
Whvwlqj iru frpprq frlqwhjudwlqj udqn lq
g|qdplf sdqhov

Uroi Oduvvrq
Ghsduwphqw ri Vwdwlvwlfv
Vwrfnkrop Xqlyhuvlw|

Mrkdq O|kdjhq�|

Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv
Vwrfnkrop Vfkrro ri Hfrqrplfv
Vwrfnkrop Vfkrro ri Hfrqrplfv

Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh/ Qr1 6:;

Dsulo 54/ 5333

�Fruuhvsrqglqj dxwkru1 Dgguhvv iru fruuhvsrqghqfh= Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv/
Vwrfnkrop Vfkrro ri Hfrqrplfv/ S1R1 Er{ 9834/ VH0446 ;6 Vwrfnkrop Vzhghq1 Skrqh= .790;0
:69<5651 Id{= .790;067;4941 H0pdlo= vwmoCkkv1vh1

|Ilqdqfldo vxssruw iurp Wkh Vzhglvk Irxqgdwlrq iru Lqwhuqdwlrqdo Frrshudwlrq lq Uhvhdufk
dqg Kljkhu Hgxfdwlrq +VWLQW, lv judwhixoo| dfnqrzohgjhg1



Devwudfw= Wkh sdqho frlqwhjudwlrq whvw ri Oduvvrq hw do +4<<;, whvwv iru wkh
pd{lpxp qxpehu ri frlqwhjudwlqj uhodwlrqv lq d g|qdplf sdqho jlyhq wkh dv0
vxpswlrq ri d frpprq frlqwhjudwlqj udqn1 Wklv sdshu suhvhqwv d whvw iru wklv
dvvxpswlrq1 Wkh whvw lv edvhg rq wkh whvw vwdwlvwlf ri Oduvvrq hw do +4<<;, dqg
d qhz sdqho whvw edvhg rq wkh sulqflsdo frpsrqhqw hvwlpdwru ri frlqwhjudwlqj
uhodwlrqv ri Kduulv +4<<:,1 Wkh dv|pswrwlf glvwulexwlrq lv ghulyhg dqg vkrzq wr
eh vwdqgdug qrupdo1 Dq h{whqvlyh Prqwh Fduor vlpxodwlrq vkrzv wkdw wkh whvw
kdv jrrg vpdoo vdpsoh vl}h dqg srzhu surshuwlhv1 Lq wkh frqvxpswlrq ixqfwlrq
h{dpsoh lq Oduvvrq hw do +4<<;, wkh dvvxpswlrq ri frpprq frlqwhjudwlqj udqn
dprqjvw 56 RHFG frxqwulhv lv vkrzq wr krog1
Nh| Zrugv= Frlqwhjudwlrq> Frqvxpswlrq> Sdqho gdwd> Udqn whvw1
MHO0Fodvvl�fdwlrq= F45> F46> F48> F55> F56> G451
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41 Lqwurgxfwlrq

Lw lv vrphwlphv sodxvleoh wr eholyh wkdw hfrqrplf wkhru| srvwxodwhv wkdw h1j1 gli0
ihuhqw frxqwulhv/ vkrxog kdyh vrph frpprq ihdwxuhv1 Frpprq ihdwxuhv frxog eh
wkh qxpehu ri frpprq wuhqgv ru wkdw wkh frlqwhjudwlqj uhodwlrqv vkrxog olh lq wkh
vdph vsdfh1 H1j1 Nlqj hw do +4<<4, jlyhv d uhdo exvlqhvv f|foh prgho zlwk rxwsxw/
frqvxpswlrq dqg lqyhvwphqw zkhuh orjv ri frqvxpswlrq dqg lqyhvwphqw vkrxog
frlqwhjudwh zlwk frlqwhjudwlqj yhfwru +4/04,1 Wkh orjv ri rxwsxw dqg lqyhvwphqw
vkrxog dovr frlqwhjudwh/ kdylqj wkh frlqwhjudwlqj yhfwru +4/04,1 E| whvwlqj/ vl0
pxowdqhrxvo|/ wkh lpsolfdwlrqv ri wkh wkhru| rq pruh wkdq rqh frxqwu| lqfuhdvhg
srzhu lv jdlqhg/ ru li wkh lqwhuhvw lv lq hvwlpdwlrq/ pruh suhflvh hvwlpdwhv1 Wklv lv
wkh pdlq uhdvrq iru frqvlghulqj sdqhov lqvwhdg ri wkh qrq0sdqho vhwwlqj1 Rqh kdyh
wr/ ri frxuvh/ eholyh lq wkh dvvxpswlrq wkdw doo wkh frxqwulhv vkduh vrph surs0
huwlhv1 Zkhq frqvlghulqj whvwlqj iru wkh frlqwhjudwlqj udqn d frpprq plvv0xvh
ri odqjxdjh lv wr vd| wkdw rqh whvwv iru frpprq frlqwhjudwlqj udqn zkhq rqh lv
dfwxdoo| whvwlqj iru wkh pd{lpxp frlqwhjudwlqj udqn dprqj wkh lqglylgxdo rqhv1
Wkh sxusrvh lq wklv sdshu lv wr suhvhqw d whvw vhtxhqfh wkdw dfwxdoo| whvwv li wkh
qxpehu ri frlqwhjudwlqj uhodwlrqv duh frpprq ru qrw1

Wkh whvw vhtxhqfh lv dv iroorzv1 Iluvw xvh d whvw wkdw whvw iru pd{lpxp frlqwh0
judwlqj udqn/ h1j1 wkh OU0edu vwdwlvwlf ri Oduvvrq/ O|kdjhq dqg Oùwkjuhq +4<<;,1
Dv wklv whvw lv edvhg rq wkh vxp ri wkh lqglylgxdo whvw vwdwlvwlfv/ wkh OU0edu vwdwlv0
wlfv zrxog glyhujh wr lq�qlw| zlwk wkh vdpsoh vl}h/ li d frlqwhjudwlqj udqn ohvv wkdq
wkh pd{lpxp ri wkh lqglylgxdo rqhv lv whvwhg iru1 Khqfh/ wkh whvw whvwv iru wkh
pd{lpxp frlqwhjudwlqj udqn1 Jlyhq wkh pd{lpxp udqn/ wkh vhfrqg vwdjh lv wr
whvw djdlqvw rqh frlqwhjudwlqj uhodwlrq ohvv1 Iru wklv sxusrvh/ d sdqho whvw lv gh0
ulyhg zklfk whvwv wkh k|srwkhvlv ri o frlqwhjudwlqj yhfwruv djdlqvw o� �1 Wkh whvw
lv wkh vwdqgduglvhg vxp ri wkh whvw vwdwlvwlf sursrvhg e| Kduulv +4<<:,1 Lw lv vkrzq
wkdw/ dv|pswrwlfdoo|/ wkh whvw lv vwdqgdug qrupdo glvwulexwhg1 Ixuwkhu/ lw kdv wkh
surshuw| wkdw lw whvwv iru wkh vpdoohvw udqn/ l1h1 whvwlqj d k|srwkhvlv ri odujhu udqn
wkdq wkh vpdoohvw zrxog/ dv|pswrwlfdoo|/ eh uhmhfwhg1 Li wkh vhfrqg whvw grhv qrw
uhmhfw wkh k|srwkhvlv ri o frlqwhjudwlqj uhodwlrqv/ wkhq wkh whvw vhtxhqfh lqglfdwhv
d frpprq frlqwhjudwlqj udqn1

Wkh sdshu lv dv iroorzv1 Wkh qh{w vhfwlrq suhvhqwv vrph frpprqo| xvhg sdqho
frlqwhjudwlrq whvwv zkloh wkh whvw vhtxhqfh iru whvw ri frpprq frlqwhjudwlqj udqn
lv lq wkh wklug vhfwlrq1 D Prqwh Fduor vlpxodwlrq lv shuiruphg lq wkh irxuwk
vhfwlrq wr hydoxdwh vrph vpdoo vdpsoh surshuwlhv1 D frqfoxvlrq hqgv wkh sdshu1
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51 Whvwlqj iru wkh frlqwhjudwlqj udqn lq sdqhov

Wkhuh duh d qxpehu ri sdqho xqlw urrw2frlqwhjudwlrq whvwv dydlodeoh/ h1j1 Ohylq
dqg Olq +4<<5/ 4<<6,/ Shgurql +4<<8,/ Lp/ Shvdudq dqg Vklq +4<<:,/ Ndr +4<<<,
iru wkh xqlyduldwh vhwwlqj dqg Oduvvrq/ O|kdjhq dqg Oùwkjuhq +4<<;,/ Jurhq dqg
Nohlehujhq +4<<<, dqg Oduvvrq dqg O|kdjhq +4<<<, iru pxowlyduldwh rqhv1 Prvw
whvwv duh vxp ri wkh lqglylgxdo rqhv/ ru dv lq wkh fdvh ri Jurhq dqg Nohlehujhq
+4<<<, wkh dv|pswrwlf glvwulexwlrq lv wkh vxp ri wkh dv|pswrwlf glvwulexwlrq ri
wkh lqglylgxdo rqhv dowkrxjk wkh whvw vwdwlvwlf lv qrw1

Wkh gdwd jhqhudwlqj surfhvv ri wkh R glphqvlrqdo wlph vhulhv t
�|

iru jurxs �
rxw ri � lv

t
�|

'
&�[
&'�

�
�&

t
�c|3&

n 0
�|

+514,

zkhuh t
�c3&�n�

c ���c t
�f
duh frqvlghuhg �{hg dqg wkh huuruv 0

�|

duh lqghshqghqwo|
glvwulexwhg dv �

R

Efcl
�

� � Gxh wr wkh Judqjhu uhsuhvhqwdwlrq wkhruhp/ dq huuru
fruuhfwlrq uhsuhvhqwdlrq h{lvwv/ vhh h1j1 Mrkdqvhq +4<<8,=

{t
�|

' �
�

t
�|3�

n
&�3�[
&'�

K
�&

{t
�c|3&

n 0
�|

+515,

Lw lv srvvleoh wr ghfrpsrvh �
�

lqwr �
�

' k
�

q�
�

zkhuh k
�

dqg q
�

duh pdwulfhv ri
rughu R� o zkhuh o lv wkh udqn ri �

�

� Wkh pdlq lqwhuhvw lv wr ghflgh xsrq o�
Iru whfkqlfdo uhdvrqv/ zh zloo lq wklv zrun rqo| wuhdw wkh vlpsohu fdvh zkhuh doo

� pdwulfhv duh htxdo/ l1h1 �
�

' � ' kq � iru doo �� Ehfdxvh iru dq| lqyhuwleoh o � o

pdwul{� / k
�

q �
�

' hk
�

hq �
�

/ zkhuh hk
�

� k
�

� dqg hq
�

� q
�

�3�/ wklv uhvwulfwlrq lq h�hfw
phdqv wkdw doo k

�

vsdq wkh vdph vsdfh/ dqg vlploduo| iru q
�

1 Krzhyhu/ revhuyh
wkdw wkh uhvwulfwlrq lv rqo| prwlydwhg iru wkh vdnh ri irupxodwlqj wkh fhqwudo olplw
wkhruhpv 515 dqg 51: ehorz1 Wkh hvwlpdwlrq surfhgxuh zloo zrun zlwkrxw lpsrvlqj
doo �

�

htxdo1

5141 Wkh OU0edu whvw

Frqvlghu wkh wudfh whvw ri Mrkdqvhq +4<;;,
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,
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zkhuh ` lv d & ' ER� o� glphqvlrqdo Eurzqldq prwlrq1 Li wkh wuxh udqn lv odujhu
wkdq wkh whvwhg rqh wkh whvw kdv dv|pswrwlf srzhu rqh/ l1h1 wkh whvw vwdwlvwlf
frqyhujhv wr lq�qlw|1

Gh�qh wkh OU0edu vwdwlvwlf dv wkh dyhudjh ri wkh � lqglylgxdo wudfh vwdwlvwlfv
u-

�A

EM Eo� mM ER�� dv

u-
�A

EM Eo� mM ER�� '
�

�

�[
�'�

u-
�A

EM Eo� mM ER�� c +517,

Wkh vwdqgduglvhg OU0edu vwdwlvwlf iru wkh sdqho frlqwhjudwlrq udqn whvw lv

C
u-

EM Eo� mM ER�� '

s
�

�
u-

�A

EM Eo� mM ER��� . E~
&

�
�

t
T @o E~

&

�
� +518,

zkhuh . E~
&

� dqg T @o E~
&

� lv wkh phdq dqg yduldqfh ri wkh dv|pswrwlf wudfh
vwdwlvwlf gh�qhg e| +516,1 Wr ghulyh wkh dv|pswrwlf glvwulexwlrq zh qhhg vrph
dvvxpswlrqv1

Dvvxpswlrq 4= Wkh gdwd jhqhudwlqj surfhvv lv dvvxphg fryduldqfh vwdwlrqdu|
iru hdfk jurxs/ � ' �c ���c � 1

Dvvxpswlrq 5= Wkh glvwxuedqfhv duh lqghshqghqw ehwzhhq jurxsv1
Zh dovr qhhg wkh iroorzlqj ohppd1 Revhuyh wkdw zh gr qrw suryh lw khuh/ vr lw

lv phuho| d frqmhfwxuh1 Krzhyhu/ surriv ri fruuhvsrqglqj uhvxowv lq wkh xqlw urrw
fdvh h{lvw/ fi Oduvvrq +4<<;d/e,1 Pruhryhu/ dq lqwhuphgldwh uhvxow/ uhodwlqj wkh
YDU surfhvv ri jhqhudo rughu wr d YDU surfhvv ri rughu rqh/ lv jlyhq lq Oduvvrq
+4<<<,1

Ohppd 5141 Iru vrph V : fc . Eu-
�A

EM Eo� mM ER��� ' . E~
&

� n � EA3V� dqg
T @o Eu-

�A

EM Eo� mM ER��� ' T @o E~
&

� n� EA3V�1

Wkh dv|pswrwlf glvwulexwlrq ri wkh OU0edu vwdwlvwlf lv jlyhq lq wkh wkhruhp
ehorz1 Iru wkh uhvxow ri wkh wkhruhp wr krog/ zh qhhg wkh iroorzlqj �xqliruplw|�
dvvxpswlrq1 Wklv dvvxpswlrq edvlfdoo| hqvxuhv xv wkdw qrw wrr pdq| ri wkh t

�|

vhulhv lq wkh sdqho duh wrr forvh wr U E2�1 +Fi wkh frqglwlrqv iru wkh Judqjhu uhs0
uhvhqwdwlrq wkhruhp/ wkhruhp 715 ri Mrkdqvhq +4<<8,1, Wkh pdwul{ k

z
lv gh�qhg

dv d R � ER� o�pdwul{ vxfk wkdw k�
z

k ' f dqg Ekc k
z
� lv ri ixoo udqn/ dqg iru hdfk

�c zh sxw K
�

� U
R

�S
&�3�

�'�
K
�&

1 Zh xvh wkh pdwul{ qrup n�n2 ' |h E����1
Dvvxpswlrq 6= t�T
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z

K
�

q
z

�3�
��� 	 41

8



Wkhruhp 5151 Iru vrph V : f/ xqghu Dvvxpswlrqv 4/ 5 dqg 6 dqg wkh qxoo ri
o frlqwhjudwlqj yhfwruv/ wkh vwdqgduglvhg OU0edu vwdwlvwlf/ C

u-

EM Eo�M ER��
_$

� Efc �� dv A dqg � $ 4 lq vxfk d zd| wkdw
s
�A3V $ f�

Surri1 Vhh dsshqgl{ 51
Qrwh wkdw A $ 4 lv qhhghg iru hdfk ri wkh lqglylgxdo whvw vwdwlvwlfv wr frqyhujh

wr wkhlu dv|pswrwlf glvwulexwlrq zkloh � $ 4 lv qhhghg iru wkh fhqwudo olplw
wkhruhp1 Iurp ohppd 514 zh vhh wkdw

s
�A3V $ f pdnhv wkh huuru ri xvlqj wkh

dv|pswrwlf phdq lqvwhdg ri wkh vpdoo vdpsoh wr ydqlvk dv A dqg � $ 4�
Pruhryhu/ qrwh wkdw wklv lv d rqh wdlohg whvw1

5151 Wkh SF0edu whvw

Kduulv +4<<:, sursrvhv d whvw iru whvwlqj wkh k|srwkvlv ri o frlqwhjudlqj yhfwruv
djdlqvw o � �1 Gh�qh wkh wkuhh qhz yduldeohv edvhg rq wkh R glphqvlrqdo wlph
vhulhv +

|

/

q �+
|

' 5
|
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q �
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|
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�
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&
+51;,

dqg wkh prphqw pdwul{

7
++

' A3�
A[
|'�

+
|
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|

+51<,

Wkh sulqflsdo frpsrqhqw hvwlpdwru ri wkh frlqwhjudwlqj yhfwruv duh wkh hljhqyhf0
wruv fruuhvsrqglqj wr wkh u vpdoohvw hljhqydoxhv ri

mbU
R

� 7
++

m ' f +5143,

D frqyhqlhqw qrupdolvdwlrq lv 	q
�	q ' U

o

� Dq hvwlpdwru ri q
z

lv wkh uhpdlqlqj R�o
hljhqyhfwruv1 Dv wkh glvwulexwlrq ri 	q lv d�hfwhg e| qxlvdqfh sdudphwhuv/ d qhz
yduldeoh/ +W

|

/ lv gh�qhg dffruglqj wr
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zkhuh
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|3�

K
|

+5146,

@ dqg K duh dq| wlph vhulhv/ & E�� lv d odj zlqgrz dqg 6 lv wkh edqg zlgwk sdudp0
hwhu1 Xvlqj +W

|

lqvwhdg ri +
|

wkh glvwlexwlrq ri 	q lv iuhh ri qxlvdqfh sdudphwhuv1
Gh�qlqj

	7
|

'
|[

�'�
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+5147,

wkh whvw vwdwlvwlf lv

	S ' A32
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|'�

	7�
|

	lW
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+5148,

Wkh glvwulexwlrq/ xqghu wkh qxoo ri o frlqwhjudwlqj yhfwruv/ lv

	S
o

_$ f '
]

�

f

T Er�� T Er� _r +5149,

zkhuh/ xvlqj wkh o dqg wkh R� o glphqvlrqdo vwdqgdug Eurzqldq prwlrq `
�
dqg
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2

�
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Lq dqdorj| wr wkh vwdqgduglvhg OU0edu vwdwlvwlf wkh vwdqgduglvhg SF0edu vwdwlv0
wlf lv
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zkhuh 7S
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Eo� lv wkh phdq ri wkh lqglylgxdo whvw vwdwlvwlfv dqg . Ef
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� dqg T @o Ef
&

�
duh wkh h{shfwdwlrqv dqg wkh yduldqfh uhvshfwlyho| ri wkh yduldeoh f wkdw kdv
wkh vdph glvwulexwlrq dv wkh dv|pswrwlf glvwulexwlrq ri 	S

o

1 Ixuwkhu/ d frxsoh ri
ohppdv duh qhhghg1
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Ohppd 5161 Frqglwlrqdo rq `
2
/ wkh T Er� surfhvv lv d qrupdo surfhvv zlwk h{0

shfwdwlrq f1 Ixuwkhupruh/ iru r � | wkh fryduldqfh ixqfwlrq lv/ ghqrwlqj h{shfwd0
wlrq z1u1w1 `

2
e| .
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/

.
2

q
T Er�T E|��

r
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o
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Surri1 Vhh dsshqgl{ 51
Dv d frqvhtxhqfh ri wklv ohppd/ wkh T Er� surfhvv lv d qrupdo surfhvv dovr

xqfrqglwlrqdoo|/ zlwk h{shfwdwlrq f dqg �qlwh fryduldqfh ixqfwlrq1 Khqfh/ lw lv
qrw gl!fxow wr vhh wkdw doo prphqwv ri f h{lvw1 Wkh iroorzlqj ohppd lv xvhixo iru
hydoxdwlqj wkh �uvw wzr fhqwudo prphqwv1
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Surri1 Vhh dsshqgl{ 51
Revhuyh wkdw wkh ohppd lpphghdwho| |lhogv . Ef� ' o*2 dqg T @o Ef� ' o*�

li R � o ' f� Lq wkh fdvh R � o ' �/ lw lv srvvleoh wr �qg qxphulfdo uhvxowv +vhh
wkh ohppd ehorz,1 Zkhq R � o : �/ lw vhhpv kdug wr wkh prphqwv qxphulfdoo|
e| rwkhu phdqv wkdq vlpxodwlrq1 Qrwh wkdw/ dv lq Fkdq dqg Zhl +4<;;, lw pd|
eh vhhq wkdw/ gh�qlqj 7

|

� S
|

�'�
0
�

/ zkhuh i0
|

j lv d vhtxhqfh ri ER� o�0yduldwh
vwdqgdug qrupdov/ wkh u1k1v1 ri +5154, lv wkh olplw ri

2A32.
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&3�

<A@A>
6:8 c

dv A $ 41 Fohduo|/ xvlqj wklv idfw/ K
R3o

pd| eh irxqg e| vlpxodwlrq1 Dowhu0
qdwlyho|/ . Ef� pd| eh vlpxodwhg gluhfwo| iurp wkh gh�qlwlrqv1 Xvlqj wkh odwwhu
dssurdfk/ ehfdxvh ri wkh vwuxfwxuh ri wkh uhvxowv lq wkh suhylrxv ohppd rqo| wkh
frpelqdwlrqv Eoc R� ' E�c � n ?�/ ? ' 2c ��� qhhg wr eh vlpxodwhg1 Wklv lv wuxh dovr
iru T @o Ef�/ zkhuh d irupxod lq wkh vdph vw|oh dv +5154, frxog eh irxqg/ exw wklv
rqh zrxog eh vr frpsolfdwhg wkdw zh vwurqjo| uhfrpphqg wkh gluhfw dssurdfk lq
wklv fdvh1

Lq wkh vshfldo fdvh R� o ' �/ zh kdyh irxqg wkh iroorzlqj uhvxow=
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Surri1 Vhh dsshqgl{ 51
Iurp wkh uhvxowv ri wklv ohppd/ zh qxphulfdoo| �qg +xvlqj Pdwkhpdwlfd,
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Wkh qh{w ohppd lv qhhghg iru rxu fhqwudo olplw wkhruhp ehorz1 Vwulfwo| vshdn0
lqj/ dv zdv wkh fdvh zlwk ohppd 514/ lw lv phuho| d frqmhfwxuh1
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Wkh pdlq uhvxow lq wklv vhfwlrq lv wkh iroorzlqj wkhruhp1 Wr irupxodwh lw/ zh
qhhg
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Wkhruhp 51:1 Iru vrph V : f/ xqghu Dvvxpswlrqv 4/ 5 dqg 7 dqg wkh qxoo ri o
frlqwhjudwlqj yhfwruv/ wkh vwdqgduglvhg SF0edu vwdwlvwlf ��
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Surri1 Vhh dsshqgl{ 51
Wkh �uvw dvvxpswlrq lpsolhv wkdw yduldeohv lqwhjudwhg ri dq rughu ri prvw rqh

duh frqvlghuhg1 Wkh vhfrqg dvvxpswlrq lv d vwdqgdug uhjuhvvlrq dvvxpswlrq wkdw
pd| eh uhod{hg1 Ohppd 516 jxdudqwhhv wkh h{lvwhqfh ri wkh �uvw wzr prphqwv
zklfk lv qhhghg iru wkh fhqwudo olplw wkhruhp wr dsso|1 Qrwh wkh frqyhujhqfh
frqglwlrqv rq � dqg A / zklfk duh wkh vdph dv wkrvh dsshdulqj lq wkh FOW iru
wkh OU0edu vwdwlvwlf1

61 Whvwlqj iru frpprq frlqwhjudwlqj udqn

Wkh whvwlqj surfhgxuh iru whvw ri frpprq frlqwhjudwlqj udqn lv sursrvhg wr eh
fduulhg rxw dv iroorzv1 Whvw iru wkh pd{lpxp udqn zlwk wkh whvw sursrvhg e| Oduv0
vrq/ O|kdjhq dqg Oùwkjuhq +4<<;,1 Jlyhq wkh pd{lpxp udqn whvw wkh k|srwkhvlv
ri o frlqwhjudwlqj uhodwlrqv djdlqvw o � �/ zlwk wkh sdqho whvw sursrvhg deryh1

Wkh vwdqgduglvhg OU0edu vwdwlvwlf kdv wkh surshuw| wkdw lw hvwlpdwhv wkh pd{0
lpxp udqn dprqjvw wkh � lqglylgxdo rqhv1 Wklv lv hdvlo| vhhq zkhq frqvlghulqj
� �� jurxsv zlwk udqn oW dqg rqh jurxs zlwk udqn oWn�� Whvwlqj wkh k|srwkhvlv
ri o ' oW jlyhv ��� zhoo ehkdyhg whvw vwdwlvwlfv lq wkh vxp/ exw wkh odvw rqh whqgv
wr lq�qlw| zlwk vdpsoh vl}h/ khqfh/ wkh phdq dqg vr dovr wkh vwdqgduglvhg whvw
vwdwlvwlf whqgv wr lq�qlw|1 Li wkh qxoo ri o ' oW frlqwhjudwlqj yhfwruv lv wuxh wkhq wkh
dv|pswrwlf vl}h lv/ vd|/ k�1 Wkh vdph dqdo|vlv dssolhv wr wkh vwdqgduglvhg SF0edu
vwdwlvwlf1 Li +dw ohdvw, rqh ri wkh lqglylgxdo udqnv lv ohvv wkdq wkh k|srwkhvhg/ wkh
whvw dv|pswrwlfdoo| uhmhfwv wkh qxoo1 Xqghu wkh qxoo ri frpprq frlqwhjudwlqj udqn
wklv whvw kdv dq dv|pswrwlf vl}h ri k21 Iurp wklv lw lv fohdu wkdw wkh whvw vhtxhqfh
ri �uvw xvlqj wkh OU0edu vwdwlvwlf dqg wkhq wkh vwdqgduglvhg SF0edu vwdwlvwlf jlyhv
dq dv|pswrwlf srzhu ri rqh1

Wr eh deoh wr glvfxvv wkh dv|pswrwlf vl}h ri rxu surfhgxuh/ zh zloo qhhg wkh
iroorzlqj ohppd=

Ohppd 6141 Xqghu wkh qxoo ri o frlqwhjudwlqj yhfwruv/ dqg xqghu dvvxpswlrqv
4 dqg 5/ wkh OU0edu dqg SF0edu vwdwlvwlfv duh dv|pswrwlfdoo| lqghshqghqw1

Surri1 Vhh dsshqgl{ 51
Qrz/ li wkh qxoo ri frpprq frlqwhjudwlqj udqn lv wuxh wkh OU0edu vwdwlvwlf

zrxog/ dv|pswrwlfdoo|/ uhmhfw wkh qxoo d iudfwlrq k� ri wkh wlphv1 Lq doo wkhvh
lqvwdqfhv/ wkh vwdqgduglvhg SF0edu zrxog/ dv|pswrwlfdoo|/ jlyh d uhmhfwlrq1 Lq
wkh uhpdlqlqj E�� k�� iudfwlrq ri wlphv/ wkh SF0edu zrxog dv|pswrwlfdoo| jlyh
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uhmhfwlrq lq d iudfwlrq k2 ri wlphv1 Khqfh/ ehfdxvh ri ohppd 614/ wkh dv|pswrwlf
vl}h lv

k ' k� n
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�
k2� +614,

Li rqh vhwv k� ' k2 ' kWc
k ' 2kW � kW2

dqg vroylqj iru kW jlyhv

kW '
2�s

e� ek

2

l1h1 li dq ryhudoo dv|pswrwlf vl}h ri 8( lv ghvluhg/ hdfk whvw vkrxog kdyh dq dv|ps0
wrwlf vl}h ri 51865(1 Qrwh wkdw iru vpdoo k/ d Wd|oru h{sdqvlrq ri wkh vtxduh urrw
jlyhv xv wkh dssur{lpdwlrq kW � k*2�

71 Prqwh Fduor vlpxodwlrqv

Wr hydoxdwh wkh whvw iru frpprq frlqwhjudwlqj udqn lq whupv ri vl}h dqg srzhu/
zh kdyh frqgxfwhg d vpdoo Prqwh Fduor vlpxodwlrq1 Wkh qxpehu ri uhsolfdwhv
lv �ffff zklfk jlyhv vx!flhqwo| dffxudwh uhvxowv1 Vdpsoh vl}hv frqvlghuhg duh
A ' Dfc �ff dqg 2ff dqg � ' 2c Dc �f dqg 2D1 Wkh gdwd jhqhudwlqj surfhvv lv
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' � jlyhv udqn 41 Iru wkh vlpxodwlrqv ri wkh vl}h doo furvv vhfwlrqv kdyh udqn

41 Wkh srzhu vlpxodwlrqv lqyroyhv �
f
furvv vhfwlrqv ri udqn }hur dqg �

�
ri udqn

4 zkhuh � ' �
f
n �

�
� Iru � ' 2c D dqg �f doo frpelqdwlrqv ri �

f
dqg �

�
duh

frqvlghuhg zkloh iru � ' 2D wkh ydoxhv duh �
f
' �c ���c �fc �Dc 2fc 2e�

Wkh uhvxowv iru wkh vl}h lv lq Wdeoh ;17 dqg vkrzv wkdw iru vpdoohu ydoxhv ri
� wkh vl}h lv voljkwo| deryh wkh qrplqdo 8( ohyho zkloh wkh rsrvlwh lv wuxh iru
odujhu ydoxhv ri �� Iru jlyhq � wkhuh lv qr fohdu h�hfw rq vl}h zkhq lqfuhdvlqj A�
Wkh h�hfw ri lqfuhdvlqj � udlvhv wkh srzhu iru d jlyhq udwlr ri �

f
*�c vhh Wdeohv

;180;191 Lqfuhdvlqj �
f
iru �{hg � lqfuhdvhv wkh srzhu xqwlo d srlqw zkhuhdiwhu lw
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ghfuhdvhv1 Wkh pd{lpxp srzhu lv iru wkh odujhu ydoxhv ri wkh udwlr�
f
*� dqg zkhq

A lqfuhdvhv pd{lpxp srzhu lv jdlqhg e| hyhq odujhu ydoxhv ri �
f
*�� Lqfuhdvlqj

A dozd|v lqfuhdvhv srzhu1 Ryhudoo/ wkh whvwlqj surfhgxuh kdv vdwlvidfwru| vl}h dqg
srzhu surshuwlhv1

81 Wkh Frqvxpswlrq ixqfwlrq uhylvlwhg

Oduvvrq hw do +4<<;, lqyhvwljdwhg wkh w|sh ri frqvxpswlrq ixqfwlrq frqvlghuhg e|
Gdylgvrq hw do +4<:;, iru d vdpsoh ri 56 RHFG frxqwulhv e| wkh xvh ri wkh OU0edu
vwdwlvwlf1 Gdwd lv txduwhuo| dqg udqjlqj iurp 4<93 wr 4<<71 Wkh yduldeohv duh wkh
orjdulwkp ri frqvxpswlrq shu fdslwd/ S

�|

/ orjdulwkp ri wkh uhdo glvsrvdeoh lqfrph
shu fdslwd/ +

�|

/ dqg wkh udwh ri lq dwlrq/ {R
�|

/ lv phdvxuhg e| wkh fkdqjh ri wkh
orjdulwkp frqvxpswlrq gh dwru1 Wkh gh�qlwlrqv iroorz iurp Shvdudq hw do +4<<<,1
Vhh Oduvvrq hw do +4<<;, iru ixuwkhu ghwdlov ri wkh dqdo|vlv frqgxfwhg1 Wkh yduldeoh
yhfwru iru frxqwu| � lv

t
�|

' ES
�|

c +
�|

c{R
�|

��

Lq Wdeoh ;1; wkh OU0edu dqg wkh SF0edu whvw vwdwlvwlfv duh vkrzq wrjhwkhu
zlwk wkh lqglylgxldo vwdwlvwlfv zklfk wkh| duh edvhg rq1 Dowkrxjk prvw lqglylgxdo
whvw iru wkh udqn jlyhv d ydoxhv ri 4/ wkh sdqho whvw jlyhv udqn 5 dv d uhvxow zklfk
pljkw eh gxh wr wkdw wkh dvvxpswlrq ri frpprq udqn lv lqydolg1 Xvlqj wkh whvw
surfhgxuh iru frpprq frlqwhjudwlqj udqn d whvw vwdwlvwlf ri 3174 lv jdlqhg iru wkh
SF0edu vwdwlvwlf1 Frpsdulqj wkdw zlwk wkh fulwlfdo ydoxh ri 41<88 zkhq whvwlqj
rq wkh 8( ohyho/ wkh k|srwkhvlv ri frpprq frlqwhjudwlqj udqn lv qrw uhmhfwhg1
Wkh lqglylgxdo SF whvwv vxssruw wklv frqfoxvlrq dv li d frlqwhjudwlqj udqn ri 5
lv dvvxphg/ rqo| rqh +Wxunh|, rxw wkh 56 frxqwulhv xvhg lq wkh vwxg| uhmhfwv wkh
qxoo ri udqn 51 Wkh uhvxow lq wklv vhfwlrq lpsolhv wkdw wkh dqdo|vlv lq Oduvvrq hw do
+4<<;, lv edvhg rq wkh ydolg dvvxpswlrq ri frpprq frlqwhjudwlqj udqn dprqjvw
wkh 56 RHFG frxqwulhv vwxglhg1

91 Frqfoxvlrqv

Wkh sdqho frlqwhjudwlrq whvw ri Oduvvrq hw do +4<<;, whvwv iru wkh qxpehu ri frlqwh0
judwlqj uhodwlrqv lq d g|qdplf sdqho1 Wkh whvw lv edvhg rq wkh nh| dvvxpswlrq ri
d frpprq frlqwhjudwlqj udqn1 Wklv sdshu frqvwuxfwv d whvw iru wklv dvvxpswlrq0
zklfk frpelqhv wzr whvw vwdwlvwlfv/ wkh OU0edu ri Oduvvrq hw do +4<<;,/ dqg d qhz
sdqho whvw/ SF0edu/ edvhg rq wkh sulqflsdo frpsrqhqw dqdo|vlv ri frlqwhjudwlqj

46



uhodwlrqv ri Kduulv +4<<:,1 Wkh dv|pswrwlf glvwulexwlrq lv ghulyhg dqg vkrzq wr eh
vwdqgdug qrupdo zkhq wkh vwdqgdugl}hg zlwk wkh dv|pswrwlf phdq dqg vwdqgdug
ghyldwlrq1 H{suhvvlrqv iru wkh dv|pswrwlf phdq dqg yduldqfh ri wkh Kduulv +4<<:,
whvw vwdwlvwlf duh ghulyhg dqg duh irxqg rqo| wr ghshqg rq wkh qxpehu ri yduldeohv
dqg wkh qxpehu ri frlqwhjudwlqj uhodwlrqv1 Wkh whvw vhtxhqfh lv dv iroorzv= 4, xvh
wkh OU0edu wr hvwlpdwh wkh qxpehu ri frlqwhjudwlqj uhodwlrqv dqg 5, xvh wkh sdqho
sulqflsdo frpsrqhqw whvw wr whvw li wkh qxpehu ri frlqwhjudwlqj uhodwlrqv lv ohvv
wkdq wkh pd{lpxp1 Li wkh qxpehuv ri frlqwhjudwlqj uhodwlrqv duh qrw wkh vdph/ lw
lv qrwhg wkdw wkh OU0edu whvw jlyhv wkh pd{lpxp qxpehu1 Vlploduo|/ wkh SF0edu
whvw jlyhv wkh plqlpxp qxpehu1 Khqfh/ li wkh wzr whvwv frlqflgh/ wkh qxoo ri wkh
vdph qxpehu ri frlqwhjudwlqj uhodwlrqv fdqqrw eh uhmhfwhg1 Wkh vljql�fdqfh ohyho
lv hdvlo| ghulyhg dv lw lv suryhq wkdw wkh wzr whvwv duh dv|pswrwlf lqghshqghqw1
Dq h{whqvlyh Prqwh Fduor vlpxodwlrq vkrzv wkdw wkh whvw kdv jrrg �qlwh vdpsoh
vl}h dqg srzhu surshuwlhv hyhq iru vpdoo vdpsoh vl}hv vxfk dv A ' Df dqg � ' 21
Lq wkh odvw vhfwlrq wkh frqvxpswlrq ixqfwlrq h{dpsoh lq Oduvvrq hw do +4<<;, wkh
dvvxpswlrq ri frpprq frlqwhjudwlqj udqn dprqjvw 56 RHFG frxqwulhv duh vkrzq
wr krog1

:1 Uhihuhqfhv

Eloolqjvoh|/ S1 +4<9;, Frqyhujhqfh ri suredelolw| phdvxuhv/ Qhz \run= Zloh|1
Q1 K1 Fkdq dqg Zhl F1 ]1 +4<;;, Olplwlqj glvwulexwlrqv ri ohdvw vtxduhv hvwl0

pdwhv ri xqvwdeoh dxwruhjuhvvlyh surfhvvhv/ Wkh Dqqdov ri Vwdwlvwlfv 49 / 69:07341
Gdylgvrq/ M1H1K1/ G1I1 Khqgu|/ I1 Vued dqg V1 \hr/ +4<:;, Hfrqrphwulf prg0

hoolqj ri wkh djjuhjdwh wlph0vhulhv uhodwlrqvklsv ehwzhhq frqvxphuv* h{shqglwxuh
dqg lqfrph lq wkh Xqlwhg Nlqjgrp/ Hfrqrplf Mrxuqdo ;;/ 99409<51

Jurhq/ M1M1M1 dqg Nohlehujhq/ I1U1 +4<<<, Olnholkrrg0edvhg frlqwhjudwlrq dqdo0
|vlv lq sdqhov ri yhfwru huuru fruuhfwlrq prghov/ Wlqehujhq Lqvwlwxwh/ Glvfxvvlrq
Sdshu WL <<0388271

Kduulv/ G1 +4<<:, Sulqflsdo frpsrqhqw dqdo|vlv ri frlqwhjudwhg wlph vhulhv/
Hfrqrphwulf Wkhru| 46/ 85<088:1

Lp/ N1V1/ Shvdudq P1K1 dqg Vklq/ \1 4<<:/ Whvwlqj iru xqlw urrwv lq khwhurjh0
qhrxv sdqhov Wulqlw| Froohjh/ plphr1

Mrkdqvhq/ V1/ +4<;;, Vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlqj yhfwruv/ Mrxuqdo ri
Hfrqrplf G|qdplfv dqg Frqwuro 45/ 56405871

Mrkdqvhq/ V1 +4<<8, Olnholkrrg0edvhg Lqihuhqfh lq Frlqwhjudwhg Yhfwru Dxwruh0
juhvvlyh Prghov/ R{irug= R{irug Xqlyhuvlw| Suhvv1
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Ndr +4<<<, Vsxulrxv uhjuhvvlrq dqg uhvlgxdo0edvhg whvwv iru frlqwhjudwlrq lq
sdqho gdwd/ Mrxuqdo ri Hfrqrphwulfv <3/ 40771

Nlqj/ U1J1/ Sorvvhu/ M1K1/ Vwrfn/ M1K1 dqg Zdwvrq/ P1Z1 +4<<4, Vwrfkdvwlf
wuhqgv dqg hfrqrplfv  xfwxdwlrqv/ Wkh Dphulfdq Hfrqrplf Uhylhz ;4/ ;4<0;731

Oduvvrq/ U +4<<;d, Wkh rughu ri wkh huuru whup iru prphqwv ri wkh orj olnhol0
krrg udwlr xqlw urrw whvw lq dq dxwruhjuhvvlyh surfhvv/ Dqqdov ri wkh Lqvwlwxwh ri
Vwdwlvwlfdo Pdwkhpdwlfv 83/ 5<07;1

Oduvvrq/ U1 +4<<;e, Eduwohww fruuhfwlrqv iru xqlw urrw whvw vwdwlvwlfv/ Mrxuqdo
ri Wlph Vhulhv Dqdo|vlv 4</ 758076;1

Oduvvrq/ U +4<<<, Wkh rughu ri wkh dv|pswrwlf huuru whup iru prphqwv ri wkh
orj olnholkrrg udwlr whvw iru frlqwhjudwlrq1 Xqsxeolvkhg pdqxvfulsw1

Oduvvrq/ U1 dqg O|kdjhq/ M1 +4<<<, Olnholkrrg0Edvhg Lqihuhqfh lq Pxowlyduldwh
Sdqho Frlqwhjudwlrq Prghov/ Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh Qr1
664/ Vwrfnkrop Vfkrro ri Hfrqrplfv1

Oduvvrq/ U1/ O|kdjhq/ M1 dqg Oùwkjuhq/ P1 +4<<;, Olnholkrrg0Edvhg Frlqwh0
judwlrq Whvwv lq Khwhurjhqhrxv Sdqhov/ Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg
Ilqdqfh Qr1 583/ Vwrfnkrop Vfkrro ri Hfrqrplfv1

Ohylq/ D1 dqg Olq/ F10I1 +4<<5, Xqlw urrw whvw lq sdqho gdwd= Dv|pswrwlfv dqg
�qlw0vdpsoh surshuwlhv/ Glvfxvvlrq Sdshu <5056/ Xqlyhuvlw| ri Fdoliruqld dw Vdq
Glhjr1

Ohylq/ D1 dqg Olq/ F10I1 +4<<6, Xqlw urrw whvw lq sdqho gdwd= Qhz uhvxowv/
Glvfxvvlrq Sdshu <7089/ Xqlyhuvlw| ri Fdoliruqld dw Vdq Glhjr1

Pdjqxv/ M1U1 +4<:;, Wkh prphqwv ri surgxfwv ri txdgudwlf irupv lq qrupdo
yduldeohv1 Vwdwlvwlfd Qhghuodqglfd 65/ 53405431

Pdjqxv/ M1U1 dqg K1 Qhxghfnhu +4<;;, Pdwul{ Gl�huhqwldo Fdofxoxv zlwk Ds0
solfdwlrqv lq Vwdwlvwlfv dqg Hfrqrplfv/ Zloh|1

Shgurql +4<<8, Sdqho frlqwhjudwrq> Dv|pswrwlf dqg �qlwh vdpsoh surshuwlhv
ri srrohg wlph vhulhv whvwv zlwk dq dssolfdwlrq wr wkh SSS K|srwkhvlv/ Zrunlqj
sdshu lq Hfrqrplfv <80346/ Lqgldqd Xqlyhuvlw|1

Shvdudq/ P1K1/ Vklq/ \1 dqg Vplwk/ U1S1 +4<<<, Srrohg phdq jurxs hvwlpdwlrq
ri g|qdplf khwhurjhqrxv sdqhov1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq
<7/ 95409671

Skloolsv/ S1F1E1 dqg Prrq/ K1U1 +4<<<, Olqhdu uhjuhvvlrq olplw wkhru| iru
qrqvwdwlrqdu| sdqho gdwd/ Hfrqrphwulfd 9:/ 438:044451
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;1 Dsshqgl{ 4= Qxphulfdo ydoxhv

R� o 4 5 6 7 8 9
K
R3o

31475 31567 315<7 31666 31694 316;5
_
R3oc�

314;3 313<<4 3138:8 313688 313564 31348<
_
R3oc2

3133:46 313395; 3133767 31335;9 31334<3 3133469

Wdeoh ;14= K
R3o

dqg S
R3o
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R
o 4 5 6 7 8 9
4 31833 3168; 31599 31539 3149: 3146<
5 41333 31:49 31865 31745 31666
6 41833 413:8 31:<; 3194<
7 51333 41766 41397
8 51833 41:<4
9 61333

Wdeoh ;15= Phdq ri f
&

R
o 4 5 6 7 8 9
4 31666 314;; 31438 31394< 3136;7 313583
5 31999 316;< 31556 31465 313;58
6 41333 31939 31687 31545
7 41666 31;69 317<:
8 41999 413;4
9 51333

Wdeoh ;16= Yduldqfh ri f
&

�
A 5 8 43 58
83 313978 31388< 313835 313774
433 313:53 3138:8 313876 313765
533 3139;< 31394: 3137;3 31375;

Wdeoh ;17= Vl}h ri wkh whvw iru frpprq frlqwhjudwlqj udqn zkhq wuxh udqn lv rqh1

Q 5 8
Q
of

4 4 5 6 7
Q
o�

4 7 6 5 4
W 83 31654 315;7 3179; 31953 31:39

433 317:< 31746 31994 31;4; 31<43
533 31969 3188: 31;5: 31<75 31<;5

Wdeoh ;18= Srzhu ri wkh whvw iru frpprq frlqwhjudwlqj udqn/ Q@5 dqg 81

4:



Q 43
Q
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4 5 6 7 8 9 : ; <
Q
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< ; : 9 8 7 6 5 4
W 83 31598 3176: 3189< 319;3 31:98 31;5: 31;:8 31<47 31:;<

433 31684 318:; 31:74 31;86 31<53 31<93 31<;3 31<<3 31<<9
533 317:: 31:8: 31;<< 31<97 31<;; 31<<8 31<<; 41333 41333

Wdeoh ;19= Srzhu ri wkh whvw iru frpprq frlqwhjudwlqj udqn/ Q@431

Q
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4 5 6 7 8 9 :
Q
o�

57 56 55 54 53 4< 4;
W 83 31563 316;< 3184< 31958 31:44 31:;5 31;65

433 315<< 317<< 31988 31::3 31;85 31<39 31<78
533 316:; 3197: 31;45 31<3; 31<94 31<;6 31<<7

Q
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Q
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4: 49 48 43 8 6 4
W 83 31;:4 31<38 31<5< 31<;8 31<<: 31<<; 318:7

433 31<9< 31<;5 31<<3 41333 41333 41333 31<::
533 31<<; 31<<< 41333 41333 41333 41333 41333

Wdeoh ;1:= Srzhu ri wkh whvw iru frpprq frlqwhjudwlqj udqn/ Q@581
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Dxvwudold � .b��S �2�H. ���S 2 f��eD
Dxvwuld � HS�f2 2��2S e�bb � f�2�f
Ehojlxp � .f��b ���HS 2��. � f��b�
Fdqdgd � Db�S. ���HS f�e2 � f�2.2
Ghqpdun � 2e�HH H�fD 2�2� � f�fHDb
Ilqodqg � SD�S. S��H f�S� � f�H2S
Iudqfh � �f��.� �H�b� f�be 2 f�2f�
Juhhfh � HH�SH �S�.� S�be � f�eS�
Lfhodqg 2 2H�Se H�eS ��H� � f�e�2
Luhodqg � �H�2D S�2� ��2� � f�HDe
Lwdo| � Sf�DD e�eS f��D � f��ef
Mdsdq � �fb��� ���He f��D 2 ��SfD
Ox{hperxuj � D��.S b�2b 2�eD � f�HeD
Qhwkhuodqg 2 2D�Se H�f� f�2� � f�eDD
Qhz ]hdodqg � �.��H e�b. ��DS � f��..
Qruzd| � D��2e b��. 2�SS � f�S.b
Sruwxjdo � Sf��D �e�D� ��D2 2 f�DeH
Vsdlq � Sf��� e�HS f�Db � f�Sb2
Vzhghq � D��Df S�Df f�HH � f�D2H
Vzlw}huodqg 2 2S�f� e�bH ���D � f�e.S
Wxunh| � �b�2D .�S. f�Db � S�2eH
X1N1 � ����� ��Hb f�.f � f�H..
X1V1 � SH��D �f�ef f�D2 � f��e�

Sdqho whvwv o ' f o ' � o ' 2
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EM Eo� mM E��� ef�bH D�e. ���H
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f�efH

Doo whvwv duh shuiruphg rq wkh 8( ohyho1 Iru wkh frxqwu|0e| frxqwu| OU whvwv wkh
fulwlfdo ydoxhv duh 5713;/ 45154/ dqg 7147 iru whvwlqj u @ 3/ 4/ dqg 5 uhvshfwlyho|1
Wkh lqglylgxdo SF whvwv fulwlfdo ydoxh lv 41<8 li d udqn ri 5 lv dvvxphg1 Wkh sdqho
whvwv kdv wkh vdph fulwlfdo ydoxh ri 41<88 zklfk |lhogv dq dyhudoo vljql�fdqfh ohyho
ri 8( zkhq whvwlqj iru frpprq frlqwhjudwlqj udqn1

Wdeoh ;1;= Hpslulfdo uhvxow ri wkh wudfh whvw dqg wkh SF whvw1
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<1 Dsshqgl{ 5= Rplwwhg surriv

Surri ri wkhruhp 515= Iru doo �/ gh�qh wkh odj sro|qrpldov
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Surri1 Frqvlghu d vshfl�f wlph vhulhv t
�|

vdwlvi|lqj +515,1 Wkhq/ iurp Mrkdqvhq
+4<<8,/ wkh olnholkrrg udwlr whvw ri M Eo� G h@?! E�� � o djdlqvw M ER� lv jlyhq e|

u-
�A

EM Eo� mM ER�� ' �A
R[

�'on�

*L}
�
�� eb

��

�
c +<15,

zkhuh eb
��
: eb

�2
: ��� : eb

�R

duh wkh rughuhg vroxwlrqv ri wkh hljhqydoxh sureohp

m7
�

Eb�m ' fc 7
�

Eb� � b7
��
� 7

�f
73�
ff

7
f�
c +<16,

zlwk/ iru &
�

: �/

7
�&

� �
�&

��
�2
�3�

22
�

2&
c �

�&

� A3�
A[
|'�

~
�|

~
�

&|

c +<17,

ohwwlqj ~
f|
� {t

�c|

/ ~
�|
� t

�c|3�
dqg ~

2|
�

�
{t �
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7
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ghshqg rq �/ exw zh vxssuhvv wklv lq rxu qrwdwlrq1, Lq Oduvvrq +4<<<, +fi dovr
Mrkdqvhq +4<<8,/ s1 48<,/ lw lv suryhg wkdw5
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Zh qrz kdyh wkh iroorzlqj ohppd/ zklfk lv dqdorjrxv wr ohppd 4316 ri Mrkdqvhq
+4<<8,1 Wkh surri/ zklfk lv yhu| vlplodu wr wkdw ri Mrkdqvhq/ khqfh qrw jlyhq
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q
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lv qrq0vlqjxodu/ wkhq dv A $ 4c

7
ff

�$ P
ff
c

q�7
��
q

�$ P
qq

c

q �7
�f

�$ P
qf
c

q
�

z

7
�0

�$
]
C

�

_` �

�

c

A3�q
�

z

7
��
q
z

�$
]
C

�

C�

�

c

q
�

z

7
��
q ' �

�

E�� �

zkhuh 7
0�

� 7
f�
� kq�7

��
dqg C

�

� q
�

z

�
�

`
�

zkhuh wkh `
�

/ � ' �c ���c � duh lqgh0
shqghqw R0glphqvlrqdo Zlhqhu surfhvvhv zlwk fryduldqfh pdwulfhv l/ dqg zkhuh
�
�

lv dv deryh1

Qrz/ sxwwlqj 7
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zkhuh wkh htxdolw| iroorzv vlqfh ohiw0kdqg pxowlsolfdwlrq e| Ekc 7
ff
k
z
�� |lhogv wkh
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�A

n dqg nt
�A

n pd| eh suryhg dorqj
wkh vdph olqhv dv lq Oduvvrq hw do +4<<;,1 Ghwdlov duh rplwwhg khuh1

Wkh sodq iru wkh uhvw ri wkh surri lv wr vkrz wkdw ~
fA

� �3�
S

�

�'�
~
f�A

/
fruuhfwo| qruphg/ frqyhujhv wr wkh qrupdo glvwulexwlrq dv �cA $ 4c zkhuhdv wkh
uhpdlqghu whup A3�*2~

��A
/ ru udwkhu A3�*2~

�A
� A3�*2�3�

S
�

�'�
~
��A

/ frqyhujhv
wr }hur1 Wkh J

�

�
A3�*2

�
whup pd| eh frqvlghuhg dv phujhg zlwk wkh A3�*2~

��A

whup/ khqfh qr h{wud wuhdwphqw ri wkhvh whupv duh qhhghg1
Wr vkrz wkh frqyhujhqfh ri ~

fA
/ zh zloo dw �uvw frqvlghu wkh qruphg txdqwlw|

~W
A

�
s
�
~
fA

� >
A

j
A

c

zkhuh iru wkh h{lvwhqfh ri wkh prphqwv >
A

� . E~
f�A

� dqg j2
A

� T @o E~
f�A

�/ zh
uhihu wr Oduvvrq hw do +4<<;,1 Wr wklv hqg/ zh xwlol}h wkh Olqghehuj w|sh wkhruhp/
wkhruhp 5 ri Skloolsv dqg Prrq +4<<<,/ zklfk vwdwhv wkdw li iru doo B : f/

*�4
�cA<"

�[
�'�

.
k
12
�c�cA

�
q���1

�c�cA

��� : B
rl

' fc +<143,

wkhq dv �c A $ 4/
�[
�'�

1
�c�cA

_$ � Efc �� �

Lq rxu fdvh/ zh wdnh

1
�c�cA

� �3�*2
~
f�A

� >
A

j
A

c

dqg ehfdxvh wkh ~
f�A

duh llg/ +<143, vlpsol�hv lqwr

*�4
�cA<"

.

%�
~
f�A

� >
A

j
A

�2

�
q
m~

f�A
� >

A

m :
s
�j

A

B
r&

' fc

zklfk krogv li wkh ~
f�A

vhtxhqfh lv xqlirupo| lqwhjudeoh1 Wklv pd| eh suryhg lq
d vlplodu pdqqhu dv lq Oduvvrq hw do +4<<;,/ exw zh rplw wkhvh ghwdlov khuh1

Qh{w/ zh dvvhvv wkh frqyhujhqfh ri A3�*2~
�A
1 Iru wklv/ zh zloo dsso| wkhruhp

4 +lq vlpsol�hg irup, ri Skloolsv dqg Prrq +4<<<,/ zklfk vd|v wkh iroorzlqj= Ohw
t
�A

eh lqghshqghqw dfurvv � iru doo A dqg lqwhjudeoh1 Dvvxph wkdw #
�cA

�$ f dv
A $ 4 iru doo �16 Ixuwkhupruh/ dvvxph wkdw7

6Skloolsv dqg Prrq kdyh wkh pruh jhqhudo frqglwlrq \lW
g$ \l1 Zlwk \l @ 3 dv lq rxu fdvh/

dvvxpswlrq +ly, ri Skloolsv dqg Prrq lv wulyldoo| vdwlv�hg/ dqg khqfh rplwwhg lq rxu frqwh{w1
74 iDj lv wkh lqglfdwru ixqfwlrq ri wkh hyhqw D1

58



+l, *�4 t�T
�cA

�3�
S

�

�'�
. n#

�A

n 	 4
+ll, *�4 t�T

�cA

�3�
S

�

�'�
n. E#

�A

�n ' f

+lll, *�4 t�T
�cA

�3�
S

�

�'�
. n#

�A

n � in#
�A

n : �0j ' f iru doo 0 : f

Wkhq/ �3�
S

�

�'�
#
�A

�$ f dv �c A $ 41
Revhuyh wkdw iurp wkh Fdxfk|0Vfkzdu} lqhtxdolw| +fi Pdjqxv dqg Qhxghfnhu

+4<;;,/ s1 534,/ zh kdyh n�
�

n � nk�
z
q
z
n
���Ek�

z
K
�

q
z
�3�

���/ vr dvvxpswlrq 6 lpsolhv

t�T
�

n�
�

n 	 41 Qrz/ sxwwlqj #
�A

� �
�

A3�*2f
�A

/ zh kdyh #
�cA

_$ f dv A $ 4 iru
doo �/ vlqfh f

�A

lv �
�

E��1 Wr yhuli| +l,/ wkh Fdxfk|0Vfkzdu} lqhtxdolw| +fi Pdjqxv
dqg Qhxghfnhu +4<;;,/ s1 534, |lhogv . n#

�A

n � n�
�

nA3�*2. nf
�A

n/ dqg ehfdxvh
t�T

�

n�
�

n 	 4/ lw lv hqrxjk wr vkrz wkdw *�4 t�T
�cA

�3�A3�*2
S

�

�'�
. nf

�A

n 	 41
Exw wklv lv vhhq ehfdxvh doo . nf

�A

n h{lvw/ vr iru dq dueluwdu| B : f/ iru hdfk
� wkhuh lv d A

f
vxfk wkdw iru doo A : A

f
/ A3�*2. nf

�A

n 	 B iru doo � � � 1
Khqfh/ t�T

A:Af
�3�A3�*2

S
�

�'�
. nf

�A

n 	 B iru hdfk� / dqg +l, iroorzv1 Pruhryhu/
ehfdxvh n. E#

�A

�n � . n#
�A

n/ dqg ehfdxvh B pd| eh fkrvhq wr eh duelwudulo| vpdoo/
wkh vdph dujxphqw suryhv +ll,1 Ilqdoo|/ +lll, iroorzv iurp +ll, vlpso| e| pdmrul}lqj
wkh lqglfdwru ixqfwlrq zlwk �1

Ehfdxvh wkh fruuhvsrqglqj vwru| lv vlploduo| vhhq wr eh wuxh iru #
�A

' t
�A

/ lw
iroorzv wkdw A3�*2~

�A

�$ f dv �cA $ 41
Lw uhpdlqv wr suryh wkh frqyhujhqfh ri C

u-

1 Wr wklv hqg/ zh kdyh iurp wkh
uhvxowv deryh dqg ohppd 514 wkdw/ zulwlqj > � . E~

&

�/ j2 ' T @o E~
&

� dqg xvlqj
Wd|oru h{sdqvlrq/

C
u-

'
s
�
u-

�A

� >

j
'

s
�

q
~

fA
n A3�*2~

��A
n J

�

�
A3�*2

�r
� i>

A

n� EA3V�j
ij

A

n� EA3V�j
'

s
�

+
~

fA
� >

A

j
A

n�
�

�
A3�

�,
_$ � Efc �� c

dv �c A $ 4/
s
�A3� $ f/ zkhuh � ' 4�? EVc �*2�1 Wklv frpsohwhv wkh surri ri

wkh wkhruhp1
Surri ri ohppd 516= Zh zloo dw �uvw vkrz wkdw iru dq| �{hg r dqg frqglwlrqdo

rq `
2
/ wkh fryduldqfh pdwul{ ri T Er� lv 4 Erc r� U

o

1 Wr wklv hqg/ gh�qh wkh vfdodu

8 Erc �� �
]

r

f

`
2
E��� _�

�]
`

2
` �

2

�
3�

`
2
E�� c

dqg qrwh wkdw

T Er� ' `
�
Er��

]
�

f

8 Erc �� _`
�
E�� '

]
�

f

q
�t�	r� � 8 Erc ��

r
_`

�
E�� c +<144,

59



zkhuh �
�

lv wkh lqglfdwru ixqfwlrq ri wkh hyhqw �1 Frqglwlrqdo rq `
2
/ wkh glv0

wulexwlrq ri T Er� lv fohduo| qrupdo zlwk h{shfwdwlrq }hur1 Ghqrwlqj h{shfwdwlrq
frqglwlrqdo rq `

2
e| .

2
/ zh �qg iru r � |

.
2

q
T Er�T E|��

r
'

]
�

f

]
�

f

q
�t�	r� � 8 Erc ��

rq
�t�	|� � 8 E|c ��

r
.

2

q
_`

�
E�� _`

�
E���

r
'

]
�

f

q
�t�	r� � 8 Erc ��

rq
�t�	|� � 8 E|c ��

r
_�U

o

'
�
r�

]
r

f

8 E|c �� _��
]

|

f

8 Erc �� _�n
]

�

f

8 Erc ��8 E|c �� _�
�
U
o

� +<145,

Khuh/ ]
|

f

8 Erc �� _� '
]

r

f

`
2
E��� _�

�]
`

2
` �

2

�
3�

]
|

f

`
2
E�� _�

' �
R3o Erc |�

'
]

r

f

8 E|c �� _�

dqg ]
�

f

8 Erc ��8 E|c �� _�

'
]

�

f

]
r

f

`
2
E��� _�

�]
`

2
` �

2

�
3�

`
2
E��`

2
E����]

`
2
` �

2

�
3�

]
|

f

`
2
E%� _%_�

' �
R3o Erc |� �

Khqfh/ +<145, lpsolhv

.
2

q
T Er�T E|��

r
' ir��

R3o Erc |�j Uo ' 4 Erc |� U
o

�

Lw lpphgldwho| iroorzv wkdw . i4 Erc r�j lv srvlwlyh1
Wr vhh wkdw . i4 Erc r�j � r zh rqo| qhhg wr revhuyh wkdw wkh txdqwlw|]

r

f

`
2
E|�� _|

�]
`

2
` �

2

�
3�

]
r

f

`
2
E|� _|

lv srvlwlyh zlwk suredelolw| rqh1

5:



Surri ri ohppd 517= Ehfdxvh . i�
R3o Erc r�j ' @

R3o Erc r� dqg

4 Erc r� ' r� �
R3o Erc r� c

. Ef� '
]

�

f

|h d. i4 Erc r�j U
o

o _r ' o
]

�

f

ir� @
R3o Erc r�j _r ' o

�
�

2
� K

R3o

�
c

+<146,
zkhuh

K
R3o '

]
�

f

@
R3o Erc r� _r�

Pruhryhu/

K
R3o

'
]

�

f

.

+]
�

f

�t�	r�`2
E��� _�

�]
`

2
` �

2

�
3�

]
�

f

�t�	r�`2
E�� _�

,
_r

' .

+]
�

f

`
2
E���

]
�

f

�]
�

f

�t�	r��t�	r�_r
��]

`
2
` �

2

�
3�

`
2
E�� _�_�

,

' 2.

+]
�

f

E�� ��`
2
E���

�]
`

2
` �

2

�
3�

]
|

f

`
2
E�� _�_|

,
�

Wkh frqglwlrqdo vhfrqg prphqw ri f lv rewdlqhg iurp

.
2

�
f2

�
' .

2

�]
�

f

T Er�� T Er� _r
]

�

f

T E|�� T E|� _|
�

'
]

�

f

]
�

f

.
2

q
T Er�� T Er�T E|�� T E|�

r
_r_|

' 2
]

�

f

]
|

f

.
2

q
T Er�� T Er�T E|�� T E|�

r
_r_| +<147,

Qrz/ iru r � |/ ohw hT Erc |� �
#

T Er�
T E|�

$
c

zklfk lv 2o0yduldwh qrupdo zlwk h{shfwdwlrq }hur dqg fryduldqfh pdwul{ P  U
o

/
zkhuh

P �
#

4 Erc r� 4 Erc |�
4 Erc |� 4 E|c |�

$
�

Wr �qg wkh uhtxluhg prphqw/ wkh iroorzlqj uhvxow/ zklfk lv ohppd 915 ri Pdjqxv
+4<:;,/ lv xvhixo1

5;



Ohppd <161 Ohw � dqg � eh v|pphwulf pdwulfhv/ dqg ohw 0 eh �
?

EfcC�/ C
srvlwlyh gh�qlwh1 Wkhq/

. E0��00��0� ' |h E�C� |h E�C� n 2 |h E�C�C� �

Wkxv/ wdnlqj 0 ' hT Erc |�/ C ' P U
o

dqg

� '

#
� f
f f

$
 U

o

c � '

#
f f
f �

$
 U

o

c

zh �qg

.
2

q
T Er�� T Er�T E|�� T E|�

r
' o24 Erc r� 4 E|c |� n 2o4 Erc |�2 �

Khqfh/ e| +<147,/

.
�
f2

�
' 2o2

]
�

f

]
|

f

. i4 Erc r� 4 E|c |�j _r_| n eo
]

�

f

]
|

f

.
q
4 Erc |�2

r
_r_|

' 2o2
]

�

f

]
�

r

. i4 Erc r� 4 E|c |�j _|_rn eo
]

�

f

]
�

r

.
q
4 Erc |�2

r
_|_r

' 2o2
]

�

f

]
�

r

. dir��
R3o Erc r�j i|� �

R3o E|c |�jo _|_r

neo
]

�

f

]
�

r

.
k
ir� �

R3o Erc |�j2
l
_|_r

' 2o2
�
�

H
� �

2

]
�

f

�
�� r2

�
@
R3o Erc r� _r�

]
�

f

r
]

�

r

@
R3o E|c |� _|_r

n
]

�

f

]
�

r

. i�
R3o Erc r��R3o E|c |�j _|_r

�
neo

�
�

�2
� 2

]
�

f

r
]

�

r

@
R3o Erc |� _|_r

n
]

�

f

]
�

r

.
q
�
R3o Erc |�

2

r�
_|_r�

Khqfh/ vlqfh e| +<146,/

i.Ef�j2 ' o2
�
�

2
� K

R3o

�
2

'
o2

e
� o2K

R3o n o2K2
R3o

c

zkhuh
K
R3o '

]
�

f

@
R3o Erc r� _rc

5<



dqg ehfdxvh]
�

f

r
]

�

r

@
R3o E|� _|_r '

]
�

f

@
R3o E|�

]
|

f

r_r_| '
�

2

]
�

f

|2@
R3o E|� _|c

zh jhw

T @o Ef�

' 2o2
�]

�

f

]
�

r

. i�
R3o Erc r��R3o E|c |�j _|_r� �

2
K2
R3o

�
neo

�
�

�2
� 2

]
�

f

r
]

�

r

@
R3o Erc |� _|_r

n
]

�

f

]
�

r

.
q
�
R3o Erc |�

2

r�
_|_r�

Wklv frpsohwhv wkh surri ri ohppd 5171
Surri ri ohppd 518= Wr rewdlq wkh uhtxulhg prphqwv qxphulfdoo| iru R�o ' �/

zh zloo qhhg wkh mrlqw Odsodfh wudqvirup ri�]
r

f

`
%

_%c
]

|

f

`
+

_+c
]

�

f

` 2

5

_5
�
c

zkhuh ` lv d vwdqgdug rqh0glphqvlrqdo Zlhqhu surfhvv1
Zh zloo xwlol}h wkh idfw wkdw +fi Fkdq dqg Zhl +4<;;,,3CA3�*2

dAro[
|'�

7
|3�

c A3�*2

dA|o[
|'�

7
|3�

c A32

A[
|'�

72

|3�

4D
�$

�]
r

f

`
%

_%c
]

|

f

`
+

_+c
]

�

f

` 2

5

_5
�

dv A $ 4/ zkhuh 7
|

'
S

|

�'�
0
�

zlwk 0
�

dv lqghshqghqw xqlw qrupdov/ dqg zkhuh
dAro lv wkh lqwhjhu sduw ri Ar1 Lw iroorzv wkdw

�
A

Erc |� � A3�

S
dAro

�'�
7
�3�

S
dA|o

�'�
7
�3�S

A

|'�
72

|3�

�$
U
r

f
`

%

_%
U
|

f
`

+

_+U
�

f
` 2

5

_5
' �

�
Erc |� c

dv A $ 41 Qrz/ gh�qh wkh Odsodfh wudqvirup

) Eoc �c ��

� .

;?=i T
3C�oA3�*2

dAro[
�'�

7
�3�

� �A3�*2

dA|o[
�'�

7
�3�

� �A32

A[
|'�

72

|3�

4D<@> �

63



Qrwlqj wkh lghqwlw| ]
"

f

�?3� i T E�@�� _� ' E?� ��-@3?c

zh rewdlq wkh xvhixo irupxodh

. i�
A

Erc r�j '
]
"

f

Y2

Yo2
) Eoc �c ��

�����
o'fc�'f

_�c +<148,

. i�
A

Erc |�j '
]
"

f

Y2

YoY�
) Eoc �c ��

�����
o'fc�'f

_�c +<149,

.
q
�
A

Erc |�2
r

' . i�
A

Erc r��
A

E|c |�j

'
]
"

f

�
Ye

Yo2Y�2

) Eoc �c ��

�����
o'fc�'f

_�c +<14:,

dqg wkhq/ iurp xqlirup lqwhjudelolw|8/

*�4
A<"

. i�
A

Erc |�j ' . i�
�
Erc |�j ' @

�
Erc |� c +<14;,

hwfhwhud1 Qrz/ lqwurgxflqj wkh lqwhjudwlrq yduldeoh % ' E%
�
c ���c %

A

��/ zh �qg

) Eoc �c ��

'
]
E2Z�3A*2 i T

;?=�oA3�*2

dAro3�[
�'�

%
�

� �A3�*2

dA|o3�[
�'�

%
�

��A32

A3�[
�'�

%2

�

� �

2

A[
�'�

E%
�

� %
�3�

�2 _%

,

'
]
E2Z�3A*2 i T

�
��

2
%��%� ^�%

�
_%

' _i|�3�*2 i T
�
�

2
^��3�^

�
c

zkhuh wkh A � A pdwul{

� �

3EEEEEEEEC

k �� f � � � f

�� k
1 1 1 1 1 1

111

f
1 1 1 1 1 1 f

111
1 1 1 k ��

f � � � f �� �

4FFFFFFFFD
c k � 2

�
� n �A32

�
c

8Zh gr qrw suryh xqlirup lqwhjudelolw| khuh/ exw d vlplodu surri pd| eh irxqg lq Oduvvrq
+4<<:,1

64



dqg ^ � oA3�*2e
r

n �A3�*2e
|

/ zkhuh e
r

lv d A 0glphqvlrqdo yhfwru zlwk rqhv lq
hqwulhv �c ���c dAro � � dqg }hurhv lq wkh rwkhu hqwulhv/ dqg vlploduo| iru e

|

1 Wkh
gl�huhqwldwlrq z1u1w1 oc � lv kdqgohg yld wkh Wd|oru h{sdqvlrq

i T
�
�

2
^��3�^

�
' � n

�

2
^��3�^ n

�

H

�
^��3�^

�
2

n ���

' � n
�

2

�
o2A3�e�

r

�3�e
r

n 2o�A3�e�
r

�3�e
|

n �2A3�e�
|

�3�e
|

�
n
�

H

�
2o2�2A3S

�
e�
r

�3�e
r

� �
e�
|

�3�e
|

�
n eo2�2A3S

�
e�
r

�3�e
|

�
2

n ���
�

n���c

iurp zklfk zh frqfoxgh wkdw

Y2

Yo2
) Eoc �c ��

�����
o'fc�'f

' A3�e�
r

�3�e
r

_i|�3�*2c +<14<,

Y2

YoY�
) Eoc �c ��

�����
o'fc�'f

' A3�e�
r

�3�e
|

_i|�3�*2c +<153,

Ye

Yo2Y�2

) Eoc �c ��

�����
o'fc�'f

' A3S

q�
e�
r

�3�e
r

� �
e�
|

�3�e
|

�
n2

�
e�
r

�3�e
|

�
2

�
_i|�3�*2� +<154,

Qrz/ lw iroorzv dv lq Oduvvrq +4<<;e, wkdw/ sxwwlqj � � %2*2/

_i|� ' ULt� %n�
�
A3�

�
c +<155,

dqg pruhryhu/ ghqrwlqj wkh hohphqwv ri �3� e| R
��

dqg + � �*A dqg 5 � �*A / iru
� � � +ehfdxvh ri wkh v|pphwu|/ R

��

' R
��

iru doo �c �,

A3�R
��

' s E%c +c 5� n�
�
A3�

�
c s E%c +c 5� � t�?� E%+� ULt� i% E�� 5�j

% ULt� %
c

Lw iroorzv wkdw iru r � |/ dgdswlqj wkh lqwhjudo dssur{lpdwlrq whfkqltxh ri Oduvvrq
+4<<;e,/

*�4
A<"

A3�e�
r

�3�e
|

65



' *�4
A<"

A3�

dAro[
�'�

dA|o[
�'�

R
��

' *�4
A<"

A3�

dAro[
�'�

3C�3�[
�'�

R
��

n
dA|o[
�'�

R
��

4D
'

]
r

f

�]
+

f

s E%c 5c +� _5 n
]

|

+

s E%c +c 5� _5
�
_+

'
�

% ULt� %

]
r

f

�
ULt� i% E�� +�j

]
+

f

t�?� E%5� _5

nt�?� E%+�
]

|

+

ULt� i% E�� 5�j _5
�
_+

'
�

% ULt� %

]
r

f

%
ULt� i% E�� +�j ULt� E%+�� �

%

nt�?� E%+�
t�?� i% E�� +�j � t�?� i% E�� |�j

%

&
_+

'
�

%2 ULt� %

]
r

f

dULt� %� ULt� i% E�� +�j � t�?� i% E�� |�j t�?� E%+�o _+

'
�

%2 ULt� %

%
r ULt� %� t�?�%� t�?� i% E�� r�j

%

� t�?� i% E�� |�j ULt� E%r�� �

%

&
� } Erc |c %� � +<156,

Qrz/ ehfdxvh _� ' %_%/ zh �qg yld +<148,/ +<14;, +<14<, dqg +<155, wkdw

@
�
Erc r� ' *�4

A<"

]
"

f

A3�e�
r

�3�e
r

_i|�3�*2%_%

'
]
"

f

% EULt� %�3�*2 } Erc rc %� _%c +<157,

lpso|lqj/ vlpsoli|lqj dqg lqwhufkdqjlqj wkh rughulqj ri lqwhjudwlrqv/

K
�

'
]

�

f

@
�
Erc r� _r '

]
"

f

% EULt� %�3�*2

]
�

f

} Erc rc %� _r_%

'
]
"

f

�

% EULt� %��*2

+
�

2
ULt� %� �

2

t�?� %

%
n

2

%2

EULt�%� ��

,
_%� +<158,

Pruhryhu/ wr �qg T @o Ef�/ zh dw �uvw qrwh wkdw iurp xqlirup lqwhjudelolw|/ +<148,0
+<155, dqg � ' %2*2/ _� ' %_%/

@
�
Erc |� '

]
"

f

% EULt�%�3�*2 }Erc |c %�_%c

66



.
q
�

�
Erc |�2

r
' . i�

�
Erc r��

�
E|c |�j

'
�

2

]
"

f

%� EULt� %�3�*2

q
} Erc rc %� } E|c |c %� n 2} Erc |c %�2

r
_%c

zklfk pd| eh soxjjhg lq lqwr wkh yduldqfh irupxod ri ohppd 517 wr |lhog

T @o Ef� ' 2o2
�
�

2
S
�
� �

2
K2
�

�
n eo

�
�

�2
� 2S

2
n

�

2
S
�

�
'

�

�
o n

�
o2 n 2o

�
S
�
� o2K2

�
� HoS

2
c +<159,

zkhuh K
�
lv dv deryh dqg

S
�

�
]

�

f

]
�

r

]
"

f

%� EULt� %�3�*2

q
} Erc rc %� } E|c |c %� n 2} Erc |c %�2

r
_%_|_rc

S
2

�
]

�

f

r
]

�

r

]
"

f

% EULt� %�3�*2 }Erc |c %�_%_|_r�

Khuh/

S
�
'

]
"

f

%� EULt�%�3�*2 &
�
E%� _%c &

�
E%� � �

�
E%� n 2�

�2
E%� c

zkhuh

�
��
E%�

�
]

�

f

} Erc rc %�
]

�

r

} E|c |c %� _|_r

'
�

%e ULt�2 %

]
�

f

%
r ULt�%� t�?� %� t�?� i% E�� r�j

%

� t�?� i% E�� r�j ULt� E%r�� �

%

&
]

�

r

%
| ULt�%� t�?� %� t�?� i% E�� |�j

%
� t�?� i% E�� |�j ULt� E%|�� �

%

&
_|_r

'
�

%e ULt�2 %

]
�

f

%
r ULt�%� t�?� %

%
n 2

t�?� i% E�� r�j
%

� t�?� i% E�� r�j ULt� E%r�
%

&
%
�� r2

2
ULt� %� E�� r�

t�?� %

%
n 2

ULt� i% E�� r�j � �

%2

67



��� r

2

t�?� %

%
n

�

e

ULt� %

%2

� �

e

ULt� i% E2r� ��j
%2

&

'
�

�S%H ULt�2 %

q
eH� %2 n %e � �S

�
e n %2

�
ULt� %n eH% t�?� %

n
�
�S n �.%2 n %e

�
ULt� E2%�� S%

�
e n %2

�
t�?� E2%�

r
dqg

�
�2
E%�

�
]

�

f

]
�

r

} Erc |c %�2 _|_r

'
�

%e ULt�2 %

]
�

f

]
�

r

%
r ULt� %� t�?�%� t�?� i% E�� r�j

%

� t�?� i% E�� |�j ULt� E%r�� �

%

&
2

_|_r

'
�

eH%H ULt�2 %

q
�eH� De%2 n 2%e n �ee% t�?� %n eH

�
e� %2

�
ULt�%

��ee ULt� E2%� n .D% t�?� E2%�� H%� t�?� E2%� n 2%e ULt� E2%�
r
�

Khqfh/ yld vlpsol�fdwlrqv/

&
�
E%�

'
�

eH%H ULt�2 %

q
eH� ���%2 n .%e � eH

�
�e n �%2

�
ULt� %n e�2% t�?�%

E�2ef n D�%2 n .%e� ULt� E2%� n 2%
�
�b� �.%2

�
t�?� E2%�

r
�

Pruhryhu/

S
2
'

]
"

f

% EULt� %�3�*2 �
2
E%� _%c

zkhuh

�
2
E%�

�
]

�

f

r
]

�

r

}Erc |c %�_|_r

'
�

%2 ULt�%

]
�

f

r
]

�

r

%
r ULt� %� t�?� %� t�?� i% E�� r�j

%

� t�?� i% E�� |�j ULt� E%r�� �

%

&
_|_r

68



'
�

�2%S ULt� %

q
2e� S%2 n

�
�2e� �%2 n %e

�
ULt� %

n
�
2�%� 2%�

�
t�?� %

r
�

Khqfh/ yld +<159,/

T @o Ef�

'
�

�
o n

�
o2 n 2o

� ]
"

f

%� EULt� %�3�*2 &
�
E%� _%� o2K2

�

�Ho
]
"

f

% EULt� %�3�*2 �
2
E%� _%

' _
�2
o2 n _

��
oc

zkhuh

_
�2

'
]
"

f

%� EULt� %�3�*2 &
�
E%� _%� K2

�
c

_
��

'
�

�
n 2

]
"

f

% EULt� %�3�*2 &
2
E%� _%c

zlwk
&
2
E%� � %2&

�
E%�� e�

2
E%� �

Ixuwkhu/ zh kdyh wkh vlpsol�fdwlrq

&
2
E%�

'
�

eH%S ULt�2 %

q
2ef� H.%2 � %e � eH

�
e n %2

�
ULt� %n e�2% t�?� %

�
�
eH� .D%2 n %e

�
ULt� E2%�� �H%

�
D n %2

�
t�?� E2%�

r
c

dqg wkh surri lv frpsohwhg1
Surri ri wkhruhp 51:= Wklv surri lv edvlfdoo| d frpelqdwlrq ri dujxphqwv dv

lq wkh surri ri wkhruhp 515 dqg ri wkh surri ri wkhruhp : lq Kduulv +4<<:,1 Zlwk
qrwdwlrq dv lq vhfwlrq 515/ zh kdyh dv lq wkh surri ri wkhruhp :/ Kduulv +4<<:, +zh
vxssuhvv lqglylgxdo0vshfl�f lqghfhv �,

eS ' A32

A[
|'�

e7 �
|

elW3�

55

e7
|

zkhuh

e7 �
|

elW3�

55

e7
|

' e7�
|

�
q �eqW�3�

q�q
�
q �q

�eqW�q�3� elW

55

�
q �eqW�3�

q�q
�
3�

q �q
�eqW�q�3� e7

|

69



zlwk/ ehfdxvh eqW ' q n �
�

EA3�� dqg elW

55

' lW

55

n �
�

EA3��/ zkhuh lW

55

lv wkh
fryduldqfh pdwul{ ri 5W

|

� q�+W
|

/

q �q
�eqW�q�3� elW

55

�
q �eqW�3�

q�q ' lW

55

n�
�

�
A3�

�
�

Khqfh/ ehfdxvh e7
|

lv �
�

�
A �*2

�
/

A3� e7 �
|

elW3�

55

e7
|

' A3� e7 �
|

�
q�eqW�3�

q �qlW3�

55

q�q
�eqW�q�3� e7

|

n�
�

�
A3�

�
� +<15:,

Pruhryhu/ zh kdyh wkh lghqwlw|

q�q
�eqW�q�3�

A3�*2 e7
dAro

' A3�*2

dAro[
|'�

q �+W
|

n A
�eqW �q �eqW�3�

q �q � q
�
�

A3�*2

dAro[
|'�

+W
|

� +<15;,

Khuh/ iurp wkh gh�qlwlrq ri +W
|

dqg wkh frqvlvwhqf| ri eq/ el
5�

dqg el
��

/

5W
|

' q�+W
|

' q �+
|

�l
5�

l3�

��

q �
z
{+

|

n�
�

�
A3�

�
' 5

|

�l
5�

l3�

��

�
|

n�
�

�
A3�

�
c

zkhuh l
5�

dqg l
��

duh vxlwdeo| gh�qhg eorfnv ri wkh fryduldqfh pdwul{ iru l
|

'
E5�

|

c ��

|

��1 Khqfh/ ehfdxvh �W

|

' �
|

n�
�

EA3��/ zh kdyh

lW
|

�
#

5W
|

�W

|

$
' �l

|

n�
�

�
A3�

�
c � �

#
U
o

�l
5�

l3�

��

f U
R3o

$
� +<15<,

Qrz/ dv lq wkhruhp 514 ri Mrkdqvhq +4<<8, +fi dovr Oduvvrq +4<<<,,/ zh kdyh wkh
uhsuhvhqwdwlrq

l
|

' �
|

Eu� 0
|

n @
|

c

zkhuh �
|

Eu� � S
|3�

�'�
�
�

u�/ zlwk u dv wkh odj rshudwru dqg zkhuh @
|

ghshqgv rq
lqlwldo ydoxhv ri wkh l

|

surfhvv1 Lw iroorzv wkdw zh kdyh wkh uhsuhvhqwdwlrq +fi
Mrkdqvhq +4<<8,/ fkds1 5,

l
|

' �
|

E�� 0
|

n K
|

c K
|

� �
E��

|

Eu�{0
|

n @
|

c +<163,

zkhuh �
|

E�� '
S

|3�

�'�
�
�

� Ixuwkhupruh/ dv lq Oduvvrq +4<<<,9 zh �qg

( � *�4
|<"

�
|

E�� '

#
�

��
�

�2

f �
22

$#
k�

k�
z

$
c +<164,

9Vhh dovr Mrkdqvhq +4<<8,/ s1 84/ zkhuh wkh lqyhuvh ri wklv pdwul{ lv jlyhq dv hD +4,1

6:



zkhuh

�
��

� �U
o

c

�
�2

� k�Kq
z

�
k�
z
Kq

z

�
3�

c

�
22

�
�
k�
z
Kq

z

�
3�

c

dqg wkh odj sro|qrpldo �E��

|

Eu� lv dv lq Oduvvrq +4<<<, dqg{0
|

� 0
|

�0
|3�

1 Khqfh/
+<15<, |lhogv

lW
|

' �l
|

n�
�

�
A3�

�
' � E(0

|

n K
|

� n�
�

�
A3�

�
� +<165,

Wkxv/ ehfdxvh K
|

grhv qrw d�hfw wkh dv|pswrwlf ehkdylrxu ri lW
|

+fi Oduvvrq
+4<<<,,/ E�(�3� lW

|

lv dv|pswrwlfdoo| vwdqgdug R0yduldwh qrupdo/ dqg zh pd|
gh�qh wkh vwdqgdug R0yduldwh Eurzqldq prwlrq ` Er� vxfk wkdw

dAro[
|'�

lW
|

_$ �(` Er� �

Frqvhtxhqwo|/ +<165, |lhogv

A3�*2

dAro[
|'�

lW
|

' �
q
(` Er� n A3�*2- Er�

r
n�

�

�
A3�

�
c

zkhuh - Er� lv �
�

E�� +fi Oduvvrq +4<<<,,1 Khqfh/

A3�*2

dAro[
|'�

5W
|

'
�
U
o

f
�
�

q
(` Er� n A3�*2- Er�

r
n�

�

�
A3�

�
� +<166,

Qrwh wkh vlpsol�fdwlrq �
f U

R3o

�
�( ' �

22
k�
z
� +<167,

Pruhryhu/ ehfdxvh iurp +<163, dqg +<164,/#
l
55

l
5�

l
�5

l
��

$
' l

ll

'

# �U
o

�
�2

f �
22

$#
k�

k�
z

$�
k kz

�# �U
o

f
� �

�2
� �

22

$
c

6;



lpso|lqj

l
5�

' �
�2
k�
z
kz�

�

22
c

l
��

' �
22
k�
z
kz�

�

22
c

dqg khqfh
�

�2
�l

5�

l3�

��

�
22
' fc

zh kdyh

�
U
o

f
�
�( '

�
U
o

�l
5�

l3�

��

�# �U
o

�
�2

f �
22

$#
k�

k�
z

$

'
�
�U

o

f
�#

k�

k�
z

$
' �k�� +<168,

Ixuwkhupruh/ iurp wkh surri ri wkhruhp 5 ri Kduulv +4<<:,/ zh jhw

A
�eqW �q �eqW�3�

q �q � q
�
' �q

z

�
A3�q �

z
7W
++

q
z

�
3�

q�
z
7W
++

q n�
�

�
A3�

�
c +<169,

zkhuh yld +<167, dqg frqyhujhqfh wkhruhpv dv lq Eloolqjvoh| +4<9;,:

A3�q �
z
7W
++

q
z

' A32

A[
|'�

3C dA|o[
�'�

�
�

4D3CdA|o[
�'�

��

�

4Dn�
�

�
A3�

�

'
�
f U

R3o

�
�

] �
(` n A3�*2-

� �
(` n A3�*2-

�
�

� �

#
f

U
R3o

$
n�

�

�
A3�

�
' �

22
k�
z

�]
`` �

�
kz�

�

22
n A3�*2 E-

�
n-�

�
� n�

�

�
A3�

�
c +<16:,

zlwk

-
�
� �

22
k�
z

�]
`-�

�
� �

#
f

U
R3o

$
c +<16;,

:Revhuyh wkh vkruw0kdqg qrwdwlrq/ zkhuh iru h{dpsoh/
U
ZZ 3 phdqv

U
4

3
Z +w,Z +w,3 gw1

6<



dqg

q�
z
7W
++

q

' A32

A[
|'�

3C dA|o[
�'�

�
�

4D 5W
|

n�
�

�
A3�

�

'
�
f U

R3o

�
�

] �
(` n A3�*2-

�
_
�
(` n A3�*2-

�
�

� �

#
U
o

f

$
n�

�

�
A3�

�
' ��

22
k�
z

]
`_` �k n A3�*2 E-

2�
n-

22
� n�

�

�
A3�

�
c +<16<,

zkhuh

-
2�

� �
22
k�
z

�]
`_-�

�
� �

#
U
o

f

$
c +<173,

-
22

� �
�
f U

R3o

�
�

�]
-_` �

�
k� +<174,

Vlploduo|/

A3�*2q�
z

dAro[
|'�

+W
|

'
�
f U

R3o

�
�

]
r

f

�
(` n A3�*2-

�
n�

�

�
A3�

�
' �

22
k�
z

]
r

f

` n A3�*2-
�
Er� n�

�

�
A3�

�
c +<175,

zkhuh
-

�
Er� �

�
f U

R3o

�
�

]
r

f

-� +<176,

Qrz/ wkh lqyhuwlelolw| ri �
22

dqg +<168,0+<176, |lhog

A
�eqW �q�eqW�3�

q �q � q
�
�

A3�*2

dAro[
|'�

+W
|

' �k�
]
_`` �kz�

�

22

�
�

22
k�
z

�]
`` �

�
kz�

�

22

�
3�

�
22
k�
z

]
r

f

`

nA3�*2-
e
Er� n�

�

�
A3�

�
' �k�

]
_`` �kz

�
k�
z

�]
`` �

�
kz

�
3�

k�
z

]
r

f

`

nA3�*2-
e
Er� n�

�

�
A3�

�
73



zkhuh

-
e
Er�

� � E-�

2�
n-�

22
�
�
�

22
k�
z

�]
`` �

�
kz�

�

22

�
3�

�
22
k�
z

]
r

f

`

�k�
]
_`` �kz�

�

22

�
�

22
k�
z

�]
`` �

�
kz�

�

22

�
3�

E-
�
n-�

�
�

�
�
�

22
k�
z

�]
`` �

�
kz�

�

22

�
3�

�
22
k�
z

]
r

f

`

�k�
]
_`` �kz�

�

22

�
�

22
k�
z

�]
`` �

�
kz�

�

22

�
3�

-
�
Er�

' � E-�

2�
n-�

22
�� �3�

22

�
k�
z

�]
`` �

�
kz

�
3�

k�
z

]
r

f

`

�k�
]
_`` �kz

�
k�
z

�]
`` �

�
kz

�
3�

�3�

22
E-

�
n-�

�
�

�� �3�

22

�
k�
z

�]
`` �

�
kz

�
3�

k�
z

]
r

f

`

�k�
]
_`` �kz

�
k�
z

�]
`` �

�
kz

�
3�

�3�

22
-

�
Er� �

Frqvhtxhqwo|/ yld +<15;,/ +<166, dqg +<168,/

q�q
�eqW�q�3�

A3�*2 e7
dAro

' �k�
+
` Er��

]
_`` �kz

�
k�
z

�]
`` �

�
kz

�
3�

k�
z

]
r

f

`

,
nA3�*2-

D
Er� c

zkhuh
-

D
Er� � -

e
Er� n- Er� � +<177,

Qrz/ ehfdxvh iurp +<166, dqg +<168,/

lW

55

'
�
U
o

f
�
�((�� �

#
U
o

f

$
' k�k +<178,

lv wkh fryduldqfh ixqfwlrq ri wkh Eurzqldqprwlrq�k�` Er�/ zklfk lv o0glphqvlrqdo/
dqg ehfdxvh k�

z
` Er� lv d ER� o�0glphqvlrqdo Eurzqldq prwlrq zlwk fryduldqfh

74



ixqfwlrq k�
z
kz/ zh pd| gh�qh wkh lqghshqghqw vwdqgdug Eurzqldq prwlrqv

`
�
Er� � � Ek�k�

3�*2

k�` Er� c

`
2
Er� � Ek�

z
kz�

3�*2

k�
z
` Er� c

zklfk duh o0 dqg ER� o�0glphqvlrqdo/ uhvshfwlyho|1 Lw iroorzv wkdwe7 �
dAro

elW3�

55

e7
dAro

' T Er�� T Er� n A3�*2

q
-

S
Er� n-

S
Er��

r
c

zkhuh

T Er� ' `
�
Er��

]
_`

�
` �

2

�]
`

2
` �

2

�
3�

]
r

f

`
2

dqg

-
S
Er�

� -
D
Er��lW3�

55

k�
+
` Er��

]
_`` �kz

�
k�
z

�]
`` �

�
kz

�
3�

k�
z

]
r

f

`

,
' -

D
Er�� Ek�k�

3�*2

T Er� � +<179,

Khqfh/

A32

A[
|'�

e7 �
|

elW3�

55

e7
|

' A32

A[
|'�

e7�
dAro

elW3�

55

e7
dAro

'
]
T �T n A3�*2

]
E-

S
n-�

S
� � +<17:,

Pruhryhu/

Ek�k�
3�*2

-
e
Er�

' � Ek�k�
3�*2

E-�

2�
n-�

22
�� �3�

22

�]
`

2
` �kz

�
3�

]
r

f

`
2

�
]
_`

�
` �

2

�
k�
z

]
`` �

2

�
3�

�3�

22
E-

�
n-�

�
�� �3�

22

�]
`

2
` �kz

�
3�

]
r

f

`
2

�
]
_`

�
` �

2

�
k�
z

]
`` �

2

�
3�

�3�

22
-

�
Er� +<17;,

zkhuh/ iurp +<173,/ +<174, dqg
�
f U

R3o

�
� '

�
f U

R3o

�
/

Ek�k�
3�*2

E-�

2�
n-�

22
�� �3�

22

�]
`

2
` �kz

�
3�

' Ek�k�
3�*2

�
U
o

f
�
�

�]
_-` �

2

��]
`

2
` �

2

�
3�

�
�]

_`
�
-�

�#
f

U
R3o

$
� �3�

22
Ek�

z
kz�

3�*2

�]
`

2
` �

2

�
3�

c

75



iurp +<16;,/

�
k�
z

]
`` �

2

�
3�

�3�

22
-

�
� �3�

22

�]
`

2
` �kz

�
3�

'
�]

`
2
` �

2

�
3�

�]
`

2
-�

�#
f

U
R3o

$
� �3�

22
Ek�

z
kz�

3�*2

�]
`

2
` �

2

�
3�

dqg yld +<176,/ �
k�
z

]
`` �

2

�
3�

�3�

22
-

�
Er�

'
�]

`
2
` �

2

�
3�

Ek�
z
kz�

3�*2

�3�

22

�
f U

R3o

� ]
r

f

-�

Khqfh/ gh�qlqj

8
�

� Ek�k�
3�*2

�
U
o

f
�
�c

8
2

� Ek�
z
kz�

3�*2

�3�

22

�
f U

R3o

�
c

zh kdyh yld +<177, dqg +<17;, wkdw

Ek�k�
3�*2

-
D
Er�

' Ek�k�
3�*2

- Er�

�
�
8
�

]
_-` �

2
n

]
_`

�
-�8 �

2

��]
`

2
` �

2

�
3�

]
r

f

`
2

�
]
_`

�
` �

2

�]
`

2
` �

2

�
3�

�]
`

2
-�8 �

2
n 8

2

]
-` �

2

��]
`

2
` �

2

�
3�

]
r

f

`
2

�
]
_`

�
` �

2

�]
`

2
` �

2

�
3�

8
2

]
r

f

-�

Qrwh wkh vlpsol�fdwlrqv

8
�

' Ek�k�
3�*2

�
U
o

�l
5�

l3�

��

�
' Ek�k�

3�*2

�
U
o

��
�2
�3�

22

�
' Ek�k�

3�*2

�
U
o

�k�Kq
z

�
' Ek�k�

�*2

�
U
o

� Ek�k�3� k�Kq
z
Eq �

z
q
z
�
3�

�
76



dqg

8
2

' Ek�
z
kz�

3�*2

k�
z
Kq

z

�
f U

R3o

�
' Ek�

z
kz�

�*2

k�
z
Kq

z

�
f U

R3o

�
' Ek�

z
kz�

3�*2

k�
z
Kq

z
Eq �

z
q
z
�
3�

�
f U

R3o

�
�

Khqfh/ zlwk K ' K
�

/ lw lv vhhq dv lq wkh surri ri wkhruhp 515 wkdw wkh uhvxow iroorzv
li wkh vxsuhpd ri wkh vhtxhqfhv ik�K

�

q
z
j
�

dqg ik�
z
K
�

q
z
j
�

duh �qlwh/ zklfk lv
dvvxpswlrq 71

Surri ri ohppd 614= Ehfdxvh ��
o

lv d ixqfwlrq ri S
&

Eo� dqg u-
o

lv d ixqfwlrq
ri u-

�A

EM Eo� mM ER��/ lw lv hqrxjk wr vkrz wkdw S
&

Eo� dqg u-
�A

EM Eo� mM ER��
duh dv|pswrwlfdoo| lqghshqghqw1 Pruhryhu/ wkhvh txdqwlwlhv lq wxuq duh dyhudjhv ri
wkh eS dqg u-

�A

EM Eo� mM ER��txdqwlwlhv ryhu wkh sdqho/ zklfk e| dvvxpswlrq kdv
lqghshqghqw lqglylgxdov1 Khqfh/ lw lv hqrxjk wr vkrz dv|pswrwlf lqghshqghqfh
zlwklq sdqhov1 Qrz/ iru d jlyhq lqglylgxdo/ zh kdyh dv A $ 4 wkdw

eS �$ f '
]

�

f

T Er�� T Er� _rc

u-
�A

EM Eo� mM ER��
�$ ~ � |h

+]
_`

2
` �

2

�]
`

2
` �

2

�
3�

]
`

2
_` �

2

,
c

zkhuh

T Er� ' `
�
Er��

]
_`

�
` �

2

�]
`

2
` �

2

�
3�

]
r

f

`
2
Eo� _oc

zlwk wkh o dqg R � o glphqvlrqdo lqghshqghqw Eurzqldq prwlrqv `
�
dqg `

2
1

Zh qhhg wr vkrz wkdw f dqg ~ duh lqghshqghqw1 Wr vhh wklv/ lw lv vx!flhqw wr
suryh wkdw T Er� dqg ~ duh lqghshqghqw iru doo r ehorqjlqj wr wkh xqlw lqwhuydo1
Qrz/ revhuyh wkdw iru r dueulwudu| +lq wkh xqlw lqwhuydo,/ `

�
Er�/

U
_`

�
` �

2
dqgU

r

f
`

2
Eo� _o duh lqghshqghqw ri

U
`

2
` �

2
1 Uhjduglqj `

�
Er�/ wklv lv vr ehfdxvh

`
�
Er� dqg

U
`

2
` �

2
duh xqfruuhodwhg/ `

�
Er� lv qrupdoo| glvwulexwhg dqg

U
`

2
` �

2

pd| eh dueulwudulo| zhoo dssur{lpdwhg e| d ixqfwlrq ri d �qlwh qxpehu ri qrupdo
udqgrp yduldeohv +vhh Fkdq dqg Zhl +4<;;,,1 Wkh vdph dujxphqwv jr wkurxjk wr
vkrz wkdw

U
_`

�
` �

2
dqg

U
r

f
`

2
Eo� _o duh lqghshqghqw ri

U
`

2
` �

2
1 Ixuwkhupruh/

lw lv vlploduo| vhhq wkdw `
�
Er�/

U
_`

�
` �

2
dqg

U
r

f
`

2
Eo� _o duh doo lqghshqghqw riU

`
2
_` �

2
/ dqg wklv lqghshqghqfh krogv dovr frqglwlrqdoo| rqf � U

`
2
` �

2
1 Khqfh/

ghqrwlqj wkh pdujlqdo ghqvlwlhv e| s
T

/ s
~

dqg s
f

/ wkh vlpxowdqhrxv ghqvlwlhv e|
s
Tc~

hwfhwhud dqg wkh frqglwlrqdo ghqvlwlhv e| h1j1 s
T �f/ zh �qg

s
Tc~

'
]
s
Tc~�f_8f

'
]
s
T �fs~�f_8f

' s
T

]
s
~�f_8f

' s
T

s
~

�

77



Frqvhtxhqwo|/ T Er� dqg ~ duh lqghshqghqw iru doo r lq wkh xqlw lqwhuydo/ dv zdv
wr eh vkrzq1

78


