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Abstract

This paper studies categorizations that are optimal for the purpose of making
predictions. A subject encounters an object (x; y). She observes the �rst component,
x, and has to predict the second component, y. The space of objects is partitioned
into categories. The subject determines what category the new object belongs to
on the basis of x, and predicts that its y-value will be equal to the average y-value
among the past observations in that category. The optimal categorization minimizes
the expected prediction error. The main results are driven by a bias-variance trade-
o¤: The optimal size of a category around x, is increasing in the variance of y
conditional on x, decreasing in the variance of the conditional mean, decreasing in
the size of the data base, and decreasing in the marginal density over x.
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1 Introduction

Numerous studies in psychology and cognitive science have demonstrated the fundamental
role played by categorical reasoning in human cognition. In particular, categorical reason-
ing facilitates prediction.1 Prediction on the basis of categories is relevant in situations
where one has to predict the value of a variable on the basis of one�s previous experience
with similar situations, but where past experience does not necessarily include any sit-
uation that is identical to the present situation. One may then divide the experienced
situations into categories, such that situations in the same category are similar to each
other. When a new situation is encountered one determines what category this situation
belongs to, and the past experiences in this category are used to make a prediction about
the current situation. These predictions can be computed in advance, thereby facilitating
a rapid response.
Assuming that we use categorizations to make predictions, I ask which categorizations

that are optimal, in the sense that they minimize prediction error.2 The optimal number
of categories is derived without imposing any exogenous costs or bene�ts of the number
of categories. Instead costs and bene�ts arise endogenously from a bias-variance trade-
o¤ that is inherent to the objective of making accurate predictions. The advantage of
�ne-grained categorizations is that objects in a category are similar to each other. The
advantage of coarse categorizations is that a prediction about a category is based on many
observations.
The focus on optimal categorizations stems from evolutionary considerations.3 Many

categorizations are acquired early in life, through socialization and education, or because
they are innate. From an evolutionary perspective we would expect humans to employ
categorizations that generate predictions that induce behaviour that maximize �tness.
It seems reasonable to assume that �tness is generally increasing in how accurate the
predictions are. For instance, a subject encountering a poisonous plant will presumably
be better o¤ if she predicts that the plant is indeed poisonous, rather than nutritious.
Hence, we would expect humans to have developed, and passed on, categorizations that
are at least approximately optimal, in the sense that they tend to minimize prediction error

1For overviews of the voluminous literature, see e.g. Laurence and Margolis (1999), or Murphy (2002).
Regarding categorization and prediction, see Anderson (1991). Categorical thinking matters in economic
contexts: Consumers categorize products (Smith 1965), investors engage in �style investing�(Bernstein
1995), rating agencies categorize �rms w.r.t. default risk (Coval et al. 2009).

2In section 5.1 I argue that categorization-based prediction is less cognitively demanding than other
forms of similarity-based reasoning, such as kernel-based estimation.

3One might suggest that a categorization is optimal if it is induced by a language that is optimal, in
some sense. Language is undoubtedly important in shaping our concepts, but concepts seem to have come
prior to language in evolution; there are animals who use concepts even though they do not use language
(see e.g. Herrnstein et al. 1976), and children can use certain concepts before they have a language (see
e.g. Franklin et al. 2005). This suggests that we need to explain the use of categories without reference
to language.
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in the relevant environments. Such categorizations will be called ex ante optimal.4 Other
categorizations are developed only after a data base of experiences has been accumulated.
We would expect evolution to have endowed us with heuristics or algorithms that allow
us to form categorizations that organize our experience in a way that tends to minimize
prediction error, conditional on the data base. Categorizations that attain this goal will
be called ex post optimal.5

As an example of a categorization that is acquired very early on, think of colour
concepts. The subset of the spectrum of electromagnetic radiation that is visible to the
human eye allows for in�nitely �ne-grained distinctions. However, in every day reason-
ing and discourse we employ a coarse colour classi�cation, using words such as red and
green. Presumably the colour categorizations that were developed and passed on to new
generations were successful in the kind of environments that we faced.6 As an example of
categorizations that are formed after a data base has been accumulated, one may think of
the many classi�cations that science has produced. The two modes of categorization are
often combined. Think of a physician who �rst goes to medical school and learns a set of
categories while observing various patients�characteristics together with their subsequent
health state. Later she works in a hospital: She receives information about a patient
and predicts some aspect of the patient�s health, based on a categorizations and her past
experience. Then she observes the outcome for the patient. Eventually she might have
accumulated su¢ cient experience to motivate the development of a re�ned categorization
on her own.
An object is modelled as a vector (x; y), in �nite-dimensional Euclidean space. (Ex-

tension to more general metric spaces is possible.) A subject has a data base consisting
of objects that were observed in all dimensions in the past. She has to predict the y-
dimension of a new object, based on that object�s value in the x-dimensions. All objects
are drawn independently from the same probability distribution, whose density is assumed
to be continuous. The distribution may represent a mixture of distributions that are rel-
evant for the subject. A categorization partitions the set of x-values. A new object is
categorized solely on the basis of its x-value, and the empirical mean y-value of the previ-
ously experienced objects in that category (and that category only), serves as prediction
for the y-value of the new object.
Prediction error is measured as squared di¤erence between the predicted and actual

y-value of an object. Using the probability density function over the set of objects one
can de�ne the (unconditional) ex ante expected prediction error of a categorization. In
this case expectation is taken over the set of data bases that the subject may encounter.

4One might ask why the exact distribution of objects is not transmitted between generations. I will
simply take it as an empirical fact that many categorizations are transmitted between generations. This
indicates that there are some factors that make it infeasible or ine¢ cient to transmit detailed information
about the distribution.

5See Chater (1996) on the relationship between simplicity and likelihood in perceptual organization.
6For inter-cultural comparisons, see Kay and Ma¢ (1999) and references therein.
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One can also de�ne the ex post expected prediction error conditional on a given data
base. In this case expectation is taken only over the new observation. The unconditional
expected prediction error is minimized by an ex ante optimal categorization. The ex-
pected prediction error conditional on a data base is minimized by the ex post optimal
categorization.
It should be emphasized that the inference, from properties of objects in the data

base, to the unobserved property of the present object, is not Bayesian. The subject does
not have a prior. On the contrary, the model of this paper is intended to shed some light
on how priors are generated (cf. Binmore 2007 and Gilboa et al. 2008). Relatedly, the
set-up does not presume the existence of any natural kinds, in the sense of Quine (1969).
There does not have to exist an objectively true categorization �out there�. The optimal
categorization is a framework we impose on our environment in order to predict it.7

The x-dimensions may correspond to basic sensory input, as in the colour categorization
example, or to some abstract dimension, as in the example of scienti�c categorization. For
a discussion of similarity along such abstract dimensions, and how it builds on similarity
along more concrete dimensions, see Gärdenfors (2000).
The main results of this paper are driven by a bias-variance (or �tting- vs. over-

�tting) trade-o¤. Increasing the number of categories has two e¤ects. (a) The average
size of each category decreases and thus the within-category di¤erences between objects
will be smaller. (b) The average number of experienced objects in each category decreases,
thereby making inferences from observed objects to future cases less reliable. It follows
that if the number of observations is increased, then the optimal number of categories is
also increased, but at a slower rate. Comparative statics with respect to the distribution
of objects reveals that (i) the larger the variance of y conditional on x, the smaller is the
optimal number of categories, (ii) the larger the variance of the mean of y conditional on
x, the larger is the optimal number of categories, and (iii) the more frequent objects in
one subset of the x-dimension are, the larger is the optimal number of categories in that
subset.
The results may explain the phenomenon of basic-level categories; the most salient

level of categorization is neither the most �ne-grained, nor the most general level of
categorization (Rosch et al. 1976). For instance, bird is more salient than either the
superordinate category animal or the subordinate category robin. The model also explains
why experts will have a more �ne-grained conceptual structure than laymen (Tanaka and
Taylor 1991), and why minorities are categorized more coarsely than the majority (thereby
generalizing a result of Fryer and Jackson 2008).
Although the main purpose of this paper is to model and investigate a psychological

phenomenon, the results are relevant for some areas of statistical learning theory, in
particular regression trees. Furthermore the results on optimal categorizations lie in
between those previously obtained for, on the one hand, asymptotically optimal adaptive

7In this respect the paper builds on ideas that have been around since Kant (1781/87).
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kernels for non-parametric regression analysis (Fan and Gijbels 1992), and on the other
hand, asymptotically optimal adaptive histograms for non-parametric density estimation
(Kogure 1987).
There are only a few explicit models of categorization in economics and the question

of optimality has rarely been discussed. Fryer and Jackson (2008) consider a notion of
optimal categorization. In their model the number of categories is exogenously given, and
they do not de�ne optimality in terms of minimization of prediction error. Moreover, the
probability of encountering di¤erent objects is not modelled. Consequently the trade-o¤
that is central to the present paper does not obtain within their framework. In indepen-
dent work, Al-Najjar and Pai (2012) develop a model of coarse decision making, which is
applied to categorization. Some of their results are similar to mine, but their focus and
methodology is di¤erent: They use Vapnik-Chervonenkis theory to �nd categorizations
whose worst case prediction error is below some threshold. Their set-up is essentially
con�ned to what I call ex ante categorization.
Peski (2010) takes on the task of investigating when categorization may be an optimal

tool for generating predictions. He compares predictions based on Bayesian updating with
predictions based on a categorization algorithm. If the Bayesian prior over the states of
the world is symmetric, then a Bayesian subject will expect to asymptotically perform
approximately the same with Bayesian updating as with a categorization algorithm. If the
state of nature is indeed drawn from a symmetric distribution, then a subject following
the categorization algorithm will asymptotically make predictions that are no worse than
those made by a subject who knows the distribution.
Gilboa et al. (2006) provide an axiomatization of a similarity-based prediction rule.

The axiomatization tells us when a similarity function exists, but not what it looks like.
A categorization is a psychologically relevant similarity function that treats all cases in
one category as exactly similar to each other and treats a case in a category as completely
dissimilar to any case outside that category. I seek to characterize the optimal such
function.
There are a number of recent studies of categorization in game theoretic-contexts, e.g.

Jehiel (2005), Jehiel and Samet (2007), and Azrieli (2009).8 The results obtained in this
paper may potentially be used to endogenise the categorizations in such models.
The rest of the paper is organized as follows. Section 2 describes the model and de�nes

prediction error and optimality. The results are developed in section 3; �rst for ex ante,
and then for ex post, categorization. Section 4 explores the relation to statistical learning
theory. Section 5 discusses the results and some applications. Section 6 concludes. All
proofs are in the appendix.

8Mengel (2012) studies the evolutionary dynamics of categorization, assuming a �xed cost per category.
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2 Model

2.1 Subject and Objects

An object is an attribute vector

v = (x; y) 2 V = X � Y ;

where Y = R, and X is a compact subset of Rn.9 Objects are drawn i.i.d. according to
an absolutely continuous cumulative distribution function F : V ! [0; 1]. The probability
density function, f : V ! R+, is assumed to be continuous and bounded. De�ne the mar-
ginal density fX (x) =

R
y2Y f (x; y) dy, and assume fX (x) > 0, for all x 2 X . Similarly,

de�ne fY (y) =
R
x2X f (x; y) dx.

A subject �rst goes through a learning phase and accumulates a data base vt =
(v1; :::; vt) 2 V t consisting of t objects that have been observed in all dimensions. Then
the subject encounters a new object vt+1 = (xt+1; yt+1) 2 V and observes xt+1, but not
yt+1. She makes a prediction about yt+1 on the basis of xt+1 and the data base vt+1.10

From the point of view of the subject, an unobserved object is a random variable V =
(X;Y ). Conditional on having observed x, the y-value is a random variable Y j (X = x),
with density fY (yjx) = f (x; y) =fX (x). It is convenient to normalise the conditional
random variable Y j (X = x) by expressing it as the sum of the conditional mean and a
random term with mean zero. Assume that jE [Y jX = x]j <1 for all x 2 X . Letm (x) =
E [Y jX = x], and �2 (x) = V ar (Y jX = x). De�ne " (x) = Y j (X = x)� E [Y jX = x]. It
follows, for all x 2 X , that E [" (x)] = 0, V ar (" (x)) = �2 (x), and

Y j (X = x) = m (x) + " (x) :

We may also treat the conditional expectation as a random variable. Let m (X) =
E [Y jX], �2 (X) = V ar (Y jX), and " (X) = Y � E [Y jX], so that

Y = m (X) + " (X) :

In order to abstract from trivialities, it is assumed that jX j = 1, and that m (x) 6=
m (x0) for some x; x0 2 X . Some results will be specialized to the case of X = [a; b] � R.
This allows us to derive stronger results, and facilitates a comparison with results from
non-parametric estimation.

9The assumption that X is compact and X � Rn is made for technical convenience. The results can
be extended to a more general metric space X .
10In a previous version of this paper it was assumed that, following the learning phase, the subject

goes through a prediction phase consisting of several periods, during which she both makes predictions
and accumulated more data. The insights from this, more complicated, speci�cation are the same as for
the present speci�cation.
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2.2 Categories

A category Ci is a Borel measurable subset of V such that Ci = Xi � Y. Thus Xi is the
projection of Ci onto X , implying that the category membership of an object only depends
on the object�s x-value. A categorization is a �nite set of categories C = fC1; :::; Ckg that
constitutes a partitioning of V. Let k = jCj. Note that fX1; :::;Xkg partitions X .
The probability that an object belongs to category i is pi =

R
x2Xi fX (x) dx > 0, the

conditional marginal density of y in Xi is fY (yjx 2 Xi) =
R
x2Xi f (x; y) dx=pi, and the

conditional marginal density of x in Xi is fX (xjx 2 Xi) = fX (x) =pi. The relative size of
categories is constrained by some (small) number � 2 (0; 1) such that, for all i and j, if pi �
pj then pj � �pi. For a �nite number of categories this simply means that all categories
have positive probability. When the number of categories goes to in�nity, the constraint
implies that no category becomes relatively in�nitely larger than another category. The
set of categorizations satisfying the assumptions above, called feasible categorizations, is
denoted 	.11 For a given data base vt the set of feasible categorizations with non-empty
categories is 	(vt). Denote the within-category variance V ar (Yi) = V ar (Y jX 2 Xi),
and the within-category mean �i = E [m (X) jX 2 Xi].
In the context of ex ante optimal categorizations, a categorization is formed before

the learning phase, i.e. before any observation has been made. In the context of ex post
optimal categorizations, a categorization is formed after a data base has been accumulated.

2.3 Prediction Error and Optimality

I assume that, given a data base vt, each category Ci is associated with a unique (point)
prediction ŷit. Thus, the same prediction is made for all objects in the same category. I
take this to be a basic feature of categorical reasoning. It is also in line with the empirical
evidence of Krueger and Clement (1994). An alternative is discussed in section 5.1.
Let ŷt (x) be the prediction for the category to which the object v = (x; y) belongs.

The prediction error associated with v is de�ned as the squared di¤erence between the
predicted value ŷt (x) and the true value y, i.e.

PE
�
C; v; vt

�
= (y � ŷt (x))2 . (1)

Before the object v has been observed it is a random variable V = (X; Y ). One might
ask for the expected prediction error associated with V . Conditional on a data base vt

11Hierarchically organized concepts, such as the two categories of stone and granite, are not mutually
exclusive. However, we generally do not use such overlapping categories for the same prediction tasks.
If I am interested in whether an object will burn when thrown on the �re I might categorize the object
as made of stone rather than wood, and infer that it will not burn. In this context it is useless to know
whether the object is of granite or not. But if I want to build a house it may be useful to employ a
narrower categorization of materials, since granite is more solid than e.g. limestone.
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the ex post expected prediction error of categorization C is

EPE
�
C; vt

�
= E

�
(Y � ŷt (X))2

�
. (2)

Ex ante the data base that will have been accumulated at time t is a random variable V t,
and hence the resulting prediction is also a random variable Ŷt. The unconditional, or ex
ante, expected prediction error of categorization C at date t is

EPE (C; t) = E
��
Y � Ŷt (X)

�2�
. (3)

With these equations one may de�ne the two notions of optimal categorizations that
are the focus of this paper. For the case of categories that are acquired before a data base
has been accumulated, the relevant notion of optimality is the following:

De�nition 1 A categorization C 2 	 is optimal prior to data, or ex ante optimal, if it
minimizes EPE (C; t).

For categorizations that are developed conditional on a data base, de�ne:

De�nition 2 A categorization C 2 	(vt) is optimal conditional on a data base vt, or ex
post optimal, if it minimizes EPE (C; vt).

Note that minimization is de�ned for categories that are nonempty for vt. It will prove
illuminating to de�ne point-wise notions of expected prediction error. Conditional on vt,
the point-wise ex post expected prediction error, is

EPE
�
C; vt

�
(x) = E

�
(Y � ŷt (X))2 jX = x

�
. (4)

By taking expectation also over the data base V t, one obtains the point-wise ex ante,
expected prediction error

EPE (C; t) (x) = E
��
Y � Ŷt (X)

�2
jX = x

�
. (5)

In the non-parametric statistics literature a number of criteria based on squared error
have been used. In the context of (univariate) non-parametric regression Härdle (1990)
de�nes conditional integrated square error ISE =

R
(m (x)� ŷ (x))2 fX (x)w (x) dx; and

conditional mean integrated square error,MISE =
R
E
�
(m (x)� ŷ (x))2

�
fX (x)w (x) dx,

where w (x) is some weighting function. If �2 (x) = 0 and w (x) = 1 for all x then ISE
coincides with EPE (C; vt) and MISE coincides with EPE (C; t).
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2.4 Prediction

In the previous section, ex ante and ex post optimal categorizations were de�ned for given
predictions ŷit. The prediction rule remains to be speci�ed. In line with the general focus
on optimality one may look for a prediction rule that minimizes expected prediction error.
Speci�cally, in the case of ex post categorization, one may look for predictions fŷitgki=1
that minimize EPE (C; vt), for a given categorization C. Thus, for each category i the
optimal prediction ŷit solves

min
ŷ0it

E
h
(Y � ŷ0it)

2 jX 2 Xi
i
. (6)

It is basic result of statistical decision theory that mean square error is minimized when
the prediction is equal to the conditional mean (see e.g. Hastie et al. 2009). In the current
set-up this means that the solution to (6) is

ŷit = E [Y jX 2 Xi] = �i.

Similarly, ex ante prediction error is minimized by setting Ŷit = �i. The true mean �i is
not observed, but the sample mean �yit is an unbiased estimator of the true mean. For this
reason the within-category mean �yit will be used as prediction, as long as the category is
non-empty. The choice of predictor for empty categories will turn out to be unimportant
for the results.12 For simplicity I assume that the prediction for an empty category is the
mean across all observations, �yt. Formally let

Dit = fs 2 N : s � t ^ vs 2 Cig.

This is the set of dates, at which objects in category Ci were observed. Let nit = jDitj, so
that

Pk
i=1 nit = t, for all t. At date t the prediction for category i is

ŷit =

�
�yit =

1
nit

P
s2Dit ys if nit > 0

�yt =
1
t

Pt
s=1 ys if nit = 0

. (7)

Note that the prediction ŷit, for a non-empty category i, only uses the part of the data
base that belongs to category i. This captures the basic fact that predictions about a
particular category tend to be formed only on the basis of objects that were put into that
category in the past, and not on the basis of objects that were put into other categories
(see Malt et al. 1995 and Murphy and Ross 1994).

12For instance one could simply assume that the subject is endowed with at least one object in each
category. Alternatively one could assume that there is some �xed prediction error associated with empty
categories. All the results of the paper will go through under these alternative assumptions.
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3 Results

3.1 Preliminary Results

The �rst two results provide expressions for ex post and ex ante prediction error.

Lemma 1 The ex post expected prediction error for a categorization C 2 	(vt), condi-
tional on a data base vt, is, pointwise for x 2 Xi,

EPE
�
C; vt

�
(x) = �2 (x) + (m (x)� �yit)2 ,

and, globally

EPE
�
C; vt

�
=

kX
i=1

pi
�
V ar (Yi) + (�yit � �i)2

�
.

The expression for EPE (C; vt) reveals the fundamental bias-variance trade-o¤. The
squared bias-term (�yit � �i)2 measures how close the prediction is to the actual average
in category Ci. The variance-term V ar (Yi) measures how similar (with respect to the
y-dimension) di¤erent objects in category Ci are.
Note that ex ante the number of observations in category i at date t is a random

variable Nit. For ex ante prediction error we �nd:

Lemma 2 The unconditional ex ante expected prediction error for a categorization C 2
	, at time t, is, pointwise for x 2 Xi,

EPE (C; t) (x) = �2 (x) + (m (x)� �i)2 + V ar
�
�Yit
�
,

and, globally

EPE (C; t) =
kX
i=1

pi
�
V ar (Yi) + V ar

�
�Yit
��
,

where

V ar
�
�Yit
�
= V ar (Yi)

tX
r=1

Pr (Nit = r)
1

r
+ Pr (Nit = 0)E

h�
�Yt � �i

�2 jNit = 0i ,
and Nit � Bin (t; pi).

It will be useful to decompose the within-category variance, V ar (Yi), into the contri-
bution of the within-category average conditional variance

�2i �
Z
x2Xi

fX (xjx 2 Xi)�2 (x) dx,
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and, what I will call, the within-category variance of the conditional mean

V ar (m (X) jX 2 Xi) =
Z
x2Xi

fX (xjx 2 Xi) (m (x)� �i)2 dx.

It is straightforward to verify that within-category variance is the sum of the within-
category average conditional variance, and the within-category variance of the conditional
expected value;

V ar (Yi) = �
2
i + V ar (m (X) jX 2 Xi) . (8)

A �nal preliminary result concerns the existence of optimal categorizations.

Proposition 1 Suppose X = [a; b] � R. Let 	(�) be the set of categories such that each
category is the union of at most � disconnected subsets. There is a �t such that if t > �t then
there exists a solution to the problem of minimizing EPE (C; t), w.r.t. C 2 	\	(�), and
there exists a solution to the problem of minimizing EPE (C; vt) w.r.t. C 2 	(vt)\	(�).

For a general set X � Rn we cannot be sure that there exists a solution in 	 or 	(vt).
This need not trouble us very much since the actual choice between categorizations may
be implemented by an algorithm that e¤ectively restricts attention to a �nite subset of
categorizations, or (in the case of regression trees) restricts attention to categorizations
that are hyper-rectangles in Rn, which are generated by successive splits of intervals on
R.
It can be noted that in general there will be no guarantee that a solution is unique,

thus allowing for a (mild) form of conceptual relativism.
It is easy to see that EPE (C; vt), and EPE (C; t) are continuous in the distribution

f . Mohlin (2014b) de�nes a metric on partitions which implies that prediction errors
EPE (C; vt), and EPE (C; t) are also continuous in the decision variable C.

3.2 Ex Ante Optimal Categorizations

Intuitively, as t increases one may obtain a reasonable approximation of m (x) by increas-
ing the number of categories k, though at a slower rate than t. The following lemma
formalizes this intuition:

Lemma 3 For any " > 0 there are �t > 0 and � > 0, such that if t > �t and

EPE (C; t)� inf
C02	

EPE (C 0; t) < �;

then C satis�es 1=k < ", and k=t < ".

This result does not presume the existence of a minimum, and hence it is phrased in
terms of the in�mum. When existence is guaranteed, the lemma says that minimization
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of EPE (C; t) implies that if the number of observations goes to in�nity (t!1) then it
is optimal to let the number of categories go to in�nity too (k !1), but at a slower rate
(k=t! 0). The result provides an explanation for why we typically employ categorizations
that are neither maximally �ne-grained nor maximally coarse. This is discussed further
in section 5.2, along with other psychological applications of the model.
If f is three times di¤erentiable, Taylor approximations may be used to derive the

asymptotically optimal width of categories in the case X = [a; b] � R.13 The following
theorem can be viewed as the main result of the paper. For the case of X = [a; b] � R it
summarizes all the comparative statics results that will later be formulated for a general
set X , and for the setting of ex post categorizations. For simplicity, assume a �xed
design model with data such that nit = tpi. Mohlin (2014a) generalises the result to a
multidimensional setting, and a random design model.

Theorem 1 Suppose X = [a; b] � R and f three times di¤erentiable. Restrict attention
to convex categories and let h (x) denote the width of the category to which x belongs.14

Asymptotically, as t!1, if m0 (x) > 0 and E [sjs 2 Xi] 6= x, then the pointwise ex ante
expected prediction error, EPE (C; t) (x) ; is minimized by

h� (x) =

�
�2 (x)

2tfX (x) (�m0 (x))2

� 1
3

; (9)

where � 2 (0; 1] is such that jE [sjs 2 Xi]� xj = �h (x). The associated pointwise ex ante
expected prediction error is

EPE (C; t) (x) = �2 (x) +O
�
t�

2
3

�
: (10)

The number of categories should increase at a rate proportional to the cubic root of
the number of observations. The expression for h� (x) reveals a a number of comparative
statics results that hold asymptotically: The size of the optimal categories is decreasing
in the density fX (x), the number of observations t, and the curvature m0 (x)2 of the
conditional mean. It is increasing in the variance �2 (x).
In what follows these comparative statics results are extended to the general case

where X need not be an interval on the real line. We start by describing how the ex ante
optimal categorization is a¤ected by the size of the data base. This is merely a corollary
to lemma 3 and mainly stated for the purpose of comparison with the ex post case below.

Proposition 2 For any categorization C 0 there is a re�nement C 00 and a time �t such that
if t > �t then EPE (C 0; t) > EPE (C 00; t).
13If f is Lipschitz continuous we may derive an upper bound on the expected prediction error, and

an expression for the associated width h�. The comparative statics resulting from this exercise exactly
parallel those for the Taylor approximation. A formal statement and proof is available upon request.
14See Gärdenfors (2000) for arguments as to why to expect natural concepts to be convex.
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The next two propositions concern the relationship between the density f (x; y) and
the optimal categorization. We saw above (equation 8) that V ar (Yi) is the sum of �2i
and V ar (m (X) jX 2 Xi). In order to study comparative statics with respect to these
two terms some more detailed assumptions are made which allow for parameterization of
the compared distributions.

Proposition 3 Consider categorization under a density f , such that for all x 2 X , and
some density ~f ; fX (x) = ~fX (x), �2f (x) = �

2, and mf (x) = �+ �
�
m ~f (x)� �

�
.

For any categorization C 00 with k00 � 2 categories, there is a coarsening C 0 such that
EPE (C 00; t)�EPE (C 0; t) is increasing in �2, and there is a ��2 such that if �2 > ��2 then
EPE (C 00; t) > EPE (C 0; t).
For any categorization C 0, there is a re�nement C 00 and �t such that if t > �t then

EPE (C 00; t) � EPE (C 0; t) is decreasing in �, and there is a �� such that if � > �� then
EPE (C 00; t) < EPE (C 0; t).

That is, the larger variance, the better the coarse categorization fares. In contrast,
the larger variance of the conditional mean, the worse the coarse categorization fares
(assuming that t is large enough).
In order to study comparative statics w.r.t. the marginal density fX (x) we need to

restrict attention to categorization of a proper subset E � X (because total probability
over X must sum to one).

Proposition 4 Restrict attention to the categorization of a proper subset E � X with
Pr (x 2 E) > 0. Consider categorization under a density f , such that for all x 2 E, and
some density ~f ; fY (yjx) = ~fY (yjx) for all y, and fX (x) = � ~fX (x), for � > 0. For
any categorization C 0 there is re�nement C 00 and a �t such that if t > �t and � � 1 then
EPE (C 00; t) � EPE (C 0; t) is decreasing in �, and there is an �� > 1 such that if � > ��
and t > �t, then EPE (C 00; t) < EPE (C 0; t).

Assuming that t is large enough, the more frequent objects from one subset of X are,
the more �ne-grained should the optimal categorization for that subset be.

3.3 Ex Post Optimal Categorizations

In the introduction it was argued that humans might have evolved some algorithms or
heuristics that take a given data base as input and deliver an approximately (ex post)
optimal categorization as output. As analysts we might be willing to abstract from the
heuristics and assume that subjects act as if they minimized EPE (C; vt) on the basis
of knowledge of f . However, a more realistic approach would specify some heuristic that
could potentially be used to �nd approximately ex post optimal categorizations, when the
subject does not know f . In this section I present results along both these lines.
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The ex post optimal categorization may look very di¤erent depending on what data
base that is accumulated. The results presented in this section are therefore formulated
in terms of how changes in the model�s parameters in�uence the probability that the ex
post optimal categorizations will have certain properties. With this phrasing, it turns out
that one can prove results that are fairly direct counterparts to the results proved for ex
ante optimal categorizations.
What heuristics might a categorizing subject use to form categorizations given a data

base? A the subject could use the data base to compute some estimator of EPE (C; vt),
and then pick a categorization that minimizes this value �possibly within an a priori
restricted set of categorizations. I would like to suggest the following estimator:

De�nition 3 Let 	̂ (vt) denote the set of feasible categorizations in which all categories
have at least two elements (nit � 2) given the data base vt. The sample prediction error
for a categorization C 2 	̂ (vt), conditional on a data base vt, is

\EPE (C; vt) =
kX
i=1

nit
t

�
1 +

1

nit

�
s2it, s2it =

1

nit � 1
X
s2Dit

(ys � �yit)2 .

The motivation for this de�nition comes from the following observation, which follows
directly from the facts that E[(Ŷit � �i)2] = V ar (Yi) =nit, and E [s2it] = V ar (Yi).

Lemma 4 For a given categorization C and data base vt with an allocation of observations
to categories fn1t; n2t; :::; nktg, such that nit � 2 for all i, let ~V

t
(C; vt) be the set of data

bases ~vt such that ~nit = nit for each category i in C. If expectation is taken over ~V
t
(C; vt),

then

E
�
EPE

�
C; vt

��
=

kX
i=1

pi

�
1 +

1

nit

�
V ar (Yi) ,

and

E
h

\EPE (C; vt)
i
=

kX
i=1

nit
t

�
1 +

1

nit

�
V ar (Yi) .

The lemma implies that if the actual fraction of objects in each category, nit=t, is
equal to the probability of receiving an object in the corresponding category, pi, then
EPE (C; vt) and \EPE (C; vt) have the same expected value.
We are now in a position to state results both regarding the actual expected prediction

error and the estimated expected prediction. More speci�cally, each of the following
results states how the categorizations that minimize EPE (C; vt) and the categorizations
that minimize \EPE (C; vt) are likely to be a¤ected by changes in di¤erent parameters.
The �rst result regards the e¤ect of varying the size of the data base. It corresponds to
proposition 2 in the case of ex ante optimality.
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Proposition 5 (a) For any categorization C 0 there is a re�nement C 00 such that for any
� 2 (0; 1), there is a �t, such that if t > �t then, in the set of databases with nit � 1 for all
categories Ci 2 C 00,

Pr
�
EPE

�
C 0; vt

�
> EPE

�
C 00; vt

��
> �. (11)

(b) Restrict attention to databases such that nit � 2 for all categories Ci 2 C 00. The
statement in (a) holds if (11) is replaced with

Pr
�

\EPE (C 0; vt) > \EPE (C 00; vt)
�
> �. (12)

For any categorization C 0, part (a) states that by increasing the size of the data base,
we can ensure that there is a re�nement of C 0, called C 00, which is arbitrarily likely to
outperform C 0. By increasing the size of the data base su¢ ciently much we can push this
probability arbitrarily close to one. Part (b) goes on to state that the same relationship
holds for the estimated expected prediction error.
To see why it is necessary to formulate the proposition in probabilistic terms, con-

sider the following example which shows that adding an observation to a data base may
sometimes lead the optimal number of categories to decrease.

Example 2 Assume X = [0; 1],Y = R, �2 (x) = �2, fX (x) = 1, and

m (x) =

�
0:5 if x < 0:5
0:1 if x � 0:5 .

Consider the data base v = f(0:1; 0:6) ; (0:2; 0:6) ; (0:7; 0)g. Compare a categorization C 0
consisting of only one category, with a categorization C 00 that divides X into two categories
C1 = [0; 0:5) � R and C2 = [0:5; 1] � R. It is straightforward to compute EPE (C 0; vt) =
�2+0:05 and EPE (C 00; vt) = �2+0:01. Thus C 00 is the ex post optimal categorization. Now
suppose one object (0:8;�0:6) is added to the data base, so that EPE (C 0; vt)�2 + 0:0625
and EPE (C 00; vt) = �2 + 0:085. Hence C 0 is the new ex post optimal categorization. The
intuition behind this result is that the added object is such an outlier that it needs to be
�neutralized� in a larger sample, which is achieved by merging the categories.

The e¤ect of changing the conditional variance, and the variance of the conditional
mean, is described by the following proposition. Compared to proposition 3 it makes the
stronger assumption that y is normally distributed conditional on x.

Proposition 6 Consider categorization under a density f , such that for all x 2 X , and
some density ~f ; fX (x) = ~fX (x), �2f (x) = �

2, " (x) � N (m (x) ; �2), and mf (x) = � +

�
�
m ~f (x)� �

�
.15

15If one did not assume normality, this would still hold for large enough t, by the central limit theorem.
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(a) For any categorization C 0 there is a re�nement C 00 such that, in the set of databases
with nit � 1 for all categories Ci 2 C 00,

Pr
�
EPE

�
C 00; vt

�
> EPE

�
C 0; vt

��
, (13)

is increasing in �2 and decreasing �.
(b) Restrict attention to databases such that nit � 2 for all categories Ci 2 C 00. The

statement in (a) holds if (13) is replaced with

Pr
�

\EPE (C 00; vt) > \EPE (C 0; vt)
�
. (14)

By increasing the variance �2, or by decreasing the variance of the conditional mean
V ar (m (X) jX 2 X ), one can increase the probability that C 00 yields a higher expected
prediction error, and higher estimated expected prediction error, than C 0.
The next proposition tells us what happens if we restrict attention to categorizations

of a subset E of X , and vary the density on E .

Proposition 7 Restrict attention to the categorization of a proper subset E � X with
Pr (x 2 E) > 0. Consider categorization under a density f , such that for all x 2 E, and
some density ~f ; fY (yjx) = ~fY (yjx) for all y, and fX (x) = � ~fX (x), for � > 0.
(a) For any categorization C 0 there is a re�nement C 00 such that for any � 2 (0; 1),

there is a �t, such that for any t > �t there is a an �� (t) > 1 such that if � > �� (t) then, in
the set of databases with nit � 1 for all categories Ci 2 C 00,

Pr
�
EPE

�
C 0; vt

�
> EPE

�
C 00; vt

��
> �, (15)

while if � 2 [1; �� (t)) then (15) does not hold. (b) Restrict attention to databases such
that nit � 2 for all categories Ci 2 C 00. The statement in (a) holds if (15) is replaced with

Pr
�

\EPE (C 0; vt) > \EPE (C 00; vt)
�
> �. (16)

In other words, if t is large enough then we can increase the probability that C 00 yields
a lower expected prediction error (and estimated expected prediction error) than C 0 by
increasing the density over E , as parameterized by �.
Propositions 5-7 indicate that \EPE (C; vt) is a reasonable guide to choices between

di¤erent ways of categorizing a given data base. However, it might be too cognitively
demanding and too time consuming to compute \EPE (C; vt) for all categorizations in
	̂ (vt). For this reason the subject�s choice may be restricted in some way, for example
by follow an algorithm such as those developed for regression trees; see section 4.1.
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3.4 Extensions

3.4.1 Interest-dependent Predictions

The cost of a prediction error has been assumed independent of x. More realistically
it could be that predictions associated with some values of x are more important than
others. To model this one may simply add a function w : X ! [0; 1] such that w (x)
measures the importance of predictions associated with x. It is straightforward to verify
that changes in w (x) will have much the same e¤ect as changes in fX (x). Increasing the
importance of predictions in a set E will increase the optimal number of categories in E .

3.4.2 Multi-dimensional Y

The model can be extended to allow for prediction of many di¤erent attributes of an
object, represented by a vector y 2 Y = Rn. The easiest way of doing this is to let the
prediction error be a weighted �city-block�metric. Let y [j] denote the jth component
of y and let z [j] be the weight put on the jth dimension. The prediction error may be
de�ned as PE (C; vt; vt) =

Pn
j=1 z [j] (yt [j]� ŷt [j] (xt))

2. With this speci�cation all of the
results presented above hold for a multi-dimensional Y. The weights may di¤er between
subjects, allowing for another form of interest-dependent predictions.

4 Relation to Other Fields

The prediction problem studied in this paper is closely related to prediction and es-
timation problems studied the literature on statistical learning, machine learning, and
non-parametric estimation. It is customary to distinguish supervised and non-supervised
learning (Hastie et al. 2009). The problem studied in this paper falls within supervised
learning: The learner has a data base and her task is to estimate the conditional distri-
bution fY (yjx) or some property thereof, such as m (x). Within supervised learning the
most closely related area is non-parametric regression using regression trees.16

4.1 Regression trees

Regression trees were introduced by Morgan and Sonquist (1963) (see also Breiman et al.
1984). By a successive procedure of binary splits, the set X � Rn is split into a num-
ber of hyper-rectangles. These regions function like categories. The prediction for each

16In unsupervised learning the learners task is to estimate a joint distribution f (x1; x2), or some aspect
thereof. The kind of unsupervised learning closest to optimal categorization is cluster analysis: A set of
objects is partitioned in a way that maximizes some measure of within-cluster similarity and between
cluster-dissimilarity. The most important di¤erence compared to the model of optimal categorization
is the same set of dimensions are used to both to de�ne and to evaluate clusters, whereas I de�ne
categorizations in terms of one set of dimensions and evaluate them in terms of another dimension.
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region/category is equal to the sample mean of data points in that region/category. In
each step of the splitting procedure, one dimension Xi � R and one splitting point s 2 Xi
is used to divide X into two halves. Thus the sequence of splits can be represented as a
binary tree � . The criterion for evaluating a tree is usually based on the residual sum of
squares R (�), with the addition of a complexity cost � per split k. Thus one selects a tree
that minimizes R� (�) = R (�)+�k. The value of � is determined by some cross-validation
procedure.
The main di¤erences between regression trees and the model of ex post categorization

is that I propose to use an estimate of expected prediction error criterion, \EPE (C; vt),
which takes care of the bias-variance trade-o¤ without any need for the addition of a
complexity parameter �. Lemma 4 showed that the proposed estimator is unbiased in
a certain sense. To the best of my knowledge there are no similar results available for
regression trees. Moreover I am not aware of comparative statics results of the kind
presented here. Finally, there is no counterpart to ex ante optimal categorization in the
literature on regression trees.

4.2 Kernels and Histograms

Non-parametric regression aims at estimating the conditional mean m (x). Fan and Gij-
bels (1992) derive the following expression for the locally adaptive asymptotically optimal
kernel bandwidth (where optimal is understood in the sense of minimizing asymptotic in-
tegrated mean-square error),

h�K (x) = qK

�
�2 (x)

tfX (x) (m00 (x))2

�1=5
; (17)

where qK is a constant independent of x. This is remarkably similar to the expression (9)
for the optimal category width h� (x), in theorem 1. One di¤erence is that the curvature
of the conditional mean enters through the second derivative m00 (x) here, compared to
the �rst derivative m0 (x) above. Another di¤erence is that speed at which the bandwidth
vanishes is slower than the speed at which the optimal categorization binwidth vanishes.
Within density estimation histograms is the closest related approach. Kogure (1987)

derives the following expression for the locally adaptive asymptotically optimal (minimiz-
ing asymptotic integrated mean-square error) bin width,

h�H (x) = qH

�
fX (x)

t (f 0X (x))
2

�1=3
; (18)

where qH is a constant independent of x. In contrast to (9) and (17) this expression is
independent of the variance �2 (x), and the optimal width at x is increasing in density
fX (x), rather than decreasing. Interestingly, the width of the bins optimally vanishes at
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the rate O
�
t�1=3

�
, exactly as in (9).

In conclusion, the ex ante optimal categorization derived in theorem 1 lies between
the results derived for kernels in regression analysis and histograms in density estimation.
This re�ects the fact that while the prediction task of the optimal categorization approach
is closer to that of regression analysis, the tool (the categorization) is more similar to
histograms.
It should be noted that the close parallel between asymptotically optimal kernels and

histograms, and optimal categorizations, is only present in the ex ante setting.

4.3 Rational Inattention

In the rational inattention framework (Sims 2003) an agent tries to predict the state of
the world an the basis of some signal. The joint distribution of the state and signal is
chosen by the agent, subject to an entropy constraint. Translated to my notation the
state of the world is y and the signal is the category Ci 2 C to which x 2 X belongs. By
choosing a categorization of X the subject e¤ectively chooses a joint distribution of signals
and states. The joint distribution is also determined by the size of the data base, which
therefore plays a role similar to that of the entropy bound in the rational inattention
framework. It might be considered an advantage of the optimal categorization approach,
that it models a well-documented and important reasoning process in a more precise way.

5 Discussion

5.1 Why use Categories?

This paper builds on the assumption that we use categories to make predictions. The
assumption is based on a substantial body of psychological research. Nevertheless, one
might ask why we use categorizations rather than some other method for making predic-
tions. In particular one might suggest some smoother form of similarity-based reasoning,
for instance as formalized by kernel-based estimation. In that case the prediction of y
conditional on x will be a weighted average of nearby observations, where the weights
put on an observation (x0; y0) is a decreasing function of the distance between x and x0.
Observations which are not located within some distance � from x receive zero weight.
Presumably categorizations are used in order to facilitate fast predictions: When facing

a new object the subject simply puts the object in a category and uses the corresponding
prediction, which has been computed in advance. Hence category-based and kernel-based
predictions should be compared for the case when predictions are produced in a relatively
fast and automatic way.
A subject basing predictions of categories will use something like the following proce-

dure: At the beginning of period t+1 the subject has stored k pairs (�yit; nit) of predictions
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and samples sizes, one for each category. She then observes xt+1, identi�es the category
Ci, such that xt+1 2 Ci and predicts �yit. At the end of the period she observes yt+1 and
uses it to compute an updated prediction �yit+1 = (nit�yit + yt+1) = (nit + 1) for category Ci,
and replaces (�yit; nit) with (�yit+1; nit+1).
In contrast, a subject basing predictions on kernel based estimation will use a pro-

cedure akin to the following: At the beginning of period t + 1 the subject has stored t
di¤erent objects (x; y) and a number of predictions ŷtjx, one for each x in a su¢ ciently
�ne grid over X . She then observes xt+1, and uses the corresponding (closest) prediction
ŷtjxt+1. At the end of the period she adds the observation (xt+1; yt+1) to her memory. She
computes an updated prediction ŷt+1jx for each x (in the grid) within distance � of the
observed xt+1.
In conclusion, the kernel-based procedure has at least three drawbacks. (1) The kernel-

based procedure requires the subject to store a larger number of predictions. (2) The
kernel-based procedure requires the subject to update a larger number of predictions
after each new observation. (3) The kernel-based procedure requires the subject to store
more information about observations.

5.2 Psychological Applications

5.2.1 Basic Level Categories

In studies of concepts and categorization with hierarchically organized concepts (e.g. an-
imal �bird �robin) it is found that there is a privileged level in the hierarchy, called the
basic level. Generally this level is named spontaneously in categorization tasks, learned
�rst by children, and is in other ways salient (Rosch et al. 1976). The basic level is
neither the most general level nor the most detailed level (e.g. bird rather than animal or
robin). The model put forward in this paper suggests that the reason that we do not use
the �nest categorization as our basic level is the need to have a su¢ ciently large sample
in each category to generalize from. The dominant view in psychology has instead been
that the cost of �ne-grained categorizations has to do with the di¢ culty of categorizing
objects into �ne-grained categories: In order to categorize something as belonging to a
very narrow category one must observe many properties of an object, something that may
be inconvenient or impossible (Medin 1983, and Jones 1983).

5.2.2 Experts and Laymen

Experts tend to have a more �ne-grained conceptual structure than laymen (Tanaka and
Taylor 1991). This can be explained by proposition 2, which predicts that people with
a larger data base optimally have a larger number of categories. This is also consistent
with the fact that people in traditional subsistence cultures tend to have more speci�c
biological categories than e.g. American college students (Berlin et al. 1973).
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5.2.3 Discrimination and Stereotypes

Propositions 4 and 7 are generalizations of the result in Fryer and Jackson (2008), to the
e¤ect that less frequent objects will be categorized more coarsely. Their result assumes a
�xed number of categories, whereas mine does not. They relate the result to the possibility
that ethnic minorities will be categorized more coarsely than majorities. This will tend
to lead to more stereotypical predictions about the minority than about the majority.

6 Conclusion

This paper provides a framework for the study of optimal categorization for the purpose
of making predictions. The optimal number, and the optimal shape, of categories, is
endogenous to the model. There are a number of extensions and applications that would
be interesting to pursue in the future: The model (or a simpli�cation thereof) may be
adapted to handle categorizations in game-theoretic context. It would also be interesting
to apply the optimal categorization framework to questions studied in the literature on
rational inattention. Experimentally it is desirable to test the comparative static predic-
tions of the optimal categorization model. Furthermore, the framework might potentially
be applied to questions from the philosophy of science. On a more speculative note, the
sample prediction error estimator could perhaps be used in evaluation of regression trees.
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7 Appendix

7.1 Preliminaries

Proof of Lemma 1. Pointwise: Note
R
y
yfY (yjx) dx = m (x). For x 2 Xi we have

EPE
�
C; vt

�
(x) =

Z
y

fY (yjx) (y � �yit)2 dy

=

Z
y

fY (yjx)
�
(y �m (x))2 + (m (x)� �yit)2 � 2 (y �m (x)) (m (x)� �yit)

�
dy

= �2 (x) + (m (x)� �yit)2

Global : The result can be found using a method similar to that for the pointwise
expression, using y � �yit = y � �i � (�yit � �i).

Proof of Lemma 2. Pointwise: Suppose x 2 Xi. Start by noting

EPE (C; t) (x) = E
�
EPE

�
C; vt

�
(x)
�
= �2 (x) + E

h�
m (x)� �Yit

�2i
.

Using m (x)� �Yit = m (x)� �i � ( �Yit � �i) we have

E
h�
m (x)� �Yit

�2i
= V ar

�
�Yit
�
+ (m (x)� �i)2 .

Furthermore

V ar
�
�Yit
�
=

tX
r=1

Pr (Nit = r)E
h�
�Yit � �i

�2 jNit = ri+Pr (Nit = 0)E h� �Yt � �i�2 jNit = 0i .
Note that if r � 1 then E

�
�Yitjnit = r

�
= �i, so

E
h�
�Yit � �i

�2 jnit = ri = V ar � �YitjNit = r� = 1

r
V ar (Yi) .

It is evident that the number of objects in a category, Nit, has a binomial distribution
with parameters pi and t.
Globally: The result can be found using the same methods as for the pointwise ex-

pression. Alternatively use EPE (C; t) =
R
x2X EPE (C; t) (x) fX (x) dx.

Proof of Proposition 1. I only prove the result for minimization of EPE (C; t).
The claim regarding EPE (C; vt) is veri�ed in a similar way. For any t let 	(�; �) � 	
be the set of categorizations such that k < �t and such that the number of unconnected
subsets of each category is uniformly bounded above by �. Any categorization C 2 	(�; �)
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with k categories can be described by a set of t�� � 1 points on [a; b] together with a
mapping from the induced (t��) subintervals to the set f1; 2; :::; kg. Take any mapping
� from subintervals to f1; 2; :::; kg. Choosing a categorization among the categorizations
that are consistent with the mapping � is equivalent to choosing a point z in the compact
set

Z =
�
z 2 [a; b]t���1 : zj � zj+18j 2 f1; :::; t��� 2g

	
.

Furthermore, since f is continuous in x, EPE (C; t) is continuous in z. Hence by Weier-
strass�maximum theorem there exists a solution z� (�) to the problem of minimizing
EPE (C; t) with respect to categorizations that are consistent with the mapping �. This
was for a given mapping � from subintervals to f1; 2; :::; kg. Since there are only a �nite
number of mappings from t�� subintervals to the set f1; 2; :::; kg, there is a solution in
the set 	(�; �). This result holds for any t. Lemma 3 below implies that as t!1, any
categorization that results in an EPE (C; t) that is arbitrarily close to infC0	EPE (C 0; t),
satis�es the condition k < �t.

7.2 Ex Ante Optimality

Lemma 3 is proved with the help of lemmas 5 and 6.

Lemma 5 Let E and F be disjoint intervals. If E [Y jX 2 E ] 6= E [Y jX 2 F ] then then
there is some " > 0 such that

Pr (X 2 E [ F)V ar (Y jX 2 E [ F)�
X

I2fE;Fg

Pr (X 2 I)V ar (Y jX 2 I) > ".

Proof of Lemma 5. Follows fairly straightforwardly from the fact that E
�
(Y � z)2 jX 2 I

�
is minimised by z = E [Y jX 2 I] for any I � X .

Lemma 6 If k=t �  then
Pt

r=1 Pr (Nit = r) =r > �= (1� 1=t).

Proof of Lemma 6. Since r is binomially distributed we have

tX
r=1

Pr (Nit = r) r =
tX
r=0

Pr (Nit = r) r � Pr (Nit = 0) � 0 = E [Nit] = tpi.

Since g (x) = 1=x is concave, Jensen�s inequality implies

tX
r=1

Pr (Nit = r)
1

r
� 1Pt

r=1 Pr (Nit = r) r
=
1

tpi
. (19)
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Let pmax = maxi pi and pmin = mini pi. Note that pmax < 1 � (k � 1) pmin. Since pmin �
�pmax we have pmax < 1� (k � 1) �pmax, or equivalently

pmax <
1

((k � 1) �+ 1) =
1

k�� �+ 1 .

Since � 2 (0; 1) this implies pmax < 1=k�. Using these relationships in (19) we get 1=tpi
� 1=tpmax > k�=t. Use k=t �  to obtain the desired result.

Proof of Lemma 3. (i) Suppose t ! 1, k ! 1, and k=t ! 0. Note that from
the assumption mini pi > �maxi pi it follows that k ! 1 implies pi ! 0 for all i, and
k=t! 0 implies nit !1 for all i. Write

kX
i=1

piV ar (Yi) =
kX
i=1

�Z
x2Xi

fX (x) dx

�Z
y2Y

fY (yjx 2 Xi) (y � �i)2 dy.

Restrict attention to categories such that, for all i; supx;x02Xi kx� x0k ! 0 as pi ! 0.
(For instance, this is accomplished with convex categories.) If k !1 then the right hand
side approachesZ

x2X
fX (x)

�Z
y2Y

fY (yjx) (y �m (x))2 dy
�
dx =

Z
x2X

fX (x)�
2 (x) dx.

Moreover, note that if k=t ! 0 then, for then for all i,
Pt

r=1 Pr (Nit = r) =r ! 0. Hence
if t!1 then EPE (C; t)!

R
x2X fX (x)�

2 (x) dx, and thus for any " > 0 there are �nite
numbers k0 and �t such that if t > �t, then there is a categorization with k > k0, such that����EPE (C; t)� Z

x2X
fX (x)�

2 (x) dx

���� < ", (20)

(ii) Restrict attention to categorizations such that k � �, for some �nite � > 0. If
t!1 then EPE (C; t)!

Pk
i=1 piV ar (Yi). The continuity of f and the assumption that

m (x) 6= � for some x, together with lemma 5, implies that there is an " > 0 such that

kX
i=1

piV ar (Yi) >

Z
x2X

fX (x)�
2 (x) dx+ ", (21)

Comparing (21) with (20) reveals that not allowing k !1 as t!1 is suboptimal.
(iii) Now restrict attention to the set of categorizations with k=t �  > 0. By lemma

6 we have

EPE (C; t) >
kX
i=1

piV ar (Yi)

�
1 +

�

(1� 1=t)

�
. (22)
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Let t ! 1. By t � k= this implies k ! 1. As before this also implies pi ! 0 for
all i. For each category i let supx;x02Xi kx� x0k ! 0 as pi ! 0. It follows that since
f is continuous, supx;x02Xi j�2 (x)� �2 (x0)j approaches zero. Categories may be chosen
so that, as t ! 1, the right hand side of (22) approaches

R
x2X fX (x)�

2 (x) dx (1 + �).
Thus, for any " there is some �t such that if t > �t then�����

kX
i=1

piV ar (Yi)

�
1 +

�

(1� 1=t)

�
�
Z
x2X

fX (x)�
2 (x) dx (1 + �)

����� < ".
This implies that there is some �t such that if t > �t then

EPE (C; t) >
Z
x2X

fX (x)�
2 (x) dx (1 + �) . (23)

Comparing (23) with (20) we see that it is suboptimal to restrict attention to categoriza-
tions with t � k=.

7.2.1 Ex Ante Optimality for X = [a; b] � R

Proof of Theorem 1. Proposition 1 guarantees existence of a solution asymptotically.
By lemma 3 the solutions must satisfy k !1 and k=t! 0 as t!1. This allows us to
use lemma 2, to write, for x 2 Xi,

EPE (C; t) (x) = �2 (x) + (m (x)� �i)2 + V ar (Yi)
1

pit
. (24)

Also note

V ar (Yi) =

Z
s2Xi

�
�2 (s) + (m (s)� �i)2

�
fX (sjs 2 Xi) ds. (25)

From the proof of lemma 3 we know that asymptotically minC0 EPE (C 0; t) (x) can be
attained with convex categories. Let hi be the width of Xi. A Taylor approximation yields

pi =

Z bi=ai+hi

ai

�
fX (x) + f

0
X (x) (s� x) +

1

2
f 00X (x) (s� x)

2 + :::

�
ds

= fX (x)hi + f
0
X (x)

�Z bi=ai+hi

ai

(s� x) ds
�
+
1

2
f 00X (x)

Z bi=ai+hi

ai

(s� x)2 ds+ :::,

Further one may calculateZ bi=ai+hi

ai

(s� x) ds =
�
hi
2
+ ai � x

�
hi =

�
hi
2
+O (hi)

�
hi = O

�
h2i
�
:

24



Thus
pi = fX (x)hi + f

0
X (x)O

�
h2i
�
+O

�
h3i
�
= fX (x)hi;

and consequently
1

pit
=

1

fX (x)hit
+O

�
1

h2i t

�
: (26)

Next consider �i. Provided that
R
s2Xi sfX (sjs 2 Xi) ds = E [sjs 2 Xi] 6= x, a Taylor

approximation yields,

�i = m (x) +m
0 (x)

�Z bi=ai+hi

ai

sfX (sjs 2 Xi) ds� x
�

+
1

2
m00 (x)

Z bi=ai+hi

ai

(s� x)2 fX (sjs 2 Xi) ds+ :::

= m (x) +m0 (x) (E [sjs 2 Xi]� x) +m00 (x)O
�
h2i
�
+O

�
h3i
�
:

Thus,
(m (x)� �i)2 = (m0 (x) �hi)

2
= m0 (x)2 (�hi)

2 +O
�
h3i
�
: (27)

Next use this to �ndZ
s2Xi

(m (s)� �i)2 fX (sjs 2 Xi) ds = O
�
h2i
� Z

s2Xi
m0 (s)2 fX (sjs 2 Xi) ds: (28)

Finally, yet another Taylor approximation yieldsZ
s2Xi

�2 (s) fX (sjs 2 Xi) ds = �2 (x) + �20 (x)O (hi) : (29)

Using (25)-(29) in (24) gives

EPE (C; t) (x) = �2 (x) + �2 (x)

fX (x)hit
+m0 (x)2 �2h2i +O

�
h3i +

1

t

�
: (30)

The �rst order condition for minimization of (30) w.r.t. hi yields (9). Evaluating (30) at
(9) yields (10).

7.2.2 Ex Ante Optimality for X � Rn

Proof of Proposition 2. Omitted since it follows fairly directly from lemma 3.

Proof of Proposition 3. Without loss of generality, assume that C 0 has one category,
named 0, and C 00 has two categories, named 1 and 2. Also without loss of generality
assume V ar (m (X) jX 2 Xi) < V ar (m (X) jX 2 X ), for i 2 f1; 2g. Since �2 (x) = �2 for
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all x 2 X the decomposition (8) becomes V ar (Yi) = �2 + V ar (m (X) jX 2 Xi). It is not
di¢ cult to show that

V ar (m (X) jX 2 Xi) = �2V ar ~f (m (X) jX 2 Xi) (31)

and similarly V ar (m (X) jX =2 Xi) = �2V ar ~f (m (X) jX =2 Xi). Using (31) and (??) one
may write (after quite some manipulation),

� � EPE (C 00; t)� EPE (C 0; t) =
X
i=1;2

pi (M1 (i) +M2 (i) +M3 (i)) ; (32)

where

M1 (i) = �
2

 
tX
r=1

Pr (Nit = r)
1

r
+
1

t
Pr (Nit = 0)

!
��2

 
tX
r=1

Pr (N0t = r)
1

r
+
1

t
Pr (N0t = 0)

!
;

M2 (i) = �
2V ar ~f (m (X) jX 2 Xi)

 
1 +

tX
r=1

Pr (Nit = r)
1

r

!

� �2V ar ~f (m (X) jX 2 X0)
 
1 +

tX
r=1

Pr (N0t = r)
1

r

!
+ �2

1

t
Pr (Nit = 0)

�
V ar ~f (m (X) jX =2 Xi)

�
� �21

t
Pr (N0t = 0)

�
V ar ~f (m (X) jX =2 X0)

�
,

M3 (i) = Pr (Nit = 0)
�
(��i � �i)2

�
� Pr (N0t = 0)

�
(��0 � �0)2

�
:

Changing � only a¤ects M1 (i) and changing � only a¤ects M2 (i). Note that M1 (i) > 0,
so that � is increasing in �2. Since V ar ~f (m (X) jX 2 X0) < V ar ~f (m (X) jX 2 X0), we
have M2 (i) < 0 for large enough t (using lemma 3). Thus, there is a �t such that if t > �t
then � is decreasing in �.

Proof of Proposition 4. We study the optimal way to categorize E � Xi separately
from X � E . Without loss of generality, assume that C 0 has one category in E , named 0,
and C 00 has two categories in E , named 1 and 2. We may now use (32) from the proof of
proposition (3). Since V ar ~f (m (X) jX 2 X0) < V ar ~f (m (X) jX 2 X0), there is a �t such
that if t > �t and � � 1 then thenM2 (i) < 0 and jM2 (i)j > jM1 (i)j+jM3 (i)j, for i 2 f1; 2g.
Thus, there is an �� > 1 such that if � > �� and t > �t then EPE (C 00; t) < EPE (C 0; t).
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7.3 Ex Post Optimality

Proposition 5 is proved with the help of lemma 7.

Lemma 7 (a) For any categorization C; P limt!1EPE (C; vt) =
Pk

i=1 piV ar (Yi). (b)
Consider an initial database vt0�1 and any categorization C 2 	(vt0�1). If t � t0 objects
are added to the data base then P limt!1 \EPE (C; vt) =

Pk
i=1 piV ar (Yi).

Proof of Lemma 7. (a) Consider a category Ci 2 C. Suppose that nit � 1. It can
be veri�ed that

�
�Yit � �i

�2
=

 
1

nit

X
s2Dit

Ys

!2
+ �2i � 2�i

1

nit

X
s2Dit

Ys.

Let nit ! 1. Since, for each category i, fYsg is an i.i.d. sequence with E [Ys] =
�i we can use Kinchine�s law of large numbers and Slutsky�s lemma to conclude that
P limnit!1

�
�Yit � �i

�2
= �2i +�

2
i �2�i�i = 0. In other words, for any " > 0 and � 2 (0; 1),

there is an �n such that if nit > �n then Pr
��
�Yit � �i

�2
< "
�
> �1=2. Moreover, for any �n

there is a �t such that if t > �t then Pr (Nit > �n) > �1=2. This implies that, for any " > 0

and � 2 (0; 1), there is a �t such that if t > �t then Pr
��
�Yit � �i

�2
< "
�
> �. Thus, for any

" > 0 and � 2 (0; 1), there is a �t such that if t > �t then

Pr

 
kX
i=1

pi
�
�Yit � �i

�2
< "

!
> �.

Since EPE (C; vt) � 0, the desired result follows.
(b) Similar to the proof of (a), using the standard result P limnit!1 s

2
it = V ar (Yi).

Proof of Proposition 5. (a) Let C 0 be a categorization with k0 categories. Since
m (x) is not constant across X , there exists a  > 0, and a categorization C 00 with k00 > k0
categories, such that

k0X
i=1

Pr (X 2 X 0
i)V ar (Yi)�

k00X
i=1

Pr (X 2 X 00
i )V ar (Yi) = .

By lemma 7; P limt!1 [EPE (C 0; vt)� EPE (C 00; vt)] = . The desired result follows.
(b) Analogous to (a).
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Proof of Proposition 6. Without loss of generality suppose that C 0 has one category,
named 0, and C 00 has two categories, named 1 and 2, such that, for i 2 f1; 2g,

V ar (m (X) jX 2 Xi) < V ar (m (X) jX 2 X ) . (33)

(a) Fix n1t � 1 and n2t � 1 and restrict attention to data bases with these numbers of
objects in each category. Since �2 (x) = �2 for all x 2 X the decomposition (8) becomes
V ar (Yi) = �2 + V ar (m (X) jX 2 Xi). Using this and (31) from above, one may write
(after some manipulation),

� � EPE
�
C 00; vt

�
� EPE

�
C 0; vt

�
=M1 +M2;

where

M1 = �
2
X
i2f1;2g

pi

0@ V ar ~f (m (X) jX 2 Xi)
�
1 + 1

nit
Zi

�
�V ar ~f (m (X) jX 2 X0)

�
1 + 1

n0t
Z0

� 1A ,
and

M2 = �
2
X
i2f1;2g

pi

�
1

nit
Zi �

1

n0t
Z0

�
,

and, for i 2 f0; 1; 2g,

Zi =

 
�Yit � �ip
V ar (Yi) =nit

!2
,

Since fY (yjx) is normally distributed, fY (yjx 2 Xi) is normally distributed (with variance
V ar (Yi)), and �Yit (being the average of i.i.d. draws) is normally distributed with variance
V ar (Yi) =nit. Hence

p
Zi � N (0; 1) and Zi � �2(1), for i 2 f0; 1; 2g.

It is clear that Z1 and Z2 are independent. However, each of Z1 and Z2 are correlated
with Z0. We need to know how the probability Pr (Zi > Z0) depends on the parameters
�2, and �. It can be veri�ed that Zi > Z0 is equivalent to.

�2 + �V ar ~f (m (X) jX 2 X0)
�2 + �V ar ~f (m (X) jX 2 Xi)

>
(n1t + n2t)

nit

�
�Y0t � �0

�2�
�Yit � �i

�2 .
By (33), the left hand side is decreasing in �2 and increasing in �. Thus Pr (Zi > Z0), as
well as Pr (M1 > 0) and Pr (M2 > 0), is is increasing in �2 and decreasing in �.
For any given realization (z1; z2; z0) of (Z1; Z2; Z0), if M2 < 0 then M1 < 0. Pick a

realization (z1; z2; z0). If M2 < 0 and M1 < 0 then � < 0 regardless of � and �2. If
M2 > 0 and M1 > 0 then � > 0 regardless of � and �2. If M2 > 0 and M1 < 0 then � is
decreasing in � and increasing in �2.
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Thus by increasing �2 and decreasing � we shift probability from the event thatM1 < 0
and M2 < 0 (implying � < 0) to the event that M1 < 0 and M2 > 0, and from the event
that M1 < 0 and M2 > 0 the the event that M1 > 0 and M2 > 0 (implying � > 0).
Moreover, for the event thatM1 < 0 andM2 > 0, increasing �2 and decreasing � increases
�.
This was for given numbers n1t and n2t. The same reasoning holds for any choice of

n1t � 1 and n2t � 1.
(b) Fix n1t � 2 and n2t � 2 and only consider data bases with these numbers of

objects in each category. We can write

�̂ � \EPE (C 00; vt)� \EPE (C 0; vt) = 1

t
(M1 +M2) ,

where

M1 = �
2

 X
i=1;2

nit + 1

nit � 1
V ar ~f (m (X) jX 2 Xi)Zi �

n0t + 1

n0t � 1
V ar ~f (m (X) jX 2 X0)Z0

!
,

and

M2 = �
2

 X
i=1;2

nit + 1

nit � 1
Zi �

n0t + 1

n0t � 1
Z0

!
,

and
Zi =

nit � 1
V ar (Yi)

s2it.

Since yjx � N (m (x) ; �2) we have Zi � �2(nit�1). As before Z1 and Z2 are independent,
while each of Z1 and Z2 are correlated with Z0. It can be veri�ed that Zi > Z0 is equivalent
to.

�2 + �V ar ~f (m (X) jX 2 X0)
�2 + �V ar ~f (m (X) jX 2 Xi)

>
n0t � 1
nit � 1

s20t
s2it
.

By (33), the left hand side is decreasing in �2 and increasing in �. Thus Pr (Zi > Z0) is
increasing in �2 and decreasing in �.
For any realization (z1; z2; z0) of (Z1; Z2; Z0), if M2 < 0 then M1 < 0. If M2 < 0 and

M1 < 0 then �̂ < 0 regardless of �2 and �. If M2 > 0 and M1 > 0 then �̂ > 0 regardless
of �2 and �. If M2 > 0 and M1 < 0 then �̂ is increasing in �2. This shows that the
probability of �̂ > 0 is increasing in �2 and decreasing in �. The same reasoning holds
for any choice of n1t � 2 and n2t � 2.

Proof of Proposition 7. Similar to the proof of proposition 5, therefore omitted.
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