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Devwudfw

Wklv vwxg| lqyhvwljdwhv xqghu zkdw flufxpvwdqfhv wkhuh h{lvw d vhs0

dudwlqj htxloleulxp lq zklfk frpshwhqw ohdghuv fkrrvh lqfrpshwhqw fr0

zrunhuv dqg lqfrpshwhqw ohdghuv fkrrvh frpshwhqw fr0zrunhuv1 Wkh gulylqj

irufh iru wkh frpshwhqw ohdghu lv wkh lqvxudqfh prwlyh> li wklqjv jr zurqj

kh fdq eodph wkh lqfrpshwhqw fr0zrunhu dqg uhpdlq klv uhsxwdwlrq ri eh0

lqj frpshwhqw1 Iru wkh lqfrpshwhqw ohdghu wkh h{shfwhg jdlq iurp vxfk

dq lqvxudqfh lv rxwzhljkhg e| lwv frvwv lq whupv ri orzhu h{shfwhg srolf|

rxwfrph1 Fr0zrunhuv duh prwlydwhg e| fduhhu rssruwxqlwlhv doorzlqj iru

frq lfwlqj lqwhuhvwv ehwzhhq wkh ohdghu dqg wkh fr0zrunhu1

Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvl�fdwlrq Qxpehuv= F:5/ G:5/ G;5/

dqg M661

�Dqg Ddurq vkdoo od| erwk klv kdqgv xsrq wkh khdg ri wkh olyh jrdw/ dqg frqihvv

ryhu klp doo wkh lqltxlwlhv ri wkh fkloguhq ri Lvudho/ dqg doo wkhlu wudqvjuhvvlrqv

lq doo wkhlu vlqv/ sxwwlqj wkhp xsrq wkh khdg ri wkh jrdw/ dqg vkdoo vhqg klp

dzd| e| wkh kdqg ri d �w pdq lqwr wkh zloghuqhvv=�

+Ohylwlfxv 49=54,

� �������	�
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Gr vwurqj ru frpshwhqw ohdghuv fkrrvh lqfrpshwhqw fr0zrunhuvB Wkhuh duh pdq|
sodxvleoh prwlyhv iru vxfk d fkrlfh/ h1j1 wr ghfuhdvh wkh qxpehu ri srwhqwldo
ulydov ru d qhhg wr hpskdvl}h wkh rzq delolw|/ exw wkhuh lv dovr d vwurqj lqvxudqfh
prwlyh1 Wkh lqfrpshwhqw fr0zrunhu fdq fuhgleo| eh eodphg li wklqjv jr zurqj
zkloh lw lv pruh gl!fxow wr eodph vrphrqh zkr lv frpshwhqw1 Lq rwkhu zrugv/ wkh
ohdghu kdv wkh rssruwxqlw| wr h{srvh klv lqfrpshwhqw fr0zrunhu dqg e| grlqj

WGhsduwphqw ri Hfrqrplfv/ Vwrfnkrop Vfkrro ri Hfrqrplfv/ S1R1 Er{ 9834/ VH0446 ;6
VWRFNKROP dqg Ghsduwphqw ri Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw|/ Ilvkhu Kdoo/ Sulqfhwrq/
QM 3;8771

_L wkdqn Mrqdv Emùuqhuvwhgw/ Èvd Rool Vhjhqgru� dqg wkh sduwlflsdqwv ri wkh Hfrqrplf
Wkhru| Zrunvkrs iru ydoxdeoh dqg khosixo frpphqwv1 Ilqdqfldo vxssruw iurp Mdq Zdoodqghu

dqg Wrp Khgholxv* Irxqgdwlrq +M<;277, dqg Wkh Vzhglvk Frxqflo iru Uhvhdufk lq Kxpdqlwlhv

dqg Vrfldo Vflhqfhv +KVIU/ I368:2<:, lv judwhixoo| dfnqrzohgjhg1
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vr kh vhqgv d vljqdo wkdw rwkhu shrsoh fdq xvh wr xsgdwh wkhlu eholhiv derxw
klv frpshwhqfh1 Wkh vdful�fh ri wkh vfdshjrdw khosv wkh ohdghu wr uhpdlq klv
uhsxwdwlrq ri ehlqj frpshwhqw lq edg wlphv1 Wklv vwxg| lqyhvwljdwhv +l, xqghu
zkdw flufxpvwdqfhv d srolwlfdo ru frusrudwh fxowxuh lq zklfk frpshwhqw ohdghuv
fkrrvh lqfrpshwhqw fr0zrunhuv ehfdxvh ri wkh lqvxudqfh prwlyh fdq eh vxvwdlqhg
dqg +ll, zkdw lv uhtxluhg iru wkh lqfrpshwhqw exw fduhhu prwlydwhg fr0zrunhu wr
dffhsw vxfk dq dssrlqwphqw1

Wkh iudphzrun lv d wzr0vwdjh jdph1 Lq wkh �uvw vwdjh/ wkh ohdghu/ zkr lv
hlwkhu frpshwhqw ru lqfrpshwhqw fkrrvhv wkh w|sh ri fr0zrunhu> frpshwhqw ru
lqfrpshwhqw1 Wkh ohdghu dqg wkh fr0zrunhu frqvwlwxwhv d whdp wkdw xqghuwdnhv
vrph dfwlylw|/ wkh| shuirup d srolf|1 Wkh srolf| rxwfrph lv vwrfkdvwlf exw lwv
h{shfwhg ydoxh lv lqfuhdvlqj lq wkh frpshwhqfh ri wkh whdp1 Wkhuh lv dovr dq
rxwvlgh revhuyhu +wkh sulqflsdo/ vkh, zkr fdq qrw revhuyh wkh wuxh frpshwhqfhv
ri wkh whdp phpehuv1 Vkh fduhv qhyhuwkhohvv derxw wkhlu frpshwhqfhv dqg lq
wkh vhfrqg vwdjh/ diwhu kdylqj revhuyhg wkh srolf| rxwfrph/ vkh fkrrvhv zkhwkhu
wr dfnqrzohgjh wkh frpshwhqfh ri wkh lqglylgxdo whdp phpehuv1 Vkh grhv
vr li vkh eholhyhv wkh lqglylgxdo whdp phpehu wr eh frpshwhqw zlwk dw ohdvw
vrph fhuwdlq phpehu0vshfl�f suredelolw|1 Wkhvh suredelolwlhv duh uhihuuhg wr
dv wkh khu dfnqrzohgjphqw srolf| dqg wkh xwlolw| d whdp phpehu jhwv iurp
ehlqj dfnqrzohgjhg dv klv uhzdug1 Ehlqj dfnqrzohgjhg lv wkh pdlq remhfwlyh iru
erwk whdp phpehuv exw wkh ohdghu dovr kdv suhihuhqfhv gluhfwo| ryhu wkh srolf|
rxwfrph zklfk kh zdqwv wr eh dv kljk dv srvvleoh1 Wkh vlwxdwlrq ghvfulehg
deryh kdv pdq| lqwhusuhwdwlrqv1 Rqh pd|/ dv dq h{dpsoh/ wklqn ri wkh ohdghu
dv wkh suhvlghqw ri d odujh �up/ wkh fr0zrunhu dv vrph vxeruglqdwhg pdqdjhu/
wkh srolf| rxwfrph dv wkh sur�w ri wkh �up dqg wkh sulqflsdo dv wkh rzqhuv
ri wkh �up1 Dqrwkhu lqwhusuhwdwlrq/ dqg wkh rqh wkdw zloo eh xvhg wkurxjkrxw
wkh vwxg|/ lv wr wklqn ri wkh ohdghu dv wkh suhvlghqw ru wkh sulph0plqlvwhu ri
vrph frxqwu|/ wkh fr0zrunhu dv wkh plqlvwhu ri �qdqfh/ wkh srolf| rxwfrph dv
wkh JQS jurzwk udwh dqg wkh sulqflsdo dv wkh flwl}hqv ri wkh frxqwu|1 Wkh
flwl}hqv zdqw wr kdyh d kljk ixwxuh hfrqrplf jurzwk dqg fduh wkhuhiruh derxw
kdylqj dq frpshwhqw jryhuqphqw1 Iurp wkh whdp phpehuv* srlqw ri ylhz/ ehlqj
dfnqrzohgjhg fdq eh wkrxjkw ri dv ehlqj uhhohfwhg1

Wkh sulqflsdo revhuyhv wkh srolf| rxwfrph dqg xvhv wklv lqirupdwlrq wr xs0
gdwh khu eholhiv derxw wkh frpshwhqfhv ri wkh whdp phpehuv1 Diwhu wkh uhdo0
l}dwlrq ri wkh srolf| rxwfrph/ exw ehiruh wkh sulqflsdo*v ghflvlrq pdnlqj/ wkh
ohdghu kdv wkh rssruwxqlw| wr eodph wkh fr0zrunhu/ l1h1 wr uhyhdo wkh fr0zrunhu*v
wuxh delolw|1 Iru wkh ohdghu/ wklv lv dq rssruwxqlw| wr lq xhqfh wkh sulqflsdo*v
eholhiv dqg khqfh khu ghflvlrq pdnlqj1

Zkhq wkh srolf| rxwfrph lv idyrudeoh wkh sulqflsdo eholhyhv wkh ohdghu wr eh
frpshwhqw dqg zkhq lw lv xqidyrudeoh vkh eholhyhv klp wr eh lqfrpshwhqw xqohvv
kh eodphv dq lqfrpshwhqw fr0zrunhu1 Wkh frpshwhqw ohdghu wkhuhiruh eodphv
klv fr0zrunhu zkhqhyhu wkh srolf| rxwfrph lv xqidyrudeoh dqg kh lv dozd|v
dfnqrzohgjhg1 Lq htxloleulxp/ wkh lqfrpshwhqw w|sh ri ohdghu grhvq*w kdyh
wklv rssruwxqlw| dqg kh lv rqo| dfnqrzohgjhg li wkh srolf| rxwfrph kdv ehhq
idyrudeoh1 Iru wkhvh uhdvrqv/ dq frpshwhqw fr0zrunhu lv pruh riwhq dfnqrzohgjh
wkdq dq lqfrpshwhqw1
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Zkhq fkrrvlqj fr0zrunhu/ erwk w|shv ri ohdghu idfh wkh wudgh0r� ehwzhhq
wkh suredelolw| ri ehlqj dfnqrzohgjhg dqg wkh h{shfwhg srolf| rxwfrph1 Eh0
fdxvh wkh frpshwhqw ohdghu kdv dq delolw| dgydqwdjh klv h{shfwhg srolf| orvv
iurp fkrrvlqj dq lqfrpshwhqw fr0zrunhu lv vpdoohu wkdq wkdw ri dq lqfrpshwhqw
ohdghu1 Lw wxuqv rxw wkdw d vhsdudwlqj htxloleulxp h{lvwv li wkh dfnqrzohgjphqw
srolflhv doorz iru d grxeoh dfnqrzohgjphqw dqg wkh uhzdugv dqg wkh frvw ri eodp0
lqj vdwlvi| vrph frqglwlrqv1 Zlwkrxw wkh srvvlelolw| ri d grxeoh0dfnqrzohgjphqw
wkh lqfrpshwhqw fr0zrunhu fdq qhyhu eh dfnqrzohgjhg lq htxloleulxp1 Wklv
zrxog ylrodwh klv sduwlflsdwlrq frqvwudlqw dqg holplqdwh wkh vhsdudwlqj htxlole0
ulxp1

Frq lfwv ri lqwhuhvwv dulvhv qdwxudoo| lq pdq| vlwxdwlrqv dqg wkh prgho lv
h{whqghg wr doorz iru rqh sduwlfxodu w|sh ri frq lfw> wkh vwuxjjoh iru srzhu1
Wklv lv grqh e| dvvxplqj wkdw wkhuh lv rqo| rqh uhzdug ryhu zklfk wkh wzr whdp
phpehuv zloo �jkw lq wkh fdvh ri d grxeoh dfnqrzohgjphqw1 Wkh suredelolw|
ri wkh ohdghu zlqqlqj wkh �jkw +vxuylydo suredelolw|, lv h{rjhqrxvo| jlyhq1 Lq
wkh frqwh{w ri wkh dgrswhg lqwhusuhwdwlrq rqh pd| wklqn ri d vlwxdwlrq zkhuh
wkh srsxodu plqlvwhu ri �qdqfh fkdoohqjhv wkh lqfxpehqw suhvlghqw lq wkh qh{w
sulpdu| hohfwlrq1 Lq wkh vhsdudwlqj htxloleulxp/ wkh vxuylydo suredelolw| ri wkh
ohdghu pxvw kdyh vrph lqwhuphgldwh ydoxh1 D wrr kljk ydoxh pdnhv wkh lqfrp0
shwhqw fr0zrunhu*v h{shfwhg sd|r� wrr orz lq zklfk fdvh kh zloo qrw sduwlflsdwh
dqg d wrr orz ydoxh pdnhv wkh frpshwhqw ohdghu dozd|v h{srvlqj klv lqfrp0
shwhqw fr0zrunhu lq rughu wr dyrlg d �jkw1 Djdlq/ wklv pdnhv wkh lqfrpshwhqw
fr0zrunhu*v h{shfwhg sd|r� wrr orz1 Zh dovr ghulyh d qhfhvvdu| lqwhuydo iru wkh
uhzdug1

Wr wkh dxwkru*v nqrzohgjh/ wkhuh lv qr vwxg| zlwk d irupdol}hg prgho derxw
vfdshjrdwv1 Wkh uhodwhg olwhudwxuh rq ohdghuv prwlydwhg e| uhsxwdwlrqdo frq0
fhuqv fdq eh glylghg lqwr wkuhh fdwhjrulhv1 Wkh �uvw fdwhjru| xvhv vljqdoolqj ri
frpshwhqfh e| dq lqfxpehqw srolwlfdo ohdghu wr h{sodlq srolwlfdo exvlqhvv f|fohv1
Wkh lqfxpehqw vljqdov klv frpshwhqfh e| fkrrvlqj d kljk0lq dwlrq srolf| wkdw
errpv wkh hfrqrp|1 Wklv lv ohvv frvwo| iru dq frpshwhqw lqfxpehqw wkdq iru
dq lqfrpshwhqw lqfxpehqw zkr fkrrvhv d orz0lq dwlrq srolf|1 Yrwhuv revhuyh
wkh srolf| fkrlfh dqg uhhohfw wkh lqfxpehqw li wkh| revhuyh d kljk0lq dwlrq sro0
lf| ehlqj lpsohphqwhg1 Vhh Urjr� +4<<3, iru d jrrg h{dpsoh ri vxfk d vwxg|
ru Shuvvrq dqg Wdehoolql +4<<3, iru d qlfh lqwurgxfwlrq wr wklv olwhudwxuh1 Wkh
vwxg| ehorz gl�huv iurp wklv olwhudwxuh vlqfh wkh phwkrg ri vljqdoolqj lv gl�hu0
hqw1 Pruhryhu/ lq rxu prgho wkh frpshwhqw ohdghu grhv qrw errp wkh hfrqrp|1
Rq wkh frqwudu|/ kh krogv lw edfn e| klv fkrlfh ri fr0zrunhu1 Wkh vhfrqg fdwh0
jru| irfxvhv rq wkh sulqflsdo0djhqw uhodwlrqvkls ehwzhhq wkh sulqflsdo dqg wkh
ohdghu1 Wkh ohdghu fkrrvhv ohyho ri h�ruw wkdw srvlwlyho| d�hfwv wkh h{shfwhg
srolf| rxwfrph1 Wkh ohdghu lv wkhq dfnqrzohgjhg rqo| li wkh srolf| rxwfrph
lv deryh vrph fhuwdlq wkuhvkrog1 Uhfhqw h{dpsohv ri wklv olwhudwxuh duh Ehvoh|
dqg Fdvh +4<<8,/ Ihuhmrkq +4<;9,/ dqg Kduulqjwrq +4<<6,1 Wkh pdlq gl�huhqfhv
ehwzhhq wklv vwxg| dqg wkh phqwlrqhg olwhudwxuh lv wkdw khuh wkhuh duh wzr w|shv
ri ohdghu dqg wkdw wkh frpshwhqfh ri wkh fr0zrunhu fdq eh yhul�hg zkloh wkh
h�ruw ohyho fdq qrw1 Li wkh fkrlfh ri h�ruw ohyho frxog eh yhul�hg dw vrph frvw
lw frxog eh xvhg lq wkh vdph zd| dv wkh fkrlfh ri fr0zrunhu lq wkh vfdshjrdw
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prgho1 Wkh wklug fdwhjru| vwxglhv vwudwhjlf xvh ri lqirupdwlrq wr vljqdo frp0
shwhqfh1 Rqh lqwhuhvwlqj vwxg| lv Ohy| +4<<<,1 Lq eulhi/ frpshwhqw ghflvlrq
pdnhuv kdyh pruh uholdeoh lqirupdwlrq wkdq lqfrpshwhqw ghflvlrq pdnhuv dqg
Ohy| vkrzv wkdw frpshwhqw ghflvlrq pdnhuv fkrrvh lqfrpshwhqw dgylvruv lq ru0
ghu wr vljqdo wkhlu rzq frpshwhqfh1 Pdnlqj d ghflvlrq wkdw frqwudglfwv wkh
dgylfh vljqdov frq�ghqfh lq wkh rzq lqirupdwlrq dqg wkhuhe| frpshwhqfh1 Lq0
frpshwhqw ghflvlrq pdnhuv fkrrvh frpshwhqw dgylvruv vlqfh wkh| duh lq qhhg iru
ehwwhu lqirupdwlrq1 Rwkhu vwxglhv ri vwudwhjlf xvh ri lqirupdwlrq dqg uhsxwd0
wlrqdo ru fduhhu frqfhuqv duh H!qjhu dqg Sroeruq +4<<<,/ Jleerqv dqg Pxusk|
+4<<5,/ Mhrq +4<<9,/ Ph|hu dqg Ylfnhuv +4<<:,/ dqg Wuxhpdq +4<<7,1 Wkh pdlq
gl�huhqfhv ehwzhhq wklv vwxg| dqg wkh vwudwhjlf0lqirupdwlrq olwhudwxuh lv wkh
lqvxudqfh prwlyh dqg wkdw vwudwhjlf xvh ri lqirupdwlrq lv qrw vwxglhg khuh1

Wkh rxwolqh ri wkh vwxg| lv dv iroorzv1 Vhfwlrq 5 frqwdlqv wkh edvlf prgho
rplwwlqj wkh suhihuhqfhv ri wkh fr0zrunhu1 Lq Vhfwlrq 6 klv suhihuhqfhv duh
lqwurgxfhg dqg wkh fdvh ri qrq0frq lfwlqj lqwhuhvwv lv lqyhvwljdwhg1 Wkh fdvh
ri frq lfwlqj lqwhuhvwv lv vwxglhg lq Vhfwlrq 71 Vhfwlrq 8 frqwdlqv d qxphulf
h{dpsoh dqg Vhfwlrq 9 d vxppdu| dqg vrph frpphqwv1 Doo surriv duh jlyhq lq
wkh Dsshqgl{1

� �
� ���
	 �����

Wkhuh duh wkuhh sod|huv= wkh ohdghu O +kh,/ wkh fr0zrunhu F +kh, dqg wkh sulqflsdo
S +vkh,1 Wkh jdphv vwduwv zlwk qdwxuh gudzlqj wkh w|sh ri O zkr hlwkhu lv ri
wkh lqfrpshwhqw w|sh +O @ 3, ru ri wkh frpshwhqw w|sh +O @ 4,1 Ohw s @ Su+O @
4, 5 +3> 4, eh frpprq nqrzohgjh1 Nqrzlqj klv rzq w|sh/ O fkrrvhv F*v w|sh/
frpshwhqw +F @ 4, ru lqfrpshwhqw +F @ 3,1 Iru wkh prphqw lw lv dvvxphg wkdw
dq| w|sh ri F dffhswv wkh dssrlqwphqw lq rughu wr nhhs wkh prgho vlpsoh1 Wklv
dvvxpswlrq lv uhod{hg lq Vhfwlrqv 6 dqg 71

Wkh whdp frqvwlwxwhg e| O dqg F xqghuwdnhv vrph dfwlylw|/ l1h1 lw shuirupv
d srolf|1 Wkh ghjuhh ri vxffhvv lv phdvxuhg e| wkh vl}h ri wkh srolf| rxwfrph {
jlyhq e|

{ @ j+�O. F, . �

zkhuh j lv lqfuhdvlqj lq wkh delolw| ri wkh whdp/ l1h1 j+3, ? j+4, ? j+�, ?
j+�. 4,1 Wkh udqgrp yduldeoh � lv dvvxphg wr kdyh d frqwlqxrxv glvwulexwlrq
ryhu U1 Ohw i +�, eh lwv suredelolw| ghqvlw| ixqfwlrq dqg I lwv fxpxodwlyh ghqvlw|
ixqfwlrq1 Ixuwkhupruh/ H ^�` @ 3/ i 3 � 3 iru doo � ? 3 dqg i 3 � 3 iru doo � A 31
Wkh udqgrp yduldeoh frxog/ dv dq h{dpsoh/ kdyh d qrupdo/ Fdxfk|/ vwdqgdug
orjlvwlf ru w0glvwulexwlrq1 Diwhu wkh uhdol}dwlrq ri {> O kdv wkh rssruwxqlw| wr
wuxwkixoo| uhyhdo F dw wkh frvw f A 3 lq zklfk fdvh kh lv vdlg wr eodph F1 Ohw
E @ 4 li O eodphv F dqg ohw E @ 3 li kh grhvq*w1 Wkh sulqflsdo S / zkr lv dq
rxwvlgh revhuyhu/ revhuyhv { exw lv xqdeoh wr revhuyh O dqg vkh rqo| revhuyhv F
zkhq E @ 41 Khu lqirupdwlrq vhw lv iF> {j zkhuh F 5 i>> 3> 4j lv khu revhuydwlrq
ri F1 Wkxv/ F @ > li E @ 3 dqg F @ F li E @ 41 Khu remhfwlyh lv wr kdyh dq
frpshwhqw ohdghu dqg vkh irupv khu eholhi ryhu O xvlqj wkh dydlodeoh lqirupdwlrq1
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Rq wkh edvlv ri wklv eholhi vkh hlwkhu dfnqrzohgjhv O*v delolw| +D @ 4, ru qrw
+D @ 3,1 Khu xwlolw| lv jlyhq e| wkh yQP xwlolw| ixqfwlrq

xS +D, @ OD� s +4�D,

zkhuh s lv khu +h{shfwhg, xwlolw| li O lv qrw dfnqrzohgjhg1 Rqh lqwhusuhwdwlrq
lv wkdw khu xwlolw| ghshqgv rq wkh suredelolw| ri �qglqj d qhz ohdghu zkr lv
frpshwhqw1 Wklv suredelolw| lv wkhq dvvxphg wr eh htxdo wr s1 Wkh pdlq
remhfwlyh ri wkh ohdghu lv wr eh dfnqrzohgjhg exw kh dovr fduhv derxw wkh srolf|
rxwfrph1 Klv xwlolw| lv jlyhq e| wkh yQP xwlolw| ixqfwlrq

xO+F> E, @ {�Ef. D!

zkhuh ! uhsuhvhqwv klv uhzdug iurp ehlqj dfnqrzohgjhg1 Khuh ! A f1 Wkh
vlwxdwlrq rxwolqhg deryh kdv pdq| lqwhusuhwdwlrqv dqg wkh rqh xvhg khuh lv
wr wklqn ri O dv ehlqj wkh suhvlghqw ri vrph frxqwu|/ F dv wkh plqlvwhu ri
�qdqfh/ S dv uhsuhvhqwlqj wkh flwl}hqv2yrwhuv dqg { dv wkh JQS jurzwk udwh1
Dq dfnqrzohgjphqw fdq eh wkrxjkw ri dv d uhhohfwlrq1

��� �
� �������
�� ���
�
��
��

Wkh vhsdudwlqj htxloleulxp ri lqwhuhvw lv rqh lq zklfk wkh lqfrpshwhqw ohdghu
fkrrvhv dq frpshwhqw fr0zrunhu dqg wkh frpshwhqw ohdghu fkrrvhv dq lqfrp0
shwhqw fr0zrunhu1 Dq| rwkhu htxloleuld duh glvuhjdughg iurp wkurxjkrxw wkh
vwxg| dqg e| htxloleulxp lv khuhdiwhu phdqw vhsdudwlqj htxloleulxp1 Khuh wkh
lqfrpshwhqw ohdghu qhyhu eodphv klv fr0zrunhu dqg kh lv vhogrp dfnqrzohgjhg
zkloh wkh frpshwhqw ohdghu eodphv klv fr0zrunhu rqo| li wkh srolf| rxwfrph lv
xqidyrudeoh +gh�qhg ehorz, dqg kh lv dozd|v dfnqrzohgjhg1

D srolf| rxwfrph lv idyrudeoh iru O li lw pdnhv S dfnqrzohgjh klp zlwkrxw O
kdylqj wr eodph klv fr0zrunhu/ l1h1 li S eholhyhv O wr eh frpshwhqw zlwk dw ohdvw
suredelolw| s kdylqj revhuyhg rqo| wkh rxwfrph { exw wdnlqj wkh vhsdudwlqj
fkrlfhv ri fr0zrunhu lqwr dffrxqw1

Gh�qlwlrq 41 D srolf| rxwfrph { lv idyrudeoh li

Su +O @ 4 m O 9@ F, �
si +{� j +�,,

si +{� j +�,, . +4� s, i +{� j +4,,
� s

dqg wkh vhw ri idyrudeoh srolf| rxwfrphv lv

[ @ i{ m Su +O @ 4 m O 9@ F, � sj =

D srolf| rxwfrph lv xqidyrudeoh li lw lv qrw idyrudeoh1

Iru wkh dvvxphg fodvv ri glvwulexwlrqv [ lv dq lqwhuydo ^{>.4, dqg d srolf|
rxwfrph lv idyrudeoh li lw lv deryh wkh wkuhvkrog {1 Li { 5 [ +{ @5 [, dqg
E @ 3 wkhq S eholhyhv O wr eh frpshwhqw zlwk dw ohdvw +ohvv wkdq, suredelolw|
s dqg zkhq { @5 [ wkh frpshwhqw w|sh ri ohdghu vljqdov klv w|sh e| eodplqj

8



F1 Lq wkh devhqfh ri vxfk d vljqdo/ S eholhyhv O wr eh lqfrpshwhqw dqg grhvq*w
dfnqrzohgjh klp1 Khqfh/ O*v vwudwhj| lv

vVO+O> {, @

�
Li O @ 3 wkhq F @ 4 dqg E @ 3 iru doo {
Li O @ 4 wkhq F @ 3> E @ 3 li { 5 [ dqg E @ 4 li { @5 [=

Wkh vwudwhj| ri S lv wr dfnqrzohgjh O li vkh eholhyhv klp wr eh frpshwhqw zlwk
dw ohdvw suredelolw| s> l1h1

vVS +F> {, @

�
D @ 4 li Su +O @ 4 m iF> {j > vO, � s
D @ 3 rwkhuzlvh

zkhuh vO lv wkh vwudwhj| vkh eholhyhv O wr xvh1 Khu htxloleulxp eholhiv duh jlyhq
e| Ed|hv* Uxoh dqg Su

�
O @ 4 m iF> {j > vV

O

�
lv zhoo gh�qhg dorqj wkh htxloleulxp

sdwk exw qrw rxwvlgh wkh sdwk dqg wkhuh duh wzr w|shv ri vlwxdwlrqv wkdw duh
xqh{shfwhg> zkhq dq frpshwhqw fr0zrunhu lv eodphg ru zkhq dq lqfrpshwhqw
fr0zrunhu lv eodphg dw d idyrudeoh srolf| rxwfrph1 Revhuylqj vrphwklqj xq0
h{shfwhg lw lv dvvxphg wkdw S rqo| xvhv iF> {j zkhq iruplqj khu eholhiv1 Vxfk
d eholhi irupdwlrq lv uhdvrqdeoh vlqfh +d, lw fdswxuhv dq dwwhpsw rqo| wr xvh
yhul�deoh lqirupdwlrq dqg +e, lw doorzv khu wr irup khu eholhiv lq d frqvlvwhqw
zd| iru doo rxw0ri0htxloleulxp revhuydwlrqv1 Pruhryhu/ lw grhv qrw frq lfw zlwk
wkh lqwxlwlyh fulwhulrq +Fkr dqg Nuhsv +4<;:,,1

Dvvxpswlrq 41 Rxw0ri0htxloleulxp eholhiv= iru doo iF> {j 5 i3j�[ ^ i4j �U
wkh sulqflsdo*v eholhiv duh jlyhq e| Ed|hv* uxoh dv iroorzv

Su
�
O @ 4 m iF> {j > vVO

�
@

si +{� j+�. F,,

si +{� j+�. F,, . +4� s,i +{� j+F,,

Iurp Dvvxpswlrq 4 lw iroorzv wkdw li S revhuyhv i3> {j rxw0ri htxloleulxp/
wkhq vkh eholhyhv O wr eh frpshwhqw zlwk d suredelolw| kljkhu wkdq s1 Li vkh
revhuyhv i4> {j rxw0ri htxloleulxp wkhq vkh eholhyhv O wr eh frpshwhqw rqo| li {
ehorqjv wr d srvvleo| hpsw| vxevhw ri [1 Fohduo|/ eodplqj F rxw ri htxloleulxp
grhv qrw lqgxfh S wr dfnqrzohgjh d ohdghu zkr rwkhuzlvh zrxog qrw kdyh ehhq
dfnqrzohgjhg iroorzlqj klv htxloleulxp vwudwhj|1

Ohw Hw� eh wkh vhw ri uhdol}dwlrqv ri � vxfk wkdw wkh srolf| rxwfrph lv idyru0
deoh zkhq O lv ri w|sh O dqg F lv ri w|sh F/ l1h1

Hw� @ i� m � @ {� j +O>F, > { 5 [j =

Wkh suredelolw| +fxpxodwlyh ghqvlw|, ri uhdol}dwlrqv ri � lq Hw� lv ghqrwhg
I +Hw�, zklfk dovr lv wkh suredelolw| ri d idyrudeoh srolf| rxwfrph1 Vxssrvh
wkdw vV @ +vV

O
> vV
S
, frqvwlwxwhv d htxloleulxp1 Wkhq O*v h{shfwhg sd|r� iurp vV

O

zkhq ehlqj ri w|sh O lv

H
�
xO m v

V > O
�
@ j+�O. F, . !� +4� I +Hw�,,, +!� O+!� f,, = +4,

Wkh sur�oh vV lv d vhsdudwlqj htxloleulxp rqo| li wkhuh lv qr xqlodwhudo ghyldwlrq
|lhoglqj d kljkhu h{shfwhg sd|r� wkdq wkh sursrvhg htxloleulxp vwudwhj| iru dq|
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w|sh ri ohdghu1 Iruwxqdwho|/ lw lv vx!flhqw wr fkhfn iru rqh w|sh ri ghyldwlrq> lw
vkrxog qrw eh vwulfwo| sur�wdeoh iru dq| w|sh ri O wr plplf wkh ehkdylru ri wkh
rwkhu w|sh/ l1h1 wr sod|

vGO +O> {, @

�
Li O @ 3 wkhq F @ 3> E @ 3 li { 5 [ dqg E @ 4 li { @5 [
Li O @ L wkhq F @ 4 dqg E @ 3 iru doo {=

O*v h{shfwhg sd|r� iurp vG
O
zkhq ehlqj ri w|sh O lv

H
�
xO m v

G

O
> vV
S
> O
�
@ j+�O. F, . !� +4� I +Hw�,,, +f� O+!� f,, = +5,

Lq htxloleulxp lv H
�
xO m v

V > O
�
� H

�
xO m v

G

O
> vV
S
> O
�
iru O @ 3> 41 Vroylqj wklv

lqhtxdolw| iru O @ 3 dqg uhzulwlqj jlyhv

+4� I +H33,, f. j+4,� j+3,

4� I +H34,
@ ! � ! +6,

vkrzlqj wkdw ! fdq qrw eh wr kljk1 Grlqj wkh vdph h{huflvh iru O @ 4 surylghv
d orzhu erxqg iru !

+4� I +H43,, f. j+�. 4,� j+�,

4� I +H44,
@ ! � != +7,

Qrwlfh wkdw erwk ! dqg ! duh vwulfwo| juhdwhu wkdq f1 Dw ! dqg ! uhvshfwlyh w|sh

ri ohdghu lv lqgl�huhqw ehwzhhq vV
O
dqg vG

O
1 Wkh h{shfwhg jdlq iurp dssrlqwlqj

d vfdshjrdw lv htxdo wr wkh h{shfwhg frvw1 Wkh frpshwhqw ohdghu kdv dq delolw|
dgydqwdjh ryhu wkh lqfrpshwhqw w|sh dqg klv h{shfwhg frvw lv orzhu/ dv lv klv
h{shfwhg jdlq1 Zklfk ri wkh wzr lqhtxdolwlhv wkdw zloo eh wkh odujhu rqh ghshqgv
rq wkh sdudphwul}dwlrq ri wkh prgho1 Frpsdulqj wkh h{suhvvlrqv iru ! dqg !

jlyhv wkdw ! lqfuhdvhv idvwhu lq f wkdq zkdw ! grhv li

4� I +H33,

4� I +H34,
�
4� I +H43,

4� I +H44,
� 3 +8,

Khqfh/ ! � ! li f lv vx!flhqwo| odujh dqg 8 krogv1 Pruhryhu/ li wkh uhodwlyh
lpsruwdqfh ri F*v delolw| ghfuhdvhv vx!flhqwo| zlwk O*v delolw|/ l1h1 li

j +�. 4,� j +�, � j @
4� I +H44,

4� I +H34,
+9,

wkhq ! � ! iru vrph f1 Lq wkh fdvh ! @ ! iru vrph f � 3> ghqrwh wklv frvw f1

Ohppd 41 ! � ! li hlwkhu
+d, 8 dqg 9 krog/
+e, 8 krogv vwulfwo| dqg f � f> ru
+f, 9 krogv vwulfwo| dqg f � f1

Surri1 Dsshqgl{1

:



Li rqh ri wkh frqglwlrqv lq Ohppd 4 krogv wkhq wkh wzr qrq0plplfnlqj frq0
vwudlqwv fdq eh vdwlv�hg vlpxowdqhrxvo| dqg wkhuh h{lvw uhzdugv vxfk wkdw vV

frqvwlwxwhv dq htxloleulxp1

Sursrvlwlrq 41 Li Ohppd 4+d,/ +e, ru +f, krogv wkhq vV lv d QH +Qdvk htxl0
oleulxp, iru hyhu| ! 5

�
!> !

�
1

Surri1 Dsshqgl{1

Wklv idu wkh irfxv kdv ehhq rq wkh ohdghu qhjohfwlqj wkh fr0zrunhu zkr lv mxvw
dv lpsruwdqw iru wkh h{lvwhqfh ri d vhsdudwlqj htxloleulxp1 Li wkh lqfrpshwhqw
fr0zrunhu �qgv wkdw lw lv qrw lq klv lqwhuhvw wr sduwlflsdwh wkhq wkhuh fdq qrw h{lvw
dq| vhsdudwlqj htxloleulxp1 Wkh qh{w wzr vhfwlrqv h{whqgv wkh prgho wdnlqj wkh
fr0zrunhu*v lqfhqwlyhv lqwr dffrxqw1

� ������� 
	�
�� ���������

Xqghu zkdw flufxpvwdqfhv zrxog wkh wzr w|shv ri fr0zrunhu yroxqwdu| sduwlfl0
sdwh lq htxloleulxpB Wkh suhihuhqfhv ri wkh fr0zrunhu duh fhqwudo zkhq vwxg|lqj
wklv txhvwlrq dqg khuh lw lv dvvxphg wkdw kh lv vrphzkdw vlplodu wr O lq wkh
vhqvh ri ehlqj gulyhq e| d ghvluh ri ehlqj dfnqrzohgjhg1 Li kh lv dfnqrzohgjhg
+DF @ 4, wkhq kh uhfhlyhv wkh uhzdug � zklfk fdq eh pdgh fdswxulqj fduhhu
rssruwxqlwlhv hwf1 dqg li kh lv qrw dfnqrzohgjhg wkhq DF @ 3 lq zklfk fdvh kh
uhfhlyhv qrwklqj1 Klv xwlolw| lv jlyhq e| wkh yQP xwlolw| ixqfwlrq

xF+E>DF, @ �EfF .DF�

zkhuh fF A 3 lv d frvw dvvrfldwhg zlwk ehlqj eodphg1 Qrwlfh wkdw F kdv qr
suhihuhqfhv gluhfwo| ryhu wkh srolf| rxwfrph1 Wklv dvvxpswlrq lv pdgh wr jdlq
vlpsolflw| exw dv orqj dv klv suhihuhqfhv fdq eh uhsuhvhqwhg e| dq dgglwlyh
vhsdudeoh xwlolw| ixqfwlrq lw grhvq*w fkdqjh dq| txdolwdwlyh uhvxowv1 Iru hdfk
ri wkh wzr w|shv ri fr0zrunhuv/ wkh uhvhuydwlrq xwlolw| lv jlyhq e| xF+F, zkhuh
x
F
+4, A x

F
+3, @ 31 Wkh ohdghu*v xwlolw| lv jlyhq e| xO dv ehiruh1

S fduhv derxw kdylqj dq frpshwhqw fr0zrunhu e| wkh vdph uhdvrqv vkh fduhv
derxw kdylqj dq frpshwhqw ohdghu1 Vkh xsgdwhv khu eholhiv ryhu O dqg F diwhu
kdylqj revhuyhg wkh srolf| rxwfrph dqg hyhqwxdoo| F*v w|sh1 Vkh dfnqrzohgjhv
O +F, li vkh �qgv klp frpshwhqw zlwk dw ohdvw suredelolw| s +sF,1 Khu xwlolw| lv
jlyhq e|

hxS +O>F> D>DF, @ OD. FDF . +4�D,s. +4�DF, sF

dqg khu vwudwhj| lv

hvVS +F> {, @
�

D @ 4 li Su +O @ 4 m iF> {j > vO, � s dqg D @ 3 rwkhuzlvh dqg

DF @ 4 li Su +F @ 4 m iF> {j > vO, � sF dqg DF @ 3 rwkhuzlvh1

O xvhv wkh vwudwhj| vV
O
dv ehiruh dqg wkh suhylrxv dqdo|vlv ri wkh klv lqfhqwlyhv

vwloo dssolhv exw ! 5
�
!> !

�
lv qr orqjhu d vx!flhqw iru d vhsdudwlqj htxloleulxp1

;



Iljxuh 4= [ @ ^{>.4, dqg [F @ +�4> {F `1 Wkh xqdeoh fr0zrunhu lv dfnqrzo0
hgjhg rqo| iru rxwfrphv lq [ _[F 1 Rqo| wkhuh lv wkh frqglwlrqdo suredelolw|

ri klp ehlqj deoh kljk hqrxjk1

Lw lv rqo| qhfhvvdu| vlqfh lw grhvq*w jxdudqwhh F*v sduwlflsdwlrq1 D fr0zrunhu

ri w|sh F dffhswv dq dssrlqwphqw li wkh h{shfwhg sd|r� lv juhdwhu ru htxdo wr

klv uhvhuydwlrq xwlolw|1 D qhfhvvdu| frqglwlrq iru wkh lqfrpshwhqw fr0zrunhu*v

sduwlflsdwlrq lv wkdw kh pxvw eh dfnqrzohgjhg zlwk vrph srvlwlyh suredelolw|/ l1h1

wkhuh pxvw h{lvw srolf| rxwfrphv vxfk wkdw kh lv qrw eodphg dqg S eholhyhv klp

wr eh frpshwhqw zlwk dw ohdvw suredelolw| sF 1 Dq| vxfk rxwfrph pxvw ehorqj

wr [ vlqfh wkh lqfrpshwhqw fr0zrunhu lv eodphg rwkhuzlvh1 Ohw [F ghqrwh wkh

vhw ri srolf| rxwfrphv vxfk wkdw wkh frpshwhqw fr0zrunhu lv dfnqrzohgjhg lq

htxloleulxp/ l1h1

[F @
�
{ m Su

�
F @ 4 m i>> {j > vVO

�
� sF > { 5 [

�
Lw iroorzv wkdw wkh lqfrpshwhqw fr0zrunhu fdqqrw eh dfnqrzohgjhg li sF A

4 � s ehfdxvh Su
�
F @ 4 m i>> {j > vV

O

�
� 4 � s iru doo { 5 [ zklfk pdnhv [F

hpsw|1 Ohw hvV @ +vV
O
> hvV
S
,1

Ohppd 51 Li s. sF A 4 wkhq lv hvV qrw d QH1

Surri1 Dsshqgl{1

Ehiruh wkh sduwlflsdwlrq frqvwudlqwv duh vwdwhg lw lv frqyhqlhqw wr kdyh vshf0
l�hg wkh suredelolw| ri d grxeoh dfnqrzohgjphqw1 Wkh vhw

Gw� @ i� m � @ {� j +�O. F, > { 5 [Fj

<



lv wkh vhw ri uhdol}dwlrqv ri � vxfk wkdw { 5 [F zkhq wkh O lv ri w|sh O dqg F

lv ri w|sh F1 Wkh suredelolw| ri d grxeoh dfnqrzohgjphqw lv wkxv I +Gw�,1 Lw
lv zruwk qrwlflqj wkdw wkh frpshwhqw fr0zrunhu lv dfnqrzohgjhg zlwk suredelo0
lw| I +Gw�, . +4� I +Hw�,, ehfdxvh kh lv dfnqrzohgjhg dw doo srolf| rxwfrphv
zkhuh wkh lqfrpshwhqw fr0zrunhu zrxog kdyh ehhq dfnqrzohgjhg dqg doo wkrvh
zkhuh wkh lqfrpshwhqw fr0zrunhu zrxog kdyh ehhq eodphg1 Wkh sduwlflsdwlrq
frqvwudlqw ri wkh lqfrpshwhqw w|sh ri fr0zrunhu lv

� � � +O, @
+4� I +Hw�,, fF

I +Hw�,
+:,

zkhuh � +O, @ .4 iru s . sF A 4= Grlqj wkh vdph h{huflvh iru wkh frpshwhqw
fr0zrunhu jlyhv

� � � +O, @
xF +4,

I +Gw4, . +4� I +Hw4,,
= +;,

Frpsdudwlyh vwdwlfv rq � dqg � zlwk uhvshfw wr O jlyhv � +3, A � +4, dqg
� +4, A � +3,1 Wkh plqlpxp uhzdug frqvlvwhqw zlwk sduwlflsdwlrq lv orzhu li
d fr0zrunhu lv dssrlqwhg e| d ohdghu ri wkh rssrvlwh w|sh1 Wkh edvlf lqwxlwlrq
lv wkdw kh lv dfnqrzohgjhg zlwk d kljkhu suredelolw| zkhq zrunlqj iru d ohdghu
ri wkh rssrvlwh w|sh wkdq rqh ri klv rzq w|sh1 Dovr/ � dqg � duh lqfuhdvlqj
lq sF vlqfh d wrxjkhu dfnqrzohgjphqw srolf| wrzdugv F lq vhqvh ri d kljkhu
sF ghfuhdvhv klv suredelolw| ri ehlqj dfnqrzohgjhg zklfk lq wxuq uhtxluhv dq
lqfuhdvhg plqlpxp uhzdug wr hqvxuh sduwlflsdwlrq1 Pruhryhu/ � lqfuhdvhv lq s

zkloh � uhpdlqv frqvwdqw zlwk uhvshfw wr fkdqjhv lq s1 D ohvv jhqhurxv dfnqrzo0
hgjphqw srolf| wrzdugv wkh O +kljkhu s, ghfuhdvhv wkh lqfrpshwhqw F*v fkdqfhv
ri ehlqj dfnqrzohgjhg vlqfh lw pdnhv lw pruh olnho| wkdw kh zloo eh h{srvhg1 Wklv
orzhuv klv h{shfwhg sd|r� dqg uhtxluhv d kljkhu plqlpxp uhzdug wr uhvwruh sdu0
wlflsdwlrq1 Wkh frpshwhqw fr0zrunhu lv qhyhu h{srvhg dqg klv plqlpxp uhzdug
grhv frqvhtxhqwo| qrw ghshqg rq s1 Sursrvlwlrq 5 vxppdul}hv wkh vx!flhqw
frqglwlrqv iru vV wr eh d htxloleulxp1

Sursrvlwlrq 51 Li +l, Ohppd 4+d,/ +e, ru +f, krogv/ +ll, s. sF � 4/ dqg +lll,
� � pd{

�
� +4, > � +3,

�
wkhq hvV lv d QH iru doo ! 5

�
!> !

�
=

Surri1 Dsshqgl{1

E| frqglwlrq +l, lv ! � ! dqg wkhuh h{lvwv qr sur�wdeoh ghyldwlrq iurp hvV
iru dq| w|sh ri ohdghu zkhq ! 5

�
!> !

�
1 Wkh sduwlflsdwlrq frqvwudlqwv iru wkh

wzr w|shv ri fr0zrunhu duh zhoo gh�qhg e| +ll, dqg krog e| frqglwlrq +lll,1 Lw
wxuqv rxw wkdw frqglwlrq +l, pd| eh uhod{hg iru vrph ydoxhv ri � dqg fF 1 Wkrvh
fdvhv duh +d,0+f, lq Fruroodu| 41

Fruroodu| 41 Li hvV frqvwlwxwhv d Qdvk htxloleulxp wkhq rqh ri wkh iroorzlqj
pxvw krog
+d, � ? � +3, > � +4, dqg ! 5 +f>.4, >

+e, � +3, A � � � +4, dqg ! 5
�
!>.4

�
>

+f, � +3, � � ? � +4, dqg ! 5
�
f> !

�
> ru

+g, ! � � +3, > � +4, dqg ! 5
�
!> !

�
1
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Surri1 Dsshqgl{1

Lq fdvh +d, wkh sdudphwhuv ri wkh prgho duh vxfk wkdw erwk w|shv ri fr0
zrunhu sduwlflsdwh exw uhixvh zrunlqj iru d ohdghu ri wkhlu rzq w|sh1 Wkhq/
qr w|sh ri ohdghu fdq ghyldwh e| hpsor|lqj �zurqj� w|sh ri fr0zrunhu dqg wkh
uhvwulfwlrqv rq ! dqg khqfh Ohppd 4 fdq eh uhod{hg1 Lq +e, wkh sdudphwhuv duh
vxfk wkdw wkh frpshwhqw fr0zrunhu/ exw qrw wkh lqfrpshwhqw/ dffhswv zrunlqj
iru d ohdghu ri klv rzq w|sh1 Rqo| wkh frpshwhqw ohdghu fdq ghyldwh e| sod|lqj
vG
O
dqg ! � ! lv frqvlvwhqw zlwk htxloleulxp1 Lq +f, wkh uhyhuvhg lv wuxh/ rqo| wkh

lqfrpshwhqw ohdghu fdq ghyldwh zklfk pdnhv ! � ! frqvlvwhqw zlwk htxloleulxp1
Ilqdoo|/ lq +g, erwk w|shv ri fr0zrunhuv dffhsw zrunlqj iru erwk w|shv ri ohdghu
dqg ! 5

�
!> !

�
1

Wklv idu lw kdv ehhq dvvxphg wkdw wkh ydoxh ri ehlqj dfnqrzohgjhg lv lqgh0
shqghqw ri wkh qxpehu ri dfwruv ehlqj dfnqrzohgjhg1 Wklv dvvxpswlrq vlpsol�hv
wkh prgho exw uxohv rxw d srvvleoh frq lfw ri lqwhuhvwv ehwzhhq wkh ohdghu dqg
wkh fr0zrunhu1 Lw lv hdv| wr lpdjlqh d vlwxdwlrq zkhuh dq dfnqrzohgjhg fr0
zrunhu ihhov vwurqj hqrxjk wr fkdoohqjh wkh lqfxpehqw ohdghu lq vrph uhvshfw1
H{dpsohv duh vwuxjjohv iru srzhu lq srolwlfdo sduwlhv/ �upv/ dqg oderu xqlrqv1
Lq uhdolw|/ frq lfwv ri wklv nlqg duh olnho| wr eh ri juhdw lpsruwdqfh iru wkh
lqfhqwlyhv ri wkh dfwruv lqyroyhg1

! ��� 
	�
�� ���������

Wkhuh duh pdq| w|shv ri frq lfwv lq lqwhuhvwv exw wkh sduwlfxodu w|sh vwxglhg
ehorz lv ri wkh w|sh khuh fdoohg ulydou|1 Ulydou| dulvhv zkhq erwk whdp phpehuv
kdyh ehhq dfnqrzohgjhg dqg wkhuh lv rqo| rqh uhzdug wkdw wkh| kdyh wr �jkw
ryhu1 Ulydou| fdq wkxv eh wkrxjkw ri dv d vwuxjjoh iru srzhu> wkh srsxodu
plqlvwhu ri �qdqfh ihhov vwurqj hqrxjk wr fkdoohqjh wkh lqfxpehqw suhvlghqw lq
wkh qh{w sulpdu| hohfwlrqv1 D whdp phpehu uhfhlyhv ! li kh lv dorqh ri ehlqj
dfnqrzohgjhg dqg lq wkh fdvh ri d grxeoh dfnqrzohgjphqw wkhuh lv d vwuxjjoh
zklfk O zlqv suredelolw| w dqg F zlwk suredelolw| 4� w1 Wkh zlqqhu jhwv ! dqg
wkh orvhu jhwv qrwklqj1 Iru O/ wkh h{shfwhg ydoxh ri d grxeoh dfnqrzohgjphqw
lv w! dqg iru F lw lv +4� w,!1 Wkxv/ d orz w pdnhv wkh ohdghu*v h{shfwhg sd|r�
iurp d grxeoh dfnqrzohgjphqw orz dqg d qhz w|sh ri ghyldwlrq pxvw wkhuhiruh
eh frqvlghuhg> wkh lqfrpshwhqw ohdghu pd| zdqw wr eodph wkh fr0zrunhu mxvw wr
dyrlg d vwuxjjoh/ l1h1 wr ohw E @ 4 dovr iru { 5 [F 1 Wklv ghyldwlrq lv xqsur�wdeoh
li ! � f � w! zklfk gh�qhv d kljkhvw uhzdug h!+w, @ f@+4 � w, frqvlvwhqw zlwk

htxloleulxp1 Wkh vhsdudwlqj htxloleulxp fdqqrw h{lvw zkhq ! A h!+w, dqg zkhq

! � h!+w, rqo| wkh plplfnlqj ghyldwlrq vG
O
kdv wr eh frqvlghuhg1 Prgli|lqj dqg

vlpsoli|lqj 6 dqg 7 jlyhv

! � !� +w, @ !
4� I +H44,

4� I +H44,� +4� w, +I +G43,� I +G44,,
+<,

dqg

! � !
�

+w, @ !
4� I +H34,

4� I +H34,� +4� w, +I +G33,� I +G34,,
= +43,
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Wkh uhzdug*v xsshu erxqg !
�

lv zhoo0gh�qhg/ frqwlqxrxv dqg lqfuhdvlqj lq w dv
orqj dv s . sF ? 41 Xqiruwxqdwho|/ wkh h�hfw rq wkh orzhu erxqg !� iurp d
fkdqjh lq w lv dpeljxrxv dqg !� pd| qrw eh zhoo gh�qhg iru vrph w +khqfhiruwk
ghqrwhg w zkhqhyhu lw h{lvwv, pdnlqj wkh ghqrplqdwru }hur1 Qrwlfh wkdw li w

h{lvwv/ wkhq lw lv xqltxh dqg !
� lv wkxv frqwlqxrxv lq w iru doo w 9@ w1 Pruhryhu/ li

w � w wkhq wkh frpshwhqw ohdghu zloo dozd|v suhihu vG
O

wr hvV dqg wkh vhsdudwlqj
htxloleulxp fdq qrw h{lvw1 Wklv odwwhu revhuydwlrq lv vwdwhg lq Ohppd 6+l,1

Iurp < dqg 43 lw iroorzv wkdw !� +4, @ ! dqg !
�

+4, @ != Wkhq/ e| frqwlqxlw|

wkh iroorzlqj lv wuxh> li ! A ! wkhq wkhuh h{lvwv d vpdoohvw w� ? 4 vxfk wkdw wkh
lqfhqwlyh frqvwudlqwv iru wkh wzr w|shv ri ohdghu fdq eh vdwlv�hg vlpxowdqhrxvo|
iru doo w � w�1 Wklv lv irupdol}hg lq Ohppd 6+ll,1

Ohppd 61 +l, Li w h{lvwv dqg w � w wkhq hvV lv qrw d QH1
+ll, Li Ohppd 4+d,/ +e, ru +f, krogv dqg s . sF ? 4 wkhq wkhuh h{lvwv d

vpdoohvw w� 5 ^3> 4, vxfk wkdw 3 ? !� +w, � !
�

+w, > h!+w, iru doo w 5 ^w�> 4`1

Surri1 Dsshqgl{

Uhzulwlqj wkh sduwlflsdwlrq frqvwudlqwv : dqg ; iru wkh wzr w|shv ri fr0
zrunhuv jlyhv

�� +O> w, @ � +O,
4

+4� w,
+44,

dqg

�� +O> w, @ � +O,
I +Gw4, . 4� I +Hw4,

+4� w,I +Gw4, . 4� I +Hw4,
+45,

Wkh sduwlflsdwlrq frqvwudlqwv duh lqfuhdvlqj lq w vlqfh d orzhu vxuylydo suredelolw|
4 � w pxvw eh frpshqvdwhg iru e| d kljkhu uhzdug1 Dv w dssurdfkhv 4 wkh
plqlpxp uhzdug ri wkh lqfrpshwhqw w|sh +��, jrhv wr lq�qlw| ehfdxvh kh zloo
qhyhu eh uhzdughg1 Wklv lpsolhv wkdw klv sduwlflsdwlrq frqvwudlqw fdq qrw eh
vdwlv�hg lq zklfk fdvh hvV lv qrw d htxloleulxp1 Pruhryhu/ dq lqfuhdvhg frvw ri
ehlqj eodphg dovr lqfuhdvhv klv plqlpxp uhzdug1 Lw wxuqv rxw wkdw iru hyhu|
w ? 4 dqg hyhu| uhzdug wkh wzr sduwlflsdwlrq frqvwudlqwv krog li fF dqg x

F
+4, duh

orz hqrxjk1 Wkh orzhvw uhzdug wkdw jhqhudoo| fdq eh vxvwdlqhg lq htxloleulxp
lv !� +w,1 Vhwwlqj ! @ !� +w, dqg wdnlqj w dv jlyhq wkh kljkhvw ydoxhv ri fF dqg
x
F
+4, vxfk wkdw wkh sduwlflsdwlrq frqvwudlqwv krog duh jlyhq e|

fF+w, @
!� +w, +4� w,I +G43,

4� I +H43,

dqg
xF +w, @ !� +w, ++4� w,I +G34, . 4� I +H34,, =

Vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri d vhsdudwlqj htxloleulxp fdq qrz
eh vwdwhg e| wkh xvh ri Ohppdv 4/ 5 dqg 6

Sursrvlwlrq 61 Li +l, Ohppd 4+d,/ +e, dqg +f,/ +ll, s.sF ? 4/ +lll, w 5 ^w�> 4,/
+ly, fF � fF+w,/ dqg +y, x

F
+4, � xF +w, wkhq frqvwlwxwhv hvV d QH iru doo

! 5
k
!� +w, >plq

q
!
�

+w, > h!+w,rl1
45



Frqglwlrqv +l, dqg +lll, jxdudqwhh wkh h{lvwhqfh ri dq lqwhuydo ri uhzdugv
wkdw vdwlv�hv wkh lqfhqwlyh frqvwudlqwv ri wkh wzr w|shv ri ohdghu dqg +ll,0+y,
jxdudqwhh wkdw wkh sduwlflsdwlrq frqvwudlqwv ri wkh wzr w|shv ri fr0zrunhu duh
qrw ylrodwhg iru dq| uhzdug zlwklq wkh lqwhuydo1 Wkh vhsdudwlqj htxloleulxp
h{lvwv iru dq| uhzdug zlwklq wkh vshfl�hg lqwhuydo1 Wkh sur�oh hvV pd|/ dv lq wkh
fdvh ri qrq0frq lfwlqj lqwhuhvwv/ eh vxssruwhg rxwvlgh wkh vshfl�hg lqwhuydo ri
uhzdugv iru vrph sdudphwul}dwlrq ri wkh prgho1 Iru vxfk d sdudphwul}dwlrq rqh
pd| uhod{ frqglwlrqv +l, dqg +lll,1 Krzhyhu/ xqghu qr flufxpvwdqfhv fdq w � w

ru !4 A h!+w, lq htxloleulxp1

Fruroodu| 51 Li hvV frqvwlwxwhv dq htxloleulxp wkhq rqh ri wkh iroorzlqj pxvw
krog
+d, �� +3> w, > �� +4> w, dqg ! 5

�
f> h!+w,l >

+e, �� +4> w, � !4 ? �� +3> w, dqg ! 5
k
!
� +w, > h!+w,l >

+f, �� +3> w, � !4 ? �� +4> w, dqg ! 5
�
f>plq

q
!
�

+w, > h!+w,rlru
+g, �� +3> w, > �� +4> w, � !4 dqg ! 5

k
!� +w, >plq

q
!
�

+w, > h!+w,rl1
Surri1 Dsshqgl{1

Wkh lqwxlwlrq ehklqg Fruroodu| 5 lv lghqwlfdo wr wkh lqwxlwlrq ehklqg Fruroodu|
41 Frqglwlrqv +ll,0+y, jxdudqwhh wkh sduwlflsdwlrq ri erwk w|shv ri fr0zrunhu lq
htxloleulxp1 Li wkh sdudphwhuv ri wkh prgho dqg wkh uhzdug ! duh vxfk wkdw d
fr0zrunhu ri w|sh F grhv qrw dffhsw zrunlqj iru d ohdghu ri wkh vdph w|sh wkhq
wkh lqfhqwlyh frqvwudlqw ri wkdw ohdghu ehfrphv luuhohydqw1 Lq fdvh +d, wklv lv
wuxh iru F @ 3> 4> lq +e, iru F @ 3/ dqg lq +f, iru F @ 41 Ilqdoo|/ dv lq fdvh +g,/

F @ 3> 4 dffhswv zrunlqj iru O @ 3> 4 dqg zh uhtxluh !
�

+w, � !4 � !� +w,1

" �#�����

Ohw � @ 5/ s @ 3=8> f @ 4> dqg j +�O. F, @
s
�O. F1 Wkhq [ @ ^4=54>.4,/

f @ 3/ ! @ 5=39/ dqg ! @ 6=541 Qhjohfwlqj wkh suhihuhqfhv ri wkh fr0zrunhu dqg

dsso|lqj Sursrvlwlrq 4 jlyhv wkdw vV lv d htxloleulxp iru doo ! 5 ^5=39> 6=54`1
Ohw x +4, @ 4/ sF @ 3=78> fF @ 3=41 Qrwlfh wkdw s . sF @ 3=<8 ? 4 zklfk

lv frqvlvwhqw zlwk htxloleulxp +Ohppd 5,1 Wkh vhw ri srolf| rxwfrphv uhvxowlqj
lq d grxeoh dfnqrzohgjphqw dqg wkh sduwlflsdwlrq frqvwudlqwv ri wkh wzr w|shv
ri fr0zrunhu duh vxppdul}hg lq wkh �uvw froxpq ri Wdeoh L1 Wkh vhfrqg froxpq
vxppdul}hv dq rwkhu fdvh wkdw lv glvfxvvhg dw wkh hqg ri wklv vhfwlrq1

Wdeoh L
fF @ 3=4> sF @ 3=78 fF @ 3=:8> sF @ 3=7

[ _[F ^4=54> 5=5:` ^4=54>.4,
� +3, 3=89 5=84
� +4, 3=4; 3=94
� +3, 4=43 4
� +4, 4=76 4
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Iljxuh 5= Htxloleulxp uhjlrqv lq wkh fdvh ri frq lfwlqj lqwhuhvwv1

Qrwlfh wkdw � +4, A � +3, A � +3, A � +4,1 Dsso|lqj Sursrvlwlrq 5 jlyhv

wkdw hvV lv d htxloleulxp iru vrph ydoxhv ri � dqg !1 Krzhyhu/ uhfdoo wkdw wkh
sduwlflsdwlrq frqvwudlqwv ri erwk w|shv ri fr0zrunhu pxvw krog lq htxloleulxp1
Khuh/ wklv lpsolhv � � � +3, zklfk uxohv rxw fdvhv +d, dqg +e, lq Fruroodu| 41
Khqfh/ hvV lv dq htxloleulxp iru wkh uhzdug vwuxfwxuh

� 5 ^� +3, > � +4,, @ ^4=4> 4=76, dqg ! 5
�
f> !

�
@ +4> 6=54`

zklfk fruuhvsrqgv wr fdvh +f, lq Fruroodu| 4 dqg

� � � +4, @ 4=76 dqg ! 5 ^5=39> 6=54` @
�
!> !

�

zklfk fruuhvsrqgv wr fdvh +g,1
Iljxuh 5 ghvfulehv wkh fdvh ri frq lfwlqj lqwhuhvwv iru wklv h{dpsoh1 Wkh

vhsdudwlqj htxloleulxp h{lvwv lq uhjlrqv 4081 Uhjlrq 4 fruuhvsrqgv wr fdvh +d,
lq Fruroodu| 5/ uhjlrq 5 wr +e,/ uhjlrq 6 wr +f, dqg uhjlrqv 7 dqg 8 wr +g,1 Dq|

htxloleulxp uhzdug vwuxfwxuh pxvw eh deryh � +4> �, dqg � +3> �, exw ehorz h!+�,1
H{dpsohv ri frpelqdwlrqv ri +w> !, iru zklfk hvV frqvwlwxwhv dq htxloleulxp duh
jlyhq lq wkh ohiw0kdqg vlgh ri Wdeoh LL1 Lq whupv ri Fruroodu| 5 doo irxu w|shv ri
htxloleuld duh srvvleoh dqg wkh ohwwhuv +d,0+g, uhihu wr fdvhv +d,0+g, lq Fruroodu|
51
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Wdeoh LL
fF @ 3=4> fF @ 3=:8>
sF @ 3=78 sF @ 3=7

+d, +e, +f, +g, +d, +e,
+w> !, +3=:8> 4=8, +3=;8> 5=8, +3=8> 4=8, +3=:> 5=8, +3=8> 4=7, +3=:> 5=8,
!� +w, 5=38 5=39 5=37 5=38 4=;: 4=<7

!
�

+w, 6=3; 6=46 5=<9 6=39 5=9; 5=;:
�� +3> w, 5=59 6=:9 4=46 4=;; 8=35 ;=69
�� +4> w, 3=:4 4=4; 3=68 3=8< 4=79 5=36
�� +3> w, 4=74 4=7: 4=5< 4=6< 4=5< 4=79
�� +4> w, 5=39 5=4< 4=:< 5=33 4=79 4=:<

Lq wkh vhfrqg h{dpsoh f dqg s duh wkh vdph dv lq wkh �uvw h{dpsoh exw F*v
frvw ri ehlqj h{srvhg fF dqg S *v dfnqrzohgjphqw srolf| sF wrzdugv F duh
gl�huhqw1 Ohw fF @ 3=:8 dqg sF @ 3=71 Wkh odwwhu pdnhv [ @ ^4=54>.4,/
l1h1 S *v dfnqrzohgjphqw srolflhv s dqg sF duh vxfk wkdw wkh frpshwhqw fr0
zrunhu dozd|v lv dfnqrzohgjhg1 Khqfh/ � +3, @ �� +4, @ x+4,1 Wkh sduwlflsdwlrq
frqvwudlqwv ri wkh wzr w|shv ri fr0zrunhu duh vxppdul}hg lq wkh uljkw0kdqg vlgh
ri Wdeoh L1 Wkh vhsdudwlqj htxloleulxp h{lvwv e| Sursrvlwlrq 5 iru vrph uhzdug
vwuxfwxuhv1 Lq htxloleulxp lv � � � +3, zklfk uxohv rxw uhzdug vwuxfwxuhv ri w|sh
+d, dqg +f, lq Fruroodu| 41 Wkxv/ hvV lv dq htxloleulxp li

� 5 ^4> 5=84, @
�
� +4, > � +3,

�
dqg ! �

�
!>.4

�
@ ^5=39>.4,

ru
� � 5=84 @ � +3, dqg ! 5

�
!> !

�
@ ^5=39> 6=54`

zklfk fruuhvsrqgv wr fdvhv +e, dqg +g, lq Fruroodu| 41 Wkh uljkw0kdqg vlgh
ri Wdeoh LL ghvfulehv wkh fdvh ri frq lfwlqj lqwhuhvwv1 Khuh/ wkh vhsdudwlqj
htxloleulxp h{lvwv rqo| li +w> !, lv ri w|sh +d, ru +e,1 Lq whupv ri wkh vlwxdwlrq
ghvfulehg lq Ilj1 4/ wkh edvlf lqwxlwlrq lv wkdw wkh fkdqjhv lq fF dqg sF pryh wkh
uhvwulfwlrq �� +3> �, wr d srvlwlrq deryh h!+�, zklfk phdqv wkdw wkh lqfrpshwhqw
fr0zrunhu zloo qrw dffhsw zrunlqj iru dq lqfrpshwhqw ohdghu1 Wklv holplqdwhv
uhjlrqv 7 dqg 8/ l1h1 fdvhv +f, dqg +g, lq Fruroodu| 51

$ ������% ��� &
�	���
��

Wkh txhvwlrq ri xqghu zkdw flufxpvwdqfhv d sduwlfxodu vhsdudwlqj htxloleulxp
h{lvw kdv ehhq lqyhvwljdwhg lq d iudphzrun ri lqfrpsohwh frqwudfwlqj zklfk lv dq
lpsruwdqw vlpsoli|lqj dvvxpswlrq1 Wkh dvvxpswlrq lv qhyhuwkhohvv d uhdvrqdeoh
ghvfulswlrq ri pdq| lqwhuhvwlqj vlwxdwlrqv/ h1j1 jhqhudo hohfwlrqv dqg vkduhkroghu
phhwlqjv zkhuh yrwhuv ru rzqhuv kdyh wr ghflgh zkhwkhu wkh| kdyh frq�ghqfh
lq wkh lqfxpehqw ohdghu ru qrw1 Dovr wkh dvvxpswlrq wkdw wkh sulqflsdo fdq qrw
revhuyh wkh wuxh delolwlhv ri wkh whdp phpehuv +zlwk h{fhswlrq ri wkh fr0zrunhu
zkhq kh lv eodphg, fdq eh ghihqghg e| uhdo0olih dujxphqwv1 Krzhyhu/ wkhuh lv
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rqh lpsolflw dvvxpswlrq lq wkh prgho wkdw lv pruh gl!fxow wr ghihqg/ qdpho|
wkdw wkh srolf| rxwfrph lv uhgxfhg wr d ixqfwlrq ri wkh delolwlhv ri wkh whdp
phpehuv1 Lq wkh zruog ri wkh prgho/ wkh ohdghu lv vrphkrz frpshwhqw wr pdnh
wkh fr0zrunhu or|do wr klp lq klv h�ruw wr pd{lpl}h wkh srolf| rxwfrph14 Wklv
lv jhqhudoo| qrw lq wkh lqwhuhvw ri wkh frpshwhqw fr0zrunhu zkr ehqh�w iurp
d srru srolf| rxwfrph dqg vrphwlphv qrw lq wkh lqwhuhvw ri wkh lqfrpshwhqw
fr0zrunhu hlwkhu1 Ylhzlqj wklv dv d prqlwrulqj sureohp/ wkh ohdghu*v fkrlfh lv wr
dssrlqw dq frpshwhqw fr0zrunhu zkr pd| qhhg wr eh fduhixoo| prqlwruhg ru dq
lqfrpshwhqw fr0zrunhu zkr pd| qhhg ohvv prqlwrulqj1 Dq lqwhuhvwlqj dvshfw ri
prqlwrulqj lv wkdw lw pd| eh gl!fxow wr eodph vrphrqh zkr kdv ehhq fduhixoo|
prqlwruhg1 Wkh gl�huhqfh lq lqfhqwlyhv ehwzhhq wkh wzr w|shv ri fr0zrunhu dqg
wkh wudgh r� ehwzhhq prqlwrulqj dqg uhvsrqvlelolw| duh olnho| wr eh ri lpsruwdqfh
iru wkh h{lvwhqfh ri d vhsdudwlqj htxloleulxp1 Ilqdoo|/ fkdqjlqj wkh sulqflsdo*v
dfnqrzohgjphqw srolf| uhjduglqj wkh ohdghu wr vrph duelwudu| suredelolw| grhv
qrw fkdqjh dq| txdolwdwlyh uhvxowv1 Krzhyhu/ li wklv suredelolw| lv wrr orz wkhq d
vhsdudwlqj htxloleulxp fdq qrw h{lvwv vlqfh wkh lqvxudqfh prwlyh lv holplqdwhg1

4Jurryhv +4<:6, vkrzv wkdw li wkh ohdghu +sulqflsdo, lv iuhh wr ghvljq sd|phqw vfkhphv wkhq
wkhuh h{lvwv d sd|phqw vfkhph wkdw vroyhv hyhu| lqfhqwlyh sureohp dqg pdnhv wkh fr0zrunhu
+whdp phpehuv, dfw lq d zd| wkdw pd{lpl}hv wkh ohdghu*v +sulqflsdo*v, xwlolw|1
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Dsshqgl{

Surri ri Ohppd 41 Uhzulwlqj ! � ! jlyhv

�
4� I +H33,

4� I +H34,
�

4� I +H43,

4� I +H44,

�
f �

j +�. 4,� j +�,

4� I +H44,
�

4

4� I +H34,
= +46,

+l, Vxssrvh 9 dqg 8 krog1 Wkh uljkw0kdqg vlgh ri 46 lv qrq0srvlwlyh dqg
wkh ohiw0kdqg vlgh lv qrq0qhjdwlyh vlqfh f lv qrq0qhjdwlyh e| dvvxpswlrq1
Khqfh/ 46 krogv iru doo f � 3= +ll, Vxssrvh 8 krogv vwulfwo| dqg 9 grhvq*w
krog1 Erwk vlghv ri 46 lv vwulfwo| srvlwlyh dqg 46 krogv iru doo f � f zkhuh

f �

j+�.4,�j+�,
4�I +H44,

� 4
4�I +H34,

4�I +H33,
4�I +H34,

� 4�I +H43,
4�I +H44,

� 3= +47,

+lll, Vxssrvh 9 krogv vwulfwo| zkloh 8 grhvq*w krog1 Erwk vlghv ri 46 duh
vwulfwo| qhjdwlyh vlqfh f � 3 e| dvvxpswlrq1 Khqfh/ li f � f wkhq 46 krogv1

Surri ri Sursrvlwlrq 41 Vxssrvh vV lv qrw dq htxloleulxp1 Wkhq wkhuh h{lvwv
vrph vwulfwo| sur�wdeoh ghyldwlrq vO iru d ohdghu ri w|sh O 5 i3> 4j1 Vxs0
srvh vO suhvfuleh F @ 31 Iurp vVS dqg wkh sulqflsdo*v rxw0ri0htxloleulxp
eholhiv lw iroorzv wkdw ohwwlqj E @ 4 iru doo { @5 [ dqg E @ 3 iru doo { 5 [
pd{lpl}hv wkh h{shfwhg sd|r� iru doo O1 Wklv lpsolhv wkdw

H
�
xO m v

G

O > v
V

S > O @ 3
�
� H

�
xO m vO> v

V

S > O @ 3
�

dqg

H
�
xO m v

V > O @ 4
�
� H

�
xO m vO> v

V

S
> O @ 4

�
=

E| dvvxpswlrq lv ! � ! � !zklfk pdnhvH
�
xO m v

V > O
�
� H

�
xO m v

G

O
> vV
S
> O

�
dqg vO fdq qrw suhvfuleh F @ 3 iru zklfk uhdvrq lw pxvw suhvfuleh F @ 41

Iurp vV
S
dqg wkh sulqflsdo*v rxw0ri0htxloleulxp eholhiv lw iroorzv wkdw E @ 3

iru doo {pd{lpl}hv wkh h{shfwhg sd|r� ri erwk w|shv ri ohdghu zkhq F @ 4=

Khqfh/

H
�
xO m v

V > O @ 3
�
� H

�
xO m vO> v

V

S > O @ 3
�

dqg

H
�
xO m v

G

O
> vV
S
> O @ 4

�
� H

�
xO m vO> v

V

S
> O @ 4

�
=

Vlqfh ! � ! � ! lv H
�
xO m v

V > O
�
� H

�
xO m v

G

O
> vV
S
> O

�
dqg F @ 4 fdq qrw

eh d sduw ri dq| vwulfwo| sur�wdeoh ghyldwlrq dqg vV
O
wkhuhiruh pd{lpl}hv

wkh h{shfwhg sd|r� ri erwk w|shv ri ohdghu1 E| gh�qlwlrq/ vV
S

pd{lpl}hv

wkh h{shfwhg xwlolw| ri wkh sulqflsdo dqg vV frqvwlwxwhv d Qdvk htxloleulxp1

�

Surri ri Ohppd 51 E| vkrzlqj wkdw wkh sduwlflsdwlrq frqvwudlqw lv ylrodwhg

iru O @ 3 zkhq sF . s A 4 lw lv vkrzq wkdw hvV grhv qrw frqvwlwxwh d Qdvk

htxloleulxp1 Lq htxloleulxp lv

Su
�
F @ 4 m iF> {j > vVO

�
@ 4� Su

�
O @ 4 m iF> {j > vVO

�
=

4:



Vxssrvh sF.s A 4/ wkhqH
�
xF m hvV >F @ 3

�
@ �fF vlqfh Su

�
F @ 4 m iF> {j > vV

O

�
?

sF +dqg wkxv DF @ 3, iru doo htxloleulxp revhuydwlrqv iF> {j1

Surri ri Sursrvlwlrq 51 Frqglwlrq +l, jxdudqwhhv wkdw ! � !1 Frqglwlrqv
+ll, jxdudqwhhv wkdw � +4, lv �qlwh dqg frqglwlrq +lll, hqvxuhv wkdw � �

� +4, > � +3,1 Khqfh/ li frqglwlrqv +l,0+lll, duh phw dqg ! 5
�
!> !

�
wkhq

wkhuh h{lvwv qr vwulfwo| sur�wdeoh ghyldwlrq iru dq| w|sh ri ohdghu dqg erwk
w|shv ri fr0zrunhu sduwlflsdwhv1 Wkh sulqflsdo*v vwudwhj| hvV

S
pd{lpl}hv wkh

sulqflsdov h{shfwhg xwlolw|1 Khqfh/ hvV lv d vhsdudwlqj htxloleulxp1 �

Surri ri Fruroodu| 41 Frqglwlrqv +ll, dqg +lll, lq Sursrvlwlrq 5 pxvw eh phw
lq htxloleulxp dqg vlqfh � +3, A � +4, dqg � +4, A � +3, wkhuh duh vl{ srvvl0
eoh rughulqjv ri � +3, > � +4, > � +3, > dqg � +4,1 Xvlqj wkdw � � � +4, > � +3, lq
htxloleulxp uhgxfhv wkh vl{ fdvhv wr irxu srvvleoh fdvhv/ +d,0+g, lq Fruroodu|
41 Zkhqhyhu � � � +3,/ F @ 3 dffhswv dq r�hu iurp O @ 3 zkr frqvh0

txhqwo| kdv wkh srvvlelolw| wr ghyldwh e| sod|lqj vG
O
1 Khqfh/ li � � � +3,

wkhq ! � ! lq htxloleulxp1 Dqdorjrxvo|/ li � � � +4, wkhq ! � ! lq htxl0
oleulxp1 E| wkh vdph orjlf/ li � ? � +3, wkhq O @ 3 fdq qrw dssrlqw F @ 3

zklfk pdnhv ! A ! frqvlvwhqw zlwk wkh vhsdudwlqj htxloleulxp1 Dovr/ li
� ? � +4, wkhq O @ 4 fdq qrw dssrlqw F @ 4 dqg ! ? ! lv frqvlvwhqw zlwk
htxloleulxp1

Surri ri Ohppd 61 +l, Uhzulwlqj wkh lqhtxdolw| ! � !�+w, jlyhv

4� I +H44,� +4� w, +IG43 � I +G44,, � ! +4� I +H44,, @!= +48,

Li w h{lvwv wkhq wkh ohiw0kdqg vlgh ri 48 lv htxdo wr }hur dw w dqg qhjdwlyh
iru doo w ? w1 Wkh uljkw0kdqg vlgh lv frqvwdqw dqg srvlwlyh vlqfh ! A 3
e| dvvxpswlrq1 Lqhtxdolw| 48 lv wkxv ylrodwhg iru doo w � w lpso|lqj wkdw
H

�
xO m v

G

O
> vV
S
>O @ 4

�
A H

�
xO m v

V > O @ 4
�
iru doo vxfk w1 Khqfh/ vV lv qrw

d Qdvk htxloleulxp iru dq| w � w1
+ll, E| wkh frqwlqxlw| ri !� dqg !

�

+surri rplwwhg, wkhuh h{lvwv dq lqwhuydo

Q @ +q> 4` vxfk wkdw !
�

+w, � !� +w, A 3 iru doo w 5 Q 1 Ohw Q � eh wkh
odujhvw lqwhuydo zlwk wklv surshuw| dqg ohw w3 eh wkh lq�qlpxp ri Q �1 Qrwh
wkdw li w h{lvwv/ wkhq w3 A w1
Wkh ixqfwlrq h! lqfuhdvhv frqwlqxrxvo| iurp h!+3, @ f wr olpw$4

h!+w, @ .41
E| wkh surshuwlhv ri !� lw iroorzv wkdw zkhwkhu w h{lvwv ru qrw/ wkhuh h{lvwv

d w33 5 +3> 4, zklfk lv wkh vpdoohvw w vxfk wkdw !� +w, � h!+w, iru doo w 5 ^w33> 4`1
Qrwh wkdw li w h{lvwv/ wkhq w33 A w1
Ohw w� @ pd{ iw3> w33j/ wkhq !

� +w, � h!+w,> !� +w, iru doo w 5 ^w�> 4` =

Surri ri Sursrvlwlrq 61 E| Ohppd 6 dqg frqglwlrq +l, dqg +lll, lv !� +w, �

!
�

+w, > h!+w,1 E| wkh surshuwlhv ri !�> !
�

/ dqg w� wkhuh h{lvwv qr sur�wdeoh

ghyldwlrq iru O @ 3> 4 zkhq !4 5
k
!� +w, >pd{

q
!
�

+w, > h!+w,rl +wkh phwkrg

ri vkrzlqj wklv lv dqdorjrxv wr wkh surri ri Sursrvlwlrq 4,1 Wkh sduwlflsd0
wlrq frqvwudlqw iru F @ 3 lv vdwlv�hg iru doo ! � �� +3> w, vlqfh fF � fF +w,

4;



dqg wkh sduwlflsdwlrq frqvwudlqw iru F @ 4 vdwlv�hg vlqfh x
F
+4, � xF+w,1

Khqfh/ hvV frqvwlwxwhv d Qdvk htxloleulxp1 �

Surri ri Fruroodu| 51 Li hvV frqvwlwxwhv d Qdvk htxloleulxp wkhq frqglwlrqv
+ly, dqg +y, lq Sursrvlwlrq 6 pxvw eh phw/ l1h1 ! � pd{

�
�� +4> w, > �� +3> w,

�
1

Kdylqj hvwdeolvkhg wklv/ wkh uhvw ri wkh surri lv dqdorjrxv wr wkh surri ri
Fruroodu| 41

4<
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^4` Ehvoh|/ W1 dqg Fdvh/ D1 +4<<8,1 �Grhv Hohfwrudo Dffrxqwdelolw| D�hfw Hfr0
qrplf Srolf| FkrlfhvB Hylghqfh iurp Jxehuqdwruldo Whup Olplwv�/ Txdu0

whuo| Mrxuqdo ri Hfrqrplfv 443/ :9<0:<;1

^5` Fkr/ L0N1 dqg Nuhsv/ G1P1 +4<;:,1 �Vljqdolqj Jdphv dqg Vwdeoh Htxloleuld�/
Txduwhuo| Mrxuqdo ri Hfrqrplfv 435/ 4:<05541

^6` H!qjhu/ P1 dqg Sroeruq/ P1 +4<<<,1 �Khuglqj dqg Dqwl0Khuglqj= D Prgho
ri Uhsxwdwlrqdo Gl�huhqwdwlrq�/ plphr/ Xqlyhuvlw| ri Pxqlfk1

^7` Ihuhmrkq/ M1 +4<;9,1 �Lqfxpehqw Shuirupdqfh dqg Hohfwrudo Frqwuro�/ Sxeolf
Fkrlfh 83/ 80591

^8` Jleerqv/ U1 dqg Pxusk|/ N1M1 +4<<5,1 �Rswlpdo Lqfhqwlyh Frqwudfwv lq wkh
Suhvhqfh ri Fduhhu Frqfhuqv= Wkhru| dqg Hylghqfh�/ Mrxuqdo ri Srolwlfdo
Hfrqrp| 433+6,/ 79;08381

^9` Juryhv/ W1 +4<:6,1 �Lqfhqwlyhv lq Whdpv�/ Hfrqrphwulfd 74+7,/ 94:0964

^:` Kduulqjwrq/ M1H1 +4<<6,1 �Hfrqrplf Srolf|/ Hfrqrplf Shuirupdqfh/ dqg
Hohfwlrqv�/ Dphulfdq Hfrqrplf Uhylhz ;6+4,/ 5:0751

^;` Mhrq/ V1 +4<<9,1 �Uhsxwdwlrqdo Frqfhuqv dqg Pdqdjhuldo Lqfhqwlyhv lq Lq0
yhvwphqw Ghflvlrqv�/ Hxurshdq Hfrqrplf Uhylhz 75/ 45360454<1

^<` Ohy|/ J1 +4<<<,1 �Vwudwhjlf Frqvxowdwlrq dqg c\hv Pdq* Dgylvruv� lq Hvvd|v

rq Vwudwhjlf Lqirupdwlrq Wudqvplvvlrq/ Glvvhuwdwlrq lq Hfrqrplfv/ Sulqfh0
wrq Xqlyhuvlw|1

^43` Ph|hu/ P1D1 dqg Ylfnhuv/ M1 +4<<:,1 �Shuirupdqfh Frpsdulvrqv dqg G|0
qdplf Lqfhqwlyhv�/ Mrxuqdo ri Srolwlfdo Hfrqrp| 438+6,/ 87:08;41

^44` Urjr�/ N1 +4<<3,1 �Htxloleulxp Srolwlfdo Exvlqhvv F|fohv�/ Dphulfdq Hfr0

qrplf Uhylhz ;3+4,/ 540691

^45` Shuvvrq/ W1 dqg Wdehoolql/ J1 +4<<3,1 Pdfurhfrqrplf Srolf|/ Fuhglelolw|

dqg Srolwlfv1 Orqgrq= Kduzrrg Dfdghplf Sxeolvkhuv1

^46` Wuxhpdq/ E1 +4<<7,1 �Dqdo|vw Iruhfdvwv dqg Khuglqj Ehkdylru�/ Uhylhz ri

Ilqdqfldo Vwxglhv :/ <:04571
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