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Devwudfw

Lq wklv sdshu/ L dqdo|}h vwrfkdvwlf dgdswdwlrq lq �qlwh q0sod|hu

jdphv sod|hg e| khwhurjhqhrxv srsxodwlrqv ri p|rslf ehvw uhsol0

huv/ ehwwhu uhsolhuv dqg lplwdwruv1 Lq hdfk shulrg/ rqh lqglylgxdo

iurp hdfk ri q srsxodwlrqv/ rqh iru hdfk sod|hu uroh/ lv gudzq wr

sod| dqg fkrrvhv d sxuh vwudwhj| dffruglqj wr khu shuvrqdo ohduqlqj

uxoh diwhu revhuylqj d vdpsoh iurp d �qlwh klvwru|1 Zlwk d vpdoo

suredelolw| lqglylgxdov dovr pdnh d plvwdnh dqg sod| d sxuh vwudw0

hj| dw udqgrp1 L suryh wkdw/ iru d vx!flhqwo| orz udwlr ehwzhhq

wkh vdpsoh dqg klvwru| vl}h/ rqo| sxuh0vwudwhj| sur�ohv lq fhuwdlq

plqlpdo forvhg vhwv xqghu ehwwhu uhsolhv zloo eh sod|hg zlwk srvl0

wlyh suredelolw| lq wkh olplw/ dv wkh suredelolw| ri plvwdnhv whqgv

wr }hur1 Li/ lq dgglwlrq/ wkh vwudwhj| sur�ohv lq rqh vxfk vhw kdyh

vwulfwo| kljkhu sd|r�v wkdq doo rwkhu vwudwhj| sur�ohv dqg wkh vdp0

soh vl}h lv vx!flhqwo| odujh/ wkhq wkh vwudwhjlhv lq wklv vhw zloo eh

sod|hg zlwk suredelolw| rqh lq wkh olplw1 Dssolhg wr 5�5 Frru0

glqdwlrq Jdphv/ wkh Sduhwr grplqdqw htxloleulxp lv vhohfwhg iru

d vx!flhqwo| odujh vdpsoh vl}h/ exw lq doo v|pphwulf dqg pdq|

dv|pphwulf jdphv/ wkh ulvn grplqdqw htxloleulxp lv vhohfwhg iru d

vx!flhqwo| vpdoo vdpsoh vl}h1

Nh|zrugv= Erxqghg udwlrqdolw|/ Hyroxwlrqdu| jdph wkhru|/ Lplwd0

wlrq/ Ehwwhu uhsolhv/ Pdunry fkdlq/ Vwrfkdvwlf vwdelolw|/ Sduhwr grpl0

qdqfh/ Ulvn grplqdqfh1

MHO fodvvl�fdwlrq= F:5/ F:61

WL wkdqn Doh{dqghu Pdwurv dqg Mùujhq Z1 Zhlexoo iru khosixo frpphqwv1 Ilqdqfldo
vxssruw iurp Edqniruvnqlqjvlqvwlwxwhw lv judwhixoo| dnqrzohgjhg1 Wklv sdshu lv dydlodeoh dw
kwws=22vzrshf1kkv1vh2kdvwhi2dev2kdvwhi37:81kwp1
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4 Lqwurgxfwlrq

Wkhuh lv dq h{whqvlyh olwhudwxuh rq ohduqlqj lq jdphv/ zklfk lqyhvwljdwhv wkh

orqj0uxq rxwfrphv zkhq erxqghgo| udwlrqdo lqglylgxdov xvh vlpsoh uxohv ri

dgdswdwlrq/ ru ohduqlqj uxohv/ wr sod| jdphv14 D frpprq dvvxpswlrq lq wklv

olwhudwxuh lv wkdw doo lqglylgxdov hpsor| wkh vdph ohduqlqj uxoh1 Lq wklv sdshu/

L ghsduw iurp wklv/ lq pdq| fdvhv xquhdolvwlf/ dvvxpswlrq dqg doorz iru vhyhudo

gl�huhqw ohduqlqj uxohv lq hdfk srsxodwlrq1

Pruh vshfl�fdoo|/ L dqdo|}h vwrfkdvwlf ohduqlqj lq �qlwh q0sod|hu jdphv

zlwk khwhurjhqhrxv srsxodwlrqv ri p|rslf ehvw uhsolhuv/ ehwwhu uhsolhuv dqg

lplwdwruv1 Wkh ehvw uhsolhuv revhuyh d vdpsoh iurp d �qlwh klvwru| ri wkhlu

rssrqhqwv* sdvw sod|/ fdofxodwh dq hpslulfdo glvwulexwlrq/ dqg fkrrvh d ehvw

uhso| wr wklv glvwulexwlrq1 Wkh ehwwhu uhsolhuv revhuyh d vdpsoh iurp d �qlwh

klvwru| ri wkhlu rssrqhqwv* dqg wkhlu rzq srsxodwlrq*v sdvw sod|/ dqg fkrrvh

dq| sxuh vwudwhj| zklfk jlyhv dw ohdvw dv kljk h{shfwhg sd|r� djdlqvw wkh

hpslulfdo glvwulexwlrq ri wkh rssrqhqwv* sod|1 Wklv ehkdylru fdq eh vhhq dv d

vshfldo fdvh ri Vlprq*v +4<88, vdwlvi|lqj ehkdylru1 Lplwdwruv/ �qdoo|/ revhuyh

d vdpsoh ri wkhlu rzq srsxodwlrq*v sdvw sod| dqg sd|r�v dqg hlwkhu fkrrvh d

sxuh vwudwhj| zlwkpd{lpxp dyhudjh sd|r�/ ru d sxuh vwudwhj| zlwk pd{lpxp

sd|r�15

L suryh wkdw iru dq| �qlwh jdph/ li wkh udwlr ehwzhhq wkh vdpsoh dqg klvwru|

vl}h lv vx!flhqwo| vpdoo/ wkh uhvxowlqj xqshuwxuehg Pdunry fkdlq frqyhujhv

zlwk suredelolw| rqh wr d plqlpdo forvhg vhw xqghu ehwwhu uhsolhv ri wkh jdph1

Wklv uhvxow lv lqghshqghqw ri srsxodwlrq vkduhv/ dv orqj dv wkh vkduh ri ehwwhu

uhsolhuv lv srvlwlyh/ dqg lpsolhv frqyhujhqfh wr d vwulfw Qdvk htxloleulxp lq

zhdno| df|folfdo jdphv1 Lw lv dovr frqvlvwhqw zlwk suhylrxv uhvxowv lq d gl�huhqw

iudphzrun1 Ulw}ehujhu dqg Zhlexoo +4<<8, vkrz wkdw iru d odujh fodvv ri
4Vhh Ixghqehuj dqg Ohylqh +4<<;, iru dq lqwurgxfwlrq1
5Iru dq dqdo|vlv ri vwrfkdvwlf dgdswdwlrq e| krprjhqhrxv srsxodwlrqv ri ehwwhu uhsolhuv/

vhh Mrvhskvrq +5333,/ dqg e| krprjhqhrxv srsxodwlrqv ri lplwdwruv/ vhh Mrvhskvrq dqg

Pdwurv +5333,1
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ghwhuplqlvwlf vhohfwlrq g|qdplfv lq frqwlqxrxv wlph/ lqfoxglqj wkh uhsolfdwru

g|qdplfv/ d surgxfw vhw lv dv|pswrwlfdoo| vwdeoh li dqg rqo| li lw lv d plqlpdo

forvhg vhw xqghu ehwwhu uhsolhv1

L wkhq shuwxue wkh vwrfkdvwlf surfhvv e| dvvxplqj wkdw zlwk d vpdoo sure0

delolw|/ wkh lqglylgxdov pdnh plvwdnhv ru h{shulphqw dqg sod| d sxuh vwudwhj|

dw udqgrp dffruglqj wr vrph �{hg suredelolw| glvwulexwlrq zlwk ixoo vxssruw1

D pdwkhpdwlfdoo| htxlydohqw lqwhusuhwdwlrq lv wkdw hdfk srsxodwlrq frqwdlqv

d vpdoo vkduh ri qrlvh sod|huv zkr dozd|v fkrrvh d sxuh vwudwhj| dw udqgrp1

Wklv dvvxpswlrq pdnhv wkh surfhvv luuhgxfleoh dqg dshulrglf/ dqg wkxv lpsolhv

d xqltxh vwdwlrqdu| glvwulexwlrq1 L fdofxodwh wkh vxssruw ri wklv glvwulexwlrq dv

wkh suredelolw| ri plvwdnhv whqgv wr }hur1 Li wkh vdpsoh vl}h/ dqg wkh lqirupd0

wlrq lqfrpsohwhqhvv lv vx!flhqwo| odujh/ dqg li rqh plqlpdo forvhg vhw xqghu

ehwwhu uhsolhv vwulfwo| Sduhwr grplqdwhv doo vwudwhj|0wxsohv rxwvlgh wkh vhw/

wkhq wkh shuwxuehg Pdunry fkdlq sxwv suredelolw| rqh rq wklv vhw dv wkh ohyho

ri qrlvh whqgv wr }hur1 D fruroodu| ri wklv lv wkdw wkh vwulfwo| Sduhwr0grplqdqw

htxloleulxp lv vhohfwhg lq jdphv ri frpprq lqwhuhvw dqg 5�5 Frruglqdwlrq

Jdphv1 Krzhyhu/ wkh plqlpxp vdpsoh vl}h uhtxluhg iru wklv uhvxow ghshqgv

rq wkh sd|r�v ri wkh jdph1 Lq idfw/ iru vdpsoh vl}hv ehorz d fhuwdlq fulwl0

fdo ohyho/ wkh ulvn0grplqdqw htxloleulxp lv dozd|v vhohfwhg lq doo v|pphwulf

Frruglqdwlrq Jdphv/ dqg dovr lq pdq| dv|pphwulf Frruglqdwlrq Jdphv/ d

�qglqj zklfk vhhpv wr eh frqvlvwhqw zlwk h{shulphqwdo hylghqfh +vhh Ydq

Kx|fn/ 4<<:,1

Wkh edvlf vhwwlqj lq wklv sdshu lv vlplodu wr wkdw lq \rxqj +4<<6d/4<<;,/

zkr dqdo|}hv wkh g|qdplfv ri d krprjhqrxv srsxodwlrq ri p|rslf ehvw uhsol0

huv1 Wkh suhvhqw sdshu lv dovr uhodwhg wr hduolhu sdshuv rq vwrfkdvwlf ohduqlqj

zlwk khwhurjhqhrxv srsxodwlrqv/ exw lw gl�huv lq wkdw wkh dqdo|vlv lv dssolhg wr

jhqhudo �qlwh jdphv/ dqg qrw rqo| vshfldo fodvvhv ri vxfk jdphv1 Ndqlryvnl/

Nu|d}klplvnll/ dqg \rxqj +5333, vwxg| dgdswlyh g|qdplfv lq 5�5 Frrugl0

qdwlrq Jdphv sod|hg e| khwhurjhqhrxv srsxodwlrqv ri p|rslf ehvw uhsolhuv/

frqiruplvwv +zkr gr zkdw wkh pdmrulw| grhv,/ dqg qrqfrqiruplvwv +zkr gr

6



wkh rssrvlwh ri zkdw wkh pdmrulw| grhv,1 Wkh| vkrz wkdw wkh uhvxowlqj surfhvv

pd| kdyh olplw f|fohv hyhq zkhq wkh sursruwlrq ri qrq0ehvw uhsolhuv lv duel0

wudu| vpdoo1 Nddueûh dqg Wlhpdq +4<<<, xvh wkh Ndqgrul/ Pdlodwk/ dqg Ure

+4<<6, iudphzrun wr vwxg| vwulfwo| vxshuprgxodu jdphv sod|hg e| ehvw uhsol0

huv dqg lplwdwruv1 Lq wkhlu prgho/ wkh Sduhwr h!flhqw htxloleulxp lv vhohfwhg1

Lq Zhlexoo dqg Väh} Pduwl +4<<;,/ \rxqj*v +4<<6e, hyroxwlrqdu| yhuvlrq ri

Qdvk*v ghpdqg jdph lv sod|hg e| rqh srsxodwlrq ri p|rslf ehvw uhsolhuv rqo|/

dqg dqrwkhu srsxodwlrq ri ehvw uhsolhuv dqg fohyhu djhqwv zkr sod| d ehvw uh0

so| wr wkh ehvw uhso|1 Wkh dxwkruv vkrz wkdw \rxqj*v suhglfwlrqv duh vwloo

ydolg lq wkh suhvhqfh ri vxfk fohyhu djhqwv1 Pdwurv +5333, h{whqgv wklv uhvxow

wr �qlwh wzr0sod|hu jdphv1

Wklv sdshu lv rujdql}hg dv iroorzv1 L vwduw e| ghvfulelqj wkh prgho lq

Vhfwlrq 51 Lq Vhfwlrq 6/ L suhvhqw wkh jhqhudo uhvxowv dqg lq Vhfwlrq 7/ wkh

uhvxowv iru 5�5 Frruglqdwlrq Jdphv1 Vhfwlrq 8 frqfoxghv1 Rplwwhg surriv

fdq eh irxqg lq wkh Dsshqgl{1

5 Prgho

Wkh edvlf vhwwlqj lv vlplodu wr wkdw ri \rxqj +4<<6d/ 4<<;,/ dowkrxjk p|

qrwdwlrq lv voljkwo| gl�huhqw1 Ohw � eh d �qlwh q0sod|hu jdph lq vwudwhjlf irup1

Ohw [� eh wkh �qlwh vhw ri sxuh vwudwhjlhv {� dydlodeoh wr sod|hu l 5 i4> ===> qj @

Q dqg ohw �+[�, eh wkh vhw ri suredelolw| glvwulexwlrqv s� ryhu wkhvh sxuh

vwudwhjlhv1 Gh�qh wkh surgxfw vhwv [ @

T
[� dqg �+[, @

T
�
�+[�, zlwk

w|slfdo hohphqwv { dqg s> uhvshfwlyho|1 Ohw s�+{�, ghqrwh wkh suredelolw| pdvv

rq sxuh vwudwhj| {� dqg ohw s+{, @
T

�M�
s�+{�,1 L zulwh {3� 5

T
� �'�
[� @

[
3� dqg s

3� 5

T
� �'�

�+[�, @ �+[
3�, wr uhsuhvhqw wkh sxuh vwudwhjlhv dqg

glvwulexwlrqv ri wkh sxuh vwudwhjlhv ri sod|hu l�v rssrqhqwv1

Ohw F�> ===> F? eh q �qlwh dqg qrq0hpsw| srsxodwlrqv/ hdfk frqvlvwlqj ri d

vkduh �k
�
A 3 ri lplwdwruv/ d vkduh �

q

�
A 3 ri ehvw uhsolhuv/ dqg d vkduh �

�
� A 3

ri ehwwhu uhsolhuv +doo wr eh gh�qhg ehorz,1 Wkh srsxodwlrqv qhhg qrw eh ri

htxdo vl}h/ qru gr wkh| qhfhvvdulo| kdyh htxdo vkduhv ri ohduqlqj uxohv1 Hdfk

7



phpehu ri srsxodwlrq F� lv d fdqglgdwh wr sod| uroh l lq wkh jdph J dqg kdv

sd|r�v uhsuhvhqwhg e| wkh xwlolw| ixqfwlrq �� = [ $ U/ dqg h{shfwhg sd|r�v

uhsuhvhqwhg e| wkh ixqfwlrq x� = �+[, $ U1 Lq voljkw dexvh ri qrwdwlrq/ L

zulwh x�+{�> s3�, lqvwhdg ri x�+s�> s3�, li s�+{�, @ 41

Ohw w @ 4> 5> === ghqrwh vxffhvvlyh wlph shulrgv1 Wkh vwdjh jdph � lv

sod|hg rqfh lq hdfk shulrg1 Lq shulrg w/ rqh lqglylgxdo lv gudzq dw udqgrp

iurp hdfk ri wkh q srsxodwlrqv dqg dvvljqhg wr sod| wkh fruuhvsrqglqj uroh1

Wkh lqglylgxdo lq uroh l fkrrvhv d sxuh vwudwhj| {
|

�
iurp khu vwudwhj| vsdfh

[�> dffruglqj wr khu shuvrqdo ghflvlrq uxoh +wr eh gh�qhg ehorz,1 Wkh sxuh0

vwudwhj| sur�oh {|
@ +{|

�
> ===> {

|

?
, lv uhfrughg dqg uhihuuhg wr dv sod| dw wlph

w1 Wkh klvwru| ru vwdwh dw wlph w � p lv wkh vhtxhqfh k|
@ +{|36n�

> ===> {
|,>

zkhuh p lv wkh phpru| vl}h ri doo lqglylgxdov1 Ohw K @ [
6 eh wkh �qlwh vhw

klvwrulhv ri ohqjwk p dqg ohw k eh dq duelwudu| hohphqw ri wklv vhw1 Dvvxph

dq duelwudu| lqlwldo klvwru| k6 @ +{�> ===> {6, dw wlph p1

Vwudwhjlhv duh fkrvhq dv iroorzv1 Lq hyhu| shulrg w A p> hdfk lqglylgxdo

gudzq wr sod| wkh jdph lqvshfwv d vdpsoh ri vl}h v gudzq zlwkrxw uhsodfhphqw

iurp wkh prvw uhfhqw p shulrgv16 Wkh gudzv duh lqghshqghqw iru wkh ydulrxv

lqglylgxdov dqg dfurvv wlph1 Li dq lplwdwru lv gudzq/ vkh revhuyhv d vdpsoh

ri vl}h v ri srsxodwlrq0vshfl�f vwudwhj| dqg sd|r� uhdol}dwlrqv dqg fkrrvhv

d sxuh vwudwhj| zklfk lv lqfoxghg lq wkh vdpsoh/ dqg kdv pd{lpxp dyhudjh

sd|r� ru/ dowhuqdwlyho|/ pd{lpxp hpslulfdo sd|r�1 Li d ehvw uhsolhu lv gudzq/

vkh lqvshfwv d vdpsoh ri vl}h v/ frqvlvwlqj ri q� 4 lqghshqghqw gudzv ri khu

rssrqhqwv* vwudwhj| uhdol}dwlrqv dqg fdofxodwhv dq hpslulfdo glvwulexwlrq/ as
3�1

vkh wkhq fkrrvhv d sxuh vwudwhj| zklfk lv d ehvw uhso| wr wklv glvwulexwlrq1 Li

d ehwwhu uhsolhu lv gudzq/ vkh lqvshfwv d vdpsoh ri vl}h v/ frqvlvwlqj ri q lqgh0

shqghqw gudzv/ ri doo sod|huv* vwudwhj| uhdol}dwlrqv dqg fdofxodwhv dq hpslulfdo

glvwulexwlrq/ as= Wkhuhdiwhu/ vkh fkrrvhv d sxuh vwudwhj| zklfk jlyhv dw ohdvw

dv kljk h{shfwhg sd|r� djdlqvw wkh hpslulfdo glvwulexwlrq ri wkh rssrqhqwv*

6Lq idfw/ wkh vdpsoh vl}h pd| gl�hu dprqj lqglylgxdov/ dv orqj dv wkh plqlpxp vdpsoh

vl}h lq hdfk vkduh ri wkh srsxodwlrq lv htxdo wr r1
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vwudwhjlhv as
3� dv as�= Irupdoo|/ vkh fkrrvhv d sxuh vwudwhj| {� 5 �

�
+as,> zkhuh

�
�
lv wkh ehwwhu0uhso| fruuhvsrqghqfh/ gh�qhg e|

�
�
+s, @ i{� 5 [� m x�+{�> s3�, � x�+s,j= +4,

Iru hdfk {� 5 [�/ ohw s�+{� m k, eh wkh frqglwlrqdo suredelolw| wkdw wkh

lqglylgxdo lq uroh l fkrrvhv sxuh vwudwhj| {�> jlyhq klvwru| k1 L dvvxph wkdw

s�+{� m k, lv lqghshqghqw ri w> dqg wkdw s�+{� m k, A 3 li dqg rqo| li dw ohdvw

rqh ri wkh iroorzlqj frqglwlrqv krog=

l, Wkhuh h{lvwv d vdpsoh ri vl}h v iurp sod|hu l*v p prvw uhfhqw vwudwhj| dqg

sd|r� uhdol}dwlrqv> zklfk lqfoxghv {�> dqg zkhuh {� kdv wkh pd{lpxp dyhudjh

uhdol}hg sd|r�1

ll, Wkhuh h{lvwv d vdpsoh ri vl}h v iurp sod|hu l*v p prvw uhfhqw vwudwhj| dqg

sd|r� uhdol}dwlrqv> zklfk lqfoxghv {�> dqg zkhuh {� kdv wkh pd{lpxp uhdol}hg

sd|r�1

lll, Wkhuh h{lvwv d vdpsoh ri vl}h v iurp klvwru| k/ frqvlvwlqj ri q � 4 lqgh0

shqghqw gudzv dqg zlwk d vdpsoh glvwulexwlrq ri as
3� 5 �+[

3�,/ vxfk wkdw

{� 5 �
�
+as
3�,> zkhuh ��

lv wkh ehvw0uhso| fruuhvsrqghqfh1

ly, Wkhuh h{lvwv d vdpsoh ri vl}h v iurp wkh klvwru| k/ frqvlvwlqj ri q lqghshq0

ghqw gudzv dqg zlwk d vdpsoh glvwulexwlrq ri as 5 �+[,/ vxfk wkdw {� 5 �
�
+as,>

zkhuh �
�
lv wkh ehwwhu0uhso| fruuhvsrqghqfh gh�qhg deryh1

Jlyhq d klvwru| k
|
@ +{|36n�

> ===> {
|, dw wlph w/ wkh surfhvv pryhv wr d

vwdwh ri wkh irup k
|n�

@ +{|36n2
> ===> {

|
> {

|n�, lq wkh qh{w shulrg1 Vxfk d

vwdwh lv fdoohg d vxffhvvru ri k|1 P| ehkdylrudo dvvxpswlrqv lpso| wkdw wkh

surfhvv pryhv iurp d fxuuhqw vwdwh k wr d vxffhvvru vwdwh k� lq hdfk shulrg/

dffruglqj wr wkh iroorzlqj wudqvlwlrq uxoh1 Li { lv wkh uljkwprvw hohphqw ri

k/ wkh suredelolw| ri prylqj iurp k wr k
�

lv S
Wc6crcf

��� @

T
?

�'�
s�+{� m k, li k�

lv d vxffhvvru ri k dqg 3 li k� lv qrw d vxffhvvru ri k1 Wklv gh�qhv d �qlwh

Pdunry fkdlq rq wkh �qlwh vwdwh vsdfh ri klvwrulhv K1 L ghqrwh wkh surfhvv

S
Wc6crcf khwhurjhqhrxv dgdswlyh sod| zlwk phpru| p dqg vdpsoh vl}h v> exw

riwhq uhihu wr lw dv wkh xqshuwxuehg surfhvv1

Vhyhudo frqfhswv iurp Pdunry fkdlq wkhru| duh xvhg ehorz1 D uhfxuuhqw
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fodvv H& ri wkh surfhvv SWc6crcf lv d vhw ri vwdwhv vxfk wkdw wkhuh lv }hur

suredelolw| ri prylqj iurp dq| vwdwh lq wkh fodvv wr dq| vwdwh rxwvlgh/ dqg d

srvlwlyh suredelolw| ri prylqj iurp dq| vwdwh lq wkh fodvv wr dq| rwkhu vwdwh lq

wkh fodvv lq d �qlwh qxpehu ri shulrgv1 D vwdwh k lv devruelqj li lw frqvwlwxwhv

d vlqjohwrq uhfxuuhqw fodvv1 Wkh edvlq ri dwwudfwlrq ri d vwdwh k� lv wkh vhw ri

vwdwhv k vxfk wkdw wkhuh lv d srvlwlyh suredelolw| ri prylqj iurp k wr k� lq d

�qlwh qxpehu ri shulrgv xqghu wkh xqshuwxuehg surfhvv S Wc6crcf1

L dovr gh�qh d shuwxuehg surfhvv lq d pdqqhu frpsohwho| dqdorjrxv wr

\rxqj +4<<6d/ 4<<;,1 Irupdoo|/ lq hdfk shulrg wkhuh lv vrph vpdoo sure0

delolw| % wkdw wkh lqglylgxdo lq uroh l h{shulphqwv ru pdnhv d plvwdnh dqg

fkrrvhv d sxuh vwudwhj| dw udqgrp iurp [�> lqvwhdg ri dffruglqj wr khu gh0

flvlrq uxoh1 Wkh hyhqw wkdw wkh lqglylgxdo lq uroh l h{shulphqwv lv dvvxphg

wr eh lqghshqghqw ri wkh hyhqw wkdw wkh lqglylgxdo lq uroh m h{shulphqwv iru

hyhu| m 9@ l1 Iru hyhu| uroh l> ohw t�+{� m k, eh wkh frqglwlrqdo suredelolw| wkdw

wkh lqglylgxdo lq uroh l fkrrvhv {� 5 [�/ jlyhq wkdw vkh h{shulphqwv dqg wkh

surfhvv lv lq vwdwh k1 L dvvxph wkdw t�+{� m k, lv lqghshqghqw ri w dqg ghfl0

vlrq uxohv/ dqg wkdw t�+{� m k, A 3 iru doo {� 5 [�1 Vxssrvh wkdw wkh surfhvv

lv lq vwdwh k dw wlph w1 Ohw M eh d vxevhw ri m sod|huv1 Wkh suredelolw| lv

%�+4� %,?3� wkdw h{dfwo| wkh sod|huv lq M h{shulphqw dqg wkh rwkhuv gr qrw1

Frqglwlrqdo rq wklv hyhqw/ wkh wudqvlwlrq suredelolw| ri prylqj iurp k wr k
�

lv Ta

��� @

T
�Ma

t�+{� m k,
T

�*Ma s�+{� m k, li k� lv d vxffhvvru ri k dqg { lv wkh

uljkwprvw hohphqw ri k� dqg 3 li k� lv qrw d vxffhvvru ri k1 Wklv jlyhv wkh

iroorzlqj wudqvlwlrq suredelolw| ri wkh shuwxuehg Pdunry surfhvv=

S
Wc6crc0

��� @ +4� %,?S Wc6crcf

��� .

[

aa�ca �'�

%
�a �+4� %,?3�a �Ta

��� =

L fdoo wkh surfhvv S Wc6crc0 khwhurjhqhrxv dgdswlyh sod| zlwk phpru| p/ vdpsoh

vl}h v/ h{shulphqwdwlrq suredelolw| % dqg h{shulphqwdwlrq glvwulexwlrqv t�1

Wklv surfhvv lv luuhgxfleoh dqg dshulrglf dqg wkxv/ kdv d xqltxh vwdwlrqdu|

glvwulexwlrq �01 L vwxg| wklv glvwulexwlrq dv % whqgv wr }hur1 Lq p| dqdo|vlv/

L xvh wkh iroorzlqj vwdqgdug gh�qlwlrqv/ gxh wr Iuhlgolq dqg Zhqw}hoo +4<;7,

:



dqg Irvwhu dqg \rxqj +4<<3,1 D vwdwh k lv vwrfkdvwlfdoo| vwdeoh li olp
0�f �

0+k,

h{lvwv dqg lv srvlwlyh1 Iru hdfk sdlu ri glvwlqfw uhfxuuhqw fodvvhv/ H& dqg

H,/ d no0sdwk lv d vhtxhqfh ri vwdwhv � @ +k�> k2===> k^, ehjlqqlqj lq H& dqg

hqglqj lq H,1 Wkh uhvlvwdqfh ri wklv sdwk lv wkh vxp ri wkh uhvlvwdqfhv rq

wkh hgjhv wkdw frpsrvh lw1 Ohw u&, eh wkh ohdvw uhvlvwdqfh ryhu doo no0sdwkv1

Frqvwuxfw d frpsohwh gluhfwhg judsk zlwk rqh yhuwh{ iru hdfk uhfxuuhqw fodvv1

Wkh zhljkw rq wkh gluhfwhg hgjh H& $ H, lv u&,1 D wuhh urrwhg dw H, lv d vhw

ri gluhfwhg hgjhv vxfk wkdw/ iurp hyhu| yhuwh{ gl�huhqw iurp H,/ wkhuh lv d

xqltxh gluhfwhg sdwk lq wkh wuhh wr H,1 Wkh uhvlvwdqfh ri d urrwhg wuhh lv wkh

vxp ri wkh uhvlvwdqfhv rq wkh hgjhv wkdw frpsrvh lw1 Wkh vwrfkdvwlf srwhqwldo

�+H,, ri d uhfxuuhqw fodvv H, lv wkh plqlpxp uhvlvwdqfh ryhu doo wuhhv urrwhg

dw H,1

6 Jhqhudo Uhvxowv

Lq wklv vhfwlrq/ L zloo suhvhqw wzr jhqhudo uhvxowv rq wkh dv|pswrwlf glvwulexwlrq

ri khwhurjhqhrxv dgdswlyh sod|= rqh wkhruhp iru doo �qlwh q0sod|hu jdphv/ dqg

rqh wkhruhp iru �qlwh q0sod|hu jdphv wkdw fdq eh Sduhwr udqnhg lq d vshfldo

vhqvh1 Lq rughu wr vwdwh wkhvh wkhruhpv/ vrph ixuwkhu gh�qlwlrqv duh qhhghg1

Ohw [ eh wkh froohfwlrq ri doo qrq0hpsw| surgxfw vhwv \ � [1 Ohw�+\�, eh wkh

vhw ri suredelolw| glvwulexwlrq zlwk vxssruw lq \� dqg ohw �+\ , @
T

�M�
�+\�,

eh wkh fruuhvsrqglqj surgxfw vhw1

Gh�qlwlrq 4 +Ulw}ehujhu dqg Zhlexoo/ 4<<8, D vhw \ 5 [ lv forvhg xqghu

ehwwhu uhsolhv +FXEU, li �+�+\ ,, � \ 1 D vhw \ 5 [ lv d plqlpdo forvhg

vhw xqghu ehwwhu uhsolhv +PFXEU, li lw lv forvhg xqghu ehwwhu uhsolhv dqg

frqwdlqv qr surshu vxevhw zlwk wklv surshuw|1

Ohw K
� � K eh dq duelwudu| vhw ri klvwrulhv1 Gh�qh wkh vsdq ri K �/ V+K �,>

dv wkh surgxfw vhw ri doo sxuh vwudwhjlhv dsshdulqj lq vrph klvwru| ri K � dqg

ohw Kt
eh wkh vhw ri doo klvwrulhv k vxfk wkdw V+ikj, � \ 1 L vd| wkdw d vhw ri

klvwrulhv K � lv iruzdug lqyduldqw li wkh Pdunry fkdlq uhpdlqv iruhyhu lq K
�>

;



rqfh lw kdv uhdfkhg d vwdwh lq wklv vhw1

Ohppd 4 Iru dq| PFXEU vhw \ / Kt lv iruzdug lqyduldqw xqghu S Wc6crcf
1

Surri= Lw lv hylghqw wkdw lplwdwlrq ri wkh ehvw sxuh vwudwhj| lq d vdpsoh

frqwdlqlqj rqo| sxuh vwudwhjlhv lq dq PFXEU vhw fdqqrw uhvxow lq wkh sod|

ri d sxuh vwudwhj| rxwvlgh wkh PFXEU vhw1 Pruhryhu/ e| gh�qlwlrq/ d ehvw

ru ehwwhu uhso| wr d suredelolw| glvwulexwlrq rq dq PFXEU vhw lv dozd|v frq0

wdlqhg lq wkh PFXEU vhw1 Khqfh/ li wkh xqshuwxuehg Pdunry fkdlq SWc6crcf

lv lq d vwdwh frqvlvwlqj rqo| ri sxuh0vwudwhj| sur�ohv lq d sduwlfxodu PFXEU

vhw/ wkhq d sxuh vwudwhj| rxwvlgh wkh PFXEU vhw zloo wkhuhdiwhu qhyhu eh

sod|hg e| dq| ri wkh lqglylgxdov gudzq wr sod|1 T1H1G1

Lq rughu wr vwdwh wkh pdlq wkhruhp/ rqh pruh gh�qlwlrq lv qhhghg1 L vd|

wkdw d vhw ri vwdwhv K � lv d plqlpdo �0frq�jxudwlrq li V+K �, lv dq PFXEU

vhw1 Lq rwkhu zrugv/ K � lv d plqlpdo �0frq�jxudwlrq li doo wkh vwudwhjlhv lq

vrph PFXEU vhw \> dqg qr rwkhu vwudwhjlhv/ dsshdu lq wkh klvwrulhv ri K �1

Wkhruhp 4 Ohw � eh d �qlwh q0sod|hu jdph1

l, Li v@p lv vx!flhqwo| vpdoo/ wkh xqshuwxuehg surfhvv SWc6crcf frqyhujhv zlwk

suredelolw| rqh wr d plqlpdo �0frq�jxudwlrq1

l, Li/ lq dgglwlrq/ % lv vx!flhqwo| vpdoo/ wkh shuwxuehg surfhvv S Wc6crc0 sxwv dq

duelwudulo| kljk suredelolw| rq wkh plqlpdo �0frq�jxudwlrq+v, zlwk plqlpxp

vwrfkdvwlf srwhqwldo1

Surri= Vhh wkh Dsshqgl{1

Wklv wkhruhp lv dqdorjrxv wr Wkhruhp 4 lq Mrvhskvrq +5333,/ zklfk vwdwhv

wkdw lq d krprjhqhrxv vhwwlqj/ zkhuh wkh vkduh ri ehwwhu uhsolhuv lq hdfk srs0

xodwlrq lv rqh/ iru d vx!flhqwo| odujh vdpsoh vl}h dqg vx!flhqwo| lqfrpsohwh

lqirupdwlrq +v@p � �

�f �,/ wkh xqshuwxuehg surfhvv frqyhujhv zlwk suredelolw|

rqh wr d plqlpdo �0frq�jxudwlrq1 Wkh surri ri Wkhruhp 4 lv edvhg rq wklv

uhvxow frpelqhg zlwk Ohppd 4/ dqg wkh revhuydwlrq wkdw lq hdfk shulrg/ wkhuh

<



lv d srvlwlyh suredelolw| wkdw rqo| ehwwhu uhsolhuv zloo eh gudzq wr sod| iurp

wkh khwhurjhqhrxv srsxodwlrqv1

Wkhruhp 4 lv dovr frqvlvwhqw zlwk suhylrxv uhvxowv iru ghwhuplqlvwlf frq0

wlqxrxv wlph vhohfwlrq g|qdplfv1 Ulw}ehujhu dqg Zhlexoo +4<<8, vkrz wkdw d

vhw lv PFXUE li dqg rqo| li lw lv dv|pswrwlfdoo| vwdeoh iru uhjxodu vhohfwlrq

g|qdplfv wkdw duh vljq suhvhuylqj1 Wklv lv d odujh fodvv ri vhohfwlrq g|qdplfv/

zklfk frqwdlq vhyhudo zhoo nqrz g|qdplfv/ vxfk dv wkh uhsolfdwru g|qdplfv1

Lw lv zruwk qrwlqj wkdw Wkhruhp 4 pdnhv qr uhihuhqfh wr srsxodwlrq pl{0

wxuhv1 Dv orqj dv wkh vkduh ri ehwwhu uhsolhuv lv srvlwlyh lq doo srsxodwlrqv/

wkh vsdq ri wkh uhfxuuhqw vhwv ri wkh xqshuwxuehg surfhvv lv lqghshqghqw ri

wkh vkduhv ri gl�huhqw ohduqlqj uxohv lq wkh srsxodwlrqv1 Krzhyhu/ lw lv fohdu

wkdw wklv grhv qrw lpso| wkdw wkh h{dfw vkdsh ri wkh dv|pswrwlf glvwulexwlrq

lv lqghshqghqw ri wkh srsxodwlrq pl{wxuhv1

Rqh pd| dovr qrwh wkdw lq wkh fodvv ri jdphv zkhuh doo plqlpdo forvhg

vhwv xqghu ehvw uhsolhv dqg PFXEU vhwv frlqflgh/ lw lv vx!flhqw li rqh ri

wkh srsxodwlrq vkduhv ri ehwwhu dqg ehvw uhsolhuv lv srvlwlyh lq hdfk ri wkh

srsxodwlrqv1 Wklv fodvv ri jdphv frqwdlqv/ iru lqvwdqfh/ 5�5 Frruglqdwlrq

Jdphv1

Lq wkh vshfldo fodvv ri jdphv zkhuh doo PFXEU vhwv duh vlqjohwrq/ dqg

khqfh dovr vwulfw Qdvk htxloleuld/ Wkhruhp 4 lpsolhv frqyhujhqfh wr d frqyhq0

wlrq/ d prqrprusklf vwdwh zklfk lv d uhshwlwlrq ri d vwulfw Qdvk htxloleulxp1

Zhdno| df|folfdo jdphv +\rxqj/ 4<<6d/ 4<<;,/ dqg jdphv wkdw duh zhdno|

df|folfdo lq � +Mrvhskvrq/ 5333, ehorqj wr wklv fodvv1

Wkh vhfrqg uhvxow ri wklv sdshu fkdudfwhul}hv wkh vwrfkdvwlfdoo| vwdeoh

vwdwhv ri khwhurjhqhrxv sod| lq �qlwh q0sod|hu jdphv zlwk d Sduhwr rswlpdo

rxwfrph1

Gh�qlwlrq 5 D qrq0hpsw| vhw ri vwudwhj|0wxsohv P � [ vwulfwo| Sduhwr

grplqdwhv d sxuh0vwudwhj| sur�oh | 5 [qP li/ iru doo l 5Q>

plq
%M�

��+{, A ��+|,= +5,

43



Wkhruhp 5 Ohw � eh d �qlwh q0sod|hu jdph zlwk dq PFXEU vhw \> zklfk

vwulfwo| Sduhwr grplqdwhv doo rwkhu sxuh0vwudwhj| sur�ohv1 Li v@p � 4@ m[m/

v vx!flhqwo| odujh/ dqg % lv vx!flhqwo| vpdoo/ wkh shuwxuehg surfhvv S Wc6crc0

sxwv duelwudulo| kljk suredelolw| rq d plqlpdo �0frq�jxudwlrq zlwk vsdq \ 1

Surri= Vhh wkh Dsshqgl{1

Wkh surri ri Wkhruhp 5 xvhv wkh iroorzlqj wzr revhuydwlrqv1 Iluvw/ d vwdwh

lq d vwulfwo| Sduhwr0grplqdqw vhw \ fdq eh uhdfkhg iurp dq| vwdwh rxwvlgh

wkh vhw li doo lqglylgxdov gudzq wr sod| vlpxowdqhrxvo| pdnh d plvwdnh dqg

sod| d sxuh vwudwhj| lq \ / dqg d vhtxhqfh ri lplwdwruv wkhuhdiwhu slfn vdpsohv

lqfoxglqj wklv plvwdnh1 Vhfrqg/ wkh uhvlvwdqfh ri wkh uhyhuvh wudqvlwlrq fdq

eh pdgh duelwudulo| odujh e| fkrrvlqj d vx!flhqwo| odujh vdpsoh dqg phpru|

vl}h1

Wkhruhp 5 grhv qrw krog xqghu wkh zhdnhu frqglwlrq wkdw dq PFXEU

vhw vwulfwo| Sduhwr grplqdwhv doo rwkhu PFXEU vhwv1 Frqvlghu wkh jdph

lq Iljxuh 41 Lq wklv jdph/ wkhuh duh wzr PFXEU vhwv/ +D>d, dqg +F> f,>

dqg +D>d, vwulfwo| Sduhwr grplqdwhv +F> f,= Krzhyhu/ +D>d, grhv qrw vwulfwo|

Sduhwr grplqdwh +E> e,/ dqg iru d vx!flhqwo| odujh vdpsoh vl}h dqg vx!flhqwo|

lqfrpsohwh lqirupdwlrq/ wkh vwrfkdvwlf srwhqwldo lv wzr iru erwk kE�c@� dqg

kE�cS�1 Wklv iroorzv vlqfh wkh surfhvv zloo pdnh wkh wudqvlwlrq iurp kE�c@� wr

kE�cK�> li wkh wzr sod|huv vlpxowdqhrxvo| pdnh plvwdnhv lq shulrg w dqg sod|

+E> e,/ dqg d vhtxhqfh ri v� 4 lplwdwruv lq srsxodwlrq F�/ fruuhvsrqglqj wr

wkh urz sod|hu/ wkhuhdiwhu duh gudzq wr sod| dqg vdpsoh rqo| {| dqg hduolhu

vwudwhj| uhdol}dwlrqv/ dqg �qdoo| lplwdwruv lq erwk srsxodwlrqv vdpsoh rqo|

iurp sod|v pruh uhfhqw wkdq {|3�
irup�v shulrgv1 Vlqfh vwdwh kE�cK� lv fohduo|

lq wkh edvlq ri dwwudfwlrq ri kE�cS�/ wklv lpsolhv wkdw wkh vwrfkdvwlf srwhqwldo
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ri kE�cS� lv wzr dw prvw1

d e f

D 6> 6 3> 3 3> 3

E 3> 3 7> 3 4> 4

F 3> 3 3> 3 5> 5

Iljxuh 41

Lq jdphv ri frpprq lqwhuhvw wkhuh h{lvwv d vwulfw Qdvk htxloleulxp � d

vlqjohwrq PFXEU vhw � zklfk vwulfwo| Sduhwr grplqdwhv doo rwkhu vwudwhj|0

wxsohv1 Iurp Wkhruhp 5/ lw lpphgldwho| iroorzv wkdw iru d vx!flhqwo| odujh

phpru| dqg vdpsoh vl}h/ dqg vx!flhqwo| lqfrpsohwh lqirupdwlrq/ wklv htxl0

oleulxp lv sod|hg zlwk suredelolw| rqh xqghu wkh olplwlqj glvwulexwlrq1

7 Uhvxowv iru 5�5 Frruglqdwlrq Jdphv

Lq wklv vhfwlrq/ L zloo vwxg| wkh suhglfwlrqv ri khwhurjhqhrxv dgdswlyh sod| lq

wkh vshfldo fodvv ri 5�5 Frruglqdwlrq Jdphv dqg looxvwudwh krz wkh vwrfkdv0

wlfdoo| vwdeoh vwdwhv ghshqg rq wkh vdpsoh vl}h1

Frqvlghu wkh jdph lq Iljxuh 51

d e

D ��+D>d,> �2+D>d, ��+D> e,> �2+D> e,
E ��+E>d,> �2+E>d, ��+E> e,> �2+E> e,

Iljxuh 51

Wklv jdph lv d 5�5 Frruglqdwlrq Jdph li +D>d, dqg +E> e, duh vwulfw Qdvk

htxloleuld1 Lw lv d v|pphwulf 5�5 Frruglqdwlrq Jdph li/ lq dgglwlrq/ wkh gldj0

rqdo sd|r�v duh htxdo iru wkh wzr sod|huv/ ��+E>d, @ �2+D> e, dqg ��+D> e, @

�2+E>d,= Dq htxloleulxp +D> d, ri d 5�5 Frruglqdwlrq Jdph lv ulvn grplqdqw

li lwv Qdvk surgxfw h{fhhgv wkdw ri +E> e,=

^��+D>d,� ��+E>d,` ^�2+D>d,� �2+D> e,`

� ^��+E> e,� ��+D> e,` ^�2+E> e,� �2+E>d,` = +6,

Wklv gh�qlwlrq +zlwk d vwulfw lqhtxdolw|, lv ruljlqdoo| gxh wr Kduvdq|l dqg

Vhowhq +4<;;,1 Ghqrwh d prqrprusklf vwdwh k vxfk wkdw k @ +{> ===> {, e| k%1
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Li { lv d vwulfw Qdvk htxloleulxp/ wkhq k% lv fdoohg d frqyhqwlrq +\rxqj/4<<6d/

4<<;,1 Li { lv ulvn +vwulfwo| Sduhwr, grplqdqw/ L vd| wkdw wkh frqyhqwlrq k%

lv ulvn +vwulfwo| Sduhwr, grplqdqw1 Iurp Wkhruhp 5/ wkh iroorzlqj fruroodu|

lpphgldwho| iroorzv1

Fruroodu| 4 Lq 5�5 Frruglqdwlrq Jdphv zlwk d vwulfwo| Sduhwr0grplqdqw

htxloleulxp/ iru d vx!flhqwo| odujh vdpsoh vl}h/ dqg vx!flhqwo| lqfrpsohwh

lqirupdwlrq/ wkh vwulfwo| Sduhwr0grplqdqw frqyhqwlrq lv d xqltxh vwrfkdvwl0

fdoo| vwdeoh vwdwh1

Iru fhuwdlq sd|r�v/ wkh vdpsoh vl}h pxvw wr eh yhu| odujh iru wklv uhvxow

wr krog1 Frqvlghu wkh jdph lq Iljxuh 6/ zkhuh wkh htxloleulxp +D>d, vwulfwo|

Sduhwr grplqdwhv wkh htxloleulxp +E> e,/ exw zkhuh +E> e, lv wkh xqltxh ulvn0

grplqdqw htxloleulxp1

d e

D 5> 5 �4333> 3

E 3>�4333 4> 4

Iljxuh 61

Li wkh surfhvv lv lq vwdwh kE�cK� dqg wkh vdpsoh vl}h v A 4> wkhq wzr vlpxo0

wdqhrxv plvwdnhv/ iroorzhg e| d vhtxhqfh ri lplwdwruv/ duh uhtxluhg wr uhdfk

kE�c@�= Rqh plvwdnh lv vx!flhqw wr pdnh wkh uhyhuvh wudqvlwlrq li wklv pdnhv

wkh h{shfwhg sd|r� wr sod|lqj vwudwhj| E kljkhu wkdq wkdw ri D iru d ehwwhu

ru ehvw uhsolhu/ ru irupdoo| li

5+v� 4,� 4333

v

�
4

v

/ v �
4336

5
= +7,

Khqfh/ rqo| wkh ulvn0grplqdqw htxloleulxp lv vhohfwhg/ lq wkh vhqvh wkdw wkh

fruuhvsrqglqj frqyhqwlrq lv vwrfkdvwlfdoo| vwdeoh/ iru v vxfk wkdw 4 ? v �

8341 Lq rughu wr hqvxuh wkdw rqo| wkh vwulfwo| Sduhwr0grplqdqw htxloleulxp lv

vhohfwhg/ wkh vdpsoh vl}h pxvw eh vr odujh wkdw

5+v� 5,� 5333

v
A

5

v
/ v A 4336= +8,
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Iru d vdpsoh vl}h lq ehwzhhq wkhvh ydoxhv/ l1h1 v vxfk wkdw 834 ? v � 4336/

erwk htxloleuld duh vhohfwhg1

Pruh jhqhudoo|/ gh�qh wkh suredelolwlhv t�/ t@> dqg t4�? e|

t� @
�2+E> e,� �2+E>d,

�2+D>d,� �2+D> e, . �2+E> e,� �2+E>d,
> +9,

t@ @
��+E> e,� ��+D> e,

��+D>d,� ��+E> d, . ��+E> e,� ��+D> e,
> +:,

dqg

t4�? @ plq it�> t@> 4� t�> 4� t@j = +;,

Lq rwkhu zrugv/ t� lv wkh suredelolw| ri vwudwhj| D zklfk pdnhv wkh h{shfwhg

sd|r� wr vwudwhjlhv d dqg e lghqwlfdo iru sod|hu 5/ dqg t@ lv wkh suredelolw| ri

vwudwhj| D zklfk pdnhv wkh h{shfwhg sd|r� wr vwudwhjlhv D dqgE lghqwlfdo iru

sod|hu 41 t4�? lv wkh orzhvw suredelolw| uhtxluhg wr pdnh d sod|hu lqgl�huhqw

ehwzhhq khu sxuh vwudwhjlhv1 Qrwh wkdw lq v|pphwulf Frruglqdwlrq Jdphv

t� @ t@ dqg wkdw +vhh \rxqj/4<<;, dq htxloleulxp +D>d, lv ulvn grplqdqw li

dqg rqo| li

plqit�> t@j � plqi4� t�> 4� t@j= +<,

Ohw ]nn eh wkh vhw ri srvlwlyh lqwhjhuv dqg ohw g|h ghqrwh wkh vpdoohvw

lqwhjhu juhdwhu wkdq ru htxdo wr | iru dq| uhdo |1 Ixuwkhu/ gh�qh wkh ixqfwlrq

v_�ss = ]nn $ ]nn ^ i3j dqg wkh vhw V-( � ]nn dv iroorzv=

v_�ss+v, @ mgvplqit�> t@jh � gvplqi4� t�> 4� t@jhm +43,

V
-(
@ iv 5 ]nn = v_�ss+v, � 4 dqg v � 4@t4�?j= +44,

Qrwh wkdw v_�ss+v, lv lqfuhdvlqj lq v/ lpso|lqj wkdw li wkhuh duh lqwhjhu vdpsoh

vl}hv v> v
�
> dqg v�� vxfk wkdw v ? v� ? v��/ dqg v> v��

5 V-(> wkhq dovr v
�
5 V-(=

Wkhruhp 6 Ohw � eh d 5�5 Frruglqdwlrq Jdph dqg dvvxph wkdw lqirupd0

wlrq lv vx!flhqwo| lqfrpsohwh +v@p � 4@5,1

l, Iurp dq| lqlwldo vwdwh/ wkh xqshuwxuehg surfhvv SWc6crcf frqyhujhv zlwk sure0

delolw| rqh wr d frqyhqwlrq dqg orfnv lq1
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ll, Iru vx!flhqwo| odujh v wkh vwrfkdvwlfdoo| vwdeoh vwdwhv ri wkh shuwxuehg

surfhvv S
Wc6crc0 fruuhvsrqg rqh wr rqh zlwk wkh frqyhqwlrqv wkdw duh qrw

vwulfwo| Sduhwr grplqdwhg1

lll, Li wkhuh lv d xqltxh ulvn0grplqdqw htxloleulxp dqg wkh vhw V-( lv qrq0

hpsw|/ wkhq/ iru vdpsoh vl}h v 5 V-(/ rqo| wkh ulvn0grplqdqw frqyhqwlrq lv

vwrfkdvwlfdoo| vwdeoh1

ly, Li erwk htxloleuld duh ulvn grplqdqw/ wkhq/ iru vdpsoh vl}h v 5 ^4> 5@t4�?`>

erwk frqyhqwlrqv duh vwrfkdvwlfdoo| vwdeoh1

Surri= Vhh wkh Dsshqgl{1

Wkhruhp 6 jlyhv vx!flhqw frqglwlrqv iru wkh vhohfwlrq ri gl�huhqw htxlole0

uld1 Wkh lqwxlwlrq ehklqg wkh surri ri wklv wkhruhp lv wkh vdph dv lq wkh deryh

h{dpsoh1 Li wkh surfhvv lv lq vwdwh kE�c@�/ dqg +E> e, lv d ulvn0grplqdqw htxlole0

ulxp/ wkhq/ iru vdpsoh vl}hv vxfk wkdw t4�? � 4@v/ ru htxlydohqwo| v � 4@t4�?/

rqo| rqh plvwdnh lv qhfhvvdu| wr pdnh d vhtxhqfh ri vxevhtxhqw ehwwhu ru ehvw

uhsolhuv vzlwfk wr wkh ulvn0grplqdqw sxuh vwudwhj| vxfk wkdw kE�cK� lv uhdfkhg1

Vhfrqg/ li wkh surfhvv lv lq vwdwh kE�cK� dqg +D>d, lv qrw vwulfwo| Sduhwr grp0

lqdwhg/ wkhq wzr vlpxowdqhrxv plvwdnhv/ iroorzhg e| d vhtxhqfh ri lplwdwruv

lq rqh ri wkh srsxodwlrqv/ duh vx!flhqw wr uhdfk wkh edvlq ri dwwudfwlrq ri

kE�c@�= Wkh frqglwlrq wkdw v_�ss+v, � 4 lpsolhv wkdw wkh wudqvlwlrq iurp kE�cK�

wr kE�c@� fdqqrw eh pdgh zlwk rqo| rqh plvwdnh iroorzhg e| d vhtxhqfh ri

ehvw ru ehwwhu uhsolhuv1

Wkh iroorzlqj fruroodu| vkrzv wkdw lq v|pphwulf Frruglqdwlrq Jdphv/

wkhuh dozd|v h{lvwv d udqjh ri vdpsoh vl}hv vxfk wkdw wkh ulvn0grplqdqw htxl0

oleulxp lv vhohfwhg1

Fruroodu| 5 Lq v|pphwulf 5�5 Frruglqdwlrq Jdphv/ li lqirupdwlrq lv vxi0

�flhqwo| lqfrpsohwh +v@p � 4@5, dqg wkh vdpsoh vl}h vx!flhqwo| vpdoo +5 �

v � 4@t4�?,/ rqo| wkh ulvn0grplqdqw frqyhqwlrq lv vwrfkdvwlfdoo| vwdeoh1

Surri= Li wkh v|pphwulf jdph kdv wzr ulvn0grplqdqw htxloleuld/ wkh

uhvxow iroorzv lpphgldwho| iurp Wkhruhp 6 ly,1 Li wkh jdph kdv d xqltxh
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ulvn0grplqdqw htxloleulxp/ wkhq t4�? ? 4@5= Wklv lpsolhv wkdw li wkh vdpsoh

vl}h lv vxfk wkdw 5 � v � 4@t4�?/ wkhq vt4�? � 4/ dqg v+4� t4�?, A 4> khqfh/

wkh uhtxluhphqw wkdw v_�ss +v, � 4 lv uhgxqgdqw/ dqg wkh fodlp iroorzv iurp

Wkhruhp 6 lll,1 T1H1G1

Kroglqj wkh vdpsoh dqg phpru| vl}h �{hg lq v|pphwulf jdphv zlwk

rqh ulvn0grplqdqw htxloleulxp dqg d gl�huhqw Sduhwr0grplqdqw htxloleulxp/

Fruroodu| 5 lpsolhv wkdw wkh ulvn0grplqdqw htxloleulxp vkrxog eh revhuyhg

iru sd|r�v vxfk wkdw t4�? lv orz/ srvvleo| erwk htxloleuld iru sd|r�v vxfk

wkdw t4�? lv lqwhuphgldwh/ dqg wkh Sduhwr0grplqdqw htxloleulxp iru sd|r�v

vxfk wkdw t4�? lv kljk1 Wklv dsshduv wr eh lq olqh zlwk h{shulphqwdo hylghqfh

iurp v|pphwulf Frruglqdwlrq Jdphv +vhh Ydq Kx|fn +4<<:, iru d vxuyh|,/

dowkrxjk wkh devroxwh gl�huhqfh ehwzhhq wkh htxloleulxp sd|r�v dqg wkh r�0

htxloleulxp sd|r�v dovr vhhpv wr pdwwhu1 Jlyhq wkh olplwhg qxpehu ri uhsh0

wlwlrqv lq vxfk h{shulphqwv/ rqh pd| qdwxudoo| txhvwlrq zkhwkhu wkh rxwfrph

revhuyhg dfwxdoo| fruuhvsrqgv wr wkh vwrfkdvwlfdoo| vwdeoh vwdwh1

8 Frqfoxvlrq

Lq wklv sdshu/ L dqdo|}h vwrfkdvwlf dgdswdwlrq lq �qlwh q0sod|hu jdphv sod|hg

e| khwhurjhqhrxv srsxodwlrqv ri p|rslf ehvw uhsolhuv/ ehwwhu uhsolhuv dqg lp0

lwdwruv1 L vkrz wkdw iru vx!flhqwo| lqfrpsohwh lqirupdwlrq/ dqg lqghshq0

ghqwo| ri wkh srsxodwlrq vkduhv/ wkh uhfxuuhqw vhwv ri wkh uhvxowlqj xqshuwxuehg

Pdunry fkdlq fruuhvsrqg rqh wr rqh zlwk wkh plqlpdo forvhg vhwv forvhg xq0

ghu ehwwhu uhsolhv ri wkh jdph1 Vxfk vhwv duh dovr dv|pswrwlfdoo| vwdeoh xqghu

d odujh fodvv ri ghwhuplqlvwlf frqwlqxrxv wlph vhohfwlrq g|qdplfv/ frqwdlqlqj

wkh uhsolfdwru g|qdplfv1

Wkh vwrfkdvwlfdoo| vwdeoh vwdwhv duh frqwdlqhg lq wkh uhfxuuhqw vhwv zlwk

plqlpxp vwrfkdvwlf srwhqwldo1 Lq jdphv zkhuh rqh plqlpdo forvhg vhw xqghu

ehwwhu uhsolhv lv Sduhwr h!flhqw/ wkh vsdq ri wkh vwrfkdvwlfdoo| vwdeoh vwdwhv lv

htxdo wr wklv vhw1 Wklv uhvxow uhtxluhv d vx!flhqwo| odujh vdpsoh vl}h/ ghwhu0

plqhg e| wkh sd|r�v ri wkh jdph1 Lq doo v|pphwulf Frruglqdwlrq Jdphv dqg
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pdq| dv|pphwulf Frruglqdwlrq Jdphv/ wkh Sduhwr h!flhqw htxloleulxp lv vh0

ohfwhg iru d vx!flhqwo| odujh vdpsoh vl}h/ dqg wkh ulvn0grplqdqw htxloleulxp

lv vhohfwhg iru d vx!flhqwo| vpdoo vdpsoh vl}h1

Wkh pdlq frqwulexwlrq ri wklv sdshu lv wr dqdo|}h wkh orqj0uxq rxwfrph

zkhq pxowlsoh uxohv ri dgdswdwlrq/ suhylrxvo| dqdo|}hg rqo| lq lvrodwlrq/ duh

suhvhqw lq wkh srsxodwlrqv1 Lw lv vkrzq wkdw wkh vxssruw ri wkh olplwlqj glv0

wulexwlrq lv lqghshqghqw ri wkh srsxodwlrq vkduhv1 Krzhyhu/ lq pdq| jdphv/

wkh h{dfw vkdsh ri wkh olplwlqj glvwulexwlrq zloo ghshqg rq wkh srsxodwlrq

vkduhv xvlqj wkh gl�huhqw ohduqlqj uxohv/ dqg vr zloo wkh h{shfwhg sd|r� wr

wkh lqglylgxdov hpsor|lqj wkh ydulrxv uxohv1 D qh{w vwhs lv wr vwxg| krz

wkh lqglylgxdov xvlqj wkh gl�huhqw ohduqlqj uxohv iduh iru gl�huhqw srsxodwlrq

vkduhv/ dqg wr dvn li wkhuh h{lvwv d uxoh/ ru d sduwlfxodu frpelqdwlrq ri uxohv/

zklfk lv hyroxwlrqdulo| vwdeoh1

4:



Dsshqgl{

Gh�qlwlrq 6 +\rxqj/ 4<<;, S 0 lv d uhjxodu shuwxuehg Pdunry surfhvv li

S
0 lv luuhgxfleoh iru hyhu| % 5 +3> %W`/ dqg iru hyhu| k>k�

5 K/ S
0

��� dssurdfkhv

S
f

��� dw dq h{srqhqwldo udwh/ l1h1 olp0<f S
0

��� @ S
f

��� dqg li S 0

��� A 3 iru vrph

% A 3/ wkhq 3 ? olp0<f

�
0

���

0
o
���
?4 iru vrph u��� � 31

Ohppd 5 S
Wc6crc0 lv d uhjxodu shuwxuehg Pdunry surfhvv1

Surri= Wkh surri ri Ohppd 5 lv frpsohwho| dqdorjrxv wr wkh surri lq

\rxqj +4<<;/ s1 88, T1H1G1

Wkhruhp 7 +\rxqj/ 4<<;, Ohw S 0 eh d uhjxodu shuwxuehg Pdunry surfhvv dqg

ohw �0 eh wkh xqltxh vwdwlrqdu| glvwulexwlrq ri S 0 iru % A 31 Wkhq olp0<f �
0
@

�
f h{lvwv/ dqg �f lv d vwdwlrqdu| glvwulexwlrq ri Sf1 Wkh vwrfkdvwlfdoo| vwdeoh

vwdwhv duh suhflvho| wkrvh vwdwhv wkdw duh frqwdlqhg lq wkh uhfxuuhqw fodvvhv ri

S f kdylqj plqlpxp vwrfkdvwlf srwhqwldo1

Surri ri Wkhruhp 4= Sduw l, ri Wkhruhp 4 zloo eh suryhg lq wzr

vwhsv1 Lq vwhs D/ L zloo suryh wkdw iurp dq| lqlwldo vwdwh/ SWc6crcf frqyhujhv wr

d plqlpdo �0frq�jxudwlrq1 Lq vwhs E/ L zloo suryh wkdw iru dq| PFXEU vhw/

wkhuh h{lvwv d plqlpdo �0frq�jxudwlrq1

D1 Ohw �0dgdswlyh sod| eh wkh lqgxfhg Pdunry fkdlq zkhq wkh vkduh ri ehw0

whu uhsolhuv lq hdfk srsxodwlrq lv rqh1 Dffruglqj wr Wkhruhp 4 lq Mrvhskvrq

+5333,/ iru d vx!flhqwo| odujh vdpsoh vl}h dqg vx!flhqwo| lqfrpsohwh lqiru0

pdwlrq +v@p �
�

�f �,/ wkh vsdq ri hdfk uhfxuuhqw fodvv ri wkh �0dgdswlyh sod|

fruuhvsrqgv rqh wr rqh zlwk dq PFXEU vhw1 Vlqfh/ lq hdfk shulrg/ wkhuh lv

d srvlwlyh suredelolw| wkdw rqo| ehwwhu uhsolhuv zloo eh vhohfwhg wr sod|/ wkhuh

lv dovr d srvlwlyh suredelolw| wkdw wkh Pdunry fkdlq/ iurp dq| lqlwldo vwdwh/

dqg lq d �qlwh qxpehu ri shulrgv/ zloo hqg xs lq d vwdwh k zklfk ehorqjv wr

d uhfxuuhqw fodvv H
�

~ ri wkh ehwwhu0uhso| g|qdplf/ dqg wkxv rqo| lqyroyhv sod|

ri sxuh0vwudwhj| sur�ohv lq d fruuhvsrqglqj PFXEU vhw \ 1 Iurp Ohppd 4/

lw iroorzv wkdw wkh surfhvv zloo qhyhu sod| d sxuh vwudwhj| rxwvlgh \> rqfh lw
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kdv uhdfkhg vxfk d vwdwh1 Li H
�

~
lv vlqjohwrq/ wklv phdqv wkdw lw lv d uhfxuuhqw

fodvv dovr xqghu khwhurjhqhrxv dgdswlyh sod| SWc6crcf1 Li H
�
~ lv qrw vlqjohwrq/

wkhuh lv d srvlwlyh suredelolw| wkdw wkh surfhvv pdnhv wkh wudqvlwlrq iurp k wr

dq| rwkhu vwdwh k� ri H
�

~
lq d �qlwh qxpehu ri shulrgv dqg/ qdwxudoo|/ zlwk0

rxw sod|lqj dq| sxuh vwudwhj| rxwvlgh \ 1 Wklv iroorzv vlqfh lq hdfk shulrg/

wkhuh lv d srvlwlyh suredelolw| wkdw rqo| ehwwhu uhsolhuv zloo eh vhohfwhg wr sod|1

Khqfh/ wkhuh h{lvwv d uhfxuuhqw fodvv HW

t
ri S

Wc6crcf
> vxfk wkdw H

�

~ � H
W

t
dqg

V +HW

t
, � \ @ V

�
H
�

~

�
=

E1 Frqyhuvho|/ L zloo suryh wkdw iru dq| PFXEU vhw/ wkhuh h{lvwv d plqlpdo

�0frq�jxudwlrq1 Li \ lv dq PFXEU vhw/ wkhq/ e| Wkhruhp 4 lq Mrvhskvrq

+5333,/ wkhuh h{lvwv d xqltxh uhfxuuhqw fodvv H�

~
ri �0dgdswlyh sod| vxfk wkdw

V
�
H
�
~

�
@ \ 1 Li wkh Pdunry fkdlq S

Wc6crcf lv lq d vwdwh lqyroylqj qr sxuh

vwudwhj| rxwvlgh \ / wkhuh lv d srvlwlyh suredelolw| wkdw lw zloo uhdfk d vwdwh

zklfk ehorqjv wr H
�

~
lq d �qlwh qxpehu ri shulrgv1 Wklv iroorzv vlqfh S Wc6crcf/

e| D1/ iurp dq| lqlwldo vwdwh dqg lq d �qlwh qxpehu ri shulrgv zloo hqg xs

lq d vwdwh k> zklfk ehorqjv wr d uhfxuuhqw fodvv ri wkh ehwwhu0uhso| g|qdplf/

dqg vlqfh/ e| Ohppd 4/ wkh surfhvv zloo qhyhu sod| d sxuh vwudwhj| rxwvlgh

\> rqfh lw kdv uhdfkhg d vwdwh rqo| lqyroylqj sxuh0vwudwhj| sur�ohv ri \ 1 Lw

wkhuhdiwhu iroorzv iurp D1 wkdw wkhuh h{lvwv d uhfxuuhqw vhw HW

t
ri S

Wc6crcf
>

vxfk wkdw V+HW

t
, @ \=

Sduw ll, ri Wkhruhp 4 iroorzv gluhfwo| iurp Wkhruhp 7 lq wkh Dsshqgl{

vlqfh S Wc6crc0/ e| Ohppd 5 lq wkh Dsshqgl{/ lv d uhjxodu shuwxuehg Pdunry

surfhvv1 T1H1G1

Surri ri Wkhruhp 5= Wkhruhp 5 zloo eh suryhg lq wkuhh vwhsv1 Lq vwhs

D/ L vkrz wkdw wkh wudqvlwlrq iurp dq| uhfxuuhqw fodvv wr d Sduhwr0grplqdqw

plqlpdo �0frq�jxudwlrq fdq dozd|v eh pdgh zlwk dw prvw q plvwdnhv1 Lq

vwhs E/ L suryh wkdw iru d vx!flhqwo| odujh vdpsoh vl}h/ wkh wudqvlwlrq iurp d

Sduhwr0grplqdqw plqlpdo �0frq�jxudwlrq wr dq| rwkhu uhfxuuhqw fodvv uhtxluhv

dw ohdvw q. 4 plvwdnhv1 Lq vwhs F/ L xvh D dqg E wr suryh wkdw wkh Sduhwr0

grplqdqw plqlpdo �0frq�jxudwlrq pxvw kdyh plqlpxp vwrfkdvwlf srwhqwldo1
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D1 Dvvxph wkdw wkh vdpsoh vl}h lv vx!flhqwo| odujh dqg v@p � 4@ m[m vr

wkdw/ e| Wkhruhp 4/ wkh vsdq ri hdfk uhfxuuhqw fodvv ri S Wc6crcf fruuhvsrqgv

rqh wr rqh zlwk dq PFXEU vhw1 Ohw \ � [ eh d vwulfwo| Sduhwr0grplqdqw

PFXEU vhw/ dqg ohw HW

t
eh wkh fruuhvsrqglqj plqlpdo �0frq�jxudwlrq1 Dv0

vxph wkhuh h{lvwv dw ohdvw rqh rwkhu uhfxuuhqw fodvv +rwkhuzlvh Wkhruhp 5

krogv wulyldoo|,1 Wkh wudqvlwlrq iurp vxfk d uhfxuuhqw fodvv wr HW

t
fdq dozd|v

eh pdgh zlwk d suredelolw| ri wkh rughu %
� +ru kljkhu,1 Wklv lv/ iru lqvwdqfh/

wkh fdvh li wkh lqglylgxdov lq doo urohv h{shulphqw dqg sod| d sxuh0vwudwhj|

sur�oh |
|
5 \ lq shulrg w/ dqg d vhtxhqfh ri p � 4 lplwdwruv wkhuhdiwhu duh

gudzq wr sod| lq doo urohv/ dqg doo vdpsoh |
|1

E1 Ohw HW

~
eh dq duelwudu| uhfxuuhqw fodvv/ gl�huhqw iurp H

W

t
= L fodlp wkdw

iru d vx!flhqwo| odujh vdpsoh vl}h/ wkh suredelolw| ri wkh wudqvlwlrq iurp H
W

t

wr H
W

~
lv dw ohdvw ri wkh rughu %

�n�1 Wr pdnh d ehvw ru ehwwhu uhsolhu lq uroh l>

vzlwfk wr d sxuh vwudwhj| {� @5 \� diwhu dw prvw qplvwdnhv> wkh h{shfwhg sd|r�

wr wkdw sxuh vwudwhj| pxvw eh juhdwhu wkdq iru dq| sxuh vwudwhj| |� 5 \�/

v� q

v
x�+|�> s

t

3�
, .

q

v
x�+|�> s

f

3�
, �

v� q

v
x�+{�> s

t

3�
,.

q

v
x�+{�> s

f

3�
, +45,

/

v �
q

�
x�+|�> s

t

3�
,� x�+|�> s

f

3�
,. x�+{�> s

f

3�
,� x�+{�> s

t

3�
,
�

x�+|�> s
t

3�
,� x�+{�> s

t

3�
,

> +46,

zkhuh s
t

3�
5 �+\

3�,/ dqg s
f

3�
5 �+[

3�,1 E| wkh erxqghgqhvv ri sd|r�v dqg

wkh vwulfw Sduhwr grplqdqfh ri \ / wkh uljkw0kdqg vlgh ri wklv lqhtxdolw| lv

fohduo| erxqghg iru dq| l/ |� 5 \�/ {� @5 \�/ s
t

3�
5 �+\

3�,/ dqg s
f

3�
5 �+[

3�,1

Khqfh/ wkhuh h{lvwv vrph �qlwh av/ vxfk wkdw iru v A av/ vwulfwo| pruh wkdq q

plvwdnhv duh qhfhvvdu| iru d ehwwhu ru ehvw uhsolhu wr sod| d sxuh vwudwhj|

rxwvlgh \ 1

Vlploduo|/ lq rughu wr pdnh dq lplwdwru pd{lpl}lqj wkh dyhudjh uhdol}hg
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sd|r� vzlwfk wr d sxuh vwudwhj| {� @5 \� diwhu dw prvw q plvwdnhv/

+v� q,x�+|�> s
t

3�
,. +q� 4,x�+|�> s

f

3�
,

v� 4
� ��+{�> {3�, +47,

/

v �
q

�
x�+|�> s

t

3�
,� x�+|�> s

f

3�
,
�
. x�+|�> s

f

3�
,� ��+{�> {3�,

x�+|�> s
t

3�
,� ��+{�> {3�,

= +48,

Rqfh djdlq/ e| wkh erxqghgqhvv ri sd|r�v dqg wkh vwulfw Sduhwr grplqdqfh

ri \ / wkh uljkw0kdqg vlgh ri wkh odvw lqhtxdolw| lv erxqghg iru dq| l/ |� 5 \�/

{� @5 \�/ {3� 5 [3�/ s
t

3�
5 �+\

3�,/ dqg s
f

3�
5 �+[

3�,1 Khqfh/ wkhuh h{lvwv

vrph �qlwh �v> vxfk wkdw li v A �v> vwulfwo| pruh wkdq q plvwdnhv duh qhfhvvdu|

iru d ehwwhu ru ehvw uhsolhu wr sod| d sxuh vwudwhj| rxwvlgh \ 1 Dq lplwdwru

zkr vlpso| slfn wkh sxuh vwudwhj| zlwk wkh pd{lpxp uhdol}hg sd|r� fdq/ ri

frxuvh/ qhyhu vzlwfk wr d sxuh vwudwhj| {� @5 \� zlwk ohvv wkdq v plvwdnhv1

Wkxv/ iru v A pd{iav> �v>Qj/ wkh uhvlvwdqfh ri wkh wudqvlwlrq iurp HW

t
wr HW

~

pxvw eh juhdwhu wkdq Q 1

F1 Frqvlghu wkh plqlpxp uhvlvwdqfh wuhh urrwhg dw dq duelwudu| uhfxuuhqw

fodvv HW

(
> gl�huhqw iurp HW

t
1 Lq wklv wuhh/ wkhuh pxvw eh d gluhfwhg hgjh iurp

H
W

t
wr vrph rwkhu uhfxuuhqw fodvv HW

~
+srvvleo| lghqwlfdo wr HW

(
,1 Dvvxph wkdw

wkh vdpsoh vl}h lv vr odujh wkdw wkh uhvlvwdqfh ri wkh wudqvlwlrq iurp H
W

t
wr HW

~

lv juhdwhu wkdq Q +wklv lv srvvleoh e| E1,/ dqg wkdw wkh vwrfkdvwlf srwhqwldo ri

H
W

(
lv vpdoohu wkdq ru htxdo wr wkdw ri HW

t
= Fuhdwh d qhz wuhh e| ghohwlqj wkh

hgjh iurp H
W

t
wr HW

~
/ dqg dgglqj dq hgjh iurp H

W

(
wr HW

t
= Wkh uhvlvwdqfh ri

wkh ghohwhg hgjh lv/ e| dvvxpswlrq/ juhdwhu wkdq Q / dqg wkh uhvlvwdqfh ri wkh

dgghg hgjh lv +e| D1, vpdoohu wkdq ru htxdo wr Q 1 Khqfh/ wkh wrwdo uhvlvwdqfh

ri wkh qhz wuhh lv ohvv wkdq wkdw ri wkh wuhh urrwhg dw HW

(
/ frqwudglfwlqj wkh

dvvxpswlrq wkdw wkh vwrfkdvwlf srwhqwldo ri HW

(
lv vpdoohu wkdq ru htxdo wr

wkdw ri HW

t
1 Wklv suryhv wkdw wkh vwrfkdvwlf srwhqwldo ri wkh Sduhwr0grplqdqw

uhfxuuhqw fodvv HW

t
lv orzhu wkdq iru dq| rwkhu uhfxuuhqw fodvv dqg/ e| Ohppd

5 dqg Wkhruhp 7 lq wkh Dsshqgl{/ Wkhruhp 5 iroorzv1 T1H1G1

Surri ri Wkhruhp 6= l, Frqyhujhqfh zlwk suredelolw| rqh wr d frq0

yhqwlrq1 E| Wkhruhp 5 lq Mrvhskvrq +5333,/ li wkh vkduh ri ehwwhu uhsolhuv
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lv rqh lq doo srsxodwlrqv dqg v@p � 4@5/ wkhq wkh uhfxuuhqw fodvvhv ri wkh

xqshuwxuehg surfhvv duh wkh wzr prqrprusklf vwdwhv kE�c@� dqg kE�cK�1 Lw lv

fohdu wkdw wkhvh vwdwhv duh devruelqj dovr zkhq wkh vkduhv ri lplwdwruv dqg

ehvw uhsolhuv duh srvlwlyh1 Pruhryhu/ vlqfh lq hdfk shulrg/ wkhuh lv d srvlwlyh

suredelolw| wkdw rqo| ehwwhu uhsolhuv duh gudzq wr sod|/ wkhuh lv d srvlwlyh

suredelolw| ri uhdfklqj rqh ri wkhvh wzr vwdwhv lq d �qlwh qxpehu ri shulrgv

iurp dq| rwkhu vwdwh1 Khqfh/ iru v@p � 4@5> wkh uhfxuuhqw fodvvhv ri SWc6crcf

duh wzr vwdwhv kE�c@� dqg kE�cK�=

ll, Vhohfwlrq ri htxloleuld wkdw duh qrw vwulfwo| Sduhwr grplqdwhg1 Zlwkrxw

orvv ri jhqhudolw|/ dvvxph wkdw +D>d, lv d vwulfwo| Sduhwr0grplqdqw htxloleulxp1

Wkhq/ wkh wudqvlwlrq iurp kE�cK� wr wkh edvlq ri dwwudfwlrq ri kE�c@� fdq dozd|v

eh pdgh zlwk wzr vlpxowdqhrxv plvwdnhv lq shulrg w iroorzhg e| d vhtxhqfh ri

v�4 lplwdwruv lq erwk srsxodwlrqv/ zkr doo vdpsoh {|

�
ru pruh uhfhqw vwudwhj|0

wxsohv1 Wkh uhyhuvh wudqvlwlrq uhtxluhv dw ohdvw wkuhh plvwdnhv li wkh iroorzlqj

wzr frqglwlrqv duh ixo�oohg1 Iluvw/ lq vwdwh kE�c@�> ehvw ru ehwwhu uhsolhuv lq

rqh ri wkh srsxodwlrqv vkrxog qrw eh deoh wr vzlwfk wr vwudwhj| E zkhq wkh

vdpsoh frqwdlqv ohvv wkhq wkuhh plvwdnhv e| wkh rwkhu srsxodwlrq1 Wklv lv

suhyhqwhg li t4�? A 5@v> ru htxlydohqwo| li v A 5@t4�?= Vhfrqg/ lplwdwruv lq

srsxodwlrq F� vkrxog qrw eh deoh wr vzlwfk wr vwudwhj| E zlwk ohvv wkdq

wkuhh plvwdnhv1 Wkh| fdq rqo| gr wklv li wzr plvwdnhv/ rqh diwhu wkh rwkhu e|

gl�huhqw srsxodwlrqv/ pdnh wkh dyhudjh sd|r� wr vwudwhj| E dw ohdvw dv odujh

dv wkdw ri D/ ru irupdoo|/ li

+v� 5,��+D>d, . ��+D> e,

v� 4
� ��+E>d, +49,

/

v �
5��+D>d,� ��+E> d,� ��+D> e,

��+D>d,� ��+E>d,=
@ av�= +4:,

Lw lv fohdu wkdw iru v A av� wklv lqhtxdolw| grhv qrw krog/ dqg d vlplodu fulwlfdo

vdpsoh vl}h av2 fdq eh frpsxwhg iru lqglylgxdov lq srsxodwlrq F21 Khqfh/

iru v A pd{iav�> av2> 5@t4�?j/ wkh wudqvlwlrq wr +E> e, uhtxluhv dw ohdvw wkuhh

plvwdnhv/ zkhuhdv wkh uhyhuvh wudqvlwlrq uhtxluhv h{dfwo| wzr plvwdnhv +li doo
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lplwdwruv fkrrvh wkh sxuh vwudwhj| zlwk pd{lpxp vdpsoh sd|r�/ l1h1 qrerg|

fkrrvhv wkh sxuh vwudwhj| zlwk wkh pd{lpxp dyhudjh sd|r� lq wkh vdpsoh/

wkhq lw lv vx!flhqw wkdw v A 5@t4�?,1

Li qhlwkhu ri wkh htxloleuld duh Sduhwr grplqdwhg/ wkhq hlwkhu ��+D>d, �

��+E> e, dqg �2+D>d, � �2+E> e,> ru ��+D>d, � ��+E> e, dqg �2+D>d, �

�2+E> e,1 Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw wkh �uvw wzr lqhtxdolwlhv

krog1 Wkhq/ wkh wudqvlwlrq iurp kE�cK� wr wkh edvlq ri dwwudfwlrq ri kE�c@� fdq

dozd|v eh pdgh zlwk wzr vlpxowdqhrxv plvwdnhv lq shulrg w> iroorzhg e| d

vhtxhqfh ri v � 4 lplwdwruv lq srsxodwlrq F�/ zkr doo vdpsoh {|

�
dqg hduolhu

vwudwhj| uhdol}dwlrqv1 Lq dq dqdorjrxv idvklrq/ wkh wudqvlwlrq iurp kE�c@� wr

kE�cK� fdq eh pdgh zlwk wzr plvwdnhv1 Li/ lq dgglwlrq/ v A 4@t4�?/ wkhq qr

ehwwhu ru ehvw uhsolhuv duh deoh wr vzlwfk vwudwhjlhv lq vwdwh kE�c@� ru kE�cK�

diwhu rqo| rqo| plvwdnh1 Wkxv/ iru jhqhudo Frruglqdwlrq Jdphv dqg vdpsoh

vl}h vxfk wkdw v A pd{iav�> av2> 5@t4�?j/ wkh vwrfkdvwlf srwhqwldo lv orzhvw iru

wkh vwdwh+v, zklfk lv +duh, qrw vwulfwo| Sduhwr grplqdwhg1

lll, Xqltxh ulvn0grplqdqw htxloleulxp1 Wkh wudqvlwlrq iurp kE�cK� wr wkh

edvlq ri dwwudfwlrq ri kE�c@� fdq eh pdgh zlwk n plvwdnhv li lqglylgxdov lq

rqh ri wkh srsxodwlrqv/ vd| srsxodwlrq F�/ e| plvwdnh sod|v D n wlphv lq d

urz/ dqg n@v � t�1 Wklv iroorzv vlqfh wkhuh lv d srvlwlyh suredelolw| wkdw

ehwwhu ru ehvw uhsolhuv duh gudzq wr sod| lq wkh rwkhu srsxodwlrq iru wkh qh{w

v shulrgv/ dqg wkdw wkhvh lqglylgxdov doo vdpsoh wkh n plvwdnhv1 Zlwkrxw orvv

ri jhqhudolw|/ dvvxph wkdw +D>d, lv d ulvn0grplqdqw htxloleulxp1 Wkhq/ wkh

wudqvlwlrq iurp kE�cK� wr kE�c@� uhtxluhv rqo| rqh plvwdnh li t4�? � 4@v1 Wkh

uhtxluhphqw wkdw v_�ss +v, A 4 hqvxuhv wkdw wkh uhyhuvh wudqvlwlrq uhtxluhv dw

ohdvw wzr plvwdnhv1

ly, Wzr ulvn0grplqdqw htxloleuld1 Li erwk htxloleuld duh ulvn grplqdqw/

wkhq

plqit�> t@j @ plqi4� t�> 4� t@j @ t4�?= +4;,

Wklv lpsolhv wkdw iru vt4�? � 5/ wkh wudqvlwlrq iurp kE�c@� wr kE�cK�/ dqg wkh
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uhyhuvh wudqvlwlrq/ uhtxluhv wkh vdph qxpehu ri plvwdnhv/ n � 5= Vlqfh dw

ohdvw wzr plvwdnhv duh uhtxluhg wr pdnh dq lplwdwru vzlwfk vwudwhjlhv zkhq

wkh surfhvv lv lq d frqyhqwlrq/ wkh vwrfkdvwlf srwhqwldo ri wkh frqyhqwlrqv zloo

htxdo wkh qxpehu ri plvwdnhv uhtxluhg wr pdnh ehwwhu dqg ehvw uhsolhuv vzlwfk

vwudwhj| iru v 5 ^4> 5@t4�?`=

Wkhruhp 6 qrz iroorzv e| Ohppd 5 dqg Wkhruhp 71 T1H1G1

Uhihuhqfhv

^4` Irvwhu/ G1/ dqg S1 \rxqj +4<<3,= �Vwrfkdvwlf Hyroxwlrqdu| Jdph G|0

qdplfv/� Wkhruhwlfdo Srsxodwlrq Elrorj| 6;/ 54<0651

^5` Iuhlgolq/ P1/ dqg D1 Zhqw}hoo +4<;7,= Udqgrp Shuwxuedwlrqv ri G|qdp0

lfdo V|vwhpv1 Vsulqjhu0Yhuodj1

^6` Ixghqehuj/ G1/ dqg G1 Ohylqh +4<<;,= Wkh Wkhru| ri Ohduqlqj lq Jdphv1

Wkh PLW Suhvv1

^7` Kduvdq|l/ M1/ dqg U1 Vhowhq +4<;;,= D Jhqhudo Wkhru| ri Htxloleulxp

Vhohfwlrq lq Jdphv1 Wkh PLW Suhvv1

^8` Ydq Kx|fn/ M1 +4<<:,= �Hphujhqw Frqyhqwlrqv lq Hyroxwlrqdu| Jdphv/�

wr dsshdu lq F1 Sorww dqg Y1 Vplwk/ hgv1/ Kdqgerrn ri Uhvxowv lq H{shu0

lphqwdo Hfrqrplfv/ Dpvwhugdp= Qruwk0Kroodqg/ 53341

^9` Mrvhskvrq/ M1/ dqg D1 Pdwurv +5333,= �Vwrfkdvwlf Lplwdwlrq lq Ilqlwh

Jdphv/� VVH2HIL Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh Qr1

696/ Vwrfnkrop1

^:` Mrvhskvrq/ M1 +5333,= �Vwrfkdvwlf Ehwwhu0Uhso| G|qdplfv lq Jdphv/�

VVH2HIL Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh Qr1 733/

Vwrfnkrop1

^;` Nddueûh/ R1 P1/ dqg D1 I1 Wlhpdq +4<<<,= �Htxloleulxp Vhohfwlrq xqghu

Gl�huhqw Ohduqlqj Prghv lq Vxshuprgxodu Jdphv/� Glvfxvvlrq sdshu qu1

WL <<039424/ Wlqehujhq Lqvwlwxwh/ Dpvwhugdp1

^<` Ndqlryvnl/ \1 P1/ D1 Y1 Nu|d}klplvnll/ dqg K1 S1 \rxqj +5333,= �Dgds0

wlyh G|qdplfv lq Jdphv Sod|hg e| Khwhurjhqhrxv Srsxodwlrqv/� Jdphv
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dqg Hfrqrplf Ehkdylru 64/ 830<91

^43` Pdwurv/ D1 +5333,= �Fohyhu Djhqwv lq Dgdswlyh Ohduqlqj/� VVH2HIL

Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh Qr1 736/ Vwrfnkrop1

^44` Ndqgrul/ P1/ J1 Pdlodwk/ dqg U1 Ure +4<<6,= �Ohduqlqj/ Pxwdwlrq dqg

Orqj0Uxq Htxloleuld lq Jdphv/� Hfrqrphwulfd 94/ 5<0891

^45` Ulw}ehujhu/ N1/ dqg M1 Z1 Zhlexoo +4<<8,= �Hyroxwlrqdu| Vhohfwlrq lq

Qrupdo0Irup Jdphv/� Hfrqrphwulfd 96/ 46:4047331

^46` Väh} Pduwð/ P1/ dqg M1 Z1 Zhlexoo +4<<<,= �Fohyhu Djhqwv lq \rxqj*v

Hyroxwlrqdu| Edujdlqlqj Prgho/� Mrxuqdo ri Hfrqrplf Wkhru| ;9/ 59;0

5:<1

^47` Vlprq/ K1 D1 +4<88,= �D Ehkdylrudo Prgho ri Udwlrqdo Fkrlfh/� Txdu0

whuo| Mrxuqdo ri Hfrqrplfv 9</ <<044;1

^48` \rxqj/ S1 K1 +4<<6d,= �Wkh Hyroxwlrq ri Frqyhqwlrqv/� Hfrqrphwulfd

94/ 8:0;71

^49` ��� +4<<6e,= �Dq Hyroxwlrqdu| Prgho ri Edujdlqlqj/� Mrxuqdo ri Hfr0

qrplf Wkhru| 8</ 47809;1

^4:` ��� +4<<;,= Lqglylgxdo Vwudwhj| dqg Vrfldo Vwuxfwxuh1 Sulqfhwrq Xql0

yhuvlw| Suhvv1
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