
Jdlq/ Orvv/ dqg Dvvhw Sulflqj= Lw lv Pxfk
Hdvlhu1 D qrwh�

L1U1 Orqjduhod
Ghsduwphqw ri Ilqdqfh

Vwrfnkrop Vfkrro ri Hfrqrplfv|

Rfwrehu 4;/ 5333

Devwudfw

Ehuqdugr dqg Ohgrlw +5333, ghyhors d yhu| dsshdolqj iudphzrun
wr frpsxwh sulflqj erxqgv edvhg rq zkdw wkh| fdoo jdlq0orvv udwlr1
Wkhlu phwkrg kdv pdq| dgydqwdjhv dqg yhu| lqwhuhvwlqj surshuwlhv
dqg vr idu rqh lpsruwdqw gudzedfn= wkh frpsoh{lw| ri wkh qxphulfdo
frpsxwdwlrq ri wkh sulflqj erxqgv1 Lq wklv qrwh zh surylgh d vlpsoh
surfhgxuh iru wkhlu frpsxwdwlrq zklfk rqo| hqwdlov vroylqj d olqhdu
rswlpl}dwlrq surjudp1

Zh zloo iroorz dv forvho| dv srvvleoh Ehuqdugr dqg Ohgrlw*v qrwdwlrq dqg
zh zloo frqfhqwudwh rq wkh �qlwh0vwdwh iudphzrun1 Wkxv/ frqvlghu d wzr0
shulrg hfrqrp| zlwk 7 ixwxuh vwdwhv ri qdwxuh zklfk rffxu zlwk vwulfwo|
srvlwlyh suredelolwlhv R�c � ' �c � � � c 71 Ohw ~ eh wkh vsdfh ri sruwirolr sd|r�v
zklfk lv vsdqqhg e| d vhw ri � sd|r�v h5�c � � � c h5� 1 Hyhu| h5 5 ~ lv d udqgrp
yduldeoh h5 ' d5�c � � � c 57o �

Dvvhw sulfhv duh jlyhq e| d olqhdu ixqfwlrq Z gh�qhg rq ~c wkdw lv/ wkh sruw0
irolr zlwk sd|r� h5 5 ~ kdv sulfh Z Eh5� � Zh dvvxph devhqfh ri duelwudjh dqg
khqfh/ wkhuh h{lvwv dw ohdvw rqh udqgrp yduldeoh h6 : f vxfk wkdw . Eh6h5� '

�L judwhixoo| dfnqrzohgjh uhvhdufk ixqglqj iurp Ixqgdflöq LFR1 Wkh dxwkru zrxog olnh
wr wkdqn Sdxo Vùghuolqg iru klv xvhixo frpphqwv1

|Dgguhvv= Er{ 9834/ V0446 ;6 Vwrfnkrop/ whohskrqh= .790;0:69<49:/ id{= .790;0
64565:/ h0pdlo= �qluCkkv1vh/ zhe= kwws=22zzz1kkv1vh2shuvrqdo2urguljxh}1
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Z E5� ; h5 5 ~1 Gh�qh wkh vhw� '
�h6 G h6 5 ?7

nn dqg . Eh6h5� ' Z Eh5� ;h5 5 ~
�
c

wkdw lv/ wkh vhw ri dgplvvleoh vwrfkdvwlf glvfrxqw idfwruv1 Hdfk h6 5 � kdv
dq dvvrfldwhg yhfwru ri vwdwh sulfhv jlyhq e| >� ' R�6�/ � ' �c � � � c 7c zkhuh
6� uhsuhvhqwv wkh ydoxh ri h6 dw vwdwh ri qdwxuh ��

Dovr/ zh zloo dvvxph wkdw wkhuh lv d ulvnohvv dvvhw zlwk uhwxuq o8 dqg zh
zloo gh�qh wkh vhw ri h{fhvv sd|r�v f ' ih5 � E� n o8 � Z Eh5� G h5 5 ~j �

Frqvlghu d vwulfwo| srvlwlyh ehqfkpdun vwrfkdvwlf glvfrxqw idfwru h6W '
d6�c � � � c67o1 Wklv udqgrp yduldeoh fruuhfwo| sulfhv wkh dvvhwv lq ~ li dqg
rqo| li . Eh6Wh%� ' f ;h% 5 f ru htxlydohqwo|/ li dqg rqo| li iru doo h% 5 f

.W Eh%n�

.W Eh%3� ' �

zkhuh .W E�� lv wkh h{shfwdwlrq xqghu wkh ulvn0qhxwudo suredelolwlhv >W� '
R�6

W
� / � ' �c � � � c 7 dqg h% ' h%n � h%3 lv wkh ghfrpsrvlwlrq ri d sd|r� lqwr

lwv srvlwlyh sduw h%n ' 4@ Eh%c f� dqg lwv qhjdwlyh sduw h%3 ' 4@ E�h%c f� �
Ehuqdugr dqg Ohgrlw fdoo.W Eh%n� wkh jdlq/ .W Eh%3� wkh orvv dqg.W Eh%n� *. Eh%3�
wkh jdlq0orvv udwlr1

Iru hdfk h6 5 � gh�qh wkh ydoxh

u
h6 �

4@ 
�'�c��� c7

�
6�*6

W
�

�
4�?

�'�c��� c7

�
6�*6W

�

�

dqg frqvlghu d sd|r� h5W *5 ~� Ehuqdugr dqg Ohgrlw gh�qh sulflqj erxqgv rqh5W dv wkh vroxwlrq wr wkh surjudpv

4�?
h6M�
u

h6$u

. Eh6h5W� +4,

dqg

4@ 
h6M�
u

h6$u

. Eh6h5W� +5,

zkhuh u lv d fhlolqj wr eh vhw e| wkh xvhu zklfk pxvw vdwlvi| u � 4�?
h6M� u

h6�
Wkh hfrqrplf lqwxlwlrq ehklqg hdfk ydoxh u

h6 fdq eh hdvlo| ghgxfhg iurp
Wkhruhp 4 lq Ehuqdugr dqg Ohgrlw +5333,1 u

h6 jlyhv wkh pd{lpxp jdlq0
orvv udwlr iru h{fhvv sd|r�v lq wkh vsdq ri doo frqwlqjhqw fodlpv xqghu wkh
h{whqvlrq ri Z wr doo 5 5 ?7 lpsolhg e| h6�
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Wkhvh dxwkruv ghyrwh wkuhh sdjhv wr jlyh ghwdlov rq d qxphulfdo surfhgxuh
wr frpsxwh wkh erxqgv rq d fdoo sulfh zkhuh wkh vsdfh ri edvlv dvvhwv lv wkh
xqghuo|lqj vwrfn dqg d erqg1 Wklv surfhgxuh jhwv hyhq ohvv wudfwdeoh li zh
zdqw wr lqfoxgh pruh dvvhwv lq wkh vhw ri edvlv dvvhwv1 Wkh iroorzlqj uhvxow
surylghv wkh nh| wr rxu vlpsoh qxphulfdo uhflsh1

Sursrvlwlrq 4 u
h6 � u li dqg rqo| li wkhuh h{lvw wzr frqvwdqwv wW� dqg wW2

vxfk wkdw wW2
wW�

' u dqg

wW� �
>�
>W�

� wW2c � ' �c � � � c 7� +6,

Surri1 Qrwh wkdw vlqfh wkh wuxh suredelolwlhv fdqfho +6, lv htxlydohqw wr

wW� �
6�

6W
�

� wW2c � ' �c � � � c 7

zklfk fdq eh uhzulwwhq dv

wW� � 4�?
�'�c��� c7

6�

6W
�

dqg wW2 � 4@ 
�'�c��� c7

6�

6W
�

� +7,

Ilqdoo|/ +7, wrjhwkhu zlwk wW2*w
W
� ' u jlyhv d qhfhvvdu| dqg vx!flhqw

frqglwlrq iru

u
h6 � u�

Wkxv/ wkh deryh uhvxow doorzv xv wr wudqvirup d qrqolqhdu uhvwulfwlrq u6 �
u lqwr d olqhdu rqh dqg khqfh/ wkh frpsxwdwlrq ri wkh erxqgv fdq eh grqh
e| mxvw vroylqj

4�?
>�c��� c>7 cw�cw2

7[
�'�

>�5
W
� +8,

v1w1

;AAA?
AAA=

S7

�'� >�5
�
� ' Z Eh5�� c � ' �c � � � c �

w� �
>�
>W�

� w2c � ' �c � � � c 7

w2 ' w�u
w�
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dqg

4@ 
>�c��� c>7 cw�cw2

7[
�'�

>�5
W
� +9,

v1w1

;AAA?
AAA=

S7

�'� >�5
�
� ' Z Eh5�� c � ' �c � � � c �

w� �
>�
>W�

� w2c � ' �c � � � c 7

w2 ' w�u
w� � f

�

Wkdw*v lw$ Wkh vlpsoh{ phwkrg wdnhv fduh ri hyhu|wklqj1 Wkh �uvw vhw ri
frqvwudlqwv jxdudqwhhv wkdw d>�c � � � c >7o lv d yhfwru ri vwdwh sulfhv1 Vlqfh u
dqg h6W duh vwulfwo| srvlwlyh/ iru u 	 4 zh kdyh wkdw w� � f lpsolhv wkdw
>�R� : fc � ' �c � � � c 7 dqg khqfh/ wkh dvvrfldwhg h6 lv dq hohphqw ri � 1

Zh kdyh uhsolfdwhg wkh frpsxwdwlrq ri wkh ydoxhv lq Iljxuh 4 ri Ehuqdugr
dqg Ohgrlw +5333,1 Wkh dssur{lpdwlrq ri wkh frqwlqxrxv vxssruw ri wkh vwrfn
sd|r� zdv pdgh e| xvlqj 458 htxdoo| vsdfhg vwdwhv ri qdwxuh1 Lwv dffxudf|
fdq eh phdvxuhg e| frpsdulqj wkh wuxh Eodfn0Vfkrohv sulfhv zlwk wkh ydoxhv
rewdlqhg iru u ' �� Wkh pd{lpxp dqg phdq gl�huhqfh lq uhodwlyh whupv
ryhu wkh zkroh vhw ri lqlwldo vwrfn sulfhv +;30443, zdv �fS�eI dqg �f2feIc
uhvshfwlyho|1 Wkh fruuhvsrqglqj Iruwudq urxwlqh lv dydlodeoh xsrq uhtxhvw14

Ilqdoo|/ wkh sursrvlwlrq ehorz suryhv wkdw iurp wkh gxdo ri wkh deryh
wzr olqhdu surjudpv zh rewdlq Ehuqdugr dqg Ohgrlw*v gxdo h{suhvvlrq ri wkh
erxqgv lq +4, dqg +5,1

Sursrvlwlrq 5 Wkh gxdo h{suhvvlrqv ri +8, dqg +9, duh htxlydohqw wr

4@ 
h5M~

.WdEh5W3h5�no

.WdEh5W3h5�3o
Du

Z Eh5�

dqg

4�?
h5M~

.WdEh5W3h5�no

.WdEh5W3h5�3o
Du

Z Eh5� c

uhvshfwlyho|1

4Lwv h{hfxwlrq iru doo O @ 4> 5> = = = > 43 wdnhv whq plqxwhv lq wrwdo lq d Shqwlxp LLL 833
zlwk wkh Ylvxdo Iruwudq 813 frpslohu1
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Surri1 Zh zloo rqo| suryh wkh �uvw htxlydohqfh1 Wkh gxdo ri +8, lv jlyhq
e| +vhh Oxhqehujhu +4<:6, iru ghwdlov,

4@ 
Sc_c�c�cb�cb2

�[
�'�

ES� � _�� Z
�h5��

v1w

;AAAA?
AAAA=

S�

�'� ES� � _�� 5
�
� n �� � �� ' 5W� c � ' �c � � � c 7

�
Sr

�'� >
W
��� � b�un b2u ' fSr

�'� >
W
��� n b� � b2 � f

S�c � � � c S?c _�c � � � c _� � f
��c � � � c �7c ��c � � � c �7c b�c b2 � f

c

zklfk fdq eh uhzulwwhq dv

4@ 
h5M~ch+cb

Z Eh5�

v1w1

;?
=

h5 n h+ ' h5W
.W Eh+n�� bu ' f
.W Eh+3�� b � f

�

Ilqdoo|/ lw lv hdv| wr vhh wkdw wkh deryh wkuhh frqvwudlqwv duh htxlydohqw
wr

.W
�
Eh5W � h5�n�

.W
�
Eh5W � h5�3� � u�

Uhihuhqfhv

Ehuqdugr D1H1 dqg R1 Ohgrlw +5333,/ �Jdlq/ Orvv/ dqg Dvvhw Sulflqj�/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 43;/ qr1 4/ 47704:51

Oxhqehujhu G1J1 +4<:6,/ Lqwurgxfwlrq wr Olqhdu dqg Qrqolqhdu Surjudp0
plqj/ Dgglvrq0Zhvoh| Sxeolvklqj Frpsdq|/ Pdvvdfkxvhwwv1
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