
Suhgdwlrq dqg Phujhuv= Lv Phujhu Odz

FrxqwhusurgxfwlyhB

Oduv Shuvvrq�

Wkh Uhvhdufk Lqvwlwxwh ri Lqgxvwuldo Hfrqrplfv

Dxjxvw 5/ 4<<<

Devwudfw

Wklv sdshu vwxglhv wkh lqwhudfwlrq ehwzhhq wkh lqfhqwlyhv iru suhgdwlrq

dqg phujhuv1 L vkrz wkdw wkh lqfhqwlyh iru suhgdwlrq lq dq roljrsro| lv olp0

lwhg e| wkh vxevhtxhqw frpshwlwlrq iru wkh suh|1 Wklv elgglqj frpshwlwlrq

lv hvshfldoo| �hufh zkhq wkh suh|*v dvvhwv h{huw vwurqj qhjdwlyh h{whuqdol0

wlhv rq ulydov1 Ilupv pd| wkhuhiruh suhihu wr suhgdwh wr ghvwur| wkh suh|*v

dvvhwv/ udwkhu wkdq mxvw lwv �qdqfldo yldelolw|1 Wkh sdshu dovr ghprqvwudwhv

wkdw suhgdwlrq pd| eh suhihuuhg wr dq lpphgldwh phujhu iru wzr uhdvrqv1

Iluvw/ e| suhgdwlqj/ �upv pd| vkduh wkh frvwv ri holplqdwlqj d ulydo dqg

flufxpyhqw wkh iuhh0ulglqj sureohp dvvrfldwhg zlwk phujhuv/ dqg vhfrqg

ghvwuxfwlyh suhgdwlrq khosv �upv dyrlg wkh elgglqj frpshwlwlrq1 Lw lv dovr

vkrzq wkdw d uhvwulfwlyh phujhu srolf| pd| eh frxqwhusurgxfwlyh/ vlqfh lw

pd| lqfuhdvh wkh lqfhqwlyhv iru suhgdwlrq e| khoslqj suhgdwruv dyrlg wkh

elgglqj frpshwlwlrq1 Pruhryhu/ wkh lqfhqwlyh iru suhgdwlrq xqghu wkh XV

idlolqj �up ghihqvh pljkw eh hyhq vwurqjhu/ vlqfh lw doorzv phujhuv exw

olplwv wkh elgglqj frpshwlwlrq1

MHO FODVVLILFDWLRQ QR= N54/ O45/ O74

Nh|zrugv= Phujhuv> Suhgdwlrq> Phujhu Odz> Idlolqj Ilup Ghihqvh1

�L dp judwhixo iru khosixo glvfxvvlrqv zlwk Gdylg Grphlm/ Vyhq0Rori Iulgroivvrq/ Khquln Kruq/
Gdq Nryhqrfn/ Pdvvlpr Prwwd dqg Mrkdq Vwhqqhn/ dqg e| sduwlflsdqwv lq vhplqduv dw wkh
Lqvwlwxwh iru Lqwhuqdwlrqdo Hfrqrplf Vwxglhv/ wkh Xqlyhuvlwdw Srpshx Ideud/ Sxugxh Xqlyhuvlw|/
LULV dqg wkh Xqlyhuvlw| ri Pdu|odqg/ HFDUH dw Xqlyhuvlwh Oleuh gh Eux{hoohv/ dqg Lqvwlwxwr gh
Dqdolvlv Hfrqrplfr +FVLF,1 Ilqdqfldo vxssruw e| wkh Edqn ri Vzhghq Whufhqwhqdu| Irxqgdwlrq/
dqg Wrp Khgholxv* dqg Mdq Zdoodqghu*v Uhvhdufk Irxqgdwlrqv/ lv judwhixoo| dfnqrzohgjhg1
Dgguhvv= Wkh Uhvhdufk Lqvwlwxwh ri Lqgxvwuldo Hfrqrplfv/ Er{ 8834/ VH0447 ;8 Vwrfnkrop/
Vzhghq1 Hpdlo= oduvsClxl1vh1 +sph04531wh{,



41 Lqwurgxfwlrq

Ilupv fdq edvlfdoo| xvh wzr w|shv ri exvlqhvv vwudwhjlhv wr holplqdwh ulydov> wkh|
fdq hlwkhu phujh zlwk wkhp/ ru suhgdwh lq rughu wr lqgxfh h{lw1 Wkh olwhudwxuh
rq phujhuv hpskdvl}hv wkdw �upv lq dq roljrsro| kdyh olplwhg srvvlelolwlhv ri
holplqdwlqj ulydov e| phujhuv/ vlqfh wkh frvwv ri vxfk frqfhqwudwlrq duh pdlqo|
fduulhg e| wkh dftxlulqj �up/ zkloh wkh jdlqv duh vsuhdg wr doo �upv lq wkh lqgxvwu|1
Wklv zdv �uvw srlqwhg rxw e| Vwljohu +4<83, zkr zurwh wkdw �111wkh pdmru gl!fxow|
lq iruplqj d phujhu lv wkdw lw lv pruh sur�wdeoh wr eh rxwvlgh d phujhu wkdq wr
eh d sduwlflsdqw1� Wklv lghd zdv odwhu irupdol}hg e| Ndplhq dqg ]dqj +4<<3,
zkr vkrzhg wkdw wkhuh duh olplwhg srvvlelolwlhv iru frqfhqwudwlrq e| phujhuv zkhq
wkhvh wdnh sodfh wkurxjk dq dxfwlrq14 Dffruglqjo|/ wkh qhhg iru phujhu frqwuro
vkrxog eh yhu| olplwhg1 Exw wkh phujhu olwhudwxuh qhjohfwv wkh srvvlelolw| wkdw
suhgdwlrq pd| lqwhudfw zlwk phujhu lqfhqwlyhv1

Wkh suhgdwlrq olwhudwxuh kdv vwxglhg wkh h�hfwlyhqhvv ri suhgdwlrq lq vlwxd0
wlrqv zkhuh phujhu lv dq dowhuqdwlyh1 PfJhh +4<8;, fodlphg wkdw lw fdqqrw wkhq
eh udwlrqdo wr hqjdjh lq suhgdwru| ehkdylru/ vlqfh wkh suhgdwru dqg wkh suh| fdq
dyrlg wkh frvwv ri suhgdwlrq dqg vkduh wkh vxusoxv lq dq lpphgldwh phujhu1 Wkxv/
suhgdwlrq vkrxog eh ri qr frqfhuq iru frpshwlwlrq srolf|/ zkhq phujhuv duh do0
orzhg1 Wkh deryh dujxphqw zdv fulwlfl}hg e| \dph| +4<:5,/ rq wkh jurxqg wkdw
wkh ex|rxw sulfh pljkw eh orzhu li d srwhqwldo ex|hu fdq suhgdwh d �zhdnhu� ulydo15

Dffruglqj wr wklv uhdvrqlqj/ wkh lqfhqwlyh iru phujhu lqfuhdvhv li suhgdwlrq lv dq
rswlrq1 Wklv lghd zdv irupdol}hg e| Vdorqhu +4<;:,/ zkr vkrzhg wkdw suhgdwlrq
pd| pdnh wkh wdujhw orzhu lwv eholhiv derxw lwv ixwxuh sur�w/ zklfk zloo zhdnhq lwv
edujdlqlqj srvlwlrq lq wkh phujhu qhjrwldwlrq wdnlqj sodfh diwhu suhgdwlrq/ dqg
wkxv lqfuhdvhv wkh lqfhqwlyhv iru phujhuv1 Rqh zhdnqhvv lq wkh suhgdwlrq olwhudwxuh
wkdw vwxglhv wkh lqfhqwlyhv iru suhgdwlrq iru phujhuv lv wkdw lw lv vroho| frqfhuqhg
zlwk gxrsro| vlwxdwlrqv dqg wkxv zlwk wkh lqfhqwlyhv iru frpsohwh prqrsrol}d0
wlrq1 Dv vkrzhg e| wkh phujhu olwhudwxuh/ wkh lqfhqwlyhv iru phujhuv duh udglfdoo|
lq xhqfhg e| wkh h{lvwhqfh ri d odujhu qxpehu ri �upv1 Rqh pd| wkhuhiruh dovr
dvvxph wkdw wkh lqfhqwlyhv iru suhgdwlrq iru phujhuv ghshqg rq wkh qxpehu ri

4Wkh wudglwlrqdo dqdo|vlv ri lqfhqwlyhv iru phujhuv/ ruljlqdwhg e| Vdodqw hw do +4<;6,/ dqg

ghyhorshg e| h1j1 Ghqhfnhuh dqg Gdylgvrq +4<;8,/ Shuu| dqg Sruwhu +4<;8,/ dqg PfDihh dqg

Zlooldpv +4<<5,/ frqvlghuv d phujhu ehwzhhq dq duelwudu| qxpehu ri �upv lq wkh frqwh{w ri

vrph sduwlfxodu roljrsro| prgho1 Wkh phujhu sdwwhuq lv wkxv qrw hqgrjhqrxvo| ghwhuplqhg1

Wkh jhqhudo hphujlqj slfwxuh iurp wkhvh vwxglhv lv wkdw wkh frqfhqwudwlrq lqgxfhg e| phujhuv

pljkw qrw eh d vx!flhqw lqfhqwlyh iru phujhuv/ vlqfh frqfhqwudwlrq pd| dfwxdoo| uhgxfh mrlqw

sur�wv ri wkh phujlqj �upv uhodwlyh wr wkh lqlwldo htxloleulxp1
5\dph| fulwlfl}hg PfJhh rq wzr jurxqgv1 Klv vhfrqg dujxphqw zdv wkdw lw pljkw eh dgydqwd0

jhrxv iru wkh suhgdwru wr vljqdo djjuhvvlyh ehkdylru lq rughu wr lpsuryh ixwxuh lqwhudfwlrq1 Wklv

dujxphqw kdv odwhu ehhq irupdol}hg lq wzr w|shv ri dv|pphwulf lqirupdwlrq prghov= Vljqdolqj

prghov dqg uhsxwdwlrq prghov1
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�upv lq wkh lqgxvwu|1

Wkh sxusrvh ri wkh suhvhqw sdshu lv wr vwxg| wkh lqwhudfwlrq ehwzhhq lqfhqwlyhv

iru suhgdwlrq dqg lqfhqwlyhv iru phujhu lq d pxowl0�up vhwwlqj1 Lq rughu wr ghulyh

vrph frqfoxvlrqv derxw wkh dssursuldwh ghvljq ri phujhu odz/ L zloo dovr vkrz krz

wkh lqfhqwlyhv iru suhgdwlrq dqg phujhuv pd| ghshqg rq wkh surshuw| ri wkh phujhu

odz1 Wr wklv hqg/ L frpelqh wzr prghov ri hqgrjhqrxv phujhu irupdwlrq/ fuhdwhg

e| Ndplhq dqg ]dqj +4<<3, dqg Mhklho dqg Progrydqx +4<<9, uhvshfwlyho|/ zlwk

dq roljrsro| prgho lqfoxglqj wkh srvvlelolw| iru suhgdwlrq1 Wkh phujhu irupdwlrq

lv ghslfwhg dv dq dxfwlrq/ zkhuh wkh rzqhuv vlpxowdqhrxvo| srvw elgv iru rwkhu

�upv dqg vwdwh dq dvnlqj sulfh iru wkhlu rzq �up1 Wklv prgho lv ghvfulehg lq

vhfwlrq 51

Lq vhfwlrq 614/ L vkrz wkdw wkhuh duh wzr ixqgdphqwdo gl�huhqfhv ehwzhhq

suhgdwlrq iru phujhu iru prqrsro| dqg suhgdwlrq iru phujhu jlylqj ulvh wr dq

roljrsro|1 Iluvw/ suhgdwlrq lq d pxowl0�up vhwwlqj khosv wkh �upv dyrlg wkh iuhh0
ulglqj sureohp dvvrfldwhg zlwk holplqdwlrq e| phujhu1 Wklv whqgv wr lqfuhdvh wkh
lqfhqwlyhv iru phujhuv +Sursrvlwlrq 4,1 Wkxv/ wkh sdshu ghprqvwudwhv wkdw wkh

lqfhqwlyhv iru phujhuv lqfuhdvh li suhgdwlrq lv dq rswlrq16

Vhfrqg/ suhgdwlrq lq d pxowl0�up vhwwlqj lv iroorzhg e| d �hufh elgglqj frp0
shwlwlrq iru wkh suh|*v dvvhwv1 Frqvhtxhqwo|/ wkh sulfh ri wkh suh| lq dq roljrsro|
pljkw eh vr kljk wkdw wkh lqfhqwlyh iru suhgdwlrq iru phujhu ydqlvkhv1 Wkh elgglqj
frpshwlwlrq lv prvw kdupixo wr suhgdwruv zkhq wkh xvh ri wkh suh|*v dvvhwv h{huwv

vwurqj qhjdwlyh h{whuqdolwlhv rq ulydov/ vlqfh wkh srwhqwldo ex|huv duh wkhq zloolqj
wr sd| d kljk sulfh iru wkh suh| lq rughu wr suhyhqw rwkhu ex|huv iurp rewdlqlqj
wkh dvvhwv1 Dffruglqjo|/ �upv kdyh lqfhqwlyhv wr fkrrvh d suhgdwlrq whfkqrorj|
wkdw ghvwur|v wkh dvvhwv/ vlqfh wkh qhjdwlyh h{whuqdolwlhv h{huwhg rq ulydov e| xvlqj
wkh suh|*v dvvhwv duh wkhq uhgxfhg +Sursrvlwlrq 5,1 Frqvhtxhqwo|/ suhgdwlrq lv

qrw rqo| vrfldoo| kdupixo e| olplwlqj wkh qxpehu ri frpshwlqj �upv/ exw dovr e|

uhgxflqj wkh wrwdo dprxqw ri surgxfwlyh dvvhwv lq wkh lqgxvwu|1
Lq vhfwlrq 615/ L dgguhvv wkh PfJhh fulwltxh/ l1h1 wkdw lw fdqqrw eh udwlrqdo

wr hqjdjh lq suhgdwru| ehkdylru/ vlqfh dq lpphgldwh phujhu lv ohvv frvwo|1 L zloo

vkrz wkdw wzr iulfwlrqv lq wkh phujhu surfhvv zhdnhq wklv dujxphqw lq d pxowl0

�up vhwwlqj1 Wkh �uvw iulfwlrq lv wkh deryh phqwlrqhg iuhh0ulglqj sureohp/ zklfk

vwhpv iurp wkh idfw wkdw wkh ex|hu sd|v wkh frvwv ri wkh sduwldo prqrsrol}dwlrq1

Suhgdwlrq/ rq wkh rwkhu kdqg/ surylghv d zd| ri vkdulqj wkh frvwv ri holplqdwlqj
d ulydo1 Iru lqvwdqfh/ �upv frxog vkduh wkh frvwv ri ghyhorslqj d qhz vwdqgdug/ ru

wkrvh ri oree|lqj1 Frqvhtxhqwo|/ suhgdwlrq pljkw eh udwlrqdo/ vlqfh lw pljkw doorz
�upv wr flufxpyhqw wkh iuhh0ulglqj sureohp +Sursrvlwlrq 6,1 Wkh vhfrqg iulfwlrq

lq wkh phujhu surfhvv lv wkh elgglqj frpshwlwlrq dvvrfldwhg zlwk rewdlqlqj wkh

6
Qrwh wkdw wklv irupdol}dwlrq gl�huv iurp wkh rqh surylghg e| Vdorqhu/ zkhuh suhgdwlrq zdv

xvhg iru vljqdolqj1

6



wdujhw �up1 Wkh wkuhdw ri suhgdwlrq grhv qrw/ lq lwvhoi/ d�hfw wkh surgxfwlylw|

ri wkh wdujhw*v dvvhwv iru wkh srwhqwldo ex|huv1 Wkh �upv pd| wkhuhiruh suhihu wr

dfwxdoo| fduu| rxw wkh suhgdwlrq/ vlqfh wkh elgglqj frpshwlwlrq pljkw wkhq eh

uhgxfhg +Sursrvlwlrq 7,1

Lq vhfwlrq 7/ L h{soruh wkh srolf| lpsolfdwlrqv ri wkh deryh phqwlrqhg �qglqjv

lq wkh frqwh{w ri gl�huhqw phujhu odzv17 Phujhuv fuhdwlqj ru vwuhqjwkhqlqj grp0

lqdqw srvlwlrqv duh loohjdo dffruglqj wr wkh frpshwlwlrq odzv lq prvw ghyhorshg

frxqwulhv1 Frpshwlwlrq dxwkrulwlhv w|slfdoo| lpsohphqw wkhvh odzv lq d zd| zklfk

fdq urxjko| eh ghvfulehg dv �wu|lqj qrw wr doorz phdvxuhg frqfhqwudwlrq wr eh0

frph wrr kljk�18 Wklv w|sh ri phujhu odz zloo eh uhihuuhg wr khuh dv �uhvwulfwlyh

phujhu odz�1 Li wkh wdujhw lv idlolqj/ d phujhu ohdglqj wr kljk frqfhqwudwlrq pd|

qhyhuwkhohvv eh dffhswhg xqghu wkh vr0fdoohg �idlolqj �up ghihqvh�1 Wklv w|sh

ri phujhu odz zloo dovr eh vwxglhg1 Pruh vshfl�fdoo|/ wkuhh phujhu odz uxohv duh

frqvlghuhg1 Wkh �uvw uxoh lv d yhuvlrq ri wkh uhvwulfwlyh phujhu odz/ dffruglqj
wr zklfk doo phujhuv duh dvvxphg wr eh iruelgghq lq wkh suhvhqw fdvh1 Wklv lv
uhihuuhg wr dv wkh uhvwulfwlyh phujhu uxoh1 Wkh vhfrqg dqg wklug uxohv duh yhuvlrqv

ri wkh idlolqj �up ghihqvh grfwulqh1 Wkh vhfrqg uxoh lv wkh h{lvwlqj XV idlolqj
�up ghihqvh uxoh zklfk frqwdlqv d �ohdvw gdqjhu wr frpshwlwlrq� +OGF, frqglwlrq
vwdwlqj wkdw li pruh wkdq rqh �up elg rq wkh idlolqj �up*v dvvhwv/ wkhq wkh �up
zklfk frqvwlwxwhv wkh ohdvw gdqjhu wr frpshwlwlrq vkrxog eh idyruhg1 Wkh wklug
uxoh lv d prgl�hg yhuvlrq ri wkh XV idlolqj �up ghihqvh uxoh/ zkhuh qr �up lv

idyruhg lq wkh dftxlvlwlrq surfhvv1
Vdorqhu +4<;:, vkrzhg wkdw wkh lqfhqwlyh iru d srwhqwldo prqrsrolvw wr suhgdwh

lqfuhdvhv li kh fdq dftxluh wkh suh| diwhu suhgdwlrq kdv rffxuuhg1 Kh frqfoxghg
wkdw wkh pdunhw frqfhqwudwlrq pljkw eh lqfuhdvhg e| d idlolqj �up ghihqvh fodxvh1
L vkrz wkdw d idlolqj �up fodxvh grhv qrw qhfhvvdulo| |lhog d whqghqf| wrzdug

frqfhqwudwlrq lq d pxowl0�up vhwwlqj1 Lq idfw/ L zloo looxvwudwh wkdw d uhvwulfwlyh
phujhu srolf| pd| eh frxqwhusurgxfwlyh/ lq wkh vhqvh wkdw lw ohdgv wr frqfhqwud0

wlrq1 Lw pd| lqfuhdvh wkh lqfhqwlyhv iru suhgdwlrq e| khoslqj suhgdwruv dyrlg d

glvdgydqwdjhrxv elgglqj frpshwlwlrq iru wkh suh| diwhu suhgdwlrq kdv rffxuuhg1
Frqvhtxhqwo|/ wkh lqfhqwlyh iru suhgdwlrq iru phujhu xqghu d idlolqj �up ghihqvh lv
olplwhg/ li wkh srwhqwldo ex|huv frpshwh wr dftxluh wkh idlolqj �up1 Rq wkh rwkhu

kdqg/ wkh lqfhqwlyh iru suhgdwlrq iru phujhu xqghu wkh XV idlolqj �up ghihqvh

pljkw eh vwurqj/ vlqfh lw doorzv phujhuv exw olplwv wkh elgglqj frpshwlwlrq e|
idyrulqj vpdoo �upv lq wkh dftxlvlwlrq surfhvv1

7Lw lv dvvxphg wkdw wkh frpshwlwlrq dxwkrulw| fdqqrw revhuyh zkhwkhu ru qrw �upv suhgdwh1

Wklv vhhpv uhdvrqdeoh iru vhyhudo suhgdwlrq whfkqrorjlhv= suhgdwru| sulflqj/ ghyhorsphqw ri

vwdqgdugv hwf1
8Iru lqvwdqfh/ lq wkh XV/ wkh Khu�qgdko0Kluvfkpdq Lqgh{ +KKL, lv xvhg dv d phdvxuh ri

frqfhqwudwlrq1 Wkh KKL lv fdofxodwhg e| vxpplqj wkh vtxduhv ri wkh lqglylgxdo pdunhw vkduhv

ri doo �upv lq wkh pdunhw1
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Vhfwlrq 8 frqwdlqv vrph frqfoxglqj uhpdunv1 Ilqdoo|/ prvw surri dsshduv lq

wkh Dsshqgl{1

51 Wkh Prgho

Wkuhh lghqwlfdo rzqhuv/ 4/ 5 dqg 6/ duh hdfk hqgrzhg zlwk wkh xqlw ri dvvhwv

qhfhvvdu| iru surgxflqj d krprjhqrxv surgxfw1 Lqlwldoo|/ hdfk rzqhu rshudwhv d

vhsdudwh �up1 Wkhuh lv dovr dq rzqhu g zkr lv lghqwlfdo wr wkh rwkhu rzqhuv

dsduw iurp ehlqj yxoqhudeoh wr suhgdwlrq e| rzqhuv 4/ 5 dqg 61 Wkh vrxufh ri

wkh vxshulrulw| lq �vwuhqjwk� ri wkh iruphu lv qrw irupdoo| prghohg/ exw frxog eh

vhhq dv uhvxowlqj iurp h1j1 odujh �qdqfldo uhvrxufhv/ vwurqj U ) G ghsduwphqwv/

dgydqwdjhrxv lq oree|lqj/ ru vxshulru lqirupdwlrq19 Wkh prwlydwlrq ehklqg wklv

irxu �up vhw0xs lv wkdw wklv lv wkh ihzhvw qxpehu ri �upv qhhghg wr ghulyh wkh

uhvxowv lq wkh sdshu1:

Wkh lqwhudfwlrq wdnhv sodfh ryhu irxu shulrgv1 Lq shulrg 4/ wkh �upvpd| phujh1

Lq shulrg 5/ wkh �upv frpshwh lq dq roljrsro| lqgxvwu| dqg jhqhudwh sur�wv1 Lq

wklv shulrg/ vwurqj �upv pd| suhgdwh lq rughu wr pdnh wkh zhdn �up edqnuxsw1

Lq wkh wklug shulrg/ wkh rzqhuv pd| djdlq ex| dqg vhoo dvvhwv1 Ilqdoo|/ lq shulrg 7/

�upv frpshwh lq vwdqgdug idvklrq1 Wkh prwlydwlrq ehklqg wklv irxu0shulrg vhw0xs

zloo eh fodul�hg ehorz1

5141 Wkh phujhu irupdwlrq

Lq wkh phujhu irupdwlrq vwdjhv/ vwdjhv 4 dqg 6/ wkh rzqhuv ri wkh �upv ghflgh

zkhwkhu wr phujh1 Wkh phujhu irupdwlrq lv prghohg dv lq Ndplhq dqg ]dqj

+4<<3,/ zkhuh rzqhuv vlpxowdqhrxvo| srvw elgv iru rwkhu �upv dqg vwdwh dq dvnlqj

sulfh iru wkhlu rzq �up/ dqg zkhuh wkh srvvleoh uhdoorfdwlrq ri dvvhwv lv ghwhuplqhg

rq edvlv ri wkhvh elgv dqg dvnv1

Ohw � eh wkh vhw ri dfwlyh rzqhuv lq wkh lqgxvwu|1 Hdfk rzqhu � 5 � dqqrxqfhv

d yhfwru M� ' EK�� c K
2

� c ���c K
?
� � 5 -? ri elgv iru hdfk �up/ zkhuh ? lv wkh qxpehu

ri dfwlyh rzqhuv1 Wkh elg K
�

� lv wkh m wk rzqhu*v elg ru dvnlqj sulfh iru klv rzq

�up1 Ohw M ' EM�cM2c ���cM?� ghqrwh wkh ? � ? pdwul{ ri elgv1 Iroorzlqj wkh

dqqrxqfhphqw ri M/ hdfk �up pd| eh vrog wr rqh ri wkh elgghuv dw wkh elg sulfh/

ru uhpdlq zlwk lwv ruljlqdo rzqhu1;

9Iru lqvwdqfh/ Erowrq dqg Vfkduivwhlq +4<<3, suhvhqw d prgho zlwk rqh �qdqfldoo| vwurqj dqg
rqh �qdqfldoo| zhdn �up1 Lq wklv prgho d fuhglwru r�huv wkh zhdn �up dq rswlpdo orqj0whup
frqwudfw1 Lq rughu wr surylgh pdqdjhuldo lqfhqwlyhv/ wkh fuhglwru pxvw sxqlvk d �up wkdw pdnhv
d orz sur�w lq wkh �uvw shulrg e| lqfuhdvlqj wkh ulvn ri whuplqdwlqj wkh fuhglw1 Wkh zhdn �up
lv wkhq yxoqhudeoh wr suhgdwlrq e| wkh vwurqj �up1

:Vhh wkh glvfxvvlrq dw wkh hqg ri Vhfwlrq 6irrwqrwh 55 dqg irrwqrwh 581
;Lw lv dvvxphg wkdw rzqhuv fdqqrw elg iru wkh rwkhu �upv rq d frqwlqjhqf| edvlv1 Dffruglqj

8



L zloo qrz ghvfuleh d uxoh/ qdphg wkh odlvvh}0idluh uxoh/ zklfk doorfdwhv rzqhu

l*v dvvhwv wr dq| rzqhu zkhq wkhuh duh qr ohjdo uhvwulfwlrqv dv wr zkr pd| dftxluh

zklfk dvvhwv=

Gh�qlwlrq 41 Wkh odlvvh}0idluh uxoh doorfdwhv rzqhu l*v dvvhwv wr wkh rzqhu zkr

srvwv wkh kljkhvw elg iru wkh dvvhwv +lqfoxglqj rzqhu l,1 Li wkhuh lv pruh wkdq rqh

rzqhu zlwk vxfk d elg/ hdfk vxfk rzqhu rewdlqv wkh dvvhwv zlwk htxdo suredelolw|1

Ilyh srvvleoh w|shv ri pdunhw vwuxfwxuhv fdq dulvh dw wkh hqg ri d phujhu vwdjh/

zkhuh/ zlwklq hdfk fdwhjru|/ �upv zlwk wkh vdph dprxqw ri surgxfwlyh dvvhwv

pdnh wkh vdph sur�wv1 Wkhvh w|shv ri pdunhw vwuxfwxuhv duh= wkh txdgursro|/ wkh

wulrsro|/ wkh v|pphwulf gxrsro|/ wkh dv|pphwulf gxrsro| dqg wkh prqrsro|1 Iru

lqvwdqfh/ dv|pphwulf gxrsro| uhihuv wr doo rzqhuvkls vwuxfwxuhv zkhuh rqh rzqhu

srvvhvvhv wkuhh xqlwv ri dvvhwv/ rqh rzqhu srvvhvvhv rqh xqlw ri dvvhwv/ dqg wzr

rzqhuv kdyh qr dvvhwv1 Ohw Z�E2c�n_c fcf� ghqrwh wkh sur�w ri wkh �up srvvhvvlqj

wkh qxpehu ri dvvhwv zulwwhq lq wkh �uvw hqwu| lq wkh yhfwru/ ohw Z2E2c� n _c fc f�
ghqrwh wkh sur�w ri wkh �up srvvhvvlqj wkh qxpehu ri dvvhwv zulwwhq lq wkh vhfrqg

hqwu|/ hwf1 Qrwh wkdw/ vlqfh suhgdwlrq pd| d�hfw wkh surgxfwlylw| ri rzqhu g*v

dvvhwv/ wkhuh pd| eh d gl�huhqfh ehwzhhq wkh pdunhw vwuxfwxuhv zkhuh rzqhu g*v

dvvhwv kdyh ehhq h{srvhg wr suhgdwlrq dqg wkrvh zkhuh wkh| kdyh qrw1 Wr wklv

hqg/ ohw Z2E2c �n _Rc fc f� ghqrwh wkh sur�w ri wkh �up srvvhvvlqj rqh xqlw ri qrq0

suhgdwhg dvvhwv dqg rqh xqlw ri suhgdwhg dvvhwv/ zulwwhq lq wkh vhfrqg hqwu| lq

wkh v|pphwulf gxrsro|/ hwf1 Wkh vxshuvfulsw R ghqrwhv wkdw rzqhu g *v dvvhwv kdyh

ehhq h{srvhg wr suhgdwlrq1

Wkh phujhu irupdwlrq jdph lv vroyhg iru Qdvk htxloleuld lq xqgrplqdwhg sxuh

vwudwhjlhv1

D fhqwudo ihdwxuh ri wklv prgho lv krz fkdqjhv lq wkh rzqhuvkls ri rzqhu

g*v dvvhwv d�hfw wkh vwurqj �upv* sur�wv1 Wkh sur�w iru �up l/ zkhq rzqhu m

rewdlqv rzqhu g*v dvvhwv iru d jlyhq lqlwldo pdunhw vwuxfwxuh lv ghqrwhg Z
�

�_/ dqg

wkh sur�w iru �up l zkhq rzqhu g *v dvvhwv h{lw lv ghqrwhg Ze
�_1 Wkxv/ dw wkh rxwvhw/

Z2

�_ ' Z�E�c � n _c �c f� dqg Ze
�_ ' Z�E�c �c �c f��

L pdnh wkh iroorzlqj wzr dvvxpswlrqv derxw krz sur�wv duh d�hfwhg e| dvvhw

wudqvihuv=

Dvvxpswlrq 4 Zkhq �upv phujh/ wkh sur�wv ri �upv rxwvlgh wkh phujhu lq0

fuhdvh1

Wklv dvvxpswlrq lv ixo�oohg lq prvw roljrsro| prghov dv orqj dv wkh phujhu grhv

qrw fuhdwh vwurqj yduldeoh frvw v|qhujlhv1

wr Ndplhq dqg ]dqj +4<<4, elgglqj rq d frqwlqjhqf| edvlv zrxog dsshdu wr eh d gluhfw ylrodwlrq

ri wkh X1V1 dqwlwuxvw odzv1
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Wkh vhfrqg dvvxpswlrq frqfhuqv krz sur�wv duh d�hfwhg zkhq d �up lqfuhdvhv
lwv qxpehu ri dvvhwv/ zlwkrxw dq| rwkhu �up lq wkh lqgxvwu| ghfuhdvlqj lwv qxp0
ehu ri dvvhwv1 Qrwh wkdw lq wkh prgho/ dvvhwv fdqqrw eh lpsruwhg iurp rxwvlgh1
Krzhyhu/ wkh dvvxpswlrq uhodwhv wr d frpsdulvrq ehwzhhq vlwxdwlrqv zkhuh dvvhwv
h{lw ru gr qrw h{lw1

Dvvxpswlrq 5 Zkhq d �up lqfuhdvhv lwv rzqhuvkls ri rwkhuzlvh h{lwlqj dvvhwv
wkh lqgxvwu|/ lwv sur�w lqfuhdvhv/ dqg lwv ulydov* sur�wv ghfuhdvh1

Wklv dvvxpswlrq lv ixo�oohg lq prvw roljrsro| prghov zkhuh dq lqfuhdvhg fdslwdo
vwrfn ghfuhdvhv pdujlqdo frvwv1<

Pruhryhu/ lw lv dvvxphg wkdw d ex|hu*v sur�w lv dw ohdvw dv kljk zkhq kh rewdlqv
rzqhu g*v qrq0suhgdwhg dvvhwv dv zkhq kh rewdlqv rzqhu g*v suhgdwhg dvvhwv/ l1h1
Z
�
�_ � Z

�R

�_
c zkhuh R ghqrwhv wkdw rzqhu g*v dvvhwv kdyh ehhq h{srvhg wr suhgdwlrq1

Lw lv dovr dvvxphg wkdw wkh qhjdwlyh h{whuqdolwlhv rq ulydov duh dw ohdvw dv vwurqj
iru qrq0suhgdwhg dv iru suhgdwhg dvvhwv/ Z�

�_ � Z
�R

�_
�

D fhqwudo ihdwxuh ri wklv vwxg| lv krz d uhglvwulexwlrq ri rzqhu n *v dvvhwv wr
rzqhu m dqg qrw wr rzqhu o d�hfwv rzqhu l *v sur�w1 Wklv ydoxdwlrq iru rzqhu l/
�
�,

�&
c lv gh�qhg

Gh�qlwlrq 51 �
�,

�&
� Z

�

�&
� Z

,
�&

Wklv ydoxdwlrq lv ghwhuplqhg e| wzr frpsrqhqwv1 Rqh lv wkh sur�w pdgh e|
rzqhu l zkhq �up m kdv dftxluhg �up n *v dvvhwv/ dqg wkh vhfrqg lv wkh sur�w
pdgh e| rzqhu l zkhq rzqhu o kdv dftxluhg wkh dvvhwv1 Qrwh wkdw �

�,
�& lv wkh jdlq

iru rzqhu l ri rewdlqlqj wkh dvvhwv jlyhq wkdw rzqhu o zloo rwkhuzlvh rewdlq wkhp1
Ilqdoo|/ ohw �

�,

�_R
ghqrwh wkdw rzqhu g*v dvvhwv kdyh ehhq h{srvhg wr suhgdwlrq1

5151 Wkh roljrsro| lqwhudfwlrq

Lq wkh roljrsro| lqwhudfwlrq vwdjhv/ vwdjhv 5 dqg 7/ hdfk rzqhu xvhv klv dvvhwv lq
d vhsdudwh �up1 Wkh vwurqj �upv kdyh wkh rswlrq wr suhgdwh1 Wkh suhgdwlrq
whfkqrorj| lv lqwhqwlrqdoo| ohiw xqvshfl�hg1 Lw lv dvvxphg wkdw �up g lv edqnuxsw
li lwv sur�w lv ehorz d wkuhvkrog ydoxh 5� Rqh fdq glvwlqjxlvk ehwzhhq wzr nlqgv
ri prghov wkdw duh frpsdwleoh zlwk wklv dvvxpswlrq1 Wkh �uvw lv dv|pphwulf
lqirupdwlrq prghov/ zkhuh wkh sod|huv* eholhiv duh d�hfwhg e| suhgdwlrq dqg wkxv/
suhgdwlrq grhv qrw d�hfw wkh �uhdo� surgxfwlylw| ri wkh dvvhwv1 Iru lqvwdqfh/
Erowrq dqg Vfkduivwhlq +4<<3, suhvhqw d prgho zlwk rqh �qdqfldoo| vwurqj dqg
rqh �qdqfldoo| zhdn �up1 Lq wklv prgho d fuhglwru r�huv wkh �qdqfldoo| zhdn

<
Vhh wkh sdshu e| Iduuhoo dqg Vkdslur +4<<3, iru dq h{whqvlyh vwxg| ri wkh h�hfwv ri dvvhw

wudqvihuv lq d Frxuqrw prgho1

:



�up dq rswlpdo orqj0whup frqwudfw1 Lq rughu wr surylgh pdqdjhuldo lqfhqwlyhv/

wkh fuhglwru pxvw sxqlvk d �up wkdw pdnhv d orz sur�w lq wkh �uvw shulrg e|

lqfuhdvlqj wkh ulvn ri whuplqdwlqj fuhglw1 Wkh zhdn �up lv wkhq yxoqhudeoh wr

suhgdwlrq e| wkh vwurqj �up1 Wkh rwkhu nlqg ri prghov frqvlvwv ri wkh prghov

zkhuh suhgdwlrq d�hfwv �uhdo� surgxfwlylw|1 Vdors dqg Vfkh�pdq +4<;6, suhvhqw d

prgho zkhuh d suhgdwru fdq udlvh klv ulydov* frvwv e| xvlqj surgxfw vwdqgdugl}dwlrq

dqg dgyhuwlvlqj h{shqglwxuhv/ iru h{dpsoh1

Suhgdwlrq lv frvwo| lq wkh vkruw uxq1 Ohw %� ghqrwh �up l *v/ � 9' _/ frvwv/ zkhuh

% '
S

�
%�1 Wr vlpsoli| wkh dqdo|vlv/ L dvvxph wkdw suhgdwlrq rqo| d�hfwv wkh suh|

zkhq wkh wrwdo frvwv ri lqyhvwlqj lq suhgdwlrq duh dw ohdvw dv kljk dv
b
%143 Lq wklv

fdvh/ �up g*v sur�w idoov wr wkh wkuhvkrog ydoxh 5�44 Wkh sur�w iru d vwurqj �up l/

�up 4 vd|/ zkhq suhgdwlqj lq wkh txdgursro| lv Z�E�c �c �c _��%�c dqg wkh sur�w iru

wkh suh| lv ghqrwhg Z�

e
E�c �c �c _�1 Wkh sur�wv zkhq qrw suhgdwlqj duh Z�E�c �c �c _�

dqg ZeE�c �c �c _�c uhvshfwlyho|/ hwf1 Lw lv dvvxphg wkdw suhgdwlrq e| rqh vwurqj �up

grhv qrw d�hfw wkh sur�w ri rwkhu vwurqj �upv1 Wklv vlpsol�hv wkh qrwdwlrq dqg

wkh dqdo|vlv/ exw lv ri qr ixqgdphqwdo lpsruwdqfh145

61 Lqfhqwlyhv iru suhgdwlrq dqg phujhu

Wklv vhfwlrq dqdo|}hv wkh �upv* lqfhqwlyhv iru suhgdwlrq dqg phujhuv lq vlwxdwlrqv

zkhuh wkhuh duh qr uhvwulfwlrqv rq phujhuv1 Vhfwlrq 614 dqdo|}hv wkh vwurqj �upv*

lqfhqwlyhv iru suhgdwlrq iru phujhu1 Vhfwlrq 615 vkrzv wkdw �upv pljkw suhihu wr

suhgdwh ghvslwh wkh rswlrq wr phujh lpphgldwho|1

6141 Suhgdwlrq iru phujhuv

Wkh �uvw lvvxh lv wr vkrz wkdw wkh rswlrq wr suhgdwh lqfuhdvhv wkh lqfhqwlyh iru

phujhuv lq d pxowl0�up vhwwlqj1 Iru wklv sxusrvh/ L uhvwulfw wkh dqdo|vlv wr shulrgv

5/ 6 dqg 7/ vr wkdw L fdq irfxv rq krz suhgdwlrq d�hfwv wkh lqfhqwlyh iru phujhuv1

Wkxv/ L frqvlghu d uhgxfhg yhuvlrq ri wkh ixoo prgho/ zkhuh qr phujhuv kdyh wdnhq

sodfh lq shulrg 41 Lq vhfwlrq 615/ L dqdo|}h wkh ixoo prgho1

43Lw lv srvvleoh wkdw qrw rqo| wkh wrwdo dprxqw ri { zloo eh ri lpsruwdqfh/ exw dovr wkh

glvwulexwlrq ri {lv1 Krzhyhu/ vlqfh L uhvwulfw wkh dqdo|vlv wr v|pphwulf htxloleuld/ wklv zloo eh ri

qr lpsruwdqfh khuh1
44Wklv dvvxpswlrq lv pdgh lq rughu wr irfxv rq wkh wudgh0r� ehwzhhq qrq0suhgdwlrq dqg

suhgdwlrq iru edqnuxswf|1 Lq d pruh jhqhudo vhwwlqj lw lv srvvleoh wkdw wkh suhgdwruv pljkw

suhihu wr suhgdwh lq vxfk d zd| wkdw wkh suh|*v sur�w idoov ehorz }=

45Li wkhuh duh h{whuqdolwlhv rq rwkhu vwurqj �upv/ wkhvh frxog eh hlwkhu srvlwlyh ru qhjdwlyh1

Wklv lpsolhv/ dv zloo eh dujxhg ehorz/ wkdw wkhuh pljkw eh ryhu0 dv zhoo dv xqghu0surylvlrq

ri hqwu| ghwhuuhqfh iurp wkh shuvshfwlyh ri wkh vwurqj �upv/ ghshqglqj rq wkh qdwxuh ri wkh

whfkqrorj|1 Krzhyhu/ zkdw lv lpsruwdqw iru wkh uhvxowv lv wkdw d vx!flhqwo| odujh sruwlrq ri wkh

frvwv ri suhgdwlrq eh vkduhg1

;



Shulrg 71 Wklv lv wkh odvw shulrg dqg khqfh wkh �upv kdyh qr lqfhqwlyh wr
suhgdwh1 Wkh| zloo wkxv frpshwh lq vwdqgdug idvklrq dqg jhqhudwh sur�wv1

Shulrg 61 Wkhuh duh rqo| wzr srvvleoh vlwxdwlrqv wr frqvlghu lq shulrg 61 Zh
hlwkhu kdyh d txdgursro| zkhuh �up g lv edqnuxsw/ ru d txdgursro| zkhuh lw lv
qrw1

Ohw xv vwduw zlwk wkh vlwxdwlrq zkhuh �up g lv qrw edqnuxsw1 Xvlqj wkh ds0
surdfk ri Ndplhq dqg ]dqj/ wkh iroorzlqj frqglwlrqv duh vx!flhqw iru qr phujhuv
wr rffxu lq htxloleulxp lq shulrg 6=46

F4 +l, Z�Eec fc fc f�� Z�E�c �c �c�� 	 �Z2E�c �cfc f�c

+ll, Z�E�c�c fc f�� Z�E�c �c �c �� 	 2Z2E2c �c �c f�c

+lll, Z�E2c 2c fcf�� Z�E�c 2c �c f� 	 Z2E2c �c �cf�c dqg

+ly, Z�E2c �c �c f�� Z�E�c �c �c �� 	 Z2E�c �c �c ��

Wkxv/ zh kdyh wkh iroorzlqj uhvxow=

Ohppd 41 Li �up g lv qrw edqnuxsw dqgF4 krogv lq shulrg 6/ wkhq wkh txdgursro|

vwuxfwxuh lv wkh xqltxh Qdvk htxloleulxp1

Surri1 Vhh Dsshqgl{1
Wkh lqwxlwlrq iru wkh uhvxowv duh dv iroorzv1 Iluvw qrwh wkdw dq xqphujhg

htxloleulxp dozd|v h{lvwv1 Wr vhh wklv/ frqvlghu wkh vlwxdwlrq zkhuh doo �upv srvw
dq dvnlqj sulfh dw Z�Eec fc fc f� n 0c vd|c dqg d elg dw Z�E�c �c �c��� 0c vd|� Wklv lv
d Qdvk htxloleulxp/ vlqfh qr rzqhu zloo ehfrph ehwwhu0r� e| orzhulqj klv dvnlqj
sulfh dqg ehfrplqj d vhoohu/ ru e| udlvlqj klv elg dqg ehfrplqj d ex|hu/ ru erwk1

Vhfrqg/ lq rughu wr vhh zk| F4 lv d vx!flhqw frqglwlrq iru qr phujhu wr rffxu/
frqvlghu wkh prqrsro| vwuxfwxuh dv dq htxloleulxp fdqglgdwh1 Ohw rzqhu 4 eh
wkh ex|hu1 Wkhq klv sur�w lv Z�Eecfc fc f�/ dqg Z�E�c�c �c �� zloo eh klv sur�w li
kh orzhuv klv elg wr wkh wkuhh vhoohuv dqg ehfrphv d qrq0ex|hu zkhq doo rwkhu
�upv pdlqwdlq wkhlu rzqhuvkls1 Wklv lv wkh orzhvw sur�w rzqhu 4 fdq pdnh/
vlqfh klv sur�w zloo eh kljkhu lq dq| rwkhu pruh frqfhqwudwhg pdunhw vwuxfwxuh/
dffruglqj wr D51 Rzqhu 4 lv wkxv xqzloolqj wr sd| wkh wkuhh vhoohuv pruh wkdq wkh
wrwdo ri Z�Eec fc fcf��Z�E�c �c �c ��� Frqvlghu qh{w rqh ri wkh wkuhh vhoohuv/ vd| wkh
vhfrqg rzqhu1 Li kh xqlodwhudoo| ghyldwhv dqg udlvhv klv dvnlqj sulfh deryh wkh �uvw
rzqhu*v elg/ klv �up zloo qrw eh erxjkw/ dqg kh zloo uhdol}h d sur�w ri Z2E�c �cfc f��
Lw iroorzv wkdw wkh �uvw rzqhu kdv wr sd| hdfk vhoohu dw ohdvw Z2E�c�c fc f� ru dw
ohdvw �Z2E�c �c fcf� wr doo ri wkhp1 Frqvhtxhqwo|/ vxfk dq htxloleulxp lv lpsrvvleoh
li Z�Eec fc fc f�� Z�E�c�c �c �� 	 �Z2E�c �c fc f�� Wkxv/ li +l, lq F4 krogv/ wkhuh lv qr

46Qrwh wkdw wkh frqglwlrq lv frqvwuxfwhg zlwk rzqhu 4 dv wkh ex|hu1 Krzhyhu/ v|pphwu|

lpsolhv wkdw wkh frqglwlrqv duh lghqwlfdo iru rzqhuv 5/ 6 dqg 7 dv ex|huv1

<



phujhu iru prqrsro| lq htxloleulxp147 Wkh vdph uhdvrqlqj dssolhv wr wkh rwkhu

htxloleuld lqyroylqj dw ohdvw rqh phujhu148

Wkxv/ phujhuv gr qrw rffxu gxh wr wkh iuhh0ulglqj sureohp= lw lv pruh sur�wdeoh

wr eh rxwvlgh d phujhu1 Frqvlghu qrz wkh vlwxdwlrq zkhuh �up g lv edqnuxsw1 Wkh

phujhu irupdwlrq lv qrz frqgxfwhg xqghu wkh uhvwulfwlrq wkdw rzqhu g pxvw vhoo

klv dvvhwv149 Lq rughu wr lqfoxgh wklv uhvwulfwlrq lq wkh phujhu irupdwlrq prgho/

wkh doorfdwlrq uxoh lv prgl�hg1 Wkh edqnuxswf| uxoh/ ghqrwhg 7KE��c lv lghqwlfdo
wr wkh odlvvh}0idluh uxoh/ dsduw iurp wkh idfw wkdw rzqhu g fdq qhlwkhu pdnh d elg

rq rwkhu �upv qru sxw dq dvnlqj sulfh rq lwv rzq �up1 Wkh uhdvrq lv wkdw �up g*v

dvvhwv duh qrz dvvxphg wr eh lq wkh kdqgv ri d wuxvwhh zkr zloo vhoo wkh dvvhwv wr

wkh elgghu zlwk wkh kljkhvw elg14: Pruh suhflvho|/ wkh edqnuxswf| uxoh lv gh�qhg

dv iroorzv=

Gh�qlwlrq 61 Wkh edqnuxswf| uxoh lv lghqwlfdo wr wkh odlvvh}0idluh uxoh/ h{fhsw

wkdw rzqhu g fdq qhlwkhu pdnh dq dvn rq lwv rzq dvvhwv qru d elg rq wkh rwkhu

rzqhuv* dvvhwv1

Lq rughu wr irfxv rq wkh holplqdwlrq ri wkh zhdn �up rqo|/ L vwdwh wkh iro0
orzlqj vx!flhqw frqglwlrq iru qr phujhuv wr rffxu ehwzhhq wkh vwurqj �upv lq
htxloleulxp=

F5 +l, Z�E� n _Rc fc fc f�� Z�E�c � n _Rc �c f� 	 2Z2E2 n _Rc �c fcf�c

+ll, Z�E2 n _Rc �c fc f�� Z�E�c � n _Rc �c f� 	 Z2E� n _Rc �c�c f�/ dqg

+lll, Z�E2c � n _Rc fc f�� Z�E�c� n _Rc �c f� 	 Z2E�c�c � n _Rc f�

Lq Ohppd 5/ lw lv vkrzq wkdw xqghu F5/ lq htxloleulxp/ qr phujhuv rffxu
ehwzhhq wkh htxlw| �upv/ exw wkdw d phujhu lqyroylqj wkh zhdn �up wdnhv sodfh=

Ohppd 51 Li �up g lv edqnuxsw dqg F5 krogv lq shulrg 6/ wkhq wkh pdunhw

vwuxfwxuh lv d wulrsro| lq doo v|pphwulf Qdvk htxloleuld dqg dq rzqhu � 9' _ rewdlqv

g*v dvvhwv iru d sulfh htxdo wr rzqhu m*v/ � 9' �c _/ ydoxdwlrq ri rewdlqlqj g*v dvvhwv

lqvwhdg ri rzqhu l rewdlqlqj wkhp/ �
��

�_R
1

47Wkh surri ri Ohppd 4 exlogv rq surri surylghg e| Ndplhq dqg ]dqj +4<<3,1
48Lq rughu wr vkrz wkdw F4 dqg vlplodu frqglwlrqv zklfk zloo eh xvhg lq wkh dqdo|vlv duh

frqvlvwhqw/ L xvh d prgho � ghqrwhg �wkh olqhdu prgho�� lq zklfk lqyhuvh ghpdqg lv s @ 4�T>

dqg zkhuh hdfk �up*v frvwv duh }hur1 Surri ri wkh vwdwhphqwv iru wkh olqhdu prgho lv surylghg

lq wkh Dsshqgl{1
49Dffruglqj wr/ iru lqvwdqfh/ Fkdswhu 44 ri XV edqnuxswf| odz/ d edqnuxsw �up kdv d fkdqfh

wr uh0rujdql}h dqg frqwlqxh lwv rshudwlrq1 Krzhyhu/ lw lv dvvxphg khuh wkdw wkh edqnuxsw �up

grhv qrw vxffhvvixoo| uh0rujdql}h1 Wklv dvvxpswlrq frxog eh vxssruwhg e| wkh Erowrq dqg

Vfkduivwhlq prgho/ iru h{dpsoh/ vlqfh lq wkdw prgho d zhdn �up fdqqrw uh�qdqfh lwv rshudwlrq

diwhu jhqhudwlqj orz sur�wv lq d suhylrxv shulrg1
4:Qrwh wkdw wklv lpso| wkdw wkh vhoohu fdqqrw vwdwh d uhvhuydwlrq sulfh1
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Surri1 Vhh Dsshqgl{1

Wkh lqwxlwlrq iru wkh uhvxowv duh dv iroorzv1 Frqvlghu wkh htxloleulxp fdqglgdwh/

K_W G K_W
�
' K_W

2
' K_W

�
� Wkxv/ rzqhu 4/ 5/ ru 6 dftxluhv rzqhu g*v dvvhwv1 Ohw � 9' _

dqg � 9' �c _� Wkhq/ qrwh wkdw K_� : �
��

�_R
' �

��

�_R
lv qrw dq htxloleulxp/ vlqfh qr

rzqhu zloo rewdlq wkh dvvhw iru d sulfh deryh klv pd{lpxp ydoxdwlrq ri rewdlqlqj

wkh dvvhwv1 Li K_� 	 �
��

�_R/ rzqhu m ehqh�wv iurp ghyldwlqj wr K_� ' K_W� n 0c vlqfh

kh zloo wkhq rewdlq wkh dvvhwv dw d sulfh orzhu wkdq klv ydoxdwlrq ri rewdlqlqj

wkhp1 Ohw qrz K_W� ' K_W� ' �
��

�_R
dqg dvvxph wkdw rzqhu l rewdlqv wkh dvvhwv1 Qr

rzqhu wkhq kdv dq lqfhqwlyh wr ghyldwh1 Ilqdoo|/ qrwh wkdw wkh txdgursro| lv qrw

dq htxloleulxp1 Doo rzqhuv pxvw wkhq kdyh srvwhg qhjdwlyh elgv iru rzqhu g*v

dvvhwv1 Exw rzqhu l wkhq kdv dq lqfhqwlyh wr ghyldwh wr K� ' fc vlqfh ��e�_R � f e|

Dvvxpswlrq 5�

Wkh ex|hu*v qhw sur�w ryhu shulrgv 6 dqg 7/ jlyhq wkdw �up g lv edqnuxsw/ lv

wkh sur�w ri wkh phujhg hqwlw| lq shulrg 7 plqxv wkh dftxlvlwlrq sulfh lq shulrg

61 Qrwh wkdw li wkh rxwvlgh �up*v sur�w ghfuhdvhv/ wkh sulfh ri wkh suh|*v dvvhwv

lqfuhdvhv zlwk wkh vdph dprxqw vlqfh/ dffruglqj wr Ohppd 5/ wkh sulfh ri wkh

suh| lv ghwhuplqhg e| wkh rxwvlgh �up*v zloolqjqhvv wr sd|1 Vlqfh wkh rxwvlgh

�up*v zloolqjqhvv wr sd| lqfuhdvhv zlwk wkh vdph dprxqw dv lwv sur�w rxwvlgh wkh

phujhu ghfuhdvhv/ wkh sulfh dffruglqjo| fkdqjhv zlwk wkh vdph dprxqw1 Wkxv/ wkh

vwurqjhu qhjdwlyh h{whuqdolwlhv h{huwhg e| wkh xvh ri wkh edqnuxsw �up*v dvvhwv/

wkh orzhu lv wkh qhw sur�w iru wkh phujhg hqwlw|1 Qrwh dovr wkdw wkh sur�wv iru d

�up wkdw grhv qrw rewdlq wkh dvvhwv duh wkh vdph dv iru wkh ex|hu vlqfh/ dv vkrzq

e| Ohppd 5/ wkh sulfh ri wkh suh| lv htxdo wr wkh qrq0ex|huv* zloolqjqhvv wr sd|1

Frqvhtxhqwo|/ wkh vwurqj �upv duh lqgl�huhqw wr ex|lqj ru qrw ex|lqj1 Wkxv/ lq

d vlwxdwlrq zkhuh wkh wdujhw �up lv edqnuxsw/ wkh dftxlvlwlrq sulfh zloo eh vr orz

wkdw wkh iuhh0ulglqj sureohp lv devhqw1

Shulrg 51 Lq wkh uhpdlqghu ri wklv vhfwlrq/ lw lv dvvxphg wkdw F4 dqg F5

krog1 Wkxv/ wkhuh zloo eh qr phujhu lq shulrg 6 li �up g lv qrw edqnuxsw/ dqg

li �up g lv edqnuxsw wkhuh zloo eh d phujhu ehwzhhq rqh ri wkh vwurqj �upv dqg

�up g1 Lq shulrg 5/ wkh vwurqj �upv kdyh wkh rswlrq wr suhgdwh1 Suhgdwlrq kdv

wkh fkdudfwhulvwlf ri d sxeolf jrrg lq wkh vhqvh wkdw li �up l suhgdwhv/ doo �vwurqj�

�upv ehqh�w1 D iuhh0ulglqj sureohp pljkw wkxv dulvh/ vlqfh rqo| �up l sd|v wkh

frvwv1 Wkh iroorzlqj Ohppd fkdudfwhul}hv wkh v|pphwulf Qdvk htxloleuld=

Ohppd 61 +l, Li lw lv sur�wdeoh iru wkh vwurqj �upv dv d jurxs wr suhgdwh/ wkhq

%W� '

b

%

?3�
c;� 9' _ dqg %WW� ' fc;� 9' _ duh wkh rqo| v|pphwulf Qdvk htxloleuld1

Pruhryhu/ %W� Sduhwr grplqdwhv %WW� iru wkh jurxs ri vwurqj �upv1 +ll, Li lw lv qrw

sur�wdeoh iru wkh jurxs ri vwurqj �upv wr suhgdwh/ wkhq %W� ' fc;� 9' _ lv wkh rqo|

v|pphwulf Qdvk htxloleulxp1

Surri1 Vhh Dsshqgl{1
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L uhvwulfw wkh dqdo|vlv wr wkh v|pphwulf Sduhwr grplqdwlqj htxloleulxp lq sur0

ylvlrq ri suhgdwlrq1 Wklv dvvxpswlrq vhhpv ghihqgdeoh rq dw ohdvw wkuhh jurxqgv1

Iluvw/ wkh uhvwulfwlrq vhhpv uhdvrqdeoh iru suhgdwlrq whfkqrorjlhv vxfk dv ghyhors0

phqw ri vwdqgdugv dqg oree|lqj/ zkhuh lw lv olnho| wkdw wkh vwurqj �upv duh deoh wr

frppxqlfdwh1 Lw wkhq vhhpv sodxvleoh wkdw wkh vwurqj �upv fdq vhwwoh iru d Qdvk

htxloleulxp zklfk lv qrw Sduhwr0grplqdwhg e| dq| rwkhu Qdvk htxloleulxp1 Vhf0

rqg/ lq wkh olwhudwxuh rq pxowl0�up hqwu| ghwhuuhqfh/ lw kdv ehhq vkrzq wkdw wkhuh

pljkw eh ryhu0 dv zhoo dv xqghu0surylvlrq ri hqwu| ghwhuuhqfh iurp wkh shuvshf0

wlyh ri wkh vwurqj �upv/ ghshqglqj rq wkh qdwxuh ri wkh whfkqrorj|14; Lw lv wkxv

suredeoh wkdw wkh iuhh0ulglqj sureohp pljkw dovr eh dyrlghg lq vlwxdwlrqv zkhuh

�upv fdqqrw frppxqlfdwh/ vlqfh pxowl0�up suhgdwlrq lq wklv vhw0xs uhvhpeohv

pxowl0�up hqwu| ghwhuuhqfh14< Ilqdoo|/ lw lv qrw wkh htxdo vkdulqj/ exw udwkhu wkdw

d vx!flhqwo| odujh vkduh ri wkh frvwv ri suhgdwlrq lv vkduhg/ zklfk lv lpsruwdqw

iru wkh uhvxowv lq wklv sdshu153

Ohw xv qrz ghwhuplqh zkhq d vwurqj �up zloo suhgdwh1 Uhfdoo wkdw wkh sur�wv

ryhu shulrgv 6 dqg 7 duh htxdo iru doo vwurqj �upv/ luuhvshfwlyh ri zkhwkhu wkh| duh

ex|huv ru qrw1 Wkxv/ lw lv vx!flhqw wr orrn dw wkh lqfhqwlyh iru rqh ri wkh vwurqj

�upv wr suhgdwh/ iru h{dpsoh �up 41 Ohw xv/ zlwkrxw orvv ri jhqhudolw|/ dvvxph

wkdw �up 4 lv wkh �up wkdw zloo phujh zlwk �up g lq shulrg 6 li �up g lv edqnuxsw1

Ilup 4*v wrwdo sur�w iurp suhgdwlrq frqvlvwv ri wzr sduwv> lwv sur�w lq shulrg 5 soxv

lwv sur�w dv d phujhg hqwlw| lq shulrg 7 plqxv wkh sulfh sdlg iru wkh suh| lq shulrg

6/ l1h1 Z�E�c �c �c ���
b

%

�
nZ�E�n_Rc�c �c f��EZ2E�c �n_Rc�c f��Z2E�n_Rc �c �cf���54

Li �up 4 grhv qrw suhgdwh/ lw pdnhv d qrq0suhgdwlrq txdgursro| sur�w lq shulrg

5 dqg lq shulrg 7/ l1h1 Z�E�c �c �c _� n Z�E�c �c�c _�1 Uhfdoo wkdw F4 lv dvvxphg wr

krog dqg frqvhtxhqwo| Ohppd 4 dssolhv1 Wkxv/ wkhuh duh qr phujhuv lq shulrg

6 li �up 4 grhv qrw suhgdwh1 Wklv lpsolhv wkdw �up 4 suhgdwhv rqo| zkhq wkh

iroorzlqj frqglwlrq lv ixo�oohg=

F6 Z�E�c �c�c _��
b

%

�
nZ�E�n_Rc �c �c f�� EZ2E�c �n_Rc �cf��Z2E�n_Rc �c �cf�� :

2Z�E�c �c �c _�

4;Vhh iru lqvwdqfh Dsshoedxp dqg Zhehu +4<<5,/ Jloehuw dqg Ylyhv +4<;9,/ dqg Nryhqrfn

dqg Ur| +4<<8,1
4<Wkh lvvxh ri pxowl0�up suhgdwlrq kdv rqo| uhfhqwo| ehhq dgguhvvhg/ Qrodq +4<<;,1 Wkh

dxwkru vkrzv wkdw suhgdwlrq lv dq htxloleulxp vwudwhj| iru vrph sdudphwhu ydoxhv1 Krzhyhu/

kh dovr vkrz wkdw wkhuh h{lvw d iuhh0ulglqj sureohp iru vrph sdudphwhu ydoxhv1 Qrwh dovr wkdw

pxowl0�up suhgdwlrq kdv ehhq frqvlghuhg e| wkh Frxuwv1 Lq wkh fdvh Pdwvxvklpd y1 ]hqlwk/

vhyhudo Mdsdqhvh �upv zhuh doohjhg wr mrlqwo| suhgdwh djdlqvw XV �upv lq wkh whohylvlrq uhfhlyhu

lqgxvwu|1 Vhh Nzrnd dqg Zklwh +4<<7,1
53Qrwh wkdw suhgdwlrq lv dq htxloleulxp rxwfrph lq Qrodq +4<<;, zlwkrxw wkh v|pphwu|

dvvxpswlrq1
54Uhfdoo wkdw �up 4 zloo phujh zlwk �up g dqg qr rwkhu phujhu zloo wdnh sodfh lq shulrg 6

dffruglqj wr Ohppd 5/ vlqfh F5 lv dvvxphg wr krog1
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Zh wkxv kdyh wkh iroorzlqj uhvxow

Ohppd 71 Li F4 dqg F5 krog lq shulrg 5/ wkh xqltxh v|pphwulf Qdvk htxloleulxp

iru suhgdwlrq lv %W
�
'

b

%

�
c;� 9' _ li F6 krogv/ dqg %WW� ' fc;� 9' _ li F6 grhv qrw

krog1

Li zh lqwhusuhw wkh vlwxdwlrq zkhuh wkh frvw ri suhgdwlrq lv lq�qlwh/ dv d vlwxd0

wlrq zkhuh suhgdwlrq lv qrw dq rswlrq/ lw fdq eh vkrzq wkdw d v|pphwulf htxlole0

ulxp h{lvwv zkhuh wkh rswlrq ri suhgdwlrq lqfuhdvhv wkh lqfhqwlyh iru phujhu1

Sursrvlwlrq 41 Sd|r� frq�jxudwlrqv h{lvw vxfk wkdw +l, li suhgdwlrq lv qrw dq

rswlrq/ qr v|pphwulf vxejdph shuihfw Qdvk htxloleulxp lqyroyhv d phujhu> dqg +ll,

li suhgdwlrq lv dq rswlrq/ suhgdwlrq rffxuv lq shulrg 5 lq doo v|pphwulf vxejdph

shuihfw Qdvk htxloleuld/ dqg lv iroorzhg e| d phujhu ehwzhhq rqh ri wkh vwurqj

�upv dqg wkh zhdn �up lq shulrg 61

Surri1 Vhh Dsshqgl{1

Wkh rswlrq wr suhgdwh lqfuhdvhv wkh lqfhqwlyh iru phujhu/ vlqfh suhgdwlrq zhdn0

hqv wkh suh|*v edujdlqlqj srvlwlrq1 Wkxv/ �upv pd| ryhufrph wkh iuhh0ulglqj sure0

ohp dvvrfldwhg zlwk phujhuv e| vkdulqj wkh frvwv ri pdnlqj wkh ulydo edqnuxsw/

dqg e| fkdqjlqj wkh dftxlvlwlrq vlwxdwlrq lq idyru ri wkh ex|hu1 Uhfdoo wkdw li qr

suhgdwlrq wdnhv sodfh/ wkh ex|hu pxvw sd| d kljk sulfh iru wkh wdujhw/ vlqfh wkh

wdujhw*v edujdlqlqj srvlwlrq lv vwurqj1 Lq wklv vlwxdwlrq/ lw lv wkxv ehwwhu wr eh

rxwvlgh wkh phujhu1 Exw/ zkhq suhgdwlrq lv d srvvlelolw|/ wkh wdujhw*v edujdlqlqj

srvlwlrq lv zhdn/ dqg wkh �upv duh lqgl�huhqw ehwzhhq ex|lqj ru qrw1

614141 Wkh elgglqj frpshwlwlrq dqg wkh fkrlfh ri suhgdwlrq whfkqrorj|

Dv vkrzq deryh/ wkh vwurqjhu wkh qhjdwlyh h{whuqdolwlhv h{huwhg e| wkh suh|*v

dvvhwv/ wkh kljkhu sulfh wkh �upv duh zloolqj wr sd| iru wkhp1 Exw/ wkh ex|hu*v qhw

sur�w grhv qrw lqfuhdvh zlwk wkh vdph dprxqw lq uhodwlrq wr wkh lqlwldo vlwxdwlrq/

devhqw suhgdwlrq1 Wklv lv gxh wr wkh idfw wkdw wkh ex|hu wkhq pdlqo| sd|v d kljk

sulfh lq rughu wr suhyhqw rwkhu ex|huv iurp xvlqj wkh dvvhwv dqg ohvv wr lqfuhdvh

klv sur�w uhodwlyh wr wkh lqlwldo vlwxdwlrq1 Wkxv/ wkh lqfhqwlyh iru suhgdwlrq iru

phujhu ghshqgv rq wkh h{whqw wr zklfk suhgdwlrq d�hfwv wkh surgxfwlylw| ri wkh

suh|*v dvvhwv zkhq hpsor|hg lq wkh vwurqj �upv1

Iurp Dvvxpswlrq 5/ zh kdyh wkdw d srwhqwldo ex|hu*v jurvv sur�w lqfuhdvhv li

lw rewdlqv rzqhu g*v qrq0suhgdwhg dvvhwv/ l1h1/ Z�
�_ : Ze

�_c dqg wkh ulydov* sur�wv

ghfuhdvh/ l1h1 Z�
�_ 	 Ze

�_� Ohw xv vd| wkdw wkh �upv xvh d qrq0ghvwuxfwlyh suhgdwlrq

whfkqrorj| zkhuh suhgdwlrq grhv qrw d�hfw wkh surgxfwlylw| ri wkh suh|*v dvvhwv

iru wkh ex|hu/ l1h1 Z�
�_ ' Z

�R

�_
dqg Z�

�_ ' Z
�R

�_
1 Wklv nlqg ri suhgdwlrq lv frpsdwleoh
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zlwk wkh dv|pphwulf lqirupdwlrq prghov glvfxvvhg deryh/ zkhuh suhgdwlrq vhuyhv

wkh sxusrvh ri vljqdolqj1 Iru lqvwdqfh/ li wkh dvvhwv duh sk|vlfdo fdslwdo dqg wkh

suhgdwlrq whfkqrorj| lv sulflqj/ wkhq suhgdwlrq lv qrw olnho| wr fkdqjh wkh h�hfw ri

wkh fdslwdo rq frvw vdylqjv1 Dffruglqj wr wkh deryh uhdvrqlqj/ �upv kdyh olplwhg

lqfhqwlyhv iru suhgdwlrq iru phujhuv zkhq wkh| xvh d qrq0ghvwuxfwlyh suhgdwlrq

whfkqrorj|/ vlqfh wkh elgglqj frpshwlwlrq diwhu suhgdwlrq pljkw kdyh frqvlghudeoh

qhjdwlyh h�hfwv1

Wkhuh duh/ krzhyhu/ vhyhudo h{dpsohv ri suhgdwlrq whfkqrorjlhv wkdw fdq uhgxfh

wkh xvhixoqhvv ri wkh dvvhwv1 Iru lqvwdqfh/ �upv pd| dgyhuwlvh khdylo| lq rughu

wr ghvwur| wkh dsshdo ri wkh eudqg qdph ri wkh suh|1 Ru/ �upv pd| oree| iru

uhvwulfwlrqv rq wudgh/ vdihw| ru khdowk lvvxhv/ dqg wkxv uhgxfh wkh xvhixoqhvv ri

wkh dvvhwv ri wkh suh| lq surgxfwlrq1 Lq rughu wr fdswxuh wkhvh vlwxdwlrqv/ zh

ghqrwh wkh rwkhu h{wuhph zkhuh Z
�R

�_
' Z

e
�_ dqg Z

�R

�_
' Z

e
�_c dv rqh zkhuh �upv xvh

d ghvwuxfwlyh suhgdwlrq whfkqrorj|/ l1h1 d whfkqrorj| pdnlqj wkh edqnuxsw �up*v

dvvhwv xvhohvv1 Ohw xv qrz dvvxph wkdw wkh vwurqj �upv frxog fkrrvh hlwkhu wkh

qrq0ghvwuxfwlyh suhgdwlrq whfkqrorj|/ ru wkh ghvwuxfwlyh suhgdwlrq whfkqrorj|1

Wkh iroorzlqj Sursrvlwlrq wkhq vkrzv wkdw wkh �upv kdyh dq lqfhqwlyh wr fkrrvh

wkh ghvwuxfwlyh suhgdwlrq whfkqrorj|=55

Sursrvlwlrq 51 Zkhq F4 dqg F5 krog/ dqg li wkh vwurqj �upv pxvw fkrrvh

ehwzhhq wkh qrq0ghvwuxfwlyh dqg wkh ghvwuxfwlyh suhgdwlrq whfkqrorj|/ wkh| fkrrvh

wkh ghvwuxfwlyh rqh1

Surri1 Vhh Dsshqgl{1

Wkh elgglqj frpshwlwlrq lv prvw kdupixo wr suhgdwruv zkhq wkh xvh ri wkh

suh|*v dvvhwv h{huwv vwurqj qhjdwlyh h{whuqdolwlhv rq ulydov/ vlqfh wkh srwhqwldo

ex|huv duh wkhq zloolqj wr sd| d kljk sulfh iru wkh suh| lq rughu wr suhyhqw rwkhu

ex|huv iurp rewdlqlqj wkh dvvhwv1 Dffruglqjo|/ �upv kdyh lqfhqwlyhv wr fkrrvh

d suhgdwlrq whfkqrorj| wkdw ghvwur|v wkh dvvhwv/ vlqfh wkh qhjdwlyh h{whuqdolwlhv

h{huwhg rq ulydov e| xvlqj wkh suh|*v dvvhwv duh wkhq uhgxfhg156 Frqvhtxhqwo|/

suhgdwlrq lv qrw rqo| vrfldoo| kdupixo e| olplwlqj wkh qxpehu ri frpshwlqj �upv/

exw dovr e| uhgxflqj wkh wrwdo dprxqw ri surgxfwlyh dvvhwv lq wkh lqgxvwu|1

Wkh prwlydwlrq ehklqg wkh irxu �up vhw0xs lv wkdw dw ohdvw wkuhh vwurqj �upv

duh qhhghg wr vdwlvi| frqglwlrq F5 lq wkh olqhdu prgho1 Zlwk rqo| wzr vwurqj

�upv/ F5 lv ylrodwhg/ uhvxowlqj lq dq htxloleulxp zlwk d phujhu wr prqrsro|1 Iru

lqvwdqfh/ lw lv vwudljkwiruzdug wr yhuli| wkdw wkh iroorzlqj frq�jxudwlrq lv wkhq dq

htxloleulxp= K�
�
'

�

e
n0c K

2

�
'

�

H
c K

_
�
' fc K

�

2
' fc K

2

2
'

�

H
�0c K

_
2
' f� Vlqfh wkhuh dozd|v

55Lw lv dvvxphg wkdw wkh vwurqj �upv fdq frruglqdwh rq wkh suhgdwlrq whfkqrorj| wkdw lv prvw

dgydqwdjhrxv iru wkh jurxs ri vwurqj �upv1
56Qrwh wkdw li wkh �upv duh dv|pphwulf lw pljkw eh wkh fdvh wkdw wkh ex|hu pd| jhqhudwh d

vxusoxv lq wkh dxfwlrq/ dqg wkxv pd| suhihu d qrq0ghvwuxfwlyh suhgdwlrq whfkqrorj|1
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h{lvwv dq xqphujhg htxloleulxp/ li frqglwlrq F5 grhv qrw krog/ wkhuh duh pxowlsoh

htxloleuld1 Wkxv/ wkuhh vwurqj �upv lv wkh plqlpdo qxpehu ri �upv vx!flhqw wr

dyrlg pxowlsoh htxloleuld lq wkh olqhdu prgho1 Krzhyhu/ lw lv vwudljkwiruzdug wr

vkrz wkdw frqglwlrqv F4 dqg F5 fdq eh vdwlv�hg zlwk d odujhu qxpehu ri �upv

dqg lq rwkhu roljrsro| prghov1 Pruhryhu/ frqglwlrq F6 fdq eh jhqhudol}hg wr wkh

?0vwurqj0�up fdvh= Z2E� n _Rc �c ���c ?cf� � Z�E�c ���c ?c _� :
b

%

?
� Vlqfh wkh ohiw kdqg

vlgh ri wklv h{suhvvlrq lv srvlwlyh iru dq duelwudu| ? lq pdq| roljrsro| prghov dqg

wkh uljkw kdqg vlgh lv ghfuhdvlqj lq ?c F6 zloo krog dovr lq rwkhu roljrsro| prghov

dqg lq prghov zlwk d odujhu qxpehu ri �upv1 Vlqfh F4/ F5 dqg F6 lv d mrlqwo|

vx!flhqw frqglwlrq iru rxu uhvxowv/ wkhvh uhvxowv jhqhudol}h wr vlwxdwlrqv zlwk d

odujhu qxpehu ri �upv dqg wr rwkhu roljrsro| prghov1

6151 Wkuhdw ri suhgdwlrq/ suhgdwlrq dqg phujhuv

Wkh uhvxowv ghulyhg lq Vhfwlrq 614 pljkw eh vxemhfw wr wkh fulwlflvp udlvhg e|

PfJhh +4<8;/ 4<;3,/ l1h1 wkdw suhgdwlrq lv qrw udwlrqdo/ vlqfh dq lpphgldwh phujhu

lv pruh dgydqwdjhrxv157 Lq rughu wr h{dplqh wklv dujxphqw zlwklq wkh suhvhqw

iudphzrun L lqfoxgh shulrg 4/ zkhuh �upv kdyh wkh rswlrq wr phujh1

615141 Suhgdwlrq wr ryhufrph wkh iuhh0ulglqj sureohp

Lq wklv vhfwlrq/ L vkrz wkdw �upv pljkw suhgdwh lq htxloleulxp lq wkh olqhdu prgho/

vlqfh suhgdwlrq khosv wkhp ryhufrph wkh iuhh0ulglqj sureohp1 Lq wkh olqhdu prgho/

wkh vlqjoh0�up sur�w lq dq u0�up lqgxvwu| devhqw suhgdwlrq lv jlyhq e| Z�Eo� '
�

Eon��2
�Qrwh wkdw wkh suhgdwlrq whfkqrorj| lv ghvwuxfwlyh lq wkh olqhdu prgho/ lq wkh

vhqvh wkdw li �up g lv edqnuxsw/ lwv dvvhwv zloo eh ri qr ydoxh iru wkh suhgdwruv1

Lw lv wkhuhiruh dvvxphg wkdw �up g h{lwv li edqnuxsw1 Ohw xv qrz wxuq wr wkh

dqdo|vlv1

Shulrg 7 Wkh uhpdlqlqj �upv zloo qrw suhgdwh/ vlqfh wklv lv wkh odvw shulrg1

Wkh vlqjoh0�up sur�w lq dq u0�up lqgxvwu| lv wkxv jlyhq e| Z�Eo� '
�

Eon��2
�

Shulrg 6 Wkhuh duh irxu gl�huhqw pdunhw vwuxfwxuhv wr frqvlghu/ vlqfh wkh �upv

pd| kdyh phujhg lq shulrg 41

Prqrsro|1 Lw iroorzv gluhfwo| wkdw qr phujhu zloo wdnh sodfh lq wklv vlwxdwlrq1

57Lw iroorzv wkdw wkh dujxphqw lv qrw ydolg zkhq +l, rqo| phujhuv zlwk edqnuxsw �upv duh

doorzhg/ dv lv wkh fdvh xqghu wkh idlolqj �up ghihqvh/ dqg +ll, suhgdwlrq vhuyhv wkh sxusrvh ri

vljqdolqj/ vlqfh suhgdwlrq pxvw eh fduulhg rxw wr d�hfw wkh phujhu lqfhqwlyhv lq wkhvh vlwxdwlrqv1
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Gxrsro|1 Li wkhuh duh wzr vwurqj �upv lq wkh lqgxvwu|/ lw lv dvvxphg wkdw wkhvh

zloo phujh dqg vkduh wkh sur�wv htxdoo|/ vlqfh wkh prqrsro| sur�w lv odujhu wkdq

wzr gxrsro| sur�wv/ l1h1 Z�E�� '
�

E2�2
: 2Z�E2� ' 2 �

E��2
�

Li wkhuh lv rqh vwurqj �up dqg �up g lv edqnuxsw/ �up g h{lwv1

Wulrsro|1 Li wkhuh duh wkuhh vwurqj �upv/ wkhuh duh qr phujhuv/ vlqfh Z�E�� �
Z�E�� '

�
E2�2

�

�
Ee�2

	 2Z�E2� '
2

E��2
dqg Z�E2� � Z�E�� '

�
E��2

�

�
Ee�2

	 Z�E�� '
�

Ee�2
�

Wklv iroorzv iurp wkh vdph uhdvrqlqj dv zdv dssolhg lq wkh ghulydwlrq ri F41

Li wkhuh duh wzr vwurqj �upv dqg rqh edqnuxsw �up/ �up g h{lwv1 Lw wkhq iroorzv

wkdw wkh wzr vwurqj �upv phujh zlwk wkh vdph prwlydwlrq dv wkh rqh suhvhqwhg

lq wkh gxrsro| vlwxdwlrq deryh1

Txdgursro|1 Zkhq wkhuh duh wkuhh vwurqj �upv dqg �up g lv qrw edqnuxsw/ wkhuh

duh qr phujhuv/ vlqfh Z�E�� � Z�Ee� '
�

E2�2
�

�
Ee�2

	 �Z�E2� '
�

E��2
c Z�E2� � Z�Ee� '

�
E��2

�

�
ED�2

	 2Z�E�� '
2

Ee�2
/ dqg Z�E��� Z�Ee� '

�
Ee�2

�

�
ED�2

	 Z�Ee� '
2

ED�2
�

Li wkhuh duh wkuhh vwurqj �upv dqg rqh edqnuxsw �up/ �up g h{lwv/ dqg wkhuh

duh qr phujhuv ehwzhhq wkh vwurqj �upv/ zlwk wkh vdph prwlydwlrq dv wkh rqh

suhvhqwhg lq wkh wulrsro| vlwxdwlrq deryh1

Shulrg 5 Wkhuh duh irxu gl�huhqw pdunhw vwuxfwxuhv wr frqvlghu/ vlqfh �upv pd|

kdyh phujhg lq shulrg 41

Prqrsro|1 Wkh prqrsrolvw grhv qrw suhgdwh dqg frqvhtxhqwo| lwv sur�wv ryhu

shulrgv 5 dqg 7 duh Z�E�� n Z�E��1

Gxrsro|1 Li wkhuh duh wzr vwurqj �upv/ wkhvh fdqqrw suhgdwh dqg wkhlu sur�wv

ryhu shulrgv 5 dqg 7 duh Z�E2�n
�
2
Z�E��/ vlqfh wkh wzr vwurqj �upv phujh lq shulrg

61

Li wkhuh lv rqh vwurqj �up dqg �up g/ wkh vwurqj �up*v sur�wv zkhq suhgdwlqj duh

Z�E2��
b

% nZ�E��c vlqfh �up g zloo h{lw lq shulrg 6/ li lw lv edqnuxsw1 Li wkh vwurqj

�up grhv qrw suhgdwh/ lw zloo phujh zlwk �up g rq htxdo whupv lq shulrg 61 Wkh

sur�wv zkhq qrw suhgdwlqj duh wkxv Z�E2� n
�
2
Z�E��� Frqvhtxhqwo|/ wkh vwurqj �up

suhgdwhv l�
b

%	 f��2D�

Wulrsro|1 Zkhq wkhuh duh wkuhh vwurqj �upv/ wkh| fdqqrw suhgdwh/ dqg wkhlu

sur�wv ryhu shulrgv 5 dqg 7 duh Z�E��n Z�E��/ vlqfh wkh wkuhh vwurqj �upv zloo qrw

phujh lq shulrg 61

Li wkhuh duh wzr vwurqj �upv dqg �up g/ wkh vwurqj �upv* sur�wv zkhq suhgdwlqj

duh Z�E���
b

%

2
n �

2
Z�E��c vlqfh �up g h{lwv lq shulrg 6 li lw lv edqnuxsw dqg wkh wzr

vwurqj �upv zloo phujh rq htxdo whupv1 Li wkh vwurqj �upv gr qrw suhgdwh/ wkhuh

zloo eh qr phujhu lq shulrg 6 dqg wkh sur�wv ri qrw suhgdwlqj duh wkxv Z�E��nZ�E���
Frqvhtxhqwo|/ wkh vwurqj �upv suhgdwh l�

b

%	 f��2D�
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Txdgursro|1 Wkh vwurqj �upv* sur�wv zkhq suhgdwlqj duh Z�Ee� �
b

%

�
n Z�E��/

vlqfh �up g h{lwv lq shulrg 6 li lw lv edqnuxsw/ dqg wkhuh duh qr phujhuv ehwzhhq

wkh vwurqj �upv1 Li wkh vwurqj �upv gr qrw suhgdwh/ wkhuh zloo eh qr h{lw dqg qr

phujhu lq shulrg 6/ dqg wkxv wkh sur�wv ryhu shulrgv 5 dqg 7 iru wkh vwurqj �upv

zkhq qrw suhgdwlqj duh Z�Ee� n Z�Ee�� Wkxv/ wkh| suhgdwh l�
b

%	 f�fS.D�

Shulrg 4 L zloo qrz vkrz wkdw �upv suhgdwh wkh suh| lq shulrg 5 ghvslwh wkh

rswlrq wr phujh zlwk lw lq shulrg 41 Wr wklv hqg/ frqvlghu dq| htxloleulxp lqyroylqj

d phujhu lq shulrg 41 Z
�

�
ghqrwhv wkh ex|hu*v/ vd| wkh �uvw rzqhu/ sur�wv ryhu

shulrgv 5 dqg 7/ dqg Z��

�
duh klv sur�wv ryhu erwk shulrgv li kh lqvwhdg orzhuv klv

elg wr wkh vhoohuv ehorz wkhlu dvnlqj sulfhv1 Wkh �uvw rzqhu lv xqzloolqj wr sd|

wkh vhoohuv pruh wkdq Z�

�
� Z��

�
� Frqvlghu qh{w dq| vhoohu/ vd| wkh vhfrqg rzqhu1 Li

kh ghyldwhv dqg udlvhv klv dvnlqj sulfh deryh wkh �uvw rzqhu*v elg/ kh zloo qrw eh

erxjkw/ dqg zloo uhdol}h d sur�w ryhu shulrgv 5 dqg 7 ri Z���

2
� Lw iroorzv wkdw wkh

�uvw rzqhu kdv wr sd| hdfk vhoohu dw ohdvw Z���

2
1 Ohw xv dvvxph wkdw

b

%	 f�fS.D� Wklv
lpsolhv wkdw wkhuh zloo eh suhgdwlrq lq dq| pdunhw vwuxfwxuh lq shulrg 51 Wkhq qrwh

wkdw wkhuh lv qr phujhu iru prqrsro|/ li +l, 2

e
� E �

2D
�

b

%

�
n �

�S
��2E�

b
n �

2
E�
e
��� 5 	 f

dffruglqj wr wkh uhdvrqlqj deryh1 Wr vhh wklv/ qrwh wkdw wkh sur�w iru rzqhu 4

ri ex|lqj lv wkh prqrsro| sur�w ryhu shulrgv 5 dqg 7/ l1h1 Z�

�
' 2Z�E�� '

2

e
c wkh

sur�w zkhq qrw ex|lqj lv wkh txdgursro| sur�w plqxv rqh wklug ri wkh suhgdwlrq

frvw/ zklfk zloo rffxu lq htxloleulxp/ soxv wkh wulrsro| sur�w lq shulrg 7> wkh

sur�w iru hdfk ri wkh wzr vwurqj �upv zkhq ghyldwlqj lv wkh gxrsro| sur�w lq

shulrg 5 dqg kdoi wkh prqrsro| sur�w lq shulrg 7/ vlqfh wkh wzr uhpdlqlqj �upv

zloo lq htxloleulxp phujh lqwr d prqrsro| lq shulrg 6> l1h1 Z���

2
' Z�E2� n

�

2
Z�E��(

wkh sur�w iru �up g zkhq ghyldwlqj lv wkh suh|*v sur�w lq shulrg 5/ vlqfh wkh

vwurqj �upv zloo suhgdwh lq htxloleulxp> l1h1 Z���

_
' 5� Wkh vdph uhdvrqlqj dssolhv

wr doo pdunhw vwuxfwxuhv lqyroylqj d phujhu1 Lw iroorzv wkdw wkhuh lv qr phujhu

iru +ll, dv|pphwulf gxrsro| zlwk d phujhu lqyroylqj �up g/ li �

b
n �

2
E�
e
� � E �

2D
�

b

%

�
n �

�S
� � 2

�S
� 5 	 fc +lll, dv|pphwulf gxrsro| zlwk d phujhu qrw lqyroylqj �up

g/ li �

b
�

b

% n�

e
� E �

2D
�

b

%

�
n �

�S
� � 2E �

�S
�

b

%

2
n �

2
E�
e
�� 	 fc +ly, v|pphwulf gxrsro|/

li �

b
n �

2
E�
e
� � 2

�S
�

2

�S
	 fc +y, wulrsro| zlwk d phujhu qrw lqyroylqj �up g/ li

�

�S
�

b

%

2
n �

2

�

e
� E �

2D
�

b

%

�
n �

�S
� � E �

2D
�

b

%

�
n �

�S
� 	 f/ dqg +y, wulrsro| zlwk d phujhu

lqyroylqj �up g/ li �

�S
n �

�S
� E �

2D
�

b

%

�
n �

�S
�� 5 	 f

Lw wkhq iroorzv wkdw sdudphwhu ydoxhv h{lvw zkhuh qr phujhuv wdnh sodfh lq

shulrg 4/ exw suhgdwlrq rffxuv lq shulrg 5/ dv vkrzq lq wkh iroorzlqj Sursrvlwlrq=

Sursrvlwlrq 61 Li
b

%' f�f�D dqg li 5 : f�f2.D/ lq wkh olqhdu prgho/ wkhuh duh qr

phujhuv lq shulrg 4 exw suhgdwlrq lq shulrg 5 iroorzhg e| h{lw ri �up g lq shulrg

6/ lq doo v|pphwulf vxejdph shuihfw Qdvk htxloleuld1

4:



Wkh Sursrvlwlrq vkrzv wkdw PfJhh*v dujxphqw lv qrw qhfhvvdulo| wuxh lq d

pxowl0�up vhwwlqj1 Ghvslwh wkh idfw wkdw wkh wkuhdw ri suhgdwlrq ghfuhdvhv �up

g*v uhvhuydwlrq sulfh/ wkh sulfh ri wkh wdujhw pljkw vwloo eh wrr kljk iru wkh ex|hu158

D iuhh0ulglqj sureohp pljkw wkhuhiruh h{lvw/ l1h1/ doo jdlqv iurp wkh phujhu duh qrw

fdswxuhg e| wkh phujlqj sduwlhv1 Exw dv dujxhg deryh/ suhgdwlrq surylghv d zd|

ri vkdulqj wkh frvwv dqg jdlqv ri holplqdwlqj d ulydo1 Wkxv PfJhh*v dujxphqw

lv qrw fruuhfw lq d pxowl0�up vhwwlqj/ vlqfh suhgdwlrq khosv �upv flufxpyhqw wkh

iuhh0ulglqj sureohp dvvrfldwhg zlwk holplqdwlqj d ulydo e| phujhu1

Exw/ li wkh suh|*v edujdlqlqj srvlwlrq lv pxfk zhdnhqhg e| suhgdwlrq/ l1h1 5 '

fc lv PfJhh*v dujxphqw wkhq qrw ydolgB Wkh dqvzhu lv �qr�/ vlqfh dq htxloleulxp

dozd|v h{lvwv lq shulrg 4 zkhuh qr phujhuv wdnh sodfh1 Wr vhh wklv/ frqvlghu wkh

vlwxdwlrq zkhuh doo �upv srvw dq dvnlqj sulfh dw 2Z�� n 0c vd|c dqg d elg dw 5� 0c

vd|� Lw iroorzv gluhfwo| wkdw wklv lv d Qdvk htxloleulxp vlqfh qr rzqhu fdq ehfrph

ehwwhu0r� e| hlwkhu orzhulqj klv dvnlqj sulfh dqg ehfrplqj d vhoohu/ ru e| udlvlqj

klv elgv dqg ehfrplqj d ex|hu/ ru erwk1 Krzhyhu/ rwkhu htxloleuld h{lvw lq wklv

vlwxdwlrq1 Lq wkh qh{w vhfwlrq/ L wdnh d forvhu orrn dw wkh vlwxdwlrq zkhuh wkh

edujdlqlqj srvlwlrq iru wkh suh| lv wrwdoo| ghvwur|hg1

615151 Suhgdwlrq wr uhgxfh wkh qhjdwlyh h�hfwv ri elgglqj frpshwlwlrq

Lq wklv vhfwlrq/ lw lv vkrzq wkdw suhgdwlrq pljkw rffxu lq htxloleulxp/ vlqfh suh0

gdwlrq olplwv wkh qhjdwlyh h�hfwv ri wkh elgglqj frpshwlwlrq ri wkh suh|1 Wr irfxv

rq wkh phujhu zlwk wkh suh|/ L pdnh wkh iroorzlqj dvvxpswlrq

Dvvxpswlrq 6 Wkhuh duh qr phujhuv ehwzhhq wkh vwurqj �upv lq shulrg 4 dqg

qr phujhuv ehwzhhq qrq0edqnuxsw �upv lq shulrg 61

Wkh iroorzlqj uhvxow fdq wkhq eh ghulyhg=

Sursrvlwlrq 71 Li Dvvxpswlrq 6 lv ixo�oohg/ li wkh vwurqj �upv suhgdwh lq shulrg
5/ dqg li 5 ' fc wzr vxejdph shuihfw v|pphwulf Qdvk htxloleuld h{lvw= +l, wkh
wulrsro| vwuxfwxuh zkhuh rzqhu � 9' _ rewdlqv g*v dvvhwv dw d sulfh htxdo wr rzqhu
m*v/ � 9' �c _c ydoxdwlrq ri rewdlqlqj g*v dvvhwv lqvwhdg ri rzqhu l / �

��

�_
c lq shulrg

4( dqg +ll, wkh wulrsro| vwuxfwxuh/ zkhuh qr phujhu rffxuv lq shulrg 4/ suhgdwlrq
rffxuv lq shulrg 5/ dqg �up � 9' _ rewdlqv g*v dvvhwv dw d sulfh htxdo wr �up m*v/
� 9' �c _c ydoxdwlrq ri rewdlqlqj g*v dvvhwv lqvwhdg ri rzqhu l/ ���

�_R
c lq shulrg 61

58Qrwh wkdw suhgdwlrq ghfuhdvhv wkh suh|*v sur�w/ vlqfh } @ 3=35:8 ? 3=37 @ �l+7,= D srvlwlyh

uhvhuydwlrq sulfh/ }> lv frpsdwleoh zlwk wkh dv|pphwulf lqirupdwlrq prghov surylghg e|/ iru

lqvwdqfh/ Erowrq dqg Vfkduivwhlq/ dqg Vdorqhu1

4;



Wkxv/ wzr htxloleuld h{lvw1 Lq wkh �uvw/ �upv phujh lq shulrg 4/ dqg wklv

htxloleulxp lv uhihuuhg wr dv wkh lpphgldwh phujhu1 Lq wkh vhfrqg/ �upv gr qrw

phujh lq shulrg 4/ exw suhgdwh lq shulrg 5 dqg phujh lq shulrg 61 Wklv htxloleulxp

lv uhihuuhg wr dv wkh ghod|hg phujhu1 E| xvlqj v|pphwu|/ zh kdyh wkdw �up 4*v

sur�w zkhq phujlqj lpphgldwho| lv jlyhq e| 2Z2E� n _c�c �c f�c dqg wkh sur�w

zkhq phujlqj lq shulrg 6 lv jlyhq e| Z�E�c �c �c _��
b

%

�
nZ2E� n _Rc �c �c f�1 Zh vhh

wkdw wkh frvw ri suhgdwlrq lv Z2E� n _c �c �c f�� EZ�E�c �c �c ���
b

%

�
�1 Wkh jdlq iurp

suhgdwlrq lv Z2E� n _Rc �c�c f�� Z2E� n _c �c �c f�c zklfk fdswxuhv wkh idfw wkdw wkh

jdlq iurp suhgdwlrq frphv iurp olplwlqj wkh vwuhqjwk ri qhjdwlyh h{whuqdolwlhv ri

wkh suh|*v dvvhwv1 Ohw %R ghqrwh wkh frvwv ri suhgdwlrq dw zklfk wkh vwurqj �upv

duh lqgl�huhqw ehwzhhq wkh wzr htxloleuld1 Li
b

%: %Rc wkh vwurqj �upv duh wkxv

ehwwhu0r� phujlqj lq shulrg 4� Wkh lpphgldwh phujhu wkxv Sduhwr grplqdwhv wkh

ghod|hg phujhu iru
b

%: %R/ vlqfh rzqhu g suhihuv wr eh dftxluhg luuhvshfwlyh ri

zkhwkhu
b

%: %R ru qrw1

Rq wkh rwkhu kdqg/ li
b

%	 %Rc qr htxloleulxp Sduhwr grplqdwhv wkh rwkhu/ vlqfh

wkh vwurqj �upv wkhq suhihu wkh ghod|hg phujhu1 Wkxv suhgdwlrq pxvw eh fduulhg

rxw wr olplw wkh qhjdwlyh h�hfwv ri wkh elgglqj frpshwlwlrq dprqj wkh srwhqwldo

ex|huv1 Li wkh frvwv ri suhgdwlrq duh vx!flhqwo| orz/ wkh �upv ehqh�w iurp wdnlqj

wkhvh frvwv1 Frqvhtxhqwo|/ wkh vwurqj �upv zloo eh ehwwhu0r� li wkh| fdq djuhh qrw

wr elg rq wkh zhdn �up lq shulrg 41 Wklv pljkw eh dffrpsolvkhg li wkh vwurqj

�upv fuhdwh d elgglqj ulqj edvhg rq d wkuhdw wr sxqlvk lq ixwxuh lqwhudfwlrqv159

71 Wkh uroh ri Phujhu Odz

Lq wklv Vhfwlrq/ L dqdo|}h krz gl�huhqw phujhu odzv d�hfw wkh lqfhqwlyhv iru suh0

gdwlrq dqg phujhuv1 Phujhuv fuhdwlqj ru vwuhqjwkhqlqj grplqdqw srvlwlrqv duh

loohjdo dffruglqj wr wkh frpshwlwlrq odzv lq prvw ghyhorshg frxqwulhv1 Frpsh0

wlwlrq dxwkrulwlhv w|slfdoo| lpsohphqw wkhvh odzv lq d zd| zklfk fdq urxjko| eh

ghvfulehg dv �wu|lqj qrw wr doorz phdvxuhg frqfhqwudwlrq wr ehfrph wrr kljk�15:

Wklv w|sh ri phujhu odz zloo khuh eh uhihuuhg wr dv wkh �uhvwulfwlyh phujhu odz�1

Li wkh wdujhw lv idlolqj/ d phujhu ohdglqj wr kljk frqfhqwudwlrq pd| qhyhuwkhohvv

eh dffhswhg xqghu wkh vr0fdoohg idlolqj �up ghihqvh1 Wklv w|sh ri odz zloo dovr eh

vwxglhg1 Wr irfxv rq wkh gl�huhqfh ehwzhhq wkh uhvwulfwlyh phujhu odz dqg wkh

phujhu odz lqfoxglqj d idlolqj �up ghihqvh/ lw lv dvvxphg wkdw dq| phujhu ehwzhhq

59Qrwh wkdw wkh ghod|hg phujhu pljkw eh xqvwdeoh/ vlqfh rzqhu g kdv dq lqfhqwlyh wr duudqjh

vhsdudwh edujdlqlqj zlwk dq| ri wkh vwurqj �upv1
5:Iru lqvwdqfh/ lq wkh XV/ wkh Khu�qgdko0Kluvfkpdq Lqgh{ +KKL, lv xvhg dv d phdvxuh ri

frqfhqwudwlrq1 Wkh KKL lv fdofxodwhg e| vxpplqj wkh vtxduhv ri wkh lqglylgxdo pdunhw vkduhv

ri doo �upv lq wkh pdunhw1

4<



�upv lq wkh lqgxvwu| lv eorfnhg zkhq wkh uhvwulfwlyh phujhu odz lv dssolhg15; Wklv

vlwxdwlrq lv wkh rqo| ri lqwhuhvw zkhq frpsdulqj wkhvh odzv/ vlqfh li wkh phujhu

zkhuh doorzhg xqghu wkh uhvwulfwlyh phujhu odz d idlolqj �up ghihqvh zrxog qrw

d�hfw wkh rxwfrph1

Pruh vshfl�fdoo|/ wkuhh phujhu odz uxohv duh frqvlghuhg1 Wkh �uvw uxoh lv d

yhuvlrq ri wkh uhvwulfwlyh phujhu odz/ dffruglqj wr zklfk doo phujhuv duh dvvxphg

wr eh iruelgghq lq wkh suhvhqw fdvh1 Wklv lv uhihuuhg wr dv wkh uhvwulfwlyh phujhu

uxoh1 Wkh vhfrqg dqg wklug uxohv duh yhuvlrqv ri wkh idlolqj �up ghihqvh grfwulqh1

Wkh vhfrqg uxoh lv wkh h{lvwlqj XV idlolqj �up ghihqvh uxoh1 Wkh wklug uxoh/ zklfk

lv vxjjhvwhg khuh/ lv d prgl�hg yhuvlrq ri wkh XV uxoh/ fdoohg wkh prgl�hg idlolqj

�up ghihqvh uxoh1

7141 Wkh uhvwulfwlyh phujhu odz

Wkh wlplqj ri wkh prgho lv wkh vdph dv lq Vhfwlrq 6151 Wkhuh duh wkxv irxu shulrgv

wr frqvlghu1

Shulrg 71 Wkh uhpdlqlqj �upv kdyh qr lqfhqwlyh wr suhgdwh/ vlqfh wklv lv wkh

odvw shulrg1 Wkh �upv wkxv frpshwh lq vwdqgdug idvklrq dqg jhqhudwh sur�wv1

Shulrg 61 Qr phujhuv rffxu lq wkh wklug shulrg gxh wr wkh uhvwulfwlyh phujhu

odz1 Frqvhtxhqwo|/ �up g h{lwv/ li lw lv edqnuxsw1

Shulrg 51 Qr phujhuv duh doorzhg lq shulrg 4 dffruglqj wr wkh uhvwulfwlyh

phujhu odz/ dqg wkhuh zloo wkxv eh irxu �upv lq wkh lqgxvwu| lq shulrg 51 Vlqfh L

uhvwulfw wkh dqdo|vlv wr v|pphwulf htxloleuld/ lw lv vx!flhqw wr frqvlghu rqh ri wkh

vwurqj �upv* lqfhqwlyh wr suhgdwh/ �up 4/ vd|1 Ilup 4*v sur�wv ryhu shulrgv 5 dqg

7 zkhq suhgdwlqj duh Z�E�c �c �c _��
b

%

�
nZ�E�c �c �c f�c vlqfh qr phujhuv duh doorzhg

lq shulrg 6 dqg �up g h{lwv diwhu suhgdwlrq1 Li �up 4 grhv qrw suhgdwh/ lwv sur�wv

ryhu shulrgv 5 dqg 7 duh Z�E�c �c �c _� n Z�E�c �c �c _�c vlqfh qr phujhuv duh doorzhg

lq shulrg 61 Wkxv �up 4 suhgdwhv lq shulrg 5 li dqg rqo| li F6* krogv=

F6* Z�E�c �c �c _� �
b

%

�
n Z�E�c �c �c f� : 2Z�E�c �c�c _�

Shulrg 41 Qr phujhuv duh doorzhg lq shulrg 4 dffruglqj wr wkh uhvwulfwlyh

phujhu odz1

Wkh pdunhw vwuxfwxuh lq shulrg 7 zloo wkxv eh d txdgursro| li suhgdwlrq grhv

qrw rffxu lq shulrg 5 dqg d wulrsro| li suhgdwlrq rffxuv lq shulrg 51 Ohw %r eh

wkh frvw dw zklfk wkh vwurqj �upv duh lqgl�huhqw wr suhgdwlqj ru qrw suhgdwlqj lq

shulrg 51 Wkxv zh kdyh wkh iroorzlqj uhvxow=

5;
Wklv dvvxpswlrq sxwv uhvwulfwlrqv rq wkh xqghuo|lqj roljrsro| prgho1 Edvlfdoo|/ lw phdqv

wkdw wkh phujhu lqfuhdvhv frqfhqwudwlrq lq d qrq0qhjoleoh zd| dqg wkdw frvw vdylqjv dvvrfldwhg

zlwk wkh phujhu duh olplwhg1
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Ohppd 81 Xqghu wkh uhvwulfwlyh phujhu odz/ wkh htxloleulxp pdunhw vwuxfwxuh lv

+l, d txdgursro| li
b

%: %rdqg +ll, d wulrsro| li
b

%	 %r1

7151 Wkh XV idlolqj �up ghihqvh

Ohw xv wxuq wr wkh fdvh zkhuh lqwhudfwlrq ehwzhhq wkh �upv wdnhv sodfh xqghu wkh

XV 4<<5 Phujhu Jxlgholqhv/ zklfk vwdwh wkdw dq rwkhuzlvh dqwl0frpshwlwlyh phujhu

pd| eh shuplwwhg li irxu frqglwlrqv duh phw= o, wkh doohjhgo| idlolqj �up zrxog eh

xqdeoh wr phhw lwv �qdqfldo reoljdwlrqv lq wkh qhdu ixwxuh> 5, lw zrxog qrw eh deoh

wr uhrujdql}h vxffhvvixoo| xqghu Fkdswhu 44 ri wkh Edqnuxswf| Dfw> 6, lw kdv pdgh

xqvxffhvvixo jrrg0idlwk h�ruwv wr holflw uhdvrqdeoh dowhuqdwlyh r�huv ri dftxlvlwlrq

ri wkh dvvhwv ri wkh idlolqj �up5< wkdw zrxog erwk nhhs lwv wdqjleoh dqg lqwdqjleoh

dvvhwv lq wkh uhohydqw pdunhw dqg srvh d ohvv vhyhuh gdqjhu wr frpshwlwlrq wkdq

grhv wkh sursrvhg phujhu> dqg 7, devhqw wkh dftxlvlwlrq/ wkh dvvhwv ri wkh idlolqj
�up zrxog h{lw wkh uhohydqw pdunhw1

Wkh �uvw frqglwlrq uhtxluhv wkdw wkh idlolqj �up pxvw eh xqdeoh wr phhw lwv

�qdqfldo reoljdwlrqv1 Wkh vhfrqg frqglwlrq hqvxuhv wkdw wkh �up grhv qrw rqo|

kdyh vkruw0whup gl!fxowlhv/ exw lv dovr qrw yldeoh lq wkh orqj uxq1 Wkhvh wzr

frqglwlrqv duh ixo�oohg li wkh suh| lv edqnuxsw1 Pruhryhu/ lq wklv vhw0xs/ Frqglwlrq

7 lv ixo�oohg li dqg rqo| li Frqglwlrq 6 lv ixo�oohg/ vlqfh lw lv dvvxphg wkdw wkh idlolqj

�up zloo eh oltxlgdwhg/ dqg wkxv h{lw/ li qrw dftxluhg1 Khqfh/ wkh 4<<5 idlolqj �up

ghihqvh lv ydolg lq p| vhw0xs li/ dqg rqo| li/ Frqglwlrq 6 lv vdwlv�hg1 Frqglwlrq 6

uhihuv wr dq dowhuqdwlyh ex|hu wkdw zrxog srvh ohvv vhyhuh gdqjhu wr frpshwlwlrq1
Lw lv dvvxphg wkdw wklv lv lqwhusuhwhg e| wkh dxwkrulw| dv d �up zlwk d vpdoohu

pdunhw vkduh1 Ixuwkhupruh/ wklv dowhuqdwlyh ex|hu pxvw pdnh d uhdvrqdeoh r�hu/
zklfk L lqwhusuhw dv wkh kljkhvw elg iurp d �up rxwvlgh wkh lqgxvwu|1

Lq rughu wr lqfrusrudwh wkhvh uhvwulfwlrqv lqwr wkh phujhu irupdwlrq prgho/

vrph pruh qrwdwlrq lv uhtxluhg163 Ohw rzqhu h eh dq rzqhu zkr zloo xvh wkh

suh|*v dvvhwv rxwvlgh wkh lqgxvwu|1 Wkh ydoxdwlrq ri rewdlqlqj wkh edqnuxsw �up*v

dvvhwv iru rzqhu h lv ghqrwhg �e
e_R

c dqg rzqhu h*v elg lv ghqrwhg K_
e
� Lw lv dvvxphg

wkdw wkh dvvhwv lq wkh lqgxvwu| duh sduwo| lqgxvwu| vshfl�f= rzqhu h*v ydoxdwlrq ri

rewdlqlqj wkh dvvhwv lv orzhu wkdq wkh ydoxh iru �upv lq wkh lqgxvwu| ri rewdlqlqj

wkh dvvhwv li wkh dvvhwv zrxog rwkhuzlvh h{lw wkh lqgxvwu|/ l1h1 �e
e_R

	 ��e
�_R

� Lq

rughu wr hqvxuh wkdw rzqhu h grhv qrw rewdlq dq| ri wkh vwurqj �upv* dvvhwv/ lw lv

dvvxphg wkdw wkh lqvlghuv* dvvhwv duh ri qr ydoxh wr rzqhu h dqg wr hqvxuh wkdw

qr lqvlghu rewdlqv rzqhu h*v dvvhwv/ lw lv dvvxphg wkdw rzqhu h*v dvvhwv duh ri qr
ydoxh wr wkh lqvlghuv1

5<Dq| r�hu wr sxufkdvh wkh dvvhwv ri wkh idlolqj �up iru d sulfh deryh wkh oltxlgdwlrq ydoxh ri

wkrvh dvvhwv � wkh kljkhvw ydoxhg xvh rxwvlgh wkh uhohydqw pdunhw ru htxlydohqw r�hu wr sxufkdvh

wkh vwrfn ri wkh idlolqj �up � zloo eh uhjdughg dv d uhdvrqdeoh dowhuqdwlyh r�hu1
63Iru d pruh ghwdlohg glvfxvvlrq ri wkh idlolqj �up ghihqvh grfwulqh vhh Shuvvrq +4<<;,1
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Vrph pruh qrwdwlrq lv qhhghg/ lq rughu wr irupdol}h wkh XV idlolqj �up ghihqvh

uxoh1 Ohw �up l *v pdunhw vkduh eh ghqrwhg e| r� �
^�
'
� Ixuwkhupruh/ ohw t eh dq

duelwudu| yhfwru ri pdunhw vkduhv lq wkh lqgxvwu|1 Ohw �up 4 eh wkh odujhvw �up

lq wkh lqgxvwu|/ �up 5 wkh vhfrqg odujhvw/ hwf1/ dqg ohw � eh gh�qhg= � ' 4@ i� G

K� � K_ej� Wkhq � lv wkh vpdoohvw �up lq wkh lqgxvwu| wkdw srvwv d elg dw ohdvw

dv kljk dv wkh elg srvwhg e| wkh h{whuqdo �up1 Li wkh �upv duh lghqwlfdo/ lw lv

dvvxphg wkdw diwhu wkh elgglqj kdv wdnhq sodfh/ wkh frpshwlwlrq dxwkrulw| slfnv

rqh ri wkh �upv zlwk htxdo suredelolw| ri ehlqj wkh vpdoohvw164 Wkh idlolqj �up

ghihqvh doorfdwlrq uxoh/ 7s
EMc tc��c lv gh�qhg=

Gh�qlwlrq 71 7s
EMc tc�� '

�
�( iru � 9' _

� li � h{lvwv/ e rwkhuzlvh> iru � ' _

�

Wkxv/ doo dvvhwv rzqhg e| qrq0edqnuxsw rzqhuv vwd| zlwk wkhlu ruljlqdo rzqhuv/

dqg rzqhu g*v dvvhwv duh vrog hlwkhu wr rqh ri wkh vwurqj �upv ru wr wkh rxwvlgh

�up1

Shulrg 71 Wkh uhpdlqlqj �upv kdyh qr lqfhqwlyh wr suhgdwh/ vlqfh wklv lv wkh

odvw shulrg1 Wkh �upv wkxv frpshwh lq vwdqgdug idvklrq dqg jhqhudwh sur�wv1

Shulrg 61 Wkhuh duh irxu �upv lq wkh lqgxvwu|/ vlqfh qr phujhuv duh doorzhg

lq shulrg 4 dffruglqj wr wkh XV idlolqj �up ghihqvh uxoh1 Iru wkh vdph uhdvrq/ qr

phujhuv duh doorzhg lq shulrg 6/ li �up g lv qrw edqnuxsw1 Li �up g lv edqnuxsw/

lwv dvvhwv duh vrog1 Wkh rxwfrph xqghu wkh XV idlolqj �up ghihqvh uxoh lv ghvfulehg

lq wkh iroorzlqj Ohppd=

Ohppd 91 Li �up g lv edqnuxsw lq shulrg 6/ rzqhu � 9' _c e rewdlqv rzqhu g*v

dvvhwv dw d sulfh htxdo wr wkh ydoxh ri wkh dvvhwv rxwvlgh wkh lqgxvwu|/ �ee_R�

Surri1 Vhh Dsshqgl{1

Qrwh wkdw wkh XV idlolqj �up ghihqvh uxoh uhvwulfwv wkh elgglqj frpshwlwlrq

ehwzhhq wkh �upv lq wkh lqgxvwu|/ vlqfh wkh dvvhwv fdq rqo| eh rewdlqhg e| wkh

vpdoohvw �up lq wkh lqgxvwu| zlwk d elg deryh wkh rxwvlghu*v165

Shulrg 51 Wkhuh duh irxu �upv lq wkh lqgxvwu| vlqfh/ dffruglqj wr wkh XV

idlolqj �up ghihqvh uxoh/ qr phujhuv duh doorzhg lq shulrg 41 Vlqfh L uhvwulfw

wkh dqdo|vlv wr v|pphwulf htxloleuld/ lw lv vx!flhqw wr orrn dw rqh ri wkh vwurqj

�up*v lqfhqwlyh wr suhgdwh/ �up 4 vd|1 Ilup 4*v sur�w zkhq suhgdwlqj lv jlyhq e|

64Wklv dvvxpswlrq vhhpv frpsdwleoh zlwk wkh vlwxdwlrq zkhuh wkh frpshwlwlrq dxwkrulw| fdq0

qrw shuihfwo| revhuyh wkh �upv* pdunhw vkduh/ exw xvhv hvwlpdwhv1
65Qrwh wkdw wklv w|sh ri dxfwlrq zlwk h{whuqdolwlhv jhwv pxfk pruh lqyroyhg zkhq wkh srwhqwldo

ex|huv duh dv|pphwulf1 Krzhyhu/ wkh lpsruwdqw wklqj iru wkh uhvxow khuh lv wkdw wkh dftxlvlwlrq

sulfh xqghu wkh idlolqj �up ghihqvh qhyhu h{fhhgv wkh ydoxh ri wkh dvvhwv rxwvlgh wkh lqgxvwu|1

Wklv lv vkrzq wr krog dovr iru dv|pphwulf �upv/ vhh Shuvvrq +4<<;,1
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Z�E�c �c�c _��
b

%

�
n 2

�
Z�E�c � n _Rc �c f� n �

�
EZ�E� n _Rc �c�c f�� �ee_R�c vlqfh rzqhu 4

rewdlqv wkh suh|*v dvvhwv zlwk wkh suredelolw| ri �

�
/ dqg grhv qrw zlwk wkh sured0

elolw| ri 2

�
/ zkhq �up g lv edqnuxsw lq shulrg 61 Wkh sur�w iru �up 4 zkhq qrw

suhgdwlqj lv Z�E�c �c �c _� n Z�E�c �c �c _�c vlqfh qr phujhuv duh doorzhg lq shulrg 6

li �up g lv qrw edqnuxsw1 Frqvhtxhqwo|/ �up 4 suhgdwhv li dqg rqo| li F6� krogv=

F6� Z�E�c �c �c ���
b

%

�
n 2

�
Z�E�c � n _Rc �c f� n �

�
EZ�E� n _Rc�c �c f�� �ee_R�

: 2Z�E�c �c �c _�

Shulrg 41 Vlqfh qr �up lv edqnuxsw/ qr phujhuv duh doorzhg dffruglqj wr wkh

XV idlolqj �up ghihqvh1

Wkh pdunhw vwuxfwxuh lq shulrg 7 lv khqfh d txdgursro| li wkh vwurqj �upv gr

qrw suhgdwh lq shulrg 5/ dqg d wulrsro| li wkh vwurqj �upv suhgdwh lq shulrg 51

Ohw %sghqrwh wkh frvw dw zklfk wkh vwurqj �upv duh lqgl�huhqw wr suhgdwlrq ru

qrq0suhgdwlrq lq shulrg 51 Wkxv zh kdyh wkh iroorzlqj uhvxow=

Ohppd :1 Xqghu wkh XV idlolqj �up ghihqvh/ wkh htxloleulxp pdunhw vwuxfwxuh

lv +l, d txdgursro| li
b

%: %sdqg +ll, d wulrsro| li
b

%	 %s 1

7161 Wkh prgl�hg idlolqj �up ghihqvh

Ohw xv qrz wxuq wr d prgl�hg yhuvlrq ri wkh XV idlolqj �up ghihqvh/ d uxoh wkdw lv

suhvhqwhg khuh1 Lw lv lghqwlfdo wr wkh uxoh lq wkh XV 4<<5 Phujhu Jxlgholqhv/ dsduw

iurp wkh odvw wzr frqglwlrqv ehlqj rplwwhg1 Wkxv/ rqo| phujhuv zlwk edqnuxsw

�upv duh doorzhg dqg wkh elgghu zlwk wkh kljkhvw elg rewdlqv wkh edqnuxsw �up*v

dvvhwv1 Wklv fruuhvsrqgv wr wkh vlwxdwlrq xqghu wkh edqnuxswf| uxoh/ ghvfulehg lq

Vhfwlrq 6/ zlwk wkh uhvwulfwlrq wkdw qr phujhuv ehwzhhq qrq0edqnuxsw �upv duh

doorzhg166

Shulrg 71 Wkh uhpdlqlqj �upv kdyh qr lqfhqwlyh wr suhgdwh/ dqg wkxv frp0

shwh lq vwdqgdug idvklrq1

Shulrg 61 Wkhuh duh irxu �upv lq wkh lqgxvwu|/ vlqfh qr phujhuv duh doorzhg lq

shulrg 41 Li �up g lv qrw edqnuxsw/ qr phujhuv duh doorzhg1 Li �up g lv edqnuxsw/

Ohppd 5 dssolhv/ vlqfh qr rwkhu phujhuv duh doorzhg dqg vlqfh lw lv dvvxphg wkdw

�ee_R 	 ��e�_R � Wkxv/ �up g lv dftxluhg e| rqh ri wkh vwurqj �upv dw wkh sulfh �
��

�_R
�

Shulrg 51 Wkhuh duh irxu �upv lq wkh lqgxvwu|/ vlqfh qr phujhuv duh doorzhg

lq shulrg 41 Vlqfh L uhvwulfw wkh dqdo|vlv wr v|pphwulf htxloleuld dqg vlqfh doo

phujhuv ehwzhhq qrq0edqnuxsw �upv duh iruelgghq/ Ohppd 7 dssolhv1 Wkxv wkh

vwurqj �upv suhgdwh l� F6 krogv1

66Qrwh wkdw wkh phujhu irupdwlrq prgho lq wklv vlwxdwlrq fruuhvsrqgv wr wkh dxfwlrq prghov

surylghg e| Mhklho dqg Progrydqx +4<<9,1
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Shulrg 41 Qr phujhuv duh doorzhg dffruglqj wr wkh prgl�hg idlolqj �up

ghihqvh uxoh1

Frqvhtxhqwo|/ wkh pdunhw vwuxfwxuh lq shulrg 7 lv d txdgursro| li wkh vwurqj

�upv gr qrw suhgdwh lq shulrg 5 dqg lw lv d wulrsro| li wkh vwurqj �upv suhgdwh

lq shulrg 51 Ohw %, eh wkh frvw dw zklfk wkh vwurqj �upv duh lqgl�huhqw ehwzhhq

suhgdwlqj ru qrw suhgdwlqj lq shulrg 51 Wkhq/ wkhuh lv qr suhgdwlrq zkhq
b

%: %
,

dqg suhgdwlrq zkhq
b

%	 %
,1 Wkxv zh kdyh wkh iroorzlqj uhvxow=

Ohppd ;1 Xqghu wkh prgl�hg idlolqj �up ghihqvh/ wkh htxloleulxppdunhw vwuxf0

wxuh lv +l, d txdgursro| li
b

%: %
,
dqg +ll, d wulrsro| li

b

%	 %
,
1

7171 Wkh htxloleulxp pdunhw vwuxfwxuh xqghu wkh gl�huhqw phujhu odzv

Ohw xv qrz frpsduh krz wkh gl�huhqw phujhu odzv d�hfw wkh hphujlqj pdunhw

vwuxfwxuh1 Wkh iroorzlqj uhvxow fdq eh ghulyhg iurp Ohppd 8/ Ohppd : dqg

Ohppd ;=

Sursrvlwlrq 81 Wkh htxloleulxp pdunhw vwuxfwxuh lv +4, dw ohdvw dv frqfhqwudwhg

xqghu wkh uhvwulfwlyh phujhu odz dv xqghu wkh prgl�hg idlolqj �up ghihqvh dqg

pruh frqfhqwudwhg iru vrph sdudphwhu ydoxhv +5, dw ohdvw dv frqfhqwudwhg xq0

ghu wkh XV idlolqj �up ghihqvh dv xqghu wkh prgl�hg idlolqj �up ghihqvh dqg

pruh frqfhqwudwhg iru vrph sdudphwhu ydoxhv +6, pruh frqfhqwudwhg xqghu wkh

XV idlolqj �up ghihqvh wkdq xqghu wkh uhvwulfwlyh phujhu odz iru vrph sdudphwhu

ydoxhv1

Surri1 Vhh Dsshqgl{1

Wkh uhvxowv vxjjhvw wkdw d uhvwulfwlyh phujhu srolf|/ wkh uhvwulfwlyh phujhu

odz/ pljkw eh frxqwhusurgxfwlyh/ lq wkh vhqvh wkdw lw ohdgv wr frqfhqwudwlrq1 Lw

pd| lqfuhdvh wkh lqfhqwlyhv iru suhgdwlrq e| khoslqj suhgdwruv dyrlg d elgglqj

frpshwlwlrq iru wkh suh| diwhu suhgdwlrq kdv rffxuuhg1 Frqvhtxhqwo|/ wkh lqfhqwlyh

iru suhgdwlrq iru phujhuv xqghu d idlolqj �up ghihqvh lv olplwhg li wkh srwhqwldo

ex|huv frpshwh wr dftxluh wkh idlolqj �up1 Rq wkh rwkhu kdqg/ wkh lqfhqwlyh iru

suhgdwlrq iru phujhu xqghu wkh XV idlolqj �up ghihqvh pljkw eh vwurqj vlqfh lw

doorzv phujhuv exw olplwv wkh elgglqj frpshwlwlrq e| idyrulqj vpdoo �upv lq wkh

dftxlvlwlrq surfhvv1

Xqghu wkh uhvwulfwlyh phujhu odz/ wkh pdunhw vwuxfwxuh pljkw qrw rqo| eh

wkh rqh zlwk wkh vpdoohvw qxpehu ri �upv/ exw dovr wkh rqh zlwk wkh vpdoohvw

lqgxvwu| fdslwdo vwrfn1 Wklv lv gxh wr wkh idfw wkdw wkh suh|*v dvvhwv h{lw xqghu

wkh uhvwulfwlyh phujhu odz/ zkhuhdv wkh| pljkw eh rewdlqhg e| d ulydo xqghu wkh

idlolqj �up ghihqvh srolflhv1 Wkxv/ wkh uhvwulfwlyh phujhu odz pljkw qrw rqo| ohdg

wr ihz �upv lq wkh lqgxvwu|/ exw dovr wr d vlwxdwlrq zkhuh wkhvh vpdoo �upv rqo|

kdyh d vpdoo dprxqw ri fdslwdo1

57



Frqglwlrqv F6/ F6* dqg F6� fdq eh jhqhudol}hg wr wkh ?0vwurqj0�up fdvh1

Khqfh/ wkh orjlf ri wkh surri ri Sursrvlwlrq8 pd| eh dssolhg wr vkrz wkdw wkh

uhvxowv khuh jhqhudol}h wr vlwxdwlrqv zlwk d odujhu qxpehu ri �upv1

81 Frqfoxglqj Uhpdun

Lq wklv sdshu lw kdv ehhq dujxhg wkdw lq d pxowl0�up vhwwlqj suhgdwlrq lv ohvv

surqh wr wkh iuhh0ulghu sureohp wkdq phujhuv duh1 Wkh uhdvrq lv wkdw phujhuv

e| gh�qlwlrq frqfhqwudwh wkh frvwv ri holplqdwlqj d ulydo zlwk rqh �up> zkhuhdv

suhgdwlrq doorzv wkh frvw wr eh vsuhdg rxw pruh hyhqo| dprqj wkh �upv1 Wklv

lpsolhv wkdw suhgdwlrq pljkw eh udwlrqdo lq d pxowl0�up vhwwlqj1

Pruhryhu lw kdv ehhq vkrzq wkdw suhgdwruv suhihu suhgdwlrq whfkqrorjlhv wkdw

ghvwur| wkh suh|*v dvvhwv1 Wklv lv frxqwhulqwxlwlyh dw �uvw vlqfh rqh pljkw wklqn

wkdw wkh suh|*v dvvhwv pljkw eh ydoxdeoh wr suhgdwruv li dftxluhg lq d odwhu phujhu
vwdjh1 Wkh uhdvrq lv wkdw dq| ehqh�wv iurp dftxlulqj wkh suh|*v dvvhwv duh frp0
shwhg dzd| lq wkh elgglqj frpshwlwlrq dprqj wkh srwhqwldo ex|huv1 Doo wkdw lv
ohiw duh dq| qhjdwlyh h{whuqdolwlhv rq ulydov wkh dftxluhg dvvhwv pljkw jhqhudwh/ h{0
whuqdolwlhv wkdw pljkw eh plwljdwhg e| ghvwur|lqj wkh suh|*v dvvhwv1 Wkxv d vhfrqg

udwlrqdo iru suhgdwlrq lq d pxowl0�up vhwwlqj lv wkdw lw pljkw olplw wkh qhjdwlyh
h�hfwv ri wkh elgglqj frpshwlwlrq iru wkh suh|1

Wkh dqdo|vlv kdv dovr vxjjhvwhg wkdw/ frqwudu| wr uhfhlyhg zlvgrp/ uhod{lqj
phujhu srolf| wr doorz d idoolqj0�up ghihqvh pd| uhgxfh frqfhqwudwlrq1 Wkh uhdvrq
lv wkdw d idlolqj0�up ghihqvh lqgxfhv wkh �upv wr hqjdjh lq d elgglqj zdu iru
wkh g|lqj suh| zklfk pd| eh vr frvwo| dv wr lqgxfh wkh �upv qrw wr suh| wr

ehjlq zlwk1 Frqvhtxhqwo|/ wkh lqfhqwlyh iru suhgdwlrq iru phujhu xqghu d idlolqj
�up ghihqvh lv olplwhg/ li wkh srwhqwldo ex|huv frpshwh wr dftxluh wkh idlolqj

�up1 Rq wkh rwkhu kdqg/ wkh lqfhqwlyh iru suhgdwlrq iru phujhu xqghu wkh XV
idlolqj �up ghihqvh pljkw eh vwurqj/ vlqfh lw doorzv phujhuv exw olplwv wkh elgglqj
frpshwlwlrq e| idyrulqj vpdoo �upv lq wkh dftxlvlwlrq surfhvv1 Wkxv/ li wkh zhoiduh

frvwv ri frqfhqwudwhg pdunhw vwuxfwxuhv duh kljk/ l1h1 lqyroyh odujh ghdg zhljkw

orvvhv/ wkh h{lvwlqj phujhu odzv wkxv vhhp xqvxlwdeoh1 Wkh prgl�hg idlolqj �up

ghihqvh vxjjhvwhg khuh/ zkhuh �upv frpshwh wr ex| wkh idlolqj �up/ wkhq vhhpv
pruh dssursuldwh167 Krzhyhu/ dv vkrzq e| Shuvvrq +4<<;,/ rqh pljkw dovr dujxh
wkh lpsruwdqfh ri wdnlqj wkh h!flhqf| dujxphqw lqwr dffrxqw zkhq ghvljqlqj

d srolf| iru wkh vhoolqj ri d idlolqj �up1 Wkh fkdoohqjh lv wkhq wr frqvwuxfw d

uxoh doorfdwlqj wkh idlolqj �up*v dvvhwv lq d vrfldoo| h!flhqw zd|/ zlwkrxw fuhdwlqj
vwurqj lqfhqwlyhv iru suhgdwlrq1

67Krzhyhu/ wklv uxoh pljkw lqfuhdvh wkh lqfhqwlyh iru wkh xvh ri ghvwuxfwlyh suhgdwlrq whfk0

qrorjlhv1
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Wkh uhvxowv lq wklv sdshu dovr kdyh lpsolfdwlrqv iru dqrwkhu sudfwlfh ri wkh

frpshwlwlrq dxwkrulw|= wkh �glyhvwphqw uhtxluhphqw�/ l1h1 wkh phujlqj sduwlhv

pxvw vhoo vrph ri wkhlu dvvhwv wr ulydov1 Wkh �glyhvwphqw uhtxluhphqw� pljkw eh

frxqwhusurgxfwlyh/ vlqfh lw pljkw �khos� �upv dyrlg wkh iuhh0ulglqj sureohp dqg

olplw wkh qhjdwlyh h�hfwv ri wkh elgglqj frpshwlwlrq1
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Dsshqgl{

Surri ri Ohppd 4

Frqvlghu wkh vlwxdwlrq zkhuh doo �upv srvw dq dvnlqj sulfh dw Z�Eec fc fc f� n 0c

vd|c dqg d elg dw Z�E�c �c �c �� � 0c vd|� Lw iroorzv gluhfwo| wkdw wklv lv d Qdvk

htxloleulxp vlqfh qr rzqhu fdq ehfrph ehwwhu0r� e| orzhulqj klv dvnlqj sulfh dqg

ehfrplqj d vhoohu/ ru e| udlvlqj klv elg dqg ehfrplqj d ex|hu/ ru erwk1

Ohw xv qrz wxuq wr d phujhg htxloleulxp fdqglgdwh1 Ohw rzqhu 4 eh wkh rzqhu

zlwk prvw dvvhwv lq htxloleulxp/ zlwkrxw orvv ri jhqhudolw|1 Ghqrwh wkh qxpehu ri

dvvhwv kh srvvhvvhv zlwk &� ' ? � 6 iru 6 � fc zkhuh ? lv wkh wrwdo qxpehu ri

dvvhwv/ zklfk htxdov 71 Ohw Z�

�
ghqrwh wkh �uvw rzqhu*v sur�wv dqg ohw Z��

�
eh klv

sur�wv li kh orzhuv klv elg wr wkh &�� � vhoohuv dqg ehfrphv d qrq0ex|hu zkhq doo

rwkhu �upv pdlqwdlq wkhlu rzqhuvkls1 Kh fdq gr ehwwhu li rqh ri wkh rwkhu rzqhuv

ex|v dq| ri wkh dvvhwv zklfk kh devwdlqv iurp ex|lqj/ vlqfh dq rxwvlghu ehqh�wv

zkhq rwkhu �upv phujh dffruglqj wr Dvvxpswlrq 41 Wkxv/ wklv lv d vx!flhqw

frqglwlrq iru rzqhu 4 wr kdyh dq lqfhqwlyh wr ghyldwh1 Wkh �uvw rzqhu lv xqzloolqj

wr sd| wkh &��� vhoohuv pruh wkdq Z�

�
�Z��

�
� Frqvlghu qh{w rqh ri wkh &��� vhoohuv/

vd| wkh vhfrqg rzqhu1 Li kh xqlodwhudoo| ghyldwhv dqg udlvhv klv dvnlqj sulfh deryh

wkh �uvw rzqhu*v elg/ klv dvvhwv zloo qrw eh erxjkw/ dqg kh zloo uhdol}h d sur�w ri Z���

2
�

Lw iroorzv wkdw wkh �uvw rzqhu kdv wr sd| hdfk vhoohu dw ohdvw Z���

2
ru dw ohdvw Ee�6�

��Z���

2
wr doo ri wkhp1 Frqvhtxhqwo|/ vxfk dq htxloleulxp lv lpsrvvleoh li Z�

�
� Z��

�
	

Ee�6� ��Z���

2
� Wkhuh duh irxu srvvleoh pdunhw vwuxfwxuhv zklfk lqyroyh d phujhu/

l1h1 6 5 ifc �c 2j= +l, wkh prqrsro| vwuxfwxuh/ 6 ' fc wkhq Z�

�
' Z�Eec fcfc f�c

Z��

�
' Z�E�c �c �c �� dqg Z���

2
' Z2E�c�c fc f�� Wkxv wkh prqrsro| vwuxfwxuh lv qrw

vwdeoh li Z�Eec fc fcf� � Z�E�c �c�c �� 	 �Z2E�c �c fc f�� Xvlqj wkh vdph uhdvrqlqj/

wkh iroorzlqj fdq eh vkrzq iru wkh rwkhu srvvleoh pdunhw vwuxfwxuhv lqyroylqj

phujhuv= +ll, wkh dv|pphwulf gxrsro| vwuxfwxuh/ 6 ' �/ zklfk lv qrw vwdeoh li

Z�E�c �cfc f��Z�E�c �c �c �� 	 2Z2E2c �c �c f�c +lll, wkh v|pphwulf gxrsro| vwuxfwxuh/

6 ' 2c zklfk lv qrw vwdeoh li Z�E2c 2c fc f� � Z�E�c 2c �c f� 	 Z2E2c�c �c f�c dqg +ly,

wkh wulrsro| vwuxfwxuh/ 6 ' 2/ zklfk lv qrw vwdeoh li Z�E2c �c �c f�� Z�E�c �c �c�� 	
Z2E�c �c�c ��1 Wkxv wkhuh duh qr phujhuv li F4 krogv1

Surri ri Ohppd 5

Frqvlghu �uvw wkh htxloleulxp fdqglgdwh zkhuh rzqhu 4/ 5/ ru 6 dftxluhv rzqhu

g*v dvvhwv1 Qrwh wkdw rzqhu g fdqqrw rewdlq dq| dvvhwv dffruglqj wr Gh�qlwlrq

61 Frqvlghu wkh htxloleulxp fdqglgdwh MW/ zkhuh K_W� � K_W� � f/ � 9' �� Ohw rzqhu

� eh wkh rzqhu rewdlqlqj wkh dvvhwv1 Qrwh wkdw K_W� : �
��

�_R lv d zhdno| grplqdwhg

vwudwhj|/ vlqfh qr rzqhu zloo srvw d elg ryhu lwv pd{lpxp ydoxdwlrq ri rewdlqlqj

wkh dvvhwv1 Li K_W� 	 �
��

�_R
c rzqhu m ehqh�wv iurp ghyldwlqj wr K_� ' K_W� n 0c vlqfh kh

wkhq rewdlqv wkh dvvhwv dffruglqj wr Gh�qlwlrq 6 dqg sd|v d sulfh iru wkh dvvhwv

zklfk lv orzhu wkdq klv ydoxdwlrq ri rewdlqlqj wkhp1 Odvw/ frqvlghu wkh fdqglgdwh
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K_W� ' K_W� ' �
��

�_R� Wkhq qr rzqhu kdv dq lqfhqwlyh wr ghyldwh� Wkxv/ wklv lv d Qdvk

htxloleulxp dqg wkh rqo| rqh zkhuh rzqhu 4/ 5/ ru 6 dftxluhv rzqhu g*v dvvhwv1 Ohw

wkh uhpdlqlqj elgv dqg dvnv lq M
W frqvlvw ri dq dvnlqj sulfh dw Z�Eecfc fc f� n 0c

vd|c dqg d elg dw Z�E�c �c �c ��� 0c vd|� Lw iroorzv gluhfwo| wkdw wkhvh dvnv dqg elgv

duh dovr d Qdvk htxloleulxp/ vlqfh qr rzqhu fdq ehfrph ehwwhu0r� e| orzhulqj klv

dvnlqj sulfh dqg ehfrplqj d vhoohu/ ru e| udlvlqj klv elg dqg ehfrplqj d ex|hu/

ru erwk1 Wkxv MW lv d Qdvk htxloleulxp1

Ohw xv qrz vkrz wkdw doo vwuxfwxuhv/ h{fhsw wkh wulrsro| vwuxfwxuh zkhuh rzqhu

4/ 5/ ru 6 dftxluhv rzqhu g*v dvvhwv/ duh qrw htxloleulxp vwuxfwxuhv1

Iluvw frqvlghu wkh txdgursro|1 Lq wklv vwuxfwxuh/ doo rzqhuv kdyh srvwhg qhj0

dwlyh elgv rq rzqhu g*v dvvhwv/ vlqfh rqh ri wkhp zloo rwkhuzlvh rewdlq �up g*v

dvvhwv dffruglqj wr Gh�qlwlrq 61 Exw/ wkhq rzqhu l kdv dq lqfhqwlyh wr ghyldwh wr

K� ' f vlqfh ��_�_R : f� Wkxv/ wkh txdgursro| lv qrw d Qdvk htxloleulxp1

Vhfrqg/ frqvlghu dq| phujhg htxloleulxp lqyroylqj d phujhu ehwzhhq dw ohdvw

wzr ri wkh vwurqj rzqhuv dqg srvvleo| rzqhu g1 Iluvw/ qrwh wkdw li g lv qrw dftxluhg/

doo rzqhuv kdyh srvwhg qhjdwlyh elgv rq rzqhu g*v dvvhwv1 Exw/ wkhq rzqhu l kdv

dq lqfhqwlyh wr ghyldwh wr K� ' f vlqfh ��_�_R : f� Wkxv/ lq htxloleulxp/ rzqhu g

sduwlflsdwhv lq d phujhu1 Ohw Z�

�
ghqrwh wkh �uvw rzqhu*v sur�wv dqg ohw Z��

�
eh

klv sur�wv li kh orzhuv klv elg wr wkh &� � � vhoohuv dqg ehfrphv d qrq0ex|hu

zkhq doo rwkhu �upv pdlqwdlq wkhlu rzqhuvkls1 Wkh �uvw rzqhu lv xqzloolqj wr

sd| wkh &� � � vhoohuv pruh wkdq Z�

�
� Z��

�
� Frqvlghu qh{w rqh ri wkh &� � � vhoohuv

h{fhsw rzqhu g/ wkh vhfrqg rzqhu/ vd|1 Li kh ghyldwhv dqg udlvhv klv dvnlqj sulfh

deryh wkh �uvw rzqhu*v elg/ klv dvvhwv zloo qrw eh erxjkw dqg kh zloo uhdol}h d

sur�w ri Z���

2
� Wkh �uvw rzqhu wkhq kdv wr sd| hdfk vhoohu/ h{fhsw g/ dw ohdvw Z���

2

ru dw ohdvw E� � 6 � ��Z���

2
wr doo ri wkhp1 Frqvhtxhqwo|/ vxfk dq htxloleulxp lv

lpsrvvleoh li Z�

�
�Z��

�
	 E��6���Z���

2
� Wkhuh duh wkuhh srvvleoh pdunhw vwuxfwxuhv

lqyroylqj wklv nlqg ri phujhu= +l, wkh prqrsro| vwuxfwxuh/ zklfk lv qrw vwdeoh

li Z�E� n _Rc fc fcf� � Z�E�c � n _Rc �c f� 	 2Z2E2 n _Rc �c fc f�c +ll, wkh dv|pphwulf

gxrsro| vwuxfwxuh/ zklfk lv qrw vwdeoh li Z�E2 n _Rc �c fcf� � Z�E�c � n _Rc�c f� 	

Z2E� n _Rc �c �c f�c dqg +lll, wkh v|pphwulf gxrsro| vwuxfwxuh/ zklfk lv qrw vwdeoh

li Z�E2c � n _Rcfc f�� Z�E�c �c � n _Rc f� 	 Z2E�c �c � n _Rc f�1 Wkxv wkhuh lv qr vxfk

phujhuv li F5 krogv1

Surri ri Ohppd 6

+l, Frqvlghu wkh fdvh zkhuh suhgdwlrq lv sur�wdeoh iru wkh vwurqj �upv dv

d jurxs1 Frqvlghu wkh v|pphwulf htxloleulxp fdqglgdwh %W '
b

%

?3�
� Ilup � 9'

�c _ kdv qr lqfhqwlyh wr ghyldwh wr %� 	
b

%

?3�
c vlqfh �up g lv wkhq qrw edqnuxsw

dqg �up l *v lqyhvwphqw jlyhv qr ehqh�wv/ exw rqo| frvwv1 Li �up l ghyldwhv wr

%� :
b

%

?3�
c �up g lv vwloo edqnuxsw/ exw �up l sd|v pruh1 Qrwh wkdw dqrwkhu

v|pphwulf Qdvk htxloleulxp pljkw h{lvw= doo �upv surylgh }hur1 Krzhyhu/ wkh �uvw
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Qdvk htxloleulxp Sduhwr grplqdwhv wkh vhfrqg/ vlqfh lw dvvxphg wkdw suhgdwlrq

lv sur�wdeoh iru wkh jurxs ri suhgdwruv1

Qrwh wkdw lw iroorzv wkdw dq| v|pphwulf htxloleulxp fdqglgdwh/ %�c zkhuh %� :
b

%

?3�
lv qrw dq htxloleulxp1 Wkh uhdvrq lv wkdw �up l kdv dq lqfhqwlyh wr ghyldwh wr

%�� ' %�� 0c vlqfh �up g zloo vwloo eh edqnuxsw/ exw �up l sd|v ohvv1 Ixuwkhupruh/

dq| v|pphwulf htxloleulxp fdqglgdwh/ %�czkhuh %� 5 Efc
b

%

?3�
� lv qrw dq htxloleulxp1

Wkh uhdvrq lv wkdw �up l kdv dq lqfhqwlyh wr ghyldwh wr %�� ' %� � 0c vlqfh �up g

zloo vwloo qrw eh edqnuxsw/ exw �up l sd|v ohvv1

+ll, Frqvlghu wkh fdvh zkhuh suhgdwlrq lv qrw sur�wdeoh iru wkh jurxs ri vwurqj

�upv1 Frqvlghu wkh v|pphwulf htxloleulxp fdqglgdwh %W ' f� Ilup � 9' �c _ kdv

qr lqfhqwlyh wr ghyldwh wr %� 5 Efc
b

%� vlqfh �up g lv vwloo qrw edqnuxsw dqg �up l *v

lqyhvwphqw rqo| lqfxuv frvwv1 Li �up l ghyldwhv wr %� :
b

%c �up g zloo eh edqnuxsw/

exw �up l sd|v pruh wkdq lwv sur�w lqfuhdvhv/ vlqfh lw lv dvvxphg wkdw suhgdwlrq

lv qrw sur�wdeoh iru wkh jurxs ri vwurqj �upv1

Qrwh wkdw lw iroorzv wkdw dq| v|pphwulf htxloleulxp fdqglgdwh/ %�c zkhuh %� 5

Efc
b

%

?3�
� lv qrw dq htxloleulxp1 Wkh uhdvrq lv wkdw �up l kdv dq lqfhqwlyh wr

ghyldwh wr %�� ' %�� 0c vlqfh �up g zloo vwloo qrw eh edqnuxsw/ exw �up l sd|v ohvv1

Ixuwkhupruh/ dq| v|pphwulf htxloleulxp fdqglgdwh/ %�c zkhuh %� '
b

%

?3�
c lv qrw dq

htxloleulxp1 Wkh uhdvrq lv wkdw �up l kdv dq lqfhqwlyh wr ghyldwh wr %�� ' fc vlqfh

�up g zloo qrw eh edqnuxsw/ exw �up l sd|v pruh wkdq lwv sur�w lqfuhdvhv/ vlqfh lw

lv dvvxphg wkdw suhgdwlrq lv qrw sur�wdeoh iru wkh jurxs ri vwurqj �upv1 Ilqdoo|/

dq| v|pphwulf htxloleulxp fdqglgdwh/ %�c zkhuh %� :
b

%

?3�
c lv qrw dq htxloleulxp1

Wkh uhdvrq lv wkdw �up l kdv dq lqfhqwlyh wr ghyldwh wr %�� ' %� � 0c vlqfh �up g

zloo vwloo eh edqnuxsw/ exw �up l sd|v ohvv1

Surri ri Sursrvlwlrq 4

Dffruglqj wr Ohppd 4/ wkhuh lv qr phujhu zkhq suhgdwlrq lv qrw dq rswlrq

dqg F4 krogv1 Rq wkh rwkhu kdqg/ wkh vwurqj �upv suhgdwh lq shulrg 5 dqg dftxluh

rzqhu g*v dvvhwv lq shulrg 6 dffruglqj wr Ohppd 7 dqg Ohppd 5/ zkhq F4/ F5

dqg F6 krog1 Wkh idfw wkdw F4/ F5 dqg F6 fdq krog vlpxowdqhrxvo|/ zklfk lv

vkrzq lq wkh olqhdu prgho lq wkh Dsshqgl{/ frpsohwhv wkh surri 1

Surri ri Sursrvlwlrq 5

Ohw F4 dqg F5 krog/ wkhq wkh vwurqj �upv suhgdwh lq shulrg 5 l� F6 krogv

dffruglqj wr Ohppd 71 Xvlqj v|pphwu|/ lw fdq eh vkrzq wkdw F6 krogv l� �
b

%

�
n

Z2E� n _Rc �c �cf� : Z�E�c �c �c ��1 Wkh suhgdwlrq whfkqrorj| rqo| d�hfwv Z2E� n

_Rc �c �cf� lq wklv lqhtxdolw|1 Lw wkhq iroorzv wkdw �� lv prvw olnho| wr krog zkhq

Z2E�n_Rc �c �c f� lv pd{lpl}hg/ zklfk rffxuv zkhq rzqhu g*v dvvhwv duh zruwkohvv1

Pruhryhu/ wkh qhw sur�w iurp suhgdwlqj iru d vwurqj �up lv Z2E� n _Rc �c�c f��

Frqvhtxhqwo|/ wkh vwurqj �upv fkrrvh wkh ghvwuxfwlyh suhgdwlrq whfkqrorj|/ vlqfh

Z2E� n _Rc �c �c f� lv wkhq pd{lpl}hg1
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Surri ri Sursrvlwlrq 7

Iluvw qrwh wkdw qr �up suhgdwhv lq shulrg 7/ vlqfh wklv lv wkh odvw shulrg1 Lq
shulrg 6/ �up g lv dftxluhg e| rqh ri wkh vwurqj �upv/ li lw lv edqnuxsw1 Wr vhh
wklv/ qrwh wkdw Ohppd 5 dssolhv/ vlqfh phujhuv ehwzhhq wkh qrq0edqnuxsw �upv
duh uxohg rxw e| Dvvxpswlrq 61 Li �up g lv qrw edqnuxsw/ lw iroorzv gluhfw iurp
Dvvxpswlrq 6 wkdw qr phujhuv rffxu1 Lq shulrg 5/ wkh vwurqj �upv suhgdwh lq dq|
pdunhw vwuxfwxuh e| dvvxpswlrq1 Wkhq wzr htxloleuld h{lvw lq shulrg 4=

+l, Frqvlghu wkh htxloleulxp fdqglgdwh MW zkhuh rzqhu 4/ 5/ ru 6 dftxluhv
rzqhu g*v dvvhwv1 Ohw rzqhu l eh wkh rzqhu rewdlqlqj wkh dvvhwv1 Wkhq/ qrwh
wkdw K_W� : �

��

�_
lv qrw dq htxloleulxp vwudwhj|/ vlqfh lw lv d grplqdwhg vwudwhj|1

Li K_W� 	 �
��

�_
/ rzqhu m ehqh�wv iurp ghyldwlqj wr K_� ' K_W� n 0c vlqfh kh wkhq

rewdlqv wkh dvvhwv dffruglqj wr wkh odlvvh}0idluh uxoh dqg sd|v d sulfh iru wkh dvvhwv
zklfk lv orzhu wkdq klv ydoxdwlrq ri rewdlqlqj wkhp1 Frqvlghu qh{w wkh fdqglgdwh
K_W� ' �

��

�_
: K_W_ � Wkhq/ qr rzqhu , 9' _ kdv dq lqfhqwlyh wr ghyldwh/ vlqfh wkh| duh

lqgl�huhqw1 Ixuwkhupruh rzqhu g kdv qr lqfhqwlyh wr ghyldwh/ vlqfh K_W� ' �
��

�_
:

�_�__c zkhq 5 ' f� Wkxv/ wklv lv d Qdvk htxloleulxp dqg wkh rqo| v|pphwulf Qdvk
htxloleulxp zkhuh rzqhu 4/ 5/ ru 6 dftxluhv rzqhu g*v dvvhwv1 Qrwh wkdw wkhuh duh
qr rwkhu phujhuv dffruglqj wr Dvvxpswlrq 61

+ll, Frqvlghu wkh vlwxdwlrq zkhuh rzqhu g srvwv dq dvnlqj sulfh dw
2Z�

� Eec fc fc f� n 0c vd|c dqg wkh vwurqj rzqhuv elg iru �up g dw 5 n �
��

�_R
� 0c

vd|� Lw iroorzv gluhfwo| wkdw wklv lv d Qdvk htxloleulxp/ vlqfh qr rzqhu fdq ehfrph
ehwwhu0r� e| orzhulqj klv dvnlqj sulfh dqg ehfrplqj d vhoohu/ ru e| udlvlqj klv
elg dqg ehfrplqj d ex|hu/ ru erwk1 Qrwh wkdw qr rwkhu phujhuv fdq wdnh sodfh
dffruglqj wr Dvvxpswlrq 61

Surri ri Ohppd 9

Iluvw qrwh wkdw dffruglqj wr wkh XV idlolqj �up ghihqvh uxoh/ rzqhu � 9' _

dftxlulqj rzqhu g*v dvvhwv lv wkh rqo| srvvleoh dftxlvlwlrq1 Uhfdoo wkdw rzqhuv 4/
5 dqg 6 duh v|pphwulf dqg L wkhuhiruh dvvxph wkdw K_

�
' K_

2
' K_

�
lq htxloleulxp�

Frqvlghu wkh htxloleulxp fdqglgdwh K_W G K_W� � K_We c � 9' _c e� Wkhq rzqhu l rewdlqv
rzqhu g*v dvvhwv dffruglqj wr Gh�qlwlrq 71 Iluvw qrwh wkdw Ke � �ee_R/ vlqfh Ke : �ee_R

lv d zhdno| grplqdwhg vwudwhj|1 Li K_W� : �ee_R/ wkhq rzqhu l nqrzv wkdw zlwk wkh
suredelolw| ri �

�
c kh lv frqvlghuhg wkh vpdoohvw djhqw dqg wkhuhiruh kh rewdlqv wkh

dvvhwv1 Wkhq kh ehqh�wv iurp ghyldwlqj wr K_� ' �ee_Rc vlqfh kh vwloo rewdlqv wkh
dvvhwv dffruglqj wr Gh�qlwlrq 7/ exw sd|v d orzhu sulfh1 Rq wkh rwkhu kdqg/ li
kh lv qrw frqvlghuhg wkh vpdoohvw djhqw/ klv sd|r� zloo qrw fkdqjh li kh ghyldwhv1
Dffruglqjo|/ kh zloo ghyldwh/ vlqfh kh jdlqv zlwk wkh suredelolw| ri �

�
/ dqg klv

sd|r� grhv qrw fkdqjh zlwk wkh suredelolw| ri 2

�
1 Li K_W� 	 �ee_Rc wkhq rzqhu h

kdv dq lqfhqwlyh wr ghyldwh wr K_e ' K_W� n 0/ vlqfh kh zloo wkhq rewdlq wkh dvvhwv
dffruglqj wr Gh�qlwlrq 7/ exw sd| d sulfh orzhu wkdq klv ydoxdwlrq ri rewdlqlqj
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wkhp1 Odvw frqvlghu wkh fdqglgdwh K_W� ' �e
e_R � Wkhq/ qr rzqhu kdv dq lqfhqwlyh wr

ghyldwh1 Wkxv K_W� ' �ee lv wkh rqo| Qdvk htxloleulxp zkhuh rzqhu l rewdlqv wkh

dvvhwv1

Frqvlghu qrz wkh htxloleulxp fdqglgdwh K_WW G K_WWe � K_WW� c � 9' _c e� Wkhq rzqhu

h rewdlqv wkh suh| dffruglqj wr Gh�qlwlrq 71 Qrwh wkdw Ke � �e
e_R/ vlqfh Ke : �e

e_R

lv d zhdno| grplqdwhg vwudwhj|1 Exw rzqhu l pljkw wkhq ghyldwh wr K_� ' K_WWe n 0

dqg rewdlq wkh dvvhwv dffruglqj wr Gh�qlwlrq 7/ exw sd| d sulfh orzhu wkdq klv

ydoxdwlrq ri rewdlqlqj wkhp/ vlqfh ��e�_R : �e
e_R1 Wkxv/ rzqhu h zloo qrw rewdlq wkh

dvvhwv lq htxloleulxp1

Surri ri Sursrvlwlrq 8

Frqvlghu �uvw wkh uhvwulfwlyh phujhu uxoh1 Wkhq/ dffruglqj wr Ohppd 8/ wkh

htxloleulxp pdunhw vwuxfwxuh zloo eh d wulrsro| l�
b

%	 %r� Vhfrqg/ frqvlghu wkh XV

idlolqj �up ghihqvh uxoh1 Wkhq/ dffruglqj wr Ohppd :/ wkh htxloleulxp pdunhw

vwuxfwxuh zloo eh d wulrsro| l�
b

%	 %s 1 Ilqdoo|/ frqvlghu wkh prgl�hg idlolqj �up

uxoh1 Wkhq/ dffruglqj wr Ohppd ;/ wkh htxloleulxp pdunhw vwuxfwxuh zloo eh d

wulrsro| l�
b

%	 %,1

+4, Xvlqj v|pphwu|/ zh kdyh wkdw %r�%, ' �EZ2E�c �c�c f��Z2E�n_Rc �c �cf�� :

f�

+5, Zh kdyh wkdw %s � %, ' E2Z�E�c � n _Rc �cf� n Z�E� n _Rc �c �c f� � �e
e_R� �

�Z�E�c �c �c _��E�EZ2E�n_Rc�c �c f��Z�E�c �c �c _���� Xvlqj v|pphwu|/ wkh htxdolw|

fdq eh uhzulwwhq= Z�E� n _Rc�c �c f� � �ee_R �Z2E� n _Rc �c �c f� : fc vlqfh Z�E� n

_Rc �c �cf�� Z2E� n _Rc �c�c f� ' �
��

�_R
: �ee_R1

+6, Zh kdyh wkdw %r � %s ' E�EZ�E�c �c �c f� � Z�E�c �c �c���� � EE2Z2E� n

_Rc �c �cf�nZ�E�n_Rc�c �c f���e
e_R���Z�E�c �c �c _��� E| xvlqj v|pphwu|/ wkh htxdo0

lw| fdq eh uhzulwwhq= �Z�E�c �c �c f��E2Z2E�n_Rc �c�c f�nZ�E�n_Rc �c �c f���ee_R� T
fc li �Z�E�c �c �cf� : Z2E�n_Rc�c �c f�nZ�E�n_Rc �c �cf�/ zklfk lv wkh fdvh lq pdq|

roljrsro| prghov/ vlqfh �ee_R 5 Efc ��e�_R��

Surri ri wkh vwdwhphqw lq Sursrvlwlrq 4= F4/ F5 dqg F6 fdq krog

vlpxowdqhrxvo|1

Ohw
b

%' f wkhq lq wkh olqhdu prgho

F4 +l, �

e
�

�

2D
� ��

b
' �2�bf�� 	 f

+ll, �

b
�

�

2D
� 2 �

�S
' ���bb�e 	 f

+lll, �

b
�

�

�S
�

�

�S
' ����HHb� �f32 	 f

dqg +ly, �

�S
�

�

2D
�

�

2D
' �f�f�.D 	 f

F5 +l, �

e
�

�

�S
� 2�

b
' ���b2�S 	 f

+ll, �

b
�

�

�S
�

�

�S
' ����HHb � �f32 	 f
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dqg +lll, �

b
�

�

�S
�

�

�S
' ����HHb� �f32 	 f

F6
�

2D
n

�

�S
�

2

2D
' f�f22D : f�
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Uhihuhqfhv

^4` Dsshoedxp/ H1 dqg Zhehu/ V1/ �D Qrwh rq wkh Iuhh Ulghu Sureohp lq

Roljrsro|/� Hfrqrplfv Ohwwhuv/ 4<<5/ Yro1 73/ 7:607;31

^5` Erowrq/ S1 dqg Vfkduivwhlq/ G1 V1/ �D Wkhru| ri Suhgdwlrq Edvhg rq Djhqf|

Sureohpv lq Ilqdqfldo Frqwudfwlqj/� Dphulfdq Hfrqrplf Uhylhz/ Pdufk

4<<3/ Yro1 ;3/ <604391

^6` Ghqhfnhuh/ Ud|prqg dqg Gdylgvrq/ Fduo/ �Lqfhqwlyhv wr Irup Frdolwlrqv

zlwk Ehuwudqg Frpshwlwlrq/� Udqg Mrxuqdo ri Hfrqrplfv/ Zlqwhu 4<;8/ Yro1

49/ 7:607;91

Iduuhoo/ M dqg Vkdslur/ F/ �Dvvhw Rzqhuvkls dqg Pdunhw Vwuxfwxuh lq

Roljrsro|/� UDQG Mrxuqdo ri Hfrqrplfv/ Vxpphu 4<<3e/ Yro1 54/ 5:805<51

^7` Jloehuw/ U1/ dqg Ylyhv1/ [1/ �Hqwu| Ghwhuuhqfh dqg wkh Iuhh0Ulghu Sureohp/�
Uhylhz ri Hfrqrplf Vwxglhv/ 4<;9/ 86/ :40;61

^8` Mhklho/ S1 dqg Progrydqx/ E1/ �Vwudwhjlf Qrqsduwlflsdwlrq/� UDQG Mrxuqdo

ri Hfrqrplfv/ Vsulqj 4<<9/ Yro1 5:/ ;70<;1

^9` Ndplhq/ P1 L1 dqg ]dqj/ L1/ �Wkh Olplwv ri Prqrsrol}dwlrq Wkurxjk Dftxl0
vlwlrq/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Pd| 4<<3/ 5/ 7980<<1

^:` Ndplhq/ P1 L1 dqg ]dqj/ L1/ �Frpshwlwlyho| Frvw Dgydqwdjhrxv Phujhuv/�
Jdphv dqg Hfrqrplf Ehkdylruv/ 4<<4/ 6/ 656066;1

^;` Ndplhq/ P1 L1 dqg ]dqj/ L1/ �Prqrsrol}dwlrq e| Vhtxhqwldo Dftxlvlwlrq/�

Mrxuqdo ri Odz/ Hfrqrplfv ) Rujdql}dwlrq/ 4<<6/ Y</ Q5/ 538055<1

^<` Nryhqrfn/ G1/ dqg Ur|/ V1/ �Iuhh Ulglqj lq Qrq0Frrshudwlyh Hqwu| Ghwhu0

uhqfh zlwk Gl�huhqwldwhg Surgxfwv/� Plphr/ Sxugxh Xqlyhuvlw|/ 4<<81

^43` Nzrnd/ MU1 M1 H1/ dqg Zklwh/ O1 M1/ �Wkh Dqwlwuxvw Uhyroxwlrq/� Kdushu0

FroolqvFroohjhSxeolvkhuv/ 4<<71

^44` PfDihh/ U1 Suhvwrq dqg Zlooldpv/ Plfkdho D1/ �Krul}rqwdo Phujhuv dqg Dq0
wlwuxvw Srolf|�/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ Mxqh 4<<5/ [O/ 4;404;:1

^45` PfJhh/ M1 V1/ �Suhgdwru| Sulflqj Fxwwlqj= Wkh Vwdqgdug Rlo +Q1M1, Fdvh/�

Mrxuqdo ri Odz dqg Hfrqrplfv/ 4<8;/ Yro14/ 46:049<1

^46` PfJhh/ M1 V1/ �Suhgdwru| Sulflqj Uhylvlwhg/� Wkh Mrxuqdo ri Odz dqg Hfr0

qrplfv/ 4<;3/ Yro1 56/ 5;<06631
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^47` Qrodq/ G1/ �Suhgdwru| Sulflqj lq dq Roljrsrolvwlf Iudphzrun/� Plphr/ Ur|do

Kroorzd| Froohjh/ Xqlyhuvlw| ri Orqgrq/ 4<<;1

^48` Rugryhu/ M1 D1 dqg Vdorqhu/ J1/ �Suhgdwlrq/ Prqrsrol}dwlrq/ dqg Dqwlwuxvw/�

Kdqgerrn ri Lqgxvwuldo Rujdql}dwlrq/ Yro1 4/ Qruwk0Kroodqg/ 4<;<1

^49` Shuu|/ Pduwlq N1 dqg Sruwhu/ Urehuw K1/ �Roljrsro| dqg wkh Lqfhqwlyh iru

Krul}rqwdo Phujhu/� Dphulfdq Hfrqrplf Uhylhz/ 4<;8/ :8/ 54<05:1

^4:` Shuvvrq/ O1/ �Wkh Dxfwlrqlqj ri d Idlolqj IlupB/� 4<<;1 Lq O1 Shuvvrq/ Sk1

G1 Wkhvlv/ Vwrfnkrop Xqlyhuvlw|1 Prqrjudsk Vhulhv/ Qr1 681

^4;` Vdodqw/ Vwhskhq Z1/ Vzlw}hu/ Vkhogrq dqg Uh|qrogv/ Urehuw M1/ �Orvvhv Gxh

wr Phujhu= Wkh H�hfwv ri dq H{rjhqrxv Fkdqjh lq Lqgxvwu| Vwuxfwxuh rq

Frxuqrw0Qdvk Htxloleulxp/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 4<;6/ <;/ 4;80

<<1

^4<` Vdorqhu/ J1/ �Suhgdwlrq/ phujhuv/ dqg lqfrpsohwh lqirupdwlrq/� UDQG Mrxu0

qdo ri Hfrqrplfv/ Vxpphu 4<;:/ Yro1 4;/ 49804;91

^53` Vdors/ V1 F1/ dqg Vfkh�pdq/ G1 W1/ �Udlvlqj Ulydov* Frvwv/� Dphulfdq Hfr0

qrplf Uhylhz/ 4<;6/ :6/ 59:05:41

^54` Vwljohu/ J1 M1/ �Prqrsro| dqg Roljrsro| e| Phujhu/� Dphulfdq Hfrqrplf

Uhylhz/ 4<83/ 73/ 560671

^55` \dph|/ E1 V1/ �Suhgdwru| Sulfh Fxwwlqj= Qrwhv dqg Frpphqwv/� Wkh Mrxuqdo

ri Odz dqg Hfrqrplfv/ 4<:5/ Yro1 48/ 45<04751
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