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Abstract

We propose a seasonal cointegration model [SECM] for quarterly data
which includes variables with different numbers of unit roots and thus needs
to be transformed in different ways in order to yield stationarity. A Monte
Carlo simulation is carried out to investigate the consequences of specifying a
SECM with all variables in annual diffrerences in this situation. The SECM in
annual differences is compared to the correctly specified model. Pre-testing for
unit roots using two different approaches, and where the models are specified
according to the unit root test results, is also considered. The forecast mean
squared error criterion and certain parameter estimation results indicate that,
in practice, a cointegration model where all variables are transformed with the
annual difference filter is more robust than one obtained by pre-testing for a
smaller number of unit roots. The second best choice when the true model is
not known and when the aim is to forecast, is an ordinary VAR model also in

annual differences.
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1 Introduction

Cointegration was a major break through when introduced by Engle and Granger
(1987). They treat cointegration as stable long-run relationships between a set of
nonstationary time series processes, which includes unit roots at the nonseasonal,
or zero, frequency. One of the main attractions of the idea is that the cointegrating
vectors may be interpreted as equilibrium relations between the variables. It is
often assumed that the seasonal patterns are constant over time and many applied
researchers try to model these variations using deterministic seasonal dummies.
However, substantial empirical evidence makes it safe to conclude that the seasonal
pattern in many economic time series is far from constant. To the best of our
knowledge, there are two major routes to cointegration in the case of changing sea-
sonal variation, namely periodic and seasonal cointegration. Periodic cointegration
models, see for example Boswijk and Franses (1995), consider long-run relation-
ships season by season, whereas seasonal cointegration models are based on the
idea of the unit roots (zero and seasonal) implied by the annual difference filter,
see Hylleberg et al. (1992) [HEGY]. In the present paper the latter model class
for quarterly data is considered, a class to which Engle et al. (1993) [EGHL], Lee
(1992) and Johansen and Schaumburg (1998) have made important contributions.
EGHL propose a two-step approach to test for the presence of seasonal and nonsea-
sonal cointegration relationships whereas Lee (1992) suggests a multiple equation
seasonal error correction model [SECM], which extends the maximum likelihood ap-
proach to the nonseasonal case, summarized in Johansen (1995). Finally, Johansen
and Schaumburg (1998) refine the asymptotic theory for SECM and propose a gen-
eral estimation procedure for the parameters corresponding to the annual frequency.
The specification of the SECM is straightforward if all the included variables contain
roots at the same, but not necessarily at all, frequencies.

One purpose of this paper is to show how the more general SECM, proposed by
Johansen an Schaumburg (1998), could be specified in the case where the quarterly
observed variables contain different numbers of unit roots, which is a common situa-
tion when working with real world data. We assume that the interest of an empirical
study is a) to test for the number of cointegrating vectors and estimate these at the
nonseasonal and seasonal frequencies, and b) to forecast. A Monte Carlo simulation
is carried out to investigate the consequences of specifying a SECM which assumes
four unit roots in each process and where the variables are transformed to yield

stationarity accordingly, i.e. applying the annual difference filter. This specifica-



tion is compared to the correctly specified model,attaching a different filter to each
variable. Furthermore, we consider pre-testing for the number of seasonal unit roots
in the univariate time series and specify models suggested by these tests. The two
seasonal unit root tests are the familiar HEGY test and the seasonal KPSS [SKPSS]
tests of Lyhagen (2000), respectively. It has been shown that the HEGY test has
poor power against alternatives close to the null hypothesis. This implies that one
may find evidence of too many roots, in practice, using this method. It is therefore
interesting to include the SKPSS, which has the null hypothesis of no unit roots.
In the forecasting exercise we also include a VAR model in annual differences.

The outline of the paper is as follows. Section 2 describes cointegration and sea-
sonal cointegration, while Section 3 discusses the model for variables with different
numbers of seasonal unit roots. The Monte Carlo setup is given in Section 4 and

the results are analyzed in Section 5. Some conclusions end the paper.

2 Cointegration and seasonal cointegration

Let L be the lag operator, i.e. LY; = Y;_,4 and define the first difference filter as
A = (1 = L). Furthermore, let Ay = (1 — Ld). Consider a quarterly observed p-
dimensional autoregressive process Y;. The vector error correction model [VECM]

can now be written as:
AY, =1V, + T1AY 1 + ... + TpAYp + PD; + &y, (1)

where II = a8’ is of reduced rank r and where I't,...,T', are lag matrices, see
Johansen (1995). The deterministic terms may contain a constant and seasonal
dummies. One crucial assumptions is that the first difference filter should remove
all unit roots in the process that generates Y;. However, economic time series which
possess a changing seasonal pattern over time often include seasonal unit roots, in
addition to the zero frequency root. If A4 filters, henceforth annual difference filters,
are required to transform the vector Y; to yield stationarity, the time series are said
to be seasonally integrated i.e. ¥z ~ SI(1). This filter assumes four unit roots, all

of which lie on the unit circle. This can be seen from the following factorization:
Ay=(1-LY=Q1-L)(1+L)(1+4iL)(1—iL) 2)

where ¢ = \/—1. Now, the (1 — L) part correspond to the zero frequency or non-

seasonal unit root, so the first difference filter only removes one of the roots. The



(1+L)(1+4L) (1 —4L) part corresponds to the three seasonal unit roots, namely
-1 and 4 7. The -1 root is often called the biannual root while the two complex con-
jugate roots, + i, are called the annual frequency roots. Johansen and Schaumburg
(1998), henceforth JS, show that the following transformed processes are needed in

the SECM, when the variables in Y; includes the roots at +1 and =+i:

(1+L)(1+iL)(1—iL)L

Zu = i Yi,
Ty — 7(1—L) (1+iL) (1_iL)L)/t,
Zay = 1-L0)1 +4€) (1—14L) LYt,
Zu = (1-L)(1 —&—4?) (1+iL) LYt. (3)

The above filters can be found in the first rows of Z14, Zo¢, Z3; and Zy, respectively
in the Appendix. Furthermore, Z,,; for m = 1,...,4 are asymptotically pairwise

uncorrelated:
T
T2 ZuZj 5 0,i # 5, (4)
t=1

implying that the cointegration vectors and adjustment coefficients can be found
by removing the reduced rank restriction on the other frequencies by concentrating
out the associated regressors in a regression. JS propose the following SECM:
2 P
ALY, = Zaiﬁizit + a3f323 + a8y 2 + ZPjA4Yt—j +e (5)
i=1 j=1

where a3 = ag +iay, oy = ag —iar, B3 = B+ i6; and B, = B — iB;. Here 3]
denotes the complex conjugate of 3;. The Model above can now be rewritten in a
form that contains only real terms, if one lets Zsy = Zpi+iZ and Zyy = Zgy—iZ 1.

The annual frequency part of, i.e. a335Z3; + 433244, can now be written:

(ar +iap)(Br —i081)' (Zre +1Z1) + (ar —iar)(Br +161) (Zre — i Z11)

= AanrBy+ 1) Zre + 2arB) — a18y) 21



Note again that this is the appropriate specification if all roots are assumed to be

present. It can be shown that the filters for the annual frequency equal:

1
I = —Z(LQ—L‘*)Y;

1
Zn = *Z(L*LS)Yt (6)

The asymptotic properties of the estimators and the LR-test for the number of
cointegrating vectors for the different frequencies are given in JS. Tests for reduced
rank (r) at the zero and biannual frequencies can be performed using the trace

statistic:

p

~2log(H(r)|H(p)) =T Y log(1—A\y), (7)

i=r+1

where H(r) is the null hypothesis and H(p) is the alternative hypothesis of full
rank. The eigenvalues, 1 > Xl > > Xp, which maximize the likelihood function,
are obtained by solving eigenvalue problems based on residual vectors. The null
hypothesis for this test is that there are at most r cointegrating vectors. Inference
on the reduced rank matrix ITy = a5 follows the usual non-seasonal case, i.e. for
IT in (1), see Johansen (1995). Tests for the number of cointegrating vectors are
similar at the annual frequency. However, it should be noted that estimation of the
cointegrating vectors at this frequency is not that straightforward and includes a
rather involved iterative procedure. Here we use a switching algorithm suggested
in JS, which provides estimators for 5 and (; that are asymptotically equivalent

to the maximum likelihood estimators, see also Lof and Lyhagen (1999).

3 Different orders of integration

In this section we study variables appearing in the same model, but containing
different numbers of unit roots. Let zq, ..., z, be complex numbers and let z,, be a
root of |A(z)| = 0, where A (z) is the characteristic polynomial of (1), expressed
in levels. We want to present the model in error correction form, although the
number of unit roots varies among the included variables. No series should be
overdifferenced or be nonstationary at any frequency. This is achieved by relying on

the following results in JS. Let:



= ; — ZmZ 7—p(z) z&a
Pa (Z) - n!;[a(l m )_ nga (1_27712)7 ¢ . (8)

where z,, = z,1.

If a; denotes the set of unit roots for variable i then pg, (2)
cancels them. For example, if variable 1 includes unit roots at the nonseasonal and

the biannual frequencies then:

Let P(z) be a diagonal matrix with diagonal elements such that the element in

entry (¢,¢) cancels the roots of the ith variable, i.e.

—pal(Z) 0 o |
0 o (2) 0
p-| ° "0 | (9)
0 0 - pa(2)

It is shown in JS that the error correction formulation is a consequence of a Lagrange

expansion of A (z) around the points z =0, z1, 29, ..., 25 as follows

P, (2)z

P (z2m) 2m

A(z)=P(2)+ Z A(zm) + P(2) zAg (2), (10)
m=1

where P, (z) is the matrix consisting of pg, (2) / (1 — Z;,2) , which is zero if (1 — Z,,2)

does not belong to p,, (2). If we again consider variable 1 and let m =1 (zero fre-

quency), then z,, = z; =1 and:

P _ Q=90+
(1-zz) (1-2) -
Py (2)z _ (1+z)z:(l+z)z
Py (21) 21 (1+11 2



The proof of (10) is a generalization of the one in JS. Each entry of

Py (2) 2

Py (2m) Zm

A(2) = P(2) = Y Alzm)

m=1

(11)

is zero for z =0, 21, 29, ..., zs Hence, the difference can be written as P (2) zAg (2)
for some matrix polynomial Ag (z). Another consequence is the following. Let 21,
Z2, ..., zs be the unit roots of |A(z)| = 0, such that the matrices A(z,,) are of

reduced rank. Then Y; has an error correction representation

P)Y, = ;aﬁm%Y — P(L) Ao (L) TY; +
= Z OB, Zomi — P (L) Ag (L) LY; + ;. (12)

m=1

The filters Z,,; in (12) equal those of (3) if the processes includes the roots +1 and
+i. As an example, consider a situation where the variables may have the roots at
the nonseasonal and at the biannual frequency. Let Y; be a T' X p vector, where the
variables are ordered such that only the last k variables include both roots. That
is, let Y; = [Y14, Ygt]/ where Y7 includes the nonseasonal, or zero, frequency root,
while the Ya; variables includes both roots. The most important matrices in (12)

are:

Py - | 0D 0
0 a-na+D
r@mL | L 0
P(1)1 0 (L)L
RILL | 0 0
-1 o _b-nr (13)

Using these, it is easily shown that the error correction model for Y; is



(1-10) 0 Yie
0 (1-L)(1+ L) Yo,

P L 0 Y4
= 051 1
LEHE ] Ve
0 0 Yy
70426/2 + &4 (14)
0 G || Y |

The Appendix presents the appropriate transformations of the variables in this
situation. These can be found in the second and last rows of the P(L) matrix,
respectively. Moreover, the filtered variables, used for the zero frequency in (14), can
be found in the second and last rows of Zy;, respectively. Finally, the appropriate
filters, for the variables in Y, at the biannual frequency can be found in the second
row of Zg;. One implication is that the k last variables, having the roots 1 and —1,
can not be just a single variable. That is, one must require £ > 1 to be able test
for cointegration at the biannual frequency.

Modeling is usually done in steps, starting from pre-testing for seasonal unit
roots, using e.g. the HEGY-test. Cointegration is then tested using the correspond-
ing adjusted model. A problem with the HEGY approach is that, asymptotically,
there is a chance , €, of rejecting a true null of a unit root, where ¢ is the chosen
significance level. Hence, the method is not asymptotically efficient. A test which
has the null of no unit root, proposed by Lyhagen (2000), may be a better choice
because it asymptotically rejects a false null and a tendency to accept more rather
than less unit roots may lead to more robust models. It has also been shown that
the HEGY test has low power against alternatives, close to the null hypothesis.
This implies that one tends to find evidence of nonstationarity when the process is
in fact stationary at a certain frequency. So, when considering small samples, it is

an open question weather one should use the HEGY approach or SKPSS.



4 Monte Carlo

Seven bivariate DGPs are considered, where the first variable y;; always includes

all unit roots. The set of true unit roots of y9; is different in each DGP:

DGP1: 1, —1,4, —i
DGP2: 1, -1
DGP3: 1,4, —i
DGP4: —1,14, —1
DGP5: —1

DGP6: i, —1

DGP7: 1 (15)

Cointegration prevails if yo; is nonstationary at a certain frequency, because
y1¢ includes all possible unit roots. For example, cointegration can apply at all
frequencies if DGP1 is considered. On the other hand, cointegration is only possible
at the zero and biannual frequency if DGP2 is used. We consider sample sizes of
T = 40, 80 and 120. The number of observations is close to the ones often found
in empirical applications. The number of replicates is 10 000. The significance
level is 5% throughout. The seven DGPs are based on estimates on income and
consumption data for Japan (in logs), previously used in EGHL. To achieve well
behaved DGPs, a constant and a time trend are before estimation extracted from
the variables. All the DGPs have eigenvalues of the companion matrix either on or
inside the unit circle, see Table 1.

Four model specifications are compared when cointegration is considered. In the
forecasting exercise we include a fifth model (Model 5) which is a vector autoregres-
sive model [VAR] in annual differences. When Models 2 and 5 are used, all variables
are transformed using the annual difference directly. In Model 1 we use the annual
difference filter for y1; and difference yo; according to the true number of unit roots,
see P(L) in the Appendix for the seven DGP cases. Finally, in Models 3 and 4 we
apply the annual difference filter for yq;, without pre-testing for the number of unit

roots, while yo; is differenced according to the unit root test results. We summarize



the different models below:

Table 4.1: Models used in the Monte Carlo study.

Pre-testing

Model Cointegration Y1t Y2t
1 True SECM Yes No No
2 A4 SECM Yes No No
3 HEGY = SECM Yes No Yes
4 SKPSS = SECM Yes No Yes
5 A4 VAR No No No

For Models 1 to 4, tests for rank zero against full rank (rank two) and tests for rank
one against full rank are considered at all frequencies. Size and power properties are
evaluated by estimating the proportion of rejections for each frequency. To evaluate
the estimates of the parameters in position 4, j of the IT matrices we use the mean

of the mean squared error [MSE]:

MSE = i 22 <ﬂi;_ fu) /1 (16)

r=1

where R equals the number of replicates. We also forecast 12 periods ahead to
compare the model specifications. As noted above we include Model 5 in this case.
Forecasting accuracy is measured using the determinant (Dety) and the trace (Try)

of the mean squared error matrix, respectively:

R 1
@ik — frar) @ik — fiir)
Detk — ; t+k t+k R t+k t+k
R /
To, — tracez [(@rn — ft+k)R(9Ut+k — fiir)] (17)
r=1

where again R equals the number of replicates.

5 Monte Carlo results

The results for size and power are displayed in Tables 2 to 7 and the MSE of the
parameter estimates in Tables 8 to 11. We also show a parts of the forecasting
exercise in Table 12. The first thing to note is that the model which is transformed

according to the true number of roots generally performs better than the other

10



models, concerning inference as well as estimation and forecasting.

Its closest competitor, if one wants to reject a false null of » = 0, is the model
which assumes the presence of all roots (Model 2), see for example the columns of
DGP2 and DGP3 in Table 2 except for T' = 40. Note the results for DGP2 and
DGP4 in Table 3 for the biannual frequency tests or DGP3, DGP4 and DGP6 in
Table 4 if the annual frequency is considered. Model 2 is also likely to reject a true
null hypothesis of » = 0 in some cases. One example is DGP4, which includes the
roots —1 and =+, and when the test concern cointegration at the zero frequency,
see Table 2. Another example is DGP6, which only includes the two complex roots,
when the biannual frequency is considered, see Table 3. Similar results for Model 2
can be found when DGP2, DGP5 and DGP7 are used an when the tests concern the
annual frequency. These results are due to the fact that y9; constitutes a stationary
'relation’ by itself in these cases. So, it is quite logical that the null hypothesis
of r = 0 is rejected. Note that cointegration should not apply, since y;; is a
nonstationary variable. These cases are underlined in Tables 2 to 4 and in Tables 8
to 11.

SKPSS (Model 4) is to prefer in some cases, whereas pre-testing with HEGY
(Model 3) seems to be a better strategy in other cases. For example, HEGY fails
if DGP7 is used and if the test concerns zero frequency cointegration (Table 2),
whereas SKPSS fails if DGP1 is used and the objective is to test for cointegration
at the biannual frequency (Table 3). SKPSS is slightly better in the cases when the
root for which cointegrating is tested for is not present in yo;, while HEGY seems
to have better power when there in fact should be cointegration.

The size for Model 1 and 2, when testing the true null hypothesis of r = 1,
tends to the nominal with sample size and is fairly close to the nominal. Pre-testing
with SKPSS seems to work except in DGP1 where it is greatly oversized (zero and
annual frequencies, Tables 5 and 7) or very undersized (biannual frequency, Table
6). The size when pre-testing with HEGY is diverging from the nominal for DGP2
and DGPT at the zero frequency, while it works better for other DGPs, see Table
5. Similar results can be found in the columns for DGP2, DGP4 and DGP5 if the
biannual frequency is considered, see Table 6, but also at the annual frequency in
some cases.

For Models 1 and 2 the MSE of the parameter estimates decreases uniformly
with sample size. This is also true for SKPSS, except for IIs when using DGP1,
see Table 10. Pre-testing with the HEGY, on the other hand, either increases MSE

with sample size or slowly decreases it. The use of Model 2 sometimes results in

11



much higher MSE as compared to the other methods, see for example the MSE
for II; when DGP3 and DGP6 are considered in Table 9. This last result depends
on the estimation of a nonzero rank matrix, where yo; is stationary, see discussion
above.

The results of the forecasting exercise are almost always the same, regardless if
the determinant or the trace of the MSE matrix is used. In Table 12 we present
the ranking of the models after averaging over the 12 forecast periods, and the
measure used is the determinant of the MSE matrix. The ranking is quite stable
over sample sizes and DGPs. The model that allows for all unit roots (Model 2)
comes as a good second after the true model (Model 1) in most cases. Model 5 i.e.
the VAR model in annual differences seems to be a better choice than using models
resulting from the two pre-testing methods in most cases. Model 5 has actually
a better performance than Model 2 in some cases when T = 40. This is most
likely due to the parameter uncertainty when estimating Model 2 in small samples.
Models resulting from SKPSS tests performs better than those based on HEGY
tests, except for DGP1 and DGP5 with T' = 80 or T" = 120. Forecast MSE often
decreases with sample size for Model 1, Model 2 and Model 4, while the opposite
is true for Model 3 and sometimes for Model 5 (not shown here). This is still valid
when looking at the trace of the MSE matrix, but for both types of measurements

it is within the Monte Carlo error bounds.

6 Conclusions

We propose a seasonal cointegration model for quarterly data which includes vari-
ables with different numbers of unit roots and thus need to be transformed in differ-
ent ways to yield stationarity. A Monte Carlo simulation is carried out to investigate
the consequences of specifying a SECM in annual differences in this situation. We
compare the true model and the model where annually differenced variables are in-
cluded to model specifications suggested by pre-tests for the numbers of unit roots.
We consider two seasonal unit root tests in this analysis. One is the so called HEGY
test, proposed by Hylleberg et al. (1990) and the other is the seasonal KPSS tests,
proposed by Lyhagen (2000). We use seven different DGPs which all are based on
estimates of quarterly observed income and consumption data for Japan, previously
used in Engle et al. (1993). The True SECM, the SECM in annual differences and
the two specifications suggested by the HEGY and the SKPSS tests are compared

when the aim is to tests for cointegration. We consider tests for rank zero against
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full rank (rank two) and tests for rank one against full rank at all frequencies. Size
and power properties are evaluated by estimating the proportion of rejections for
each frequency. To evaluate the estimates of the parameters in the II matrices we
use the mean of the mean squared error [MSE] for the same models. In the fore-
casting exercise we include a VAR model in annual differences. The results indicate
that, in all practical cases where the true model is not known, a seasonal error cor-
rection model in annual differences may be a better choice, than relying on models
which are specified according to seasonal unit root tests. This result holds true for
both inference, as well as for estimation and forecasting. The second best choice
when the true model is not known and when the aim is to forecast, is a VAR model
in annual differences. These results extend those in Clements and Hendry (1997)
where it was found that univariate models in annual differences may generate more

accurate forecasts than models transformed according to HEGY test results.
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Appendix

If we consider the seven cases presented in Section 4 the true filters for the second

variable in the DGPs are:

(1= L)(1+ L) (1 +4L) (1 — L) yat |
(1-L)(1+L)yx
(1= L) (1 —iL) (1 4+ iL) yar
P(L) = (14 L) (1~ iL) (1 + L) g
(1+ L)y
(1 —4L) (14 iL)yoe

i ( )y2t i

Note that P (L) is not as defined in (9). Here it only concerns yo; and the various
filters are ordered after the DGP cases in (15). To test for cointegration at the zero

and at the biannual frequency we use the following the true filters, for yo;, found

from:
P, (L)L
Z7n
t 2 (zm)z Yat,
(1+L)(1+i4L)(1—iL)Ly2t B (1—L)(1+i4L)(1—iL)Ly2t
—(1+2L)L212t ——(17211)Ly2t
A+iL)(1—iL)L _
143 L 21 L Lym
= _ = _ (i) (A=) L
AP Zat Ll 21 L
- —Lyo;
i Lya ] i - ]

Finally, the true filters for variable two at the annual frequency are:
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L34

(1—LYA+L)Q1—iL)L |
Yot

T

(1—L)(1—4L)L
2(i+1) Y2

(1+L)(1—iL)L

2(i—1) Y2t

1—iL)L

2; Y2t

AT

16

[ —na+n)+inn, ]
Yot

1
_ (1-L)(1+4iL)L
2(i—1) Y2

_ (14L)(1+iL)L
20i+1) Y2t

~ (44L)L
2; Y2t




Tables

Table 1: Roots inside the unit circle of the companion matrix.

DGP
1 2 3 4 5 6 7
0.92 0.2340.22i 0.65 0.53 0.96 0.97 0.25
-0.1940.161  0.23-0.22i 0.46 0.16+0.18i 0 0.21 0
-0.19-0.161 0 -0.09 0.16-0.18i 0 0 0
0.38 0 0 0 0 0 0

Table 2: Probability of rejecting Hy: » = 0 at the zero frequency.

DGP: [1] 2] [3] 4 5 6 [7]
T Model
40 1 0.58 0.82 0.98 - - - 0.97
2 0.58 0.57 0.98 0.44 0.10 0.29 0.63
3 0.53 0.71 0.93 0.09 0.05 0.34 0.04
4 0.83 0.70 0.79 0.00 0.16 0.21 0.87
80 1 0.90 1.00 1.00 - - - 1.00
2 0.90 0.98 1.00 095  0.08 0.51 0.99
3 0.84 0.82 0.95 0.12 0.04 0.57 0.00
4 0.91 0.85 0.86 0.00 0.17 0.36 0.95
120 1 0.99 1.00 1.00 - - - 1.00
2 0.99 1.00 1.00 1.00 0.10 0.72 1.00
3 0.90 0.79 0.95 0.14 0.04 0.77 0.00

4 0.95 0.89 0.90 0.00 0.21 0.47 0.97

A unit root at the zero frequency exists for yo; in DGP 1, 2, 3 and 7. These
DGPs are within brackets. *A hyphon indicate that no IT matrix exists for
Model 1 at this frequency. Underlined numbers, for Model 2, indicate that
yor 1s a stationary variable in the DGP at this frequency. See a summary
of the various model specifications in Section 4.
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Table 3: Probability of rejecting Hy: r = 0 at the biannual frequency.

DGP: 1] 2] 3 [4] [5] 6 7
T  Model
40 1 0.79 1.00 - 1.00 1.00 - -
2 0.79 0.76 1.00 0.97 0.86 1.00 0.60
3 0.70 0.94 0.00 0.92 0.89 0.00 0.05
4 0.11 0.66 0.00 0.39 0.52 0.00 0.00
80 1 1.00 1.00 - 1.00 1.00 - -
2 1.00 1.00 1.00 1.00 1.00 1.00 0.99
3 0.77 0.92 0.00 0.88 0.83 0.00 0.00
4 0.20 0.75 0.00 0.52 0.65 0.00 0.00
120 1 1.00 1.00 - 1.00 1.00 - -
2 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 0.72 0.90 0.00 0.85 0.80 0.00 0.00
4 0.25 0.80 0.00 0.59 0.73 0.00 0.00

A unit root at the biannual frequency exists for yo; in DGP 1, 2, 4 and 5.
These DGPs are within brackets. See * in Table 2.

Table 4: Probability of rejecting Hy: » = 0 at the annual frequency.

DGP: [1] 2 [3] [4] 5 [6] 7
T Model
40 1 1.00 - 1.00 1.00 - 1.00 -
2 1.00 0.84 1.00 1.00 0.98 1.00 0.81
3 0.92 0.01 0.88 0.83 0.01 0.88 0.10
4 0.45 0.00 0.70 0.96 0.00 0.93 0.00
80 1 1.00 - 1.00 1.00 - 1.00 -
2 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 0.88 0.01 0.90 0.79 0.03 0.85 0.15
4 0.58 0.00 0.81 0.98 0.00 0.97 0.00
120 1 1.00 - 1.00 1.00 - 1.00 -
2 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 0.85 0.01 0.92 0.78 0.05 0.81 0.18

4 0.66 0.00 0.87 0.99 0.00 0.98 0.00

Unit roots at the annual frequency exists for yo; in DGP 1, 3, 4 and 6.
These DGPs are within brackets. See * in Table 2.
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Table 5: Probability of rejecting Hy: r = 1 at the zero frequency.

DGP: 1] 2] 3] 4 5 6 [7]
T  Model
40 1 0.12 0.06 0.10 - - - 0.06
2 0.12 0.06 0.11 0.07 0.02 0.08 0.07
3 0.08 0.04 0.10 0.02 0.01 0.08 0.00
4 0.22 0.05 0.12 0.00 0.02 0.07 0.05
80 1 0.10 0.06 0.08 - - - 0.06
2 0.10 0.06 0.08 0.07 0.02 0.09 0.06
3 0.07 0.02 0.08 0.02 0.01 0.09 0.00
4 0.17 0.05 0.09 0.00 0.02 0.06 0.05
120 1 0.09 0.06 0.07 - - - 0.06
2 0.09 0.06 0.07 0.06 0.03 0.09 0.06
3 0.08 0.02 0.07 0.03 0.01 0.10 0.00
4 0.16 0.05 0.07 0.00 0.03 0.06 0.05

A unit root at the zero frequency exists for yo; in DGP 1, 2, 3 and 7. These
DGPs are within brackets. See * in Table 2.

Table 6: Probability of rejecting Hy: 7 = 1 at the biannual frequency.

DGP: [1] 2] 3 [4] [5] 6 7
T Model
40 1 0.06 0.07 - 0.07 0.07 - -
2 0.06 0.07 0.07 0.07 0.07 0.08 0.07
3 0.04 0.04 0.00 0.04 0.04 0.00 0.00
4 0.00 0.03 0.00 0.02 0.03 0.00 0.00
80 1 0.06 0.06 - 0.07 0.06 - -
2 0.06 0.06 0.07 0.07 0.07 0.07 0.06
3 0.03 0.02 0.00 0.03 0.02 0.00 0.00
4 0.01 0.03 0.00 0.02 0.03 0.00 0.00
120 1 0.06 0.06 - 0.06 0.06 - -
2 0.06 0.06 0.06 0.06 0.06 0.06 0.06
3 0.04 0.02 0.00 0.02 0.02 0.00 0.00

4 0.01 0.03 0.00 0.02 0.02 0.00 0.00

A unit root at the biannual zero frequency exists for yo; in DGP 1, 2, 4
and 5. These DGPs are within brackets. See * in Table 2.
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Table 7: Probability of rejecting Hyp: » = 1 at the annual frequency.

DGP: [1] 2 [3] [4] 5 [6] 7
T  Model
40 1 0.07 - 0.07 0.07 - 0.07 -
2 0.07 0.06 0.07 0.07 0.07 0.07 0.06
3 0.05 0.00 0.03 0.01 0.00 0.03 0.01
4 0.03 0.00 0.05 0.04 0.00 0.06 0.00
80 1 0.06 - 0.06 0.06 - 0.05 -
2 0.06 0.06 0.06 0.06 0.06 0.06 0.05
3 0.07 0.00 0.02 0.01 0.00 0.02 0.01
4 0.09 0.00 0.06 0.05 0.00 0.05 0.00
120 1 0.06 - 0.06 0.05 - 0.05 -
2 0.06 0.05 0.05 0.05 0.05 0.06 0.05
3 0.10 0.00 0.02 0.01 0.00 0.02 0.01
4 0.15 0.00 0.06 0.05 0.00 0.05 0.00

Unit roots at the annual frequency exists for yo; in DGP 1, 3, 4 and 6.
These DGPs are within brackets. See * in Table 2.

Table 8: Mean of MSE, TI;.

DGP: 1] 2] [3] 4 5 6 7]

T Model
40 1 0.06 0.07 0.02 - - - 0.04
2 0.06 0.12 0.03 0.47 0.06 0.02 0.11
3 0.18 0.11 0.04 0.04 0.05 0.04 0.33
4 1.04 0.22 0.09 0.00 0.15 0.02 0.07
80 1 0.01 0.03 0.01 - - - 0.02
2 0.01 0.04 001 037 0.01 0.01 0.04
3 0.22 0.09 0.03 0.03 0.01 0.03 0.35
4 1.03 0.15 0.05 0.00 0.03 0.00 0.03
120 1 0.01 0.02 0.01 - - - 0.01
2 0.01 0.03 001 0.34 0.01 0.00 0.02
3 0.30 0.09 0.02 0.04 0.00 0.04 0.35
4 1.01 0.12 0.04 0.00 0.02 0.00 0.02

A II; matrix does not not exists for Model 1 when DGP 4, 5 and 6 are
used. Other DGPs are within brackets. See * in Table 2.
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Table 9: Mean of MSE, Tls.

DGP: 1] 2] 3 [4] [5] 6 7
T  Model
40 1 0.15 0.09 - 0.08 0.01 - -
2 0.15 0.22 2.15 0.27 0.20 1.67 0.60
3 0.84 0.17 0.00 0.37 0.22 0.00 0.02
4 1.03 0.53 0.00 1.67 0.71 0.00 0.00
80 1 0.06 0.04 - 0.04 0.00 - -
2 0.06 0.09 2.09 0.11 0.08 1.63 0.50
3 0.70 0.16 0.00 0.43 0.27 0.00 0.00
4 0.95 0.38 0.00 1.31 0.51 0.00 0.00
120 1 0.04 0.02 - 0.02 0.00 - -
2 0.04 0.06 2.06 0.07 0.05 1.62 0.46
3 0.66 0.17 0.00 0.48 0.29 0.00 0.00
4 0.87 0.30 0.00 1.11 0.40 0.00 0.00

A TI; matrix does not not exists for Model 1 when DGP 3, 6 and 7 are
used. Other DGPs are within brackets. See * in Table 2.

Table 10: Mean of MSE, IT5.

DGP: [1] 2 [3] [4] 5 [6] 7
T Model
40 1 0.07 - 0.04 0.07 - 0.18 -
2 0.07 0.29 0.07 0.08 0.31 0.30 0.32
3 0.36 0.00 0.16 0.24 0.00 0.28 0.03
4 1.65 0.00 0.35 0.28 0.00 0.24 0.00
80 1 0.03 - 0.02 0.03 - 0.08 -
2 0.03 0.26 0.03 0.03 0.28 0.12 0.28
3 0.49 0.01 0.12 0.25 0.02 0.19 0.05
4 1.82 0.00 0.21 0.18 0.00 0.10 0.00
120 1 0.02 - 0.01 0.02 - 0.05 -
2 0.02 0.25 0.02 0.02 0.27 0.08 0.27
3 0.68 0.01 0.09 0.26 0.03 0.19 0.07

4 1.99 0.00 0.15 0.15 0.00 0.06 0.00

A II3 matrix does not not exists for Model 1 when DGP 2, 5 and 7 are
used. Other DGPs are within brackets. See * in Table 2.
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Table 11: Mean of MSE, I1y.

DGP: [1] 2 [3] [4] 5 [6] 7
T Model
40 1 0.06 - 0.06 0.07 - 0.02 -
2 0.06 0.07 0.06 0.09 0.24 0.10 0.05
3 0.11 0.00 0.18 0.14 0.00 0.45 0.01
4 0.71 0.00 1.27 0.51 0.00 0.26 0.00
80 1 0.03 - 0.03 0.03 - 0.01 -
2 0.03 0.05 0.03 0.04 0.23 0.04 0.03
3 0.09 0.00 0.12 0.12 0.00 0.50 0.01
4 0.52 0.00 0.96 0.38 0.00 0.12 0.00
120 1 0.02 - 0.02 0.02 - 0.01 -
2 0.02 0.05 0.02 0.02 0.23 0.03 0.03
3 0.10 0.00 0.09 0.12 0.00 0.62 0.01
4 0.37 0.00 0.72 0.32 0.00 0.07 0.00

A II; matrix does not not exists for Model 1 when DGP 2, 5 and 7 are

used. Other DGPs are within brackets. See * in Table 2.

Table 12: Ranking of forecasting performance (average over 12 periods). The mea-
sure is the determinant of the MSE marix.

T=40 T=80 T=120
Mod. 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
DGP
1 1.3 13 39 50 26|10 10 40 50 30|10 1.0 45 45 3.0
2 1.0 20 36 41 43|10 20 50 33 38|10 20 50 33 38
3 1.0 20 49 41 30|10 20 50 40 30|10 20 50 4.0 3.0
4 1.3 25 50 37 25|13 23 50 37 28|11 23 50 37 30
5 1.3 39 32 44 22|10 26 39 45 3010 23 39 41 38
6 1.5 30 50 34 21|10 20 50 33 37|10 20 50 32 30
7 1.0 30 50 20 40)10 21 50 29 40|10 20 50 3.0 4.0
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