In the consumption function
example in Larsson et al (1998) the assumption of common cointegrating rank
amongst 23 OECD countries is shown to hold.
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1. Introduction

It is sometimes plausible to belive that economic theory postulates that e.g. dif-
ferent countries, should have some common features. Common features could be
the number of common trends or that the cointegrating relations should lie in the
same space. E.g. King et al (1991) gives a real business cycle model with output,
consumption and investment where logs of consumption and investment should
cointegrate with cointegrating vector (1,-1). The logs of output and investment
should also cointegrate, having the cointegrating vector (1,-1). By testing, si-
multaneously, the implications of the theory on more than one country increased
power is gained, or if the interest is in estimation, more precise estimates. This is
the main reason for considering panels instead of the non-panel setting. One have
to, of course, belive in the assumption that all the countries share some prop-
erties. When considering testing for the cointegrating rank a common miss-use
of language is to say that one tests for common cointegrating rank when one is
actually testing for the maximum cointegrating rank among the individual ones.
The purpose in this paper is to present a test sequence that actually tests if the
number of cointegrating relations are common or not.

The test sequence is as follows. First use a test that test for maximum cointe-
grating rank, e.g. the LR-bar statistic of Larsson, Lyhagen and Lothgren (1998).
As this test is based on the sum of the individual test statistics, the LR-bar statis-
tics would diverge to infinity with the sample size, if a cointegrating rank less than
the maximum of the individual ones is tested for. Hence, the test tests for the
maximum cointegrating rank. Given the maximum rank, the second stage is to
test against one cointegrating relation less. For this purpose, a panel test is de-
rived which tests the hypothesis of r cointegrating vectors against » — 1. The test
is the standardised sum of the test statistic proposed by Harris (1997). It is shown
that, asymptotically, the test is standard normal distributed. Further, it has the
property that it tests for the smallest rank, i.e. testing a hypothesis of larger rank
than the smallest would, asymptotically, be rejected. If the second test does not
reject the hypothesis of r cointegrating relations, then the test sequence indicates
a common cointegrating rank.

The paper is as follows. The next section presents some commonly used panel
cointegration tests while the test sequence for test of common cointegrating rank
is in the third section. A Monte Carlo simulation is performed in the fourth
section to evaluate some small sample properties. A conclusion ends the paper.



2. Testing for the cointegrating rank in panels

There are a number of panel unit root/cointegration tests available, e.g. Levin
and Lin (1992, 1993), Pedroni (1995), Im, Pesaran and Shin (1997), Kao (1999)
for the univariate setting and Larsson, Lyhagen and Lothgren (1998), Groen and
Kleibergen (1999) and Larsson and Lyhagen (1999) for multivariate ones. Most
tests are sum of the individual ones, or as in the case of Groen and Kleibergen
(1999) the asymptotic distribution is the sum of the asymptotic distribution of
the individual ones although the test statistic is not.

The data generating process of the p dimensional time series Y;; for group ¢
out of N is i

Vie=Y Y r + €a (2.1)
k=1

where Y; _j, 11, ..., Yo are considered fixed and the errors ¢;; are independently
distributed as N, (0,€;). Due to the Granger representation theorem, an error
correction representaion exists, see e.g. Johansen (1995):

ki—1
AYy =LYy 1 + > Tk + 3 (2.2)
k=1
It is possible to decompose II; into II; = «;3; where «; and (3, are matrices of
order p x r where r is the rank of II;. The main interest is to decide upon 7.
For technical reasons, we will in this work only treat the simpler case where all
II matrices are equal, i.e. II; = II = a3 for all i. Because for any invertible r x r
matrix M, o3, = &iﬁ;, where &; = a; M and ﬁz = (3,M !, this restriction in effect
means that all a; span the same space, and similarly for 3,. However, observe
that the restriction is only motivated for the sake of formulating the central limit
theorems 2.2 and 2.7 below. The estimation procedure will work without imposing
all II; equal.

2.1. The LR-bar test
Consider the trace test of Johansen (1988)

LBy (H (r) |H (p) = —21nQur (H (1) |H (p))
which is asymptotically distributed as

Z = tr {/01 (dW) W Uol WW’}l /01 % (dW)’} , (2.3)
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where W is a k = (p — r) dimensional Brownian motion. If the true rank is larger
than the tested one the test has asymptotic power one, i.e. the test statistic
converges to infinity.

Define the LR-bar statistic as the average of the N individual trace statistics
LR (H (r) |H (p)) as

S 1 X
LByr (H (r) |H (p)) = w7 >_ LR (H (r) |H (p)) (2.4)
i=1
The standardised LR-bar statistic for the panel cointegration rank test is

VN (LRyr (H (1) |H (1) = E (7))

Tz (H (r) [H (p)) = Var (Z0)

(2.5)

where E (Zy) and Var (Zg) is the mean and variance of the asymptotic trace
statistic defined by (2.3). To derive the asymptotic distribution we need some
assumptions.

Assumption 1: The data generating process is assumed covariance stationary
for each group, i =1,..., N.

Assumption 2: The disturbances are independent between groups.

We also need the following lemma. Observe that we do not prove it here, so it
is merely a conjecture. However, proofs of corresponding results in the unit root
case exist, cf Larsson (1998a,b). Moreover, an intermediate result, relating the
VAR process of general order to a VAR process of order one, is given in Larsson

(1999).

Lemma 2.1. For some v > 0, E(LR;y (H (r)|H (p))) = E(Zx) + O (T ") and
Var (LR (H (r) |H (p))) = Var (Zy) + O (T™").

The asymptotic distribution of the LR-bar statistic is given in the theorem
below. For the result of the theorem to hold, we need the following “uniformity”
assumption. This assumption basically ensures us that not too many of the Y
series in the panel are too close to I (2). (Cf the conditions for the Granger rep-
resentation theorem, theorem 4.2 of Johansen (1995).) The matrix o is defined
as a p X (p — r)matrix such that o/, a = 0 and (o, v} ) is of full rank, and for each
i, we put T'; = I, — Y¥7' T We use the matrix norm ||A|* = tr (A’ A).

Assumption 3: sup, (a’LFZﬂL)_lH < 00.




Theorem 2.2. For some k > 0, under Assumptions 1, 2 and 3 and the null of

r cointegrating vectors, the standardised LR-bar statistic, Y3 (H (1) H (p)) <

N (0,1) as T and N — oo in such a way that v/ NT—* — 0.

Proof. See appendix 2. H
Note that T — oo is needed for each of the individual test statistics to converge
to their asymptotic distribution while N — oo is needed for the central limit
theorem. From lemma 2.1 we see that v/NT " — 0 makes the error of using the
asymptotic mean instead of the small sample to vanish as 7" and N — oc.
Moreover, note that this is a one tailed test.

2.2. The PC-bar test

Harris (1997) proposes a test for testing the hypothsis of r cointegraing vectors
against » — 1. Define the three new variables based on the p dimensional time
series vy,

By = 2 (2.6)
BLAy = w (2.7)
_ 2t
=[] 28)
and the moment matrix
T
Suw =Ty (2.9)

t=1
The principal component estimator of the cointegrating vectors are the eigenvec-
tors corresponding to the r smallest eigenvalues of

AL, — S, =0 (2.10)

A convenient normalisation is B/B = I,. An estimator of 3, is the remaining p —r
eigenvectors. As the distribution of (3 is affected by nuisance parameters, a new
variable, y;, is defined according to

vi =y —B(BB) Qululin— B, (B.8.) AucSil,



where

= 3 k(L)Tul) (211)
Ao = Y k(L)Tu() (2.12)
Ty (j) = T’liat,jbt (2.13)

a and b are any time series, k (.) is a lag window and m is the band width param-
eter. Using y; instead of y, the distibution of 3 is free of nuisance parameters.
Defining

Se=>"z (2.14)

j=1
the test statistic is .
e=T2Y 80", (2.15)
=1

The distribution, under the null of r cointegrating vectors, is
1
& b x = / V(s)V (s)ds (2.16)
0

where, using the r and the p — r dimensional standard Brownian motion W; and
W, respectively,

—1 s
Vi(s)=Wi(s) - /dW1W2’ </ W2W2'> / Wo (r) dr (2.17)
0
In analogy to the standardised LR-bar statistic the standardised PC-bar statis-
tic is
VN (¢ (1) — E (X3))
Var (Xy)

where ¢ (r) is the mean of the individual test statistics and E (Xj) and Var (Xj)
are the expectations and the variance respectively of the variable X that has
the same distribution as the asymptotic distribution of ¢.. Further, a couple of
lemmas are needed.

PC, = (2.18)



Lemma 2.3. Conditional on Wy, the V (s) process is a normal process with ex-
pectation 0. Furthermore, for s <t the covariance function is, denoting expecta-
tion w.r.t. Wy by Es,

E{V(s)V({)}=p(st) I,

where
p(s,t)=s—A,,(s,1)

A, (s,8) = By {/0 Wa (0) do (/ W2W2’>_1 /Ot W (u) du}.

Moreover, 0 < E{p(s,s)} < s for all s.

with

Proof. See appendix 2. W

As a consequence of this lemma, the V' (s) process is a normal process also
unconditionally, with expectation 0 and finite covariance function. Hence, it is
not difficult to see that all moments of X exist. The following lemma is useful for
evaluating the first two central moments.

Lemma 2.4. Forp > r,

1
E(X) = r(§ —bpr>, (2.19)
Var (X) = 7"2dp,n2—|—rdp,n1, (2.20)

where by = 0, doy = 1/3, dos = 0 and for p > r,

1 1 1 1 )
dp r1 = 3 —8/0 s/s ap—y (s,t)dtds+4/0 /8 E{AP,T (s,t) },
1 1
dprs = 2 /0 / E{Ap_r (5,5) Ap_y (1, )} dtds — 12,

bpr = /01 ap—r () ds,
ap . (s,t) = E{A, ,(s,t)}.

Moreover,

by = 2E {/01 (1= o) Wa (v (/ W2W2{> o /Ot W (u) dudv} . (2.21)



Proof. See appendix 2. H

Observe that the lemma immedeately yields £ (X) =r/2 and Var (X) =r/3
if p—r = 0. In the case p — r = 1, it is possible to find numerical results (see
the lemma below). When p — r > 1, it seems hard to the moments numerically
by other means than simulation. Note that, as in Chan and Wei (1988) it may
be seen that, defining S; = Y°!_, &;, where {;} is a sequence of (p — r)-variate
standard normals, the r.h.s. of (2.21) is the limit of

T T 1y
2T *E | (T —4)S;_, (Z Stlsgl) > Skl
i=1 j=1 k=1

as T — oo. Clearly, using this fact, b,_, may be found by simulation. Alter-
natively, F (X) may be simulated directly from the definitions. Using the latter
approach, because of the structure of the results in the previous lemma only the
combinations (r,p) = (1,1 +n), n = 2, ... need to be simulated. This is true also
for Var (X), where a formula in the same style as (2.21) could be found, but this
one would be so complicated that we strongly recommend the direct approach in
this case.

In the special case p — r = 1, we have found the following result:

Lemma 2.5. The constant by is given by

o0 1 1 3sinhz 2
b :/ ————— =5 ¢ =coshx — = — hx —1);dx.
o x (cosh z)*? {QCOS Tyt (coshz )} ’

Moreover,
Var (X) = d12T2 + dll’l“,

where

dyy = / " 23 (cosh )2 by (x) di — B,
0

% +2 /OOO x (cosh :10)71/2 ky (7) dx,
with by as above,
k1 (2)
= m {48 — 1112” + Ta* — 48 (—4 + 32%) cosh & + 432z sinh &

(—240 + 512% + Ta") cosh (2z) + 2z (39 — 172%) sinh (2z) |
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and

k’g (1’)

1
= ooz 1240 - 874" — 2" — 48 (44 2°) coshx + 4322 sinh 2
xT° cosn X

— (48 — 752° + J:4) cosh (2x) — 18z (5 + xQ) sinh (2x)} :

Proof. See appendix 2. ®
From the results of this lemma, we numerically find (using Mathematica)

by ~ 0.14183
dio 0.0071266,
diq 0.18048.

Q

&Q

Consequently, we have in the special case p —r =1

1
EX) =r (5 — b1> ~ 0.35817r,

Var (X) = 0.00712667* + 0.18048r.

The mean and variance of Xj up to p = 6 are displayed in tables (8.2) and
(8.3).
Tables (8.2) and (8.3) in here

The next lemma is needed for our central limit theorem below. Strictly speak-
ing, as was the case with lemma 2.1, it is merely a conjecture.

Lemma 2.6. For some k > 0, E (¢ (r)) = E (X)) + O (T7") and Var (¢ (r)) =
Var (Xg) +0 (T7").

The main result in this section is the following theorem. To formulate it, we
need
Assumption 4: sup; [|o/'T;3, || < oo and sup; ||/, ;0 || < cc.

Theorem 2.7. For some k > 0, under Assumptions 1, 2 and 4 and the null of r

cointegrating vectors, the standardised PC-bar statistic PC, % N (0,1) as T and
N — oo in such a way that VNT % — 0.
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Proof. See appendix 2. H

The first assumption implies that variables integrated of an order of most one
are considered. The second assumption is a standard regression assumption that
may be relaxed. Lemma 2.3 guarantees the existence of the first two moments
which is needed for the central limit theorem to apply. Note the convergence
conditions on N and 7', which are the same as those appearing in the CLT for
the LR-bar statistic.

3. Testing for common cointegrating rank

The testing procedure for test of common cointegrating rank is proposed to be
carried out as follows. Test for the maximum rank with the test proposed by Lars-
son, Lyhagen and Lothgren (1998). Given the maximum rank test the hypothesis
of r cointegrating relations against » — 1, with the panel test proposed above.

The standardised LR-bar statistic has the property that it estimates the max-
imum rank amongst the N individual ones. This is easily seen when considering
N —1 groups with rank r* and one group with rank r*+ 1. Testing the hypothesis
of r = r* gives N — 1 well behaved test statistics in the sum, but the last one tends
to infinity with sample size, hence, the mean and so also the standardised test
statistic tends to infinity. If the null of » = r* cointegrating vectors is true then the
asymptotic size is, say, a'. The same analysis applies to the standardised PC-bar
statistic. If (at least) one of the individual ranks is less than the hypothesed, the
test asymptotically rejects the null. Under the null of common cointegrating rank
this test has an asymptotic size of . From this it is clear that the test sequence
of first using the LR-bar statistic and then the standardised PC-bar statistic gives
an asymptotic power of one.

To be able to discuss the asymptotic size of our procedure, we will need the
following lemma:

Lemma 3.1. Under the null of r cointegrating vectors, and under assumptions
1 and 2, the LR-bar and PC-bar statistics are asymptotically independent.

Proof. See appendix 2. B

Now, if the null of common cointegrating rank is true the LR-bar statistic
would, asymptotically, reject the null a fraction o' of the times. In all these
instances, the standardised PC-bar would, asymptotically, give a rejection. In
the remaining (1 — a') fraction of times, the PC-bar would asymptotically give

11



rejection in a fraction o? of times. Hence, because of lemma 3.1, the asymptotic
size is
a=a'+(1—-a')a’. (3.1)

2

If one sets o! = o? = o,

a=2a* —a*?

and solving for a* gives

. 2—Vi-4da

B —
i.e. if an overall asymptotic size of 5% is desired, each test should have an asymp-
totic size of 2.532%. Note that for small «, a Taylor expansion of the square root
gives us the approximation o* ~ «/2.

«Q

4. Monte Carlo simulations

To evaluate the test for common cointegrating rank in terms of size and power,
we have conducted a small Monte Carlo simulation. The number of replicates

is 10000 which gives sufficiently accurate results. Sample sizes considered are
T =50, 100 and 200 and N = 2, 5, 10 and 25. The data generating process is

Yo = Biye—1+ Boxe + e (4.1)
Ty = Tyt ey (4.2

which may be reformulated in ECM form as

s(2) = () (), (2),

When 3, =1 and 3, = 0 a system of zero rank is generated while 3, = 0 and
B5 = 1 gives rank 1. For the simulations of the size all cross sections have rank
1. The power simulations involves Ny cross sections of rank zero and N; of rank
1 where N = Ny + N;. For N = 2, 5 and 10 all combinations of Ny and N; are
considered while for N = 25 the values are Ny = 1, ..., 10,15, 20, 24.

The results for the size is in Table 8.4 and shows that for smaller values of
N the size is slightly above the nominal 5% level while the oposite is true for
larger values of N. For given N there is no clear effect on size when increasing 7T
The effect of increasing N raises the power for a given ratio of Ny/N, see Tables
8.5-8.6. Increasing N, for fixed IV increases the power until a point whereafter it

12



decreases. The maximum power is for the larger values of the ratio Ny/N and when
T increases maximum power is gained by even larger values of Ny/N. Increasing
T always increases power. Overall, the testing procedure has satisfactory size and
power properties.

5. The Consumption function revisited

Larsson et al (1998) investigated the type of consumption function considered by
Davidson et al (1978) for a sample of 23 OECD countries by the use of the LR-bar
statistic. Data is quarterly and ranging from 1960 to 1994. The variables are the
logarithm of consumption per capita, c;, logarithm of the real disposable income
per capita, y;;, and the rate of inflation, Ap;, is measured by the change of the
logarithm consumption deflator. The definitions follow from Pesaran et al (1999).
See Larsson et al (1998) for further details of the analysis conducted. The variable
vector for country 7 is
Yi = (Citu Yit, Apz't)/

In Table 8.8 the LR-bar and the PC-bar test statistics are shown together
with the individuial statistics which they are based on. Although most individual
test for the rank gives a values of 1, the panel test gives rank 2 as a result which
might be due to that the assumption of common rank is invalid. Using the test
procedure for common cointegrating rank a test statistic of 0.41 is gained for the
PC-bar statistic. Comparing that with the critical value of 1.955 when testing
on the 5% level, the hypothesis of common cointegrating rank is not rejected.
The individual PC tests support this conclusion as if a cointegrating rank of 2
is assumed, only one (Turkey) out the 23 countries used in the study rejects the
null of rank 2. The result in this section implies that the analysis in Larsson et al
(1998) is based on the valid assumption of common cointegrating rank amongst
the 23 OECD countries studied.

6. Conclusions

The panel cointegration test of Larsson et al (1998) tests for the number of cointe-
grating relations in a dynamic panel. The test is based on the key assumption of
a common cointegrating rank. This paper constructs a test for this assumption-
which combines two test statistics, the LR-bar of Larsson et al (1998), and a new
panel test, PC-bar, based on the principal component analysis of cointegrating
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relations of Harris (1997). The asymptotic distribution is derived and shown to be
standard normal when the standardized with the asymptotic mean and standard
deviation. Expressions for the asymptotic mean and variance of the Harris (1997)
test statistic are derived and are found only to depend on the number of variables
and the number of cointegrating relations. The test sequence is as follows: 1) use
the LR~bar to estimate the number of cointegrating relations and 2) use the panel
principal component test to test if the number of cointegrating relations is less
than the maximum. If the numbers of cointegrating relations are not the same, it
is noted that the LR-bar test gives the maximum number. Similarly, the PC-bar
test gives the minimum number. Hence, if the two tests coincide, the null of the
same number of cointegrating relations cannot be rejected. The significance level
is easily derived as it is proven that the two tests are asymptotic independent.
An extensive Monte Carlo simulation shows that the test has good finite sample
size and power properties even for small sample sizes such as T'= 50 and N = 2.
In the last section the consumption function example in Larsson et al (1998) the

assumption of common cointegrating rank amongst 23 OECD countries are shown
to hold.
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8. Appendix 1: Numerical values

p—r 1 2 3 4 ) 6

bp—r  0.142 0.234 0.294 0.333 0.361 0.382
dp—r; 0180  0.0991 0.0575 0.0355 0.0231  0.0159
dp_ro 0.00713 0.00628 0.00434 0.00286 0.00190 0.00136

Table 8.1: b,_, and ¢,_,
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p

r 1 2 3 4 5 6
1 0.500 0.358 0.266 0.206 0.167 0.139
2 1.000 0.716 0.532 0.412 0.333
3 1.500 1.075 0.798 0.619
4 2.000 1.433 1.064
5 2.500 1.791
6 3.000
Table 8.2: Mean of X},
p
r 1 2 3 4 5 6
1 0.333 0.188 0.105 0.0619 0.0384 0.0250
2 0.666 0.389 0.223 0.132 0.0825
3 1.000 0.606 0.354 0.212
4 1.333  0.836  0.497
5 1.666  1.081
6 2.000

Table 8.3: Variance of X},

N
T 2 b} 10 25
50  0.0645 0.0559 0.0502 0.0441
100 0.0720 0.0575 0.0543 0.0432
200 0.0689 0.0617 0.0480 0.0428

Table 8.4: Size of the test for common cointegrating rank when true rank is one.

N 2 5
N, 1 1 2 3 4
N, 1 4 3 2 1

T 50 0321 0.284 0.468 0.620 0.706
100 0.479 0.413 0.661 0.818 0.910
200 0.636 0.557 0.827 0.942 0.982

Table 8.5: Power of the test for common cointegrating rank, N=2 and 5.
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N 10
N, 1 2 3 4 5 6 7 8 9
N,, 9 8 7 6 5 4 3 2 1

50 0.265 0.437 0.569 0.680 0.765 0.827 0.875 0.914 0.789
100 0.351 0.578 0.741 0.853 0.920 0.960 0.980 0.990 0.996
200 0477 0.757 0.899 0.964 0.988 0.995 0.998 1.000 1.000

Table 8.6: Power of the test for common cointegrating rank, N=10.

N,, 1 2 3 4 5 6 7
N, 24 23 22 21 20 19 18
T 50 0230 0.389 0.519 0.625 0.711 0.782 0.832
100 0.299 0.499 0.655 0.770 0.852 0.906 0.945
200 0.378 0.647 0.812 0.908 0.961 0.983 0.994

N, 8 9 10 15 20 22 24
N, 17 16 15 10 5 3 1
T 50 0.871 0.905 0.929 0.985 0.997 0.998 0.574
100 0.969 0.982 0.990 1.000 1.000 1.000 0.977
200 0.998 0.999 1.000 1.000 1.000 1.000 1.000

Table 8.7: Power of the test for common cointegrating rank, N=25.
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LRy (H (r) |H (3)) PC,_,

Country Lag (k;) r=0 r=1 r=2 Rank,

Australia 1 79.16 12.87 1.16 2 0.145
Austria 1 86.02 21.26 4.99 3 0.210
Belgium 1 70.39 11.86 2.37 1 0.191
Canada 1 59.67 11.86  0.42 1 0.272
Denmark 1 24.88 8.05 221 1 0.0859
Finland 1 65.67 6.38  0.61 1 0.826
France 1 103.73 1891 0.94 2 0.203
Greece 1 88.68 16.71  6.94 3 0.461
Iceland 2 28.64 8.46 1.83 1 0.432
Ireland 1 38.25 6.21 1.21 1 0.854
Italy 1 60.55  4.46  0.35 1 0.340
Japan 1 109.33 13.84 0.15 2 1.605
Luxembourg 1 01.76  9.29 245 1 0.845
Netherland 2 25.64 801 0.21 1 0.455
New Zealand 1 37.18 497  1.56 1 0.377
Norway 1 53.24  9.17  2.66 1 0.679
Portugal 1 60.15 14.51  1.52 2 0.548
Spain 1 60.13 4.86  0.59 1 0.692
Sweden 1 51.50 6.50  0.88 1 0.528
Switzerland 2 26.01 498 1.15 1 0.476
Turkey 1 39.25  7.67 0.59 1 6.248
U.K. 1 33.33 389 0.70 1 0.877
U.S. 1 68.15 10.40  0.52 1 0.343
Panel tests r=0 r=1 r=2

Y5 (H (r)|H(3)) 40.98 547  1.38

PC,_, 0.408

All tests are performed on the 5% level. For the country-by country LR tests the
critical values are 24.08, 12.21, and 4.14 for testing r = 0, 1, and 2 respectively.
The individual PC tests critical value is 1.95 if a rank of 2 is assumed. The panel
tests has the same critical value of 1.955 which yields an averall significance level
of 5% when testing for common cointegrating rank.

Table 8.8: Empirical result of the trace test and the PC test.
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9. Appendix 2: Omitted proofs

Proof of theorem 2.2: For all i, define the lag polynomials

A (L)y=(1-10)1, —HL—kilFik(l - L)L,

i=1

so that (2.2) is equivalent to A; (L) Y;; = 0. Furthermore, let
ki1
ri=I- Y T
i—1

Moreover, for a II matrix of rank r < p, we may write II = o3’ where o and (3 are
p x r and of full rank, and define o, as a p X (p — r) matrix such that a;a =0
and («, ) has full rank p, and similarly for 5,. We then have the following
lemma:

Lemma 9.1. Ifdet {A; (L)} =0 implies |L| > 1 or L =1 and if &/, T";3, has full
rank, then we have the representation

LEir (H (T) |H (p)) = Zoir + T_I/QZMT +op (T_I/Q) )

as T — oo, where Zyp and Zy;r are Op (1), and where all Zyp are iid. Indeed,

. T -1 T -1
Zoir = tr (Z V1§1Vt’1) Z Vi qu, (Z utu;> ZutVILI , (9.1)
=1 =1 =1 =1

where {u;} is a sequence of independent (p — r)-variate normal random variables
with expectation zero and unit covariance matrix, and where V; = 3>t u;. More-
over,

Zyr = tr (C:iXir + Yir) ,

where
-1
Ci=p0, (O/erﬂﬂ al

and where the X;r and Y;r are sequences of Op (1) random variables, which are
independent acrossi. Furthermore, the sequences || X;r||! and ||Yir|| are uniformly
integrable in T for all i.

LWe use the norm ||A|> = tr (4’ A).
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Proof. Consider a specific time series Yj; satisfying (2.2). Then, from Johansen
(1995), the likelihood ratio test of H (r) : rank (II) < r against H (p) is given by

LRy (H () |H (p)) = =T gp; log (1= A;), (9.2)

j=r+1

where 3\1-1 > Xig > > Xip are the ordered solutions of the eigenvalue problem

1S: (W) =0, Si(X) = AS1 — S10500 Son, (9.3)
with, for k; > 1,
T 7
Sk = My — MysMyy' Moy, My =T 1> Z3Zy,, (9.4)
=1

letting Zoy = AY; 4, Z1y = Y1 and Zy = (AY;’J_D ""AYZt—mH),' (The terms
S;x depend on ¢, but we suppress this in our notation.) In Larsson (1999) (cf also
Johansen (1995), p. 159), it is proved that?

— _\"1_ —
LRZ'T =T tr { (ﬂJ_SnﬁL> ﬂJ_SIOUiTSOI/BL} + Op (T_l) ) (95)

where .
Uir = Sg — Sio S8 (ﬁ 5105(})15015) B 51055 -
We now have the following lemma, which is analogous to lemma 10.3 of Johansen

(1995). The proof, which is very similar to that of Johansen, hence not given
here, is built upon the Granger representation (see th. 4.2 of Johansen (1995))

t
Yie = C; Z gij + Cige + CF (L) Aey + 3,3 Yoo, (9.6)
j=1

where C7 (L) is a lag polynomial (cf Johansen (1995)) and C; = 3, (/,T:3,) " o,
with T; = I, — Y05 Ty

2The result in Larsson (1998) has 3, instead of 3, but it is easily seen that this makes no
difference.
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Lemma 9.2. If o/, I';3, is non-singular, then as T — oo,

SOO £> Z00;
FSuf 5 B,
B’ S1o L 230,
B8 5 [Gaw,
(T T e
B.SuB = Op(1).

where S, = S — 'St and G; = FLC’QVVQ where the W;, 1 = 1,..., N are inde-
pendent p-dimensional Wiener processes with covariance matrices ), and where
C; is as above.

Now, putting Sgs = 55110,
So18 = aSps + 515,

where, as is proved in Larsson (1999), S.13 is Op (T‘l/ 2). Hence,

Usr = Uir + T ? (Ryir + Rlyp + Rair + Ror) + Op (T71), (9.7)
where
Ur = Sx' — Sw aSss (Sss/ S’ @Ss) ' Spp! S
= Sy — Sy (0/,5’0’0104)71 o Spg!
and
TV’ Rur = —Sx'Suf (Ssaa Sy aSss)  Sppa’ Sy

-1
= —Si'SaB (/S aSes) 'Sy,
I Q— -1 I Q— I Q— -1 —
TRy = =Syl aSss (Spsc’ Soo' vSss) S’ Sao SeaB (Sase S’ @Sps) ~ SascuS'
— _Sfl /871 -1 /8718 /571 S -1 /871
000‘(04 00“) & 200 elﬂ(a ooaﬂ/ﬂ> @O0 -

Furthermore,
r / -1
Uir =ay (OQSOOCM) ay,
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where the equality follows since left-hand multiplication by («, Sgory )’ yields the
same result on both sides. Now, from (9.6) and some manipulations (cf Larsson
(1999) for details), it follows that

/ -1 ~
Ttr { (ﬂ_J_Sllﬂ_L) ﬂ_J_SIOUiTSOIﬁ_L} = Zoir + T2 (Ryir + Riyp) + O, (T_l) ,
(9.8)
where the Rz term is Op (1). It is discussed in more detail below.
Next, we treat Ri;p and Royp. As for Ry, we find as in Larsson (1999) that
(cf (9.30)) , denoting asymptotic equivalence by ~,

TYV25,48 ~ 5(Vu:rc'{ + fﬁ'T,
where X, and Yir are Op (1) and independent over i, so that, by the lemma,
—~ ~ 1
Rlz‘T ~ —2601 (XMTC; + Y;T) (o/ZgOlaZﬂﬂ) 04/2601
= élz‘T-
Moreover, (9.6) and the lemma yield that because G; = B/LC’MG,
BLSuB ~ B CiXar,
B.S1w0 = BLS.+ B Supd
~ /Gz’dVVi’ + BI_LCZ'YZZ'TCV/ = B;_Ciy?)iT (9.9)
where the Xo;p are Op (1) and independent and
XV&'T = /VVidVW + XV%TO/,
also Op (1) and independent. Hence,
TY2F | SioRyirSoi B
~ TI/QB/J_CZ'X?)Z'TRliTXéz’TC;B_L
_ — — ~ -1 — _
~ —BLCiXr Sy (XunCl + Vir) (oS a¥ss) o/ Sy X, CIBL.

Similarly, it may be seen that for some Op (1) variable Y4¢T, again independent
over 1,

T2, SvoRair B
—_ — — ~ 1 — _
~ =B\ CiXurYos (XurCl + Yir) (oot a¥ss)  o/Sog Xpir CIB.
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As for the term Rs;r of (9.8), it gets no contribution from error terms of the
expansion of 3,511, because these turn out to be Op (T™!), but a refinement
of (9.9) yields

BILSIO = EIJ_CZ'X&T + T2 Ry + Op (T_l) ,
Rsir = B,CiXsir + B, Yeir,

where Xz and Ysip are Op (1) and independent over i.
Hence, via (9.5), (9.7), (9.8) and the lemma,

/ _1 /
LRy = Zyr+ 2T~ 2 ¢y { (ﬁj_sllﬁj_) ﬁJ_SIORliTSOIﬁJ_}
—1/2 ’ -1
+2T tr (ﬁLSnﬁL) B S10R2irS0181

+27 V2 ¢y { (ﬂlSnﬁL)il R31‘T(71‘T501ﬁ_1_}
or ()
= Zor +T Y*Zyur + op (T71/2> )

where
Zyr = tr (CiXir + Yir)
with
— —_ -1 __ -1
Xir = —X1r%00 Xair </ VVJV;) XsirEo0 @ (Eﬂﬂalzaoloé)
— — -1 __ _
—X1ir D00 Xiir </VVZVVZI> Xair By @ (Eﬁﬁalzgola) 1
— -1 __
+ X7 </ VVWW) Xsiro, (O/Lzooou)fl o)
and

- — -1 __ _1
Yir = _Yl/z'TZaolXZ/’,iT (/VVzVVZI> X3iT26010‘ (Zﬂﬂalzaolo‘)
~ — -1 __ 1
_}/i,iTE(;OlXAILz’T (/ VVzVVz,> X4iT2501a <2ﬁﬁa,250104>
— -1 _
+X3ir </ Wz‘”@') Yara (o) Sooar) ™ o).
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Uniform integrability of the sequences || X;r|| and ||Y;r|| may be proved along
the same lines as in Larsson et al (1998). Details are omitted here. W

The plan for the rest of the proof is to show that Zor = NN Zyr,
correctly normed, converges to the normal distribution as N,T" — oo, whereas the
remainder term T~V2Z,;p, or rather T-Y?Z,p = T7'2N-' SN | Z,:1, converges
to zero. The op (T‘l/z) term may be considered as merged with the T-'/2Z,,p
term, hence no extra treatment of these terms are needed.

To show the convergence of Zy;, we will at first consider the normed quantity
T —
Zh = VN2 MT’
or

where for the existence of the moments p; = E (Zyr) and 0% = Var (Zyr), we
refer to Larsson et al (1998). To this end, we utilize the Lindeberg type theorem,
theorem 2 of Phillips and Moon (1999), which states that if for all 6 > 0,

N

P CRY VI I
then as N, T — oo, N
;fi,m <4 N(0,1).
In our case, we take -
§ine = N71/2M,

or
and because the Zy;; are 4id, (9.10) simplifies into

. Zorr — pip\*
i | (5 ) 1 =l > VRone}] <o
which holds if the Zyr sequence is uniformly integrable. This may be proved in
a similar manner as in Larsson et al (1998), but we omit these details here.
Next, we assess the convergence of T~'/2Z, ;. For this, we will apply theorem
1 (in simplified form) of Phillips and Moon (1999), which says the following: Let

Y;r be independent across i for all T" and integrable. Assume that 7, ;- £ 0 as
T — oo for all i.> Furthermore, assume that*

3Phillips and Moon have the more general condition Y;r 4 Y;. With Y; = 0 as in our case,
assumption (iv) of Phillips and Moon is trivially satisfied, and hence omitted in our context.
41{A} is the indicator function of the event A.
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(i) limsupy NN E g < oo

(ii) imsup,y 7- NN E ()] =0

Then, N1 SN 5, 5 0as N, T — .

Observe that from the Cauchy-Schwarz inequality (cf Magnus and Neudecker
(1988), p. 201), we have [|Ci]| < [|o/ B.]| | (/T48.) |

sup; [|Ci|| < oo. Now, putting n,;, = C;T/? X, we have n, 1 % 0as T — oo for
all 4, since X,z is Op (1). To verify (i), the Cauchy-Schwarz inequality (cf Magnus
and Neudecker (1988), p. 201) yields E ||n,,|| < ||Ci|| T~Y2E || Xiz||, and because
sup; [|Ci]| < oo, it is enough to show that limsupy , N7 T2 YN B || Xip|| < oc.
But this is seen because all F || X;r|| exist, so for an arbirtary 6 > 0, for each
N there is a Ty such that for all T > Ty, T V2E || Xyr|| < 6 for all i < N.
Hence, supoq, N 1T V2N, E || Xir|| < 6 for each N, and (i) follows. Moreover,
because ||E (n,7)|| < E ||n,r|l, and because 6 may be chosen to be arbitrarily small,
the same argument proves (ii). Finally, (iii) follows from (ii) simply by majorizing
the indicator function with 1.

Because the corresponding story is similarly seen to be true for 7, = Y;r, it
follows that T-Y2Z,7 5 0 as N, T — .

It remains to prove the convergence of T75. To this end, we have from the
results above and lemma 2.1 that, writing p = E (Z), 0 = Var (Z;,) and using
Taylor expansion,

, so assumption 3 implies

{7OT + T YV2Z 1 + op <T71/2>} —{pr+ 0T ")}

. ENT_U_
Yo = VNS {or + 0T )
- JN{—ZOTU_”T+OP (TV)}iN(o,l),

as N,T — oo, vV NT~' — 0, where v = min (s, 1/2). This completes the proof of
the theorem. W

Proof of lemma 2.3: We will at first show that for any fixed s and conditional
on Wy, the covariance matrix of V' (s) is p (s, s) I,. To this end, define the scalar

F(s,u) = /OS Wa (v) dv </ W2W2/>_1 Wy (u),

and note that

V(s) =W, (S)—/IF(S,u)dVVl (u):/ol{l{u<s}—F(s,u)}dW1 (W), (9.11)

0
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where 1, is the indicator function of the event A. Conditional on Wj, the dis-
tribution of V' (s) is clearly normal with expectation zero. Denoting expectation
conditional on Wy by FEs,, we find for s <t

Ey {V (s)V (t)'}
- /01 /01 {1{“<5} — F (s, U)} {1{v<t} - F(t, v)} E, {dWl (u) dWy (U)'}
- /01 {1{“<8} — F(s, U)} {1{u<t} - F(t, U)} dul,

_ {s—/OSF(t,u)du—/OtF(s,u)du+/()1F(s,u)F(t,u)du}Ir. (9.12)

Here,
/t F(s,u)du = ’ Wy (v) dv (/ W2W2'>1 /t Wy (u) du
0 — Ay (50 0
= OSF(t,u) du
and

= A, ,(s1).
Hence, (9.12) implies
Ey{V(s)V ()} = {s— Ay (s,)} I, = p(s,8) I

It immediately follows that E {p (s, s)} is positive.
To see that E {p(s,s)} < s we only need to observe that the quantity

/05 W, (t) dt </ W2W2’>_1 /0 W, (£) dt

is positive with probability one. H
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Proof of lemma 2.4: Because E{A, . (s,s)} =a, ,(s,s) and
p(s,s)=s—A,,(s,s),
1 1
E(X)= /0 tr[E{p(s,s)}I,]ds = 7"/0 {s—ap,(s,8)}ds=r (% - pr> ,

(9.13)
where

1
by :/ ap (s, s)ds.
0

Moreover,

b,

p—r

_ /01 B {/01 Loy Wa (v) do (/ W2W2’>_1 /01 Ly Wa () du} ds
= F {/01 Ws (v) /01 (/01 1{U<8}1{u<3}d5> </ WgWé)l Wy (u) dudv}
_ 9m {/01 (1= o) Wa (v (/ W2W5>1 /Ot W (u) dudt} .

The conditional second moment of X is obtained from
B (X?) = EZ{/01V(s)’V(s)ds/Olvu)’V(t)dt}
- /Ol/olEg{V(s)'V(s)V(t)'V(t)}dsdt

= 2 1 /Ot BV () V(8)V (&) V ()} dsat (9.14)

V@ﬂz(&%),

which is 2r-variate normal with expectation zero and covariance matrix X ® I,
where
s P(s:5) ps?)
p(s;t) p(t,t) )’

To find the required moment, the following result, which is lemma 6.2 of Magnus
(1978), is useful.

Now, for s <'t, let
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Lemma 9.3. Let A and B be symmetric matrices, and let € be N, (0,T), T
positive definite. Then,

E (¢'Aee’Be) = tr (AY) tr (BY) + 2tr (AYBTY).
Thus, taking £ = V (s,t), T =¥ ® I, and

1 0 00
A= (3 0)en m-(20)en

E, {V () V(s)V )V (t)} —1r2p(s,8) p(t,t) +2rp(s,t)*.
Hence, by (9.14),
E(X?)

= 2r? //E{pss tt}dsdt+4r// dsdt
= 2r? / / E{p(s,s)p tt}dtds+4r// dtds

= 2r° / / Ap_yr (8, 8)H{t — Ap—r (£, 1) }] dtds
—I—4r/ / {s — A, (s, t)}ﬂ dtds
— o2 [é —% 01 (1-52) ap s (5,5) ds - /018/31 ay_, (t,t) dtds

+/1 /1E{APT (s,5) Ay (2, t)}dtds]

+4r[——2/ /aprstdtds
+// }]dtds

Hence, since by (9.13),

we find

2 5 (1 2 2 272
(B(X)V = <5—bp_T> o e R

where

1
bp—r :/ ap—r (s,s)ds,
0
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and because

1 1 ¢ 1,
/0 S/S ap— (t) dtds :/0 Ap—r (t)/o sdsdt = 5/0 ta,_, (t) dt,

we get

Var(X)
U/E{Aw (s,8) Apr (£, 1)} dtds — lbz ]

+4r[——2/ /aprstdtds
+// }}dtds

This completes the proof of lemma 2.4. W
Proof of lemma 2.5: To obtain the requried moments numerically for p—r = 1,
we will need the joint Laplace transform of

S t 1
{/ Wmdx,/ Wydy,/ Wjdz},
0 0 0

where W is a standard one-dimensional Wiener process.
We will utilize the fact that (cf Chan and Wei (1988))

[T's] [T]
3/225 1, T3 Zst LT~ Zsf .

-, ( / W,dz, / W,dy. / Wfdz>
0 0 0

as T — oo, where S; = Y'_, &; with ¢; as independent unit normals, and where
[T's] is the integer part of T's. It follows that

1 St Sic 12”“ Sic1 w fOdefoWdy

Ar (s, t) = = A (s,1),
as T'— oo. Now, define the Laplace transform
(p (/r7 u7 /U)
[T's] [T1] T
= Elexp|—rT%? Z S; g —uT 32 Z S; o —oT? Z SZ .15,
i=1 j=1 t=1



Noting the identity
/ v"texp (—av)dv = (n — 1)la™™,
0

we obtain the useful formulae

o 92
E {AT (87 8)} = 6—90 (’I“, u, U) dv, (915)
0 Or? r=0,u=0
00 62
E{Ar(s,t)} = o’ (r,u,v) o dv, (9.16)
E {AT (S7t)2} = b {AT (87 S) AT (tu t)}
00 84
= /0 Va5 ? (r,u,v) o dv, (9.17)
and then, from uniform integrability”,
Tlim E{Ar (s,t)} = E{A1(s,t)} = a1 (s,1), (9.18)

etcetera. Now, introducing the integration variable z = (21, ..., z7)’, we find

o (r,u,v)
[Ts]—1 [Tt]-1

= /(271')_T/2exp{ —rT3/2 Z z; —ul N g
i=1
-1 1T

—oT~ Z i =5 > (i — 2 1)’ dl}

i=1
1
= / (2m) " exp <—§£’P£ — g’z) dz
1
= det P~?exp <§Q'P_lg> ,

where the T x T matrix

a -1 0 0
-1 «
P = 0 0o |, 2<1+UT )
a -1
0 0 -1 1

We do not prove uniform integrability here, but a similar proof may be found in Larsson
(1997).
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and ¢ = 113/, + uT~3/%¢,, where e, is a T-dimensional vector with ones in
entries 1,...,[T's] — 1 and zeroes in the other entries, and similarly for e,. The
differentiation w.r.t. r, u is handled via the Taylor expansion

1
exp (—Q’P1g>

2
o 1 I p—1 1 I p—1 2
= 1+§QP g+§(gP g) + ...
1
= 143 (T2, P e, + 2ruT ¢, P~ e, + u’T ¢, P "¢, )
1 B - B B N2
+§ {2r2u2T 6 (Q/SP 1Q8) (Q;P 1§t) + 4r2 2T (Q/SP 1Qt) + }
+..

from which we conclude that

82

527 (r,u,v) = T3P le,det P12 (9.19)
r=0,u=0
e (r,u,v) = T3¢ P7le, det P7/2 (9.20)
arou” * oo - ’ '
0 (r,u,v) = 77 {(e’ Ple ) (e'P_le)
arzouz” " oo A AN
+2 (g;P—lgt)Q} det P~1/2, (9.21)

Now, it follows as in Larsson (1998b) that, putting v = z2/2,
det P = coshz + O (T?), (9.22)

and moreover, denoting the elements of P! by p;; and y =4/T and z = j/T, for
i < j (because of the symmetry, p;; = p;; for all i, j)

sinh (zy) cosh {z (1 — 2)}

x cosh x

T 'py=f(29,2)+0(T"), flz,y2)=

Y

It follows that for s < ¢, adapting the integral approximation technique of Larsson
(1998b),

lim T3¢, P e,
T—o0
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[Ts] [Tt] (Ts] (Tt]
= lim T SZZPU = hm T 32 (Zpﬂ +sz])

T—o0 =1 =

- [ f(x,z,y)der/yf(x,y,Z)dZ>dy

— ! /8 [COSh {z(1-1y)} /Oy sinh (zz) dz

x coshx Jo

+ sinh (zy) /yt cosh{z (1 —2)} dz} dy

N mcolshx /08 lCOSh {z(1-y)} %
+ sinh (zy) sinh {z (1 —y)} ; sinh {xz (1 — t)}] N
1

= — /8 [coshz — cosh {z (1 — y)} — sinh {z (1 — t)} sinh (zy)] dy

x?coshz Jo
_ 1 [s . sinhz — sinh {z (1 — s)}
T

z2 cosh x

—sinh{z (1 —1¢)} cosh (ws) — 1 1]

= g(s,t,x). (9.23)
Now, because dv = zdz, we find via (9.15), (9.18) (9.19) and (9.22) that
ap (s,s) = Thm / T3¢, Pte,det P~ 2gdx
= / x (coshz) ™2 g (s, s, x) da, (9.24)
0

implying, simplifying and interchanging the ordering of integrations,

by
1 o 1
= / ap (s,s)ds = / x (cosh x)flﬂ/ g (s,s,x)dsdx
0 0 0

oo 1 1 3sinhx 2
= _ h hx —1)dx. (9.25
/0 + (cosh J:)3/2 {2 cosha — o— +— - (coshz )} z. (9.25)

Moreover, to find Var (X)), we at first note that from uniform integrability, (9.15)-
(9.22) and v = 2%/2, dv = zdz,

ap (s,t) = /Ooo x (coshz)™? (s, t, z)dx,
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E{A (s,t)} = E{Ai(s,5) A (,1)}
= 2/ (coshz)™ /Z{Q(S,S,J:)g(t,t,x)+2g(s,t,x)2}dx,

which may be plugged in into the variance formula of lemma 2.4 to yield

1 1 1 1
Var (X) = 2r* <§cl — 56?) + 4r <12 2¢o + 5@)
1
= 37 - (7"2 + 2r> ¢ — r°b — 8res, (9.26)

where b; is as above and

¢ = / / / (coshz)™ 1/2 {g (s,s,2)g(t,t,x)+2g (s,t,x)z} dzxdtds,

co = / / / x (coshx) 1/Zg(s,t, x)dxdtds.
Here,

e = / (coshz) Y2 ky (2)dz, ki (z) = hy (2) + 2has (2)
where
haz (x)
1 1

/ g(s,s,x)/s g (t,t,x)dtds
B : 1 /1 lscoshx— sinhz — sinh {z (1 — )}

x4 cosh®z Jo x

—sinh{z (1 —s)}

cosh (zs) — 1]

1 ' s _ _
/ lt . sinha —sinh {z (1 —#)} sinh {z (1 — 1)) cosh (zt) — 1 dtds
s T

T
1 ' ' _
_ x4colsh2x/0 lscoshm—smjx+28mh{xx(l s)}
—sinh{z (1 —s)} cosh (@s) (IS)]
T
1— s? inh :osh 1— —1
[ S oshia — (1) smx T, 5008 {91:(]:2 s)}
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and

1628 cosh?

2 T 4 x2 4 T2
1

_1—ssinha  lcoshz 1cosh{z(2s— 1)}]

{48 — 22+ 2*— 16 (4 + m2> cosh z + 48x sinh =

+ (16 + 172 + x4> cosh (2z) — 6z (4 + x2) sinh (2x)}

hys (z
/ / s t, x 2 dtds

_ // Scoshm_sinhx—sinh{x(l—s)}
ac‘l(‘osh2 0 Js

X

_sinh {a (1 — )y < (#8) = 1] " dtds
1

= m {—48 — 54x?% + 22* + 144z sinh x + 48 (4 — xQ) cosh x
z8 ¢ T

—144 cosh (2x) + 75z sinh (2x) — 82” sinh (27) + 2z cosh (2x)} .

Hence, via simplifications,

kl (Jf)
1

- - {48 1112 + Tt — 48 (—4 + 3x2) cosh z 4 432z sinh z

4828 cosh? x
(—240 + 512% + Ta*) cosh (2z) + 2z (39 — 172%) sinh (22) } .

Moreover,

where

cy = / x (cosh ) ™% hy () da,

/ / stxdtds

_ / s/ Scoshm_smhx—smh{x(l—s)}
LEQCOShLIZ o Js

X

cosh (zs) —

~sinh {z (1— 1)} 1] dtds
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_ 1 2 2 4

+ (21]: — 21:3) sinh Jz} .
Hence, via (9.26),
Var (X)
= %r + <r2 + 27") /OOO 2% (coshz) ™ ky () dz — r2b?
—8r /OOO x (cosh :10)71/2 ho (x) dz
= dypr? +dyr,
where

diy = / 723 (cosh )2 by (z) i — B,
0

dy = +2/oox(coshx)_1/2k2(x)dx,
0

1
3
with

ko (z) = 2%ky (7) — 4hs (2) .

Further, we have the simplification

k’g (1’)
1
= o 1240 87 — 2t — 48 (4 +2%) cosh + 4320 sinh 2
T~ cosh x

— (48 — 752 + 2*) cosh (2z) — 18z (5 + 2* ) sinh (22) },

and the proof is completed. W

Proof of theorem 2.7: This proof is basically a combination of arguments as
in the proof of theorem 2.2 and of the proof of theorem 7 in Harris (1997). With
notation as in section 2.2, we have as in the proof of theorem 7, Harris (1997) (we
suppress individual-specific indeces 1)

T
=TS G,
t=1
where
~ ~ ~ ~x\ —1 ~xt \—1 ~ s\ —1 -1 ~x/ \—1 ~
S5, = 5 (08) e {en (378) L (95") " A8} #8(378) S
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with, because 3~ = 4 Op (T71) and QF, = Q¢, + Op (T™1), where Q7 is the
covariance matrix of 2} = 3'y;,
~x N1 ~ ~sy —1
gB(8°8) Q. (88) BB=QL+0p(T7).
Hence, because S; is Op (Tl/ 2),

T80 1S, =778 (5'3*)’1 #0885 ﬁ) Si+0p(T7).  (927)

Moreover, we have the identity
~x \—1 ~
BB(8°8) TSy
. 2[TS] e 1 / 2[TS]
TS gy +T{B (95) " AB -8 Ty (029)
t=1 t=1
Here, from the definition of y; and the consistency of B , sz and wa,

7z = By =0 — wQpulL Ay + Op ( )
= 2= QuQuw +O0p (T,

where (2,,, and €2, are suitably defined blocks of the covariance matrix for (, =
(21, w;)". Hence, because w;} = w; + Op (T 1), we have

G‘E(Z*) M, +0p (T, M5<{; _Q;w%lu). (9.29)

wy p-r

Now, as in theorem 2.1 of Johansen (1995) (cf also Larsson (1999)), we have the
representation

G =Ci(L)er + a,
where Cy (L) = z;ﬁ C,;L?, with L as the lag operator and where a; depends on

initial values of the (, process. It follows that we have the representation (cf
Johansen (1995), chap. 2)

G=C (Ve +b, b=CY(L)As +ay, (9.30)
where C; (1) = ¥°/—] C;. Furthermore, as in Larsson (1999)° we find
— 1 _ [ Cun Cr2 o
D= lim C, (1) = ( S ) (WL , (9.31)

6See also Johansen (1995), p. 51, where the inverse of this matrix is given as A (1).

37



where
Cn = —1I,,
Cn = alB, (a’LPBL)_l,
Cyp = (@Lrﬁﬁilu

and the lag polynomial C\" (L) is as in Larsson (1999) and Ae; = £,—&;_1. Hence,
(9.29) yields

o= MG +0p(T7)
= M (Dzy+b)+0p (T7). (9.32)

Thus, because b; does not affect the asymptotic behaviour of (; (cf Larsson
(1999)), (M D)_1 (; is asymptotically standard p-variate normal, and we may
define the standard p-variate Brownian motion W (s) such that

(75
S ¢ L MDW (s).
t=1

Consequently, (9.32) yields
7]
TN ¢ = M{DW (5)+ T7'2R(s)} + Op (T7),
t=1

where R (s) is Op (1) (cf Larsson (1999)). Hence,

[T's]

T2 2= (1. 0 )M{DW () + TR (s)} +Op (T7').  (9.33)
=1
Note the simplification
(0 I, )MD=Cya,. (9.34)
Moreover, because from (9.30) and (9.31),
sz sz _ _ _IT C’12 o - — —IT 0
(sz wa>_QCC_< 0 022><alj_>(aou_><012 052>’
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implying

— — !
sz - CIZCVJ_CVJ_CQ%
— — !
wa = CQZQLQLCQ%
and hence
1
012 - szwaCQQ — 0,
we have

B -1, C o
(1 oyun ~ (o) () (%)

_ . e} =
= ( Ir0)<al)_ . (9.35)
Furthermore, from the proof of theorem 2 of Harris (1997), we get
~% ~x\ —1 -1
{5 (85) " 8- 8} = 8. (178.5,,8.) BLS;,6+0r (7). (9:36)
where via (9.34) and convergence theorems as in Billingsley (1968)7
T_l/BIJ_SZyﬂL
T (11 [71]
= ey (Y| (oug) 400 (1)
=1 \u=1 v=1

= (0 I )M [ (DW +T2R) (DW+T1/2R)’Mf< 0 )

I,
+0p (T*l)
= Cpa, (/ WW’> @1Chy+T 2 (Ry + Ry) + 0p (T71), (9-37)
with
Rl = CQZEIL </ WR’) M/ < ]—0 > 5 (9-38)
p—r

"Observe the short-hand notation, where for example, [ WW’ means fol W ()W (t) dt.
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and

B.S;,0
T (T

— T2 Z (i‘] wu) z+ Op (T*l)

= (0 I, )M/ (DW +T72R) d (DW + T~'*R) M’ ( IO )

+0p (T1)
— _Ona, / WdW'a + T * (Ry + Raz) + Op (T) (9.39)
where
Ry = O, ( / WdR’> M ( g ) , (9.40)
Ry = —(0 I, )M( / RdW’> a. (9.41)
Similarly,

7323 [%y; = (0 L,) M/Os (DW +T72R) + Op (T7")
t=1
= Cpa, /0 W TRy () + Op (T7Y), (9.42)

where
Ry(s)= (0 L, )M /0 'R. (9.43)

Now, the invertibility of Cs, and (9.35)-(9.43) yield

[Ts

_ ! I
{5 (95) o8} Ty
t=1

1 s
R / dAWW'a, Cl, {nga; ( / WW’> mcgz} o, / %
0
+T_1/2R4 (8) + Op (T_1>

71 s
= @ [awwa, {a; < / WW’> m} @ ['w
0

+T71/2R4 (8) + Op <T71>
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where
R4 (8)
71 s
(R + RYy) {ngag ( / WW’> mogz} Cot, ['W
—1
' [ awwa.c, {Cma; < / WW’) m%} (Ri +R))
71 s
x {cgza; < / WW’> mcgz} Cot, [ W
0
_a’/dWW'ELC’QQ {ng@l </ WW’) aJ_Cé2}
71 s
— (Rl + Ry C5" {a; ( / WW’> m} @ ['w
-1
—a’/dWW’m {a’L (/ WW’> aL} Cys' (Ry + RY)
71 s
X Cl! {a; </WW’> m} @ ['w
0
-1
— [ awwa, {a; ( / WW’> m} Cyl Ry (5) .

Consequently, via (9.28), (9.33) and (9.35),

1 R3 (8)

g6 (B78) TS,

- el o ) o )

+T7Y2R; (),

where
Rs(s) = Ry(s)+ R(s). (9.44)
Now, because from (9.33) and (9.35),
* / ! I’f‘ —/—
= (L O)MDDM(O):aa (9.45)

is the covariance function of the Brownian motion —@'W (s), which is r-dimensional,
and because @ W (s) is a (p — r)-dimensional Brownian motion with covariance
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function @, @, , we may define the independent standard Brownian motions
Wi(s) = —@a) *aw(s),
Wa(s) = (@a.) Pa W (s),

which are - and (p — r)-dimensional, respectively. It follows that

Strg € Sy = V () V () + T2 {Re (s) + R (s)'},

where
V(s) = Wi (8)—/dW1W2' (/WZWQ’>1 /0 W,
and
Rs (s)
- R, (s)’QZla’{W(s) - / dWW'a, {a; ( / WW’> m}la; /0 SW}
= Ry(s) @a)?V (s). (9.46)
Hence,

T‘Qi@{ﬁ;‘l@ :T—Ziﬁfmﬁ;—lém - / V'V 4+ T2 / (Rs + R.). (9.47)
t=1 t=1
Moreover,
@)™ Ra(s)
= @ R+ B O ([ waw) [
_ / AW, W, <a; / WW2’>_1 Ot (Ry + R)) Ol ( / Wgw’m>_1 /0 W,
_ / AW, W <a; / WW2’>1 C5' Ry (5) (9.48)

where, from (9.40), (9.41) and (0 L )M = (0 I ),

@) (B + Rey) O ([ W2W'm>_l
= @) (40 )u (famwy) (fwaws)
_ </ dWlR'> ( IpoT )Cé? @a) (/ W2W5>1’
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from (9.38),

—1 -1
<a; / WW2’> Ol Ry Cly! < / Wgw’m)

B </ W2W2,>1 </ WQR/) ( IpO_T ) Ot (@ ay) ™ < / W2W2,>1

and via (9.43),
-1
<a; / WWQ’) Cyl Ry (5)
-1 1/2 5
- </WQW5> @ @)™ Cy' (0 I, )/ R.
0

Hence, defining

F @a) * (L 0)M,
F, = @a) ey (0 L, ),
we have via (9.44) and (9.48) that

(@a) " s (s)
= (@a) " R(s)
_ (F1 / dRW, + / dWlR’F;) ( / W2W2’>_1 /0 W,
—/dW1W2’ (/WZWQ’>1 (/WQR’F2’+F2/RW2’> (/WQW5>1 /0 W,
~ [awiw (/W2W2’>_1 F /0 R.
Note the simplifications
Fo= (@a) (L —2.9)
( )_1/2< I, —C13055 )
= @a) (1. —aTp, )
(@) (I, —(c/a) " a'TB, (8.8)7")

43



and
F, = (@a) & 18, (0 I, )
= (1 a))”*@ TR, (0 L)
= (diay) T, (3187 (0 T ).

Hence, with I' = I';, it is seen as in the proof of theorem 2.2 that the result follows
if the suprema of the sequences {a/T;3,}, and {o/ I';3,}, are finite, which is
assumption 4. W

Proof of lemma 3.1: Because PC., is a function of ¢ (r) and LR, is a function
of LRy (H (r)|H (p)), it is enough to show that ¢ () and LRy (H (1) |H (p))
are asymptotically independent. Moreover, these quantities in turn are averages of
the ¢ and LRyt (H (r) |H (p))quantities over the panel, which by assumption has
independent individuals. Hence, it is enough to show asymptotic independence
within panels. Now, for a given individual, we have as T" — oo that

¢ B X= / s)ds,

LRyr (H (r)|H (p)) 5 Zztr{/dWQWQI (/WQW£>‘1/W2dWQ’},

where
V (s) = Wi (s) —/dW1W2’ </W2W5>1 /0 W, (r) dr,

with the r» and p — r dimensional independent Brownian motions W; and Wh.
We need to show that X and Z are independent. To see this, it is sufficient to
prove that V (s) and Z are independent for all s belonging to the unit interval.
Now, observe that for s arbritrary (in the unit interval), Wi (s), [dW;W) and
Jo Wa (r)dr are independent of [W,Wj. Regarding W, (s), this is so because
Wi (s) and [ W) W) are uncorrelated, W (s) is normally distributed and [ WoW3
may be arbritrarily well approximated by a function of a finite number of normal
random variables (see Chan and Wei (1988)). The same arguments go through to
show that [dW,W} and [ W5 (r)dr are independent of [ WoWj. Furthermore,
it is similarly seen that W (s), [dW W) and [ W5 (r) dr are all independent of
[ WodWJ, and this independence holds also conditionally on X = [ W,WJ. Hence,
denoting the marginal densities by fy, fz and fx, the simultaneous densities by
fv,z etcetera and the conditional densities by e.g. fy|x, we find

Jvz = /fV,Z\XdFX = /fV\XfZ\XdFX = fv/fZ|XdFX = fvfz.
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Consequently, V (s) and Z are independent for all s in the unit interval, as was
to be shown. W
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