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Devwudfw

D vhsdudwlqj htxloleulxp lq zklfk frpshwhqw +lqfrpshwhqw, ohdghuv fkrrvh frpshwhqw
+lqfrpshwhqw, fr0zrunhuv lv lqyhvwljdwhg1 Dq rxwvlgh revhuyhu uhzdugv wkh ohdghu dw jrrg
srolf| rxwfrphv1 Wkh lqfrpshwhqw fr0zrunhu fdq/ dw edg rxwfrphv/ eh xvhg dv vfdshjrdw1
E| dvvxpswlrq/ wkh ohdghu pd| idlo lq eodplqj wkh vfdshjrdw1 Wzr gl�huhqw dvvxpswlrqv rq
wkh rxwvlgh revhuyhu*v lqirupdwlrq vhw duh frpsduhg1 Li vkh fdqqrw revhuyh d idlohg dwwhpsw/
wkh vhsdudwlqj htxloleulxp h{lvwv rqo| li wzr qrq0plplfnlqj frqvwudlqwv duh phw1 Li vkh fdq
revhuyh d idlohg dwwhpsw/ dq dgglwlrqdo frqvwudlqw lv dgghg gxh wr wkh srvvlelolw| ri sduwldo
plplfnlqj1

41 Lqwurgxfwlrq

D frpshwhqw ohdghu pd| fkrrvh dq lqfrpshwhqw fr0zrunhu iru gl�huhqw uhdvrqv1 Li lw lv ohjlwlpdwh
iru d ohdghu wr eodph d vxeruglqdwh wkhuh h{lvwv dq lqvxudqfh prwlyh> li wklqjv jr zurqj kh fdq
eodph wkh fr0zrunhu dqg wkhuhe| vljqdo klv rzq frpshwhqfh wr dq rxwvlgh revhuyhu1 Krzhyhu/
vxfk d vfdshjrdw vwudwhj| pd| qrw dozd|v zrun dv sodqqhg1 Wkh ohdghu pd|/ dv dq h{dpsoh/ idlo
wr �qg vx!flhqw surriv ri wkh fr0zrunhu*v odfn ri frpshwhqfh 0 hyhq wkrxjk rqo| uhodwlyho| zhdn
surriv pd| eh uhtxluhg1 Ri lpsruwdqfh iru wkh ydoxh ri wkh vfdshjrdw vwudwhj| lv dovr wr zkdw
h{whqw wkh rxwvlgh revhuyhu kdv dffhvv wr lqirupdwlrq1 Wkh remhfwlyh ri wklv vwxg| lv wr lqyhvwljdwh
xqghu zkdw flufxpvwdqfhv dq rujdql}dwlrqdo fxowxuh lq zklfk frpshwhqw +lqfrpshwhqw, ohdghuv
fkrrvh lqfrpshwhqw +frpshwhqw, fr0zrunhuv pd| h{lvw ehfdxvh ri wkh lqvxudqfh prwlyh zkhq lw
lv xqfhuwdlq zkhwkhu wkh ohdghu zloo eh deoh wr eodph wkh fr0zrunhu ru qrw1 Lq sduwlfxodu lv wkh
lpsdfw ri wzr gl�huhqw lqirupdwlrqdo dvvxpswlrqv vwxglhg> wkh rxwvlgh revhuyhu pd|/ ru pd|
qrw/ eh deoh wr revhuyh d idlohg dwwhpsw wr eodph wkh fr0zrunhu1

Wkh ohdghu/ ehlqj hlwkhu frpshwhqw ru lqfrpshwhqw/ fkrrvhv wkh w|sh ri wkh fr0zrunhu> lq0
frpshwhqw li wkh ohdghu klpvhoi lv frpshwhqw dqg frpshwhqw li kh lv lqfrpshwhqw1 Wkh w|shv
ri wkh ohdghu dqg wkh fr0zrunhu duh sulydwh lqirupdwlrq wr wkh ohdghu +wkh lqfhqwlyhv ri wkh
fr0zrunhu lv devwudfwhg iurp lq rughu pdnh wkh vwxg| dv vlpsoh dv srvvleoh,1 Wkh ohdghu dqg
wkh fr0zrunhu xqghuwdnh dq dfwlylw| +irup d srolf|, zlwk d udqgrp rxwfrph exw vxfk wkdw wkh
h{shfwhg rxwfrph lv lqfuhdvlqj lq wkhlu frpshwhqfhv1 Wkh frpshwhqw w|sh ri ohdghu vljqdov klv
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rzq delolw| e| wu|lqj wr eodph klv fr0zrunhu e| surylqj klp wr eh lqfrpshwhqw li wkh srolf|
rxwfrph kdv ehhq xqidyrudeoh1 Wkh lqfrpshwhqw w|sh ri ohdghu grhv qrw dwwhpsw gr wklv1 Dq
dwwhpsw wr eodph wkh fr0zrunhu/ l1h1 wr uhyhdo klv wuxh w|sh/ vxffhhgv zlwk d jlyhq suredelolw|1
Wkh rxwvlgh revhuyhu/ khqfhiruwk wkh revhuyhu +vkh,/ fdq rqo| revhuyh wkh srolf| rxwfrph dqg/ li
wkh fr0zrunhu kdv ehhq eodphg/ hyhqwxdoo| wkh fr0zrunhu*v w|sh1 Wkh revhuyhu*v remhfwlyh lv wr
uhzdug d frpshwhqw ohdghu dqg wkh remhfwlyh ri dq| w|sh ri ohdghu lv wr dfklhyh wkh uhzdug1 Rqh
qdwxudo lqwhusuhwdwlrq ri wkh vlwxdwlrq ghvfulehg deryh lv srolwlfdo rujdql}dwlrqv ru lqvwlwxwlrqv1
Wkh ohdghu pd| eh wkrxjkw ri dv wkh suhvlghqw ri d frxqwu| ru wkh ohdghu ri d srolwlfdo sduw|1 Wkh
fr0zrunhu frxog eh wkh plqlvwhu ri �qdqfh/ ylfh0suhvlghqw ri wkh frxqwu| ru sduw| ru vrph php0
ehu ri wkh sduw|*v erdug ghshqglqj rq wkh lqwhusuhwdwlrq1 Wkh rxwvlgh revhuyhu fdq eh wkrxjkw
ri dv wkh yrwhuv dqg wkh uhzdug dv ehlqj uhhohfwhg ru hohfwhg1 Wkh dfwlylw| xqghuwdnhq frxog
eh hfrqrplf srolf| ru dq hohfwrudo fdpsdljq1 Lw lv zruwk qrwlflqj wkdw wkh fr0zrunhu grhvq*w
kdyh wr eh d shuvrq/ kh frxog eh d frqvxowlqj �up ru d jurxs ri shrsoh srvvleo| rxwvlgh wkh
jryhuqphqw ru wkh sduw|1 Wkh prgho pd| lq vrph fdvhv dovr dsso| wr qrq0srolwlfdo rujdql}dwlrqv
vxfk dv �upv/ sxeolf dgplqlvwudwlrq hwf1

Lq wkh �uvw vhwwlqj lqyhvwljdwhg/ wkh revhuyhu lv dvvxphg wr revhuyh erwk idlohg dqg vxffhvvixo
dwwhpswv wr eodph wkh fr0zrunhu1 Wklv lv wkh dvvxpswlrq ri wudqvsduhqf| dqg lw kdv wkuhh
lqwhusuhwdwlrqv1 Iluvw/ wkh surfhvv ri �qglqj surriv ri wkh fr0zrunhu*v wuxh delolw| lv hdvlo|
revhuydeoh wr dq| rxwvlgh revhuyhu1 Vhfrqgo|/ wkh surfhvv ri �qglqj surriv pd| qrw eh hdvlo|
revhuydeoh wr dq| rxwvlgh revhuyhu exw wkh revhuyhu lv lq wkh sulylohjhg srvlwlrq ri kdylqj dffhvv
wr dgglwlrqdo lqirupdwlrq1 Wklugo|/ wkh ohdghu kdv vrph surriv ri wkh fr0zrunhu*v wuxh delolw|
exw pxvw ghflgh zkhwkhu wr eodph wkh fr0zrunhu ru qrw ehiruh nqrzlqj zkhwkhu wkh surriv
duh vx!flhqw ru qrw1 Lq dq| ri wkhvh wkuhh lqwhusuhwdwlrqv wkh revhuyhu zrxog revhuyh d idlohg
dwwhpsw1 Lq htxloleulxp/ rqo| wkh frpshwhqw w|sh ri ohdghu dwwhpswv wr eodph klv fr0zrunhu dw
xqidyrudeoh srolf| rxwfrphv1 Wkh ohdghu lv uhzdughg dw idyrudeoh rxwfrphv dqg dw edg rxwfrphv
li kh kdv dwwhpswhg wr eodph klv fr0zrunhu/ vxffhvvixoo| ru qrw1 D frpprq uhvxow zkhq vwxg|lqj
vhsdudwlqj htxloleuld lv wkdw qrq0plplfnlqj lv d vx!flhqw frqglwlrq iru h{lvwhqfh/ l1h1 wkh vl}h
ri wkh uhzdug ru wkh ohdghu*v ydoxdwlrq ri wkh uhzdug vkrxog eh vxfk wkdw lw grhv qrw sd| iru
dq| w|sh ri ohdghu wr plplf wkh ehkdylru ri wkh rwkhu w|sh1 Khuh/ wudqvsduhqf| dggv rqh pruh
frqvwudlqw wr wkh wzr qrq0plplfnlqj frqvwudlqwv1 Wkh dgglwlrqdo frqvwudlqw vd|v wkdw wkh uhzdug
fdqqrw eh wrr kljk uhodwlyho| wr wkh suredelolw| zlwk zklfk dq dwwhpsw wr eodph wkh fr0zrunhu
lv vxffhvvixo1 Wklv lv ehfdxvh wkh lqfrpshwhqw w|sh ri ohdghu pd| sduwldoo| plplf wkh frpshwhqw
w|sh e| wu|lqj wr eodph klv frpshwhqw fr0zrunhu dw srolf| rxwfrphv ehorz wkh wkuhvkrog krslqj
wr idlo1 Li kh idlov/ wkh revhuyhu fdqqrw glvwlqjxlvk klp iurp wkh frpshwhqw w|sh ri ohdghu dqg
zloo frqvhtxhqwo| uhzdug klp1 Wklv ghyldwlrq lv sur�wdeoh zkhq wkh uhzdug lv wrr kljk uhodwlyh
wr wkh suredelolw| ri dq dwwhpsw ehlqj vxffhvvixo1

Lq wkh vhfrqg vhwwlqj/ wkh revhuyhu lv qrw deoh wr revhuyh d idlohg dwwhpsw wr eodph wkh fr0
zrunhu1 Wklv dvvxpswlrq lv fdoohg qrq0wudqvsduhqf| dqg lw lv dw kdqg li +d, wkh surri0jdwkhulqj
surfhvv lv qrw revhuydeoh dqg +e, wkh ohdghu nqrzv zkhwkhu wkh surriv duh vx!flhqw ru qrw ehiruh
pdnlqj wkh ghflvlrq zkhwkhu wr eodph wkh fr0zrunhu ru qrw1 Wklv pljkw eh wkh fdvh li lw lv lq
wkh lqwhuhvw ri wkh ohdghu wr vhfuhwo| vhdufk iru hylghqfh dqg qrw pdnlqj dq dffxvdwlrq kh fdqqrw
suryh1 Dv ehiruh/ rqo| wkh frpshwhqw w|sh ri ohdghu wulhv wr eodph klv fr0zrunhu1 Wkh ohdghu
lv uhzdughg dw idyrudeoh srolf| rxwfrphv dqg dw xqidyrudeoh rxwfrphv li kh kdv ehhq vxffhvvixo
lq eodplqj klv fr0zrunhu1 Sduwldo plplfnlqj lv qr orqjhu dq dowhuqdwlyh iru wkh lqfrpshwhqw
w|sh ri ohdghu dqg wkh vhsdudwlqj htxloleulxp h{lvwv li wkh wzr qrq0plplfnlqj frqvwudlqwv duh
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phw1 Ehfdxvh wkh ohdghu lv rqo| uhzdughg diwhu d vxffhvvixo dwwhpsw wr eodph dq lqfrpshwhqw
fr0zrunhu wkh qrq0plplfnlqj frqvwudlqwv wxuq rxw wr eh ixqfwlrqv ri wkh suredelolw| zlwk zklfk
dq dwwhpsw vxffhhgv1 Wkh kljkhu wklv suredelolw| lv/ wkh orzhu pxvw wkh uhzdug eh1 Lq wkh
fdvh zkhuh d vhsdudwlqj htxloleulxp fdq h{lvwv xqghu erwk wudqvsduhqf| dqg qrq0wudqvsduhqf|
dqg xqghu d zhdn prqrwrqlflw| dvvxpswlrq rq wkh revhuyhu*v frvw ri uhzduglqj wkh ohdghu/ lw
wxuqv rxw wkdw wkh htxloleulxp xqghu qrq0wudqvsduhqf| pd| eh Sduhwr grplqdwhg e| wkdw xqghu
wudqvsduhqf|1 Wkh rssrvlwh grhv qrw krog1

Wkh prvw forvho| uhodwhg vwxg| lv Vhjhqgru� ^46` zkr lqyhvwljdwhv d prgho forvho| uhodwhg
wr wkh rqh ehorz1 Kh ohwv wkh ohdghu vxffhhg lq eodplqj wkh fr0zrunhu zlwk suredelolw| rqh
exw pdnhv wkh fr0zrunhuv sduwlflsdwlrq yroxqwdu| uhvxowlqj lq wzr sduwlflsdwlrq frqvwudlqwv wkdw
pxvw eh phw lq htxloleulxp dgglwlrqdo wr wkh qrq0plplfnlqj frqvwudlqwv1 Klv vhw0xs dovr doorzv
iru vlwxdwlrqv zkhuh wkh ohdghu dqg wkh fr0zrunhu frpshwh iru wkh uhzdug1 Wkh suhvhqw vwxg| lv
gl�huhqw vlqfh wkh ohdghu pd| idlo lq eodplqj wkh fr0zrunhu dqg wzr gl�huhqw dvvxpswlrqv derxw
wkh revhuyhu*v lqirupdwlrq vhw duh lqyhvwljdwhg1

Wkhuh lv d olwhudwxuh rq ghflvlrq pdnhuv* vwudwhjlf xvh ri lqirupdwlrq wr vljqdo delolw|1 Lq Ohy|
^;` zhoo lqiruphg ghflvlrq pdnhuv fkrrvh xqlqiruphg dgylvruv lq rughu wr vljqdo wkhlu rzq delolw|
vlqfh frqwudglfwlqj rqh*v dgylvru vljqdov frq�ghqfh lq wkh rzq lqirupdwlrq1 Rq wkh rwkhu kdqg/
dq xqlqiruphg ghflvlrq pdnhu lv pruh lq qhhg ri h{wud lqirupdwlrq dqg fkrrvhv d zhoo lqiruphg
dgylvru1 H{dpsohv ri rwkhu vwxglhv duh H!qjhu dqg Sroeruq ^6`/ Jleerqv dqg Pxusk| ^8`/
Mhrq ^:`/ Ph|hu dqg Ylfnhuv ^<`/ dqg Wuxhpdq ^47`1 Ohdghuv prwlydwhg e| uhsxwdwlrqdo frqfhuq
kdyh dovr ehhq vwxglhg lq wkh srolwlfdo hfrqrp| olwhudwxuh1 D ohdghu pd|/ sulru wr dq hohfwlrq/
vwudwhjlfdoo| pdqlsxodwh wkh srolf| lq rughu wr lpsuryh klv uhhohfwlrq suredelolw| uhvxowlqj lq d
srolwlfdo exvlqhvv f|foh1 Lq vwxglhv vxfk dv Shuvvrq dqg Wdehoolql ^45`/ Urjr� ^43`/ dqg Urjr�
dqg Vlehuw ^44` yrwhuv fdq glvwlqjxlvk frpshwhqw ohdghuv iurp lqfrpshwhqw e| wkhlu fkrlfh ri
srolf|1 Lq rwkhu vwxglhv/ vxfk dv Ehvoh| dqg Fdvh ^4`/ Ihuhmrkq ^7`/ dqg Kduulqjwrq ^9`/ wkh srolf|
lv dvvxphg wr eh xqrevhuydeoh dqg yrwhuv revhuyh rqo| wkh rxwfrph1 Wkh ohdghu fkrrvhv ohyho
ri h�ruw wkdw srvlwlyho| d�hfwv wkh h{shfwhg srolf| rxwfrph dqg kh lv uhzdughg li wkh srolf|
rxwfrph lv deryh vrph fhuwdlq wkuhvkrog1

Wkh vwxg| ehorz gl�huv iurp wkh vwudwhjlf lqirupdwlrq olwhudwxuh e| +l, qrw irfxvlqj rq vwudwh0
jlf xvh ri lqirupdwlrq exw rq wkh lqvxudqfh prwlyh dqg +ll, e| wuhdwlqj wkh srolf| rxwfrph dv d
ixqfwlrq ri wkh delolwlhv ri erwk wkh ohdghu dqg wkh fr0zrunhu1 Lw gl�huv iurp wkh srolwlfdo hfrq0
rp| olwhudwxuh e| qrw wu|lqj wr h{sodlq srolwlfdo exvlqhvv f|fohv exw wkh lpsdfw ri lqirupdwlrqdo
dvvxpswlrqv rq wkh frqglwlrqv hqvxulqj wkh h{lvwhqfh ri d vhsdudwlqj htxloleulxp1 Pruhryhu/
lw gl�huv iurp Shuvvrq dqg Wdehoolql ^45`/ Urjr� ^43`/ dqg Urjr� dqg Vlehuw ^44` lq wkdw wkh
frpshwhqw ohdghu orzhuv wkh h{shfwhg srolf| rxwfrph zkhq hpsor|lqj dq lqfrpshwhqw fr0zrunhu
dqg e| dvvxplqj wkdw wkh ohdghu*v dfwlrq lv xqrevhuydeoh1 Lw gl�huv iurp Ehvoh| dqg Fdvh ^4`/
Ihuhmrkq ^7`/ dqg Kduulqjwrq ^9` e| dvvxplqj wkdw wkh ohdghu*v fkrlfh ri dfwlrq pd| eh yhul�hg
li lw lv lq wkh lqwhuhvw ri wkh ohdghu1

Wkh edvlf prgho lv suhvhqwhg lq Vhfwlrq 5 zkhuh wudqvsduhqf| lv dvvxphg1 Wkh dvvxpswlrq ri
wudqvsduhqf| lv uhsodfhg e| qrq0wudqvsduhqf| lq Vhfwlrq 61 Wkhuh lv d vkruw zhoiduh dqdo|vlv lq
Vhfwlrq 71 Vhfwlrq 8 frqwdlqv d vxppdu| dqg dq h{dpsoh1 Doo surriv duh jlyhq lq wkh Dsshqgl{1
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51 Wkh Vljqdoolqj Jdph

Wkhuh duh wzr sod|huv/ wkh ohdghu O +kh, dqg wkh revhuyhu R +vkh,1 Wkh ohdghu pd| eh ri wzr
w|shv/ frpshwhqw +O@4, ru lqfrpshwhqw +O@3,/ dqg s lv wkh suredelolw| ri klp ehlqj frpshwhqw1
Diwhu revhuylqj klv rzq w|sh/ O fkrrvhv wkh ohyho ri frpshwhqfh ri klv fr0zrunhu zkr lv ghqrwhg
F/ frpshwhqw +F@4, ru lqfrpshwhqw +F@3,1 Wkh w|shv O dqg F duh sulydwh lqirupdwlrq wr O
exw s lv frpprq nqrzohgjh1 Zlwk khos iurp wkh fr0zrunhu wkh ohdghu xqghuwdnhv vrph dfwlylw|
zlwk rxwfrph

{ @ j+O>F, . �= +514,

Wkh udqgrp frpsrqhqw � kdv d frqwlqxrxv glvwulexwlrq ryhu U dqg h{shfwhg ydoxh H ^�` @ 31
Ohw i +�, eh lwv suredelolw| ghqvlw| ixqfwlrq dqg I +�, lwv fxpxodwlyh ghqvlw| ixqfwlrq1 Khuh lw
lv dvvxphg wkdw i 3 � 3 iru doo � ? 3 dqg i 3 � 3 iru doo � A 31 H{dpsohv ri vxfk glvwulexwlrqv duh
wkh qrupdo/ Fdxfk|/ vwdqgdug orjlvwlf/ dqg w0glvwulexwlrqv1 Wkh ixqfwlrq j lv lqfuhdvlqj lq wkh
frpshwhqfh ri O dqg F exw dw d ghfuhdvlqj udwh/ l1h1 j+3>3, @ 3> j+3>4, @ 4> j+4> 3, @ �> dqg
j+4>4, @ �. � zkhuh � lv wkh uhodwlyh lpsruwdqfh ri O*v frpshwhqfh iru wkh srolf| rxwfrph1 Lw
lv qdwxudo wr eholhyh O*v frpshwhqfh wr eh dw ohdvw dv lpsruwdqw dv F*v frpshwhqfh dqg khuh lw
lv dvvxphg wkdw � � 4= Wkh sdudphwhu � A 3 lv wkh frpshwhqw fr0zrunhu*v frqwulexwlrq wr wkh
h{shfwhg srolf| rxwfrph zkhq zrunlqj iru wkh frpshwhqw w|sh ri ohdghu1 Khuh/ F*v frqwulexwlrq
pd| ru pd| qrw ghfuhdvh zlwk wkh frpshwhqfh ri O1 Diwhu kdylqj revhuyhg wkh srolf| rxwfrph/
O kdv wkh rssruwxqlw| wr eodph F/ l1h1 wr uhyhdo F*v w|sh wr R dw d frvw f � 31 O fdq qrw
olh dqg wklv lv d uhdvrqdeoh dvvxpswlrq lq wkrvh vlwxdwlrqv R uhtxluhv O wr surri klv dffxvdwlrq
dqg f fdq eh wkrxjkw ri dv wkh frvw ri vhdufklqj iru vxfk surriv1 Ohw E @ 3 li O grhvq*w eodph
wkh fr0zrunhu dqg ohw E @ 4 li kh grhv1 Dvvxph ixuwkhu wkdw O idlov wr surylgh d vx!flhqw
surri zlwk suredelolw| 4 � t lq zklfk fdvh R ohduqv wkdw wkhuh zdv d idlohg dwwhpsw wr eodph
wkh fr0zrunhu1 Wklv dvvxpswlrq/ wkdw R ohduqv dovr derxw idlohg dwwhpswv/ fruuhvsrqgv wr d
vlwxdwlrq zkhuh wkh rujdql}dwlrq lv wudqvsduhqw1 Vkh kdv wkh delolw| wr revhuyh vrph/ exw qrw
doo/ ri wkh lqwhudfwlrq ehwzhhq O dqg F1 Krzhyhu/ wudqvsduhqf| lv qrw dozd|v d jrrg ghvfulswlrq
ri wkh zruog dqg lq Vhfwlrq 6 wklv dvvxpswlrq lv uhod{hg1 Khuh/ lq wkh fdvh ri wudqvsduhqf|/ R
revhuyhv wkh srolf| rxwfrph dqg hyhqwxdoo| wkh fr0zrunhu*v w|sh ru d qrlvh +q,1 Khu lqirupdwlrq
vhw lv i{> Fj zkhuh F 5 i>> q>3>4j lv R*v revhuydwlrq ri F1 Rq wkh edvlv ri khu lqirupdwlrq/ R
xsgdwhv khu eholhiv ryhu O*v frpshwhqfh1 Vkh fduhv derxw wkh ohdghu*v frpshwhqfh dqg zdqwv
wr dfnqrzohgjh2uhzdug d frpshwhqw ohdghu exw qrw dq lqfrpshwhqw1 Wkh dfnqrzohgjphqw kdv
pdq| lqwhusuhwdwlrqv ghshqglqj rq wkh lqwhusuhwdwlrq ri wkh prgho exw khuh lw lv wkrxjkw ri dv
wkh uhhohfwlrq ri d srolwlfldq1 Zkdw lv lpsruwdqw lv wkdw d frpshwhqw ohdghu lv pruh ydoxdeoh
wr R li kh lv dfnqrzohgjhg wkdq li qrw> D frpshwhqw srolwlfldq lv pruh ydoxdeoh lq r!fh wkdq
rxw ri r!fh1 Wkh revhuyhu dovr fduhv derxw wkh srolf| rxwfrph dqg wkh frvw ri dq hyhqwxdo
dfnqrzohgjphqw1 Khu xwlolw| lv jlyhq e| wkh yQP xwlolw| ixqfwlrq

yR +D, @ D +O� �, . s+4�D, . �{ +515,

zkhuh D @ 4 li vkh ghflghv wr dfnqrzohgjh O dqg D @ 3 rwkhuzlvh1 Khu ydoxdwlrq ri d frpshwhqw
+lqfrpshwhqw, ohdghu lv 4 +3, dqg wkh frvw ri dq dfnqrzohgjphqw lv � � 31 Dvvxplqj wkdw wkh qhw
ydoxh ri dfnqrzohgjh d frpshwhqw ohdghu lv srvlwlyh +� ? 4� s, khu remhfwlyh lv wr dfnqrzohgjh
O rqo| li kh lv frpshwhqw1 Li vkh fkrrvhv qrw wr dfnqrzohgjh O vkh uhfhlyhv s zklfk fdq eh
lqwhusuhwhg dv wkh suredelolw| ri �qglqj d frpshwhqw ohdghu vrphzkhuh hovh1 Wklv suredelolw| lv

7



wkhq dvvxphg wr eh htxdo wr wkh xqfrqglwlrqdo suredelolw| ri O ehlqj frpshwhqw1 Wkxv/ S zloo
rqo| dfnqrzohgjh O li vkh eholhyhv klp wr eh frpshwhqw zlwk dw ohdvw suredelolw| s . �1 Wkh
sdudphwhu � h{suhvvhv wkh uhodwlyh zhljkw vkh dwwdfkhv wr wkh srolf| rxwfrph1 O/ rq wkh rwkhu
kdqg/ ghvluhv dq dfnqrzohgjphqw exw kdv suhihuhqfhv dovr ryhu wkh srolf| rxwfrph1 Klv xwlolw|
lv jlyhq e| wkh yQP xwlolw| ixqfwlrq

yO +F>E, @ {.D!�Ef +516,

zkhuh ! lv klv ydoxdwlrq ehlqj dfnqrzohgjhg dqg lv khqfhiruwk uhihuuhg wr dv wkh uhzdug1 Wkh
uhzdug dqg wkh frvw ri dq dfnqrzohgjphqw lv wuhdwhg dv sdudphwhuv dqg zloo qrw eh ghwhuplqhg
zlwklq wkh prgho1

Wkh vhw0xs ghvfulehg deryh lv irupdol}hg e| wkh jdph J @ +Q>V>x, zkhuh Q @ iO>Rj
lv wkh vhw ri sod|huv/ V lv wkh vwudwhj| vhwv/ dqg x wkh sd|r� ixqfwlrqv1 D vwudwhj| iru O lv d
pdsslqj iurp klv vhw ri w|shv dqg wkh vhw ri srolf| rxwfrphv wr wkh vhw ri w|shv ri fr0zrunhu dqg
ghflvlrqv zkhwkhu wr eodph wkh fr0zrunhu ru qrw/ l1h1 vO = i3> 4j�U� i3>4j51 Klv vwudwhj| vhw

VO lv wkh vhw ri doo vxfk pdsslqjv1 Dqdorjrxvo|/ d vwudwhj| iru R lv d pdsslqj iurp wkh vhw ri

srvvleoh revhuydwlrqv wr wkh vhw ri dfnqrzohgjphqw ghflvlrqv/ vR = i>> q>3>4j �U� i3>4j/ dqg
khu vwudwhj| vhw VO lv wkh vhw ri doo vxfk pdsslqjv1 Ohw V @ VO�VR dqg ohw v @ +vO> vR, ghqrwh
d vwudwhj| sur�oh1 Wkh sd|r� ixqfwlrqv xO dqg xS duh pdsslqjv iurp wkh vhw ri vwudwhjlhv wr wkh

uhdo qxpehuv/ xl = V $ U iru l @ O>S / l1h1 xl +v, lv wkh h{shfwhg ydoxh ri yl zkhq wkh vwudwhj|

sur�oh v lv sod|hg1 Ohw x @ xO � xR 1

5141 Vhsdudwlqj Htxloleulxp lq Wudqvsduhqw Rujdql}dwlrqv

Rqo| vhsdudwlqj htxloleuld duh lqyhvwljdwhg ehorz dqg e| htxloleulxp lv wkxv phdqw d vhsdudwlqj
htxloleulxp1 Wkh +vhsdudwlqj, htxloleulxp ri lqwhuhvw lv vxfk wkdw O/ li lqfrpshwhqw/ fkrrvhv d
frpshwhqw fr0zrunhu dqg/ li frpshwhqw/ fkrrvhv dq lqfrpshwhqw fr0zrunhu1 Zkhq wkh srolf|
rxwfrph lv xqidyrudeoh lq d vhqvh h{sodlqhg ehorz wkh frpshwhqw w|sh ri ohdghu eodphv klv
fr0zrunhu zkloh wkh lqfrpshwhqw w|sh qhyhu eodphv klv fr0zrunhu1 R dfnqrzohgjhv O li vkh
revhuyhv d idyrudeoh srolf| rxwfrph ru li wkh srolf| rxwfrph lv xqidyrudeoh dqg dq lqfrpshwhqw
fr0zrunhu kdv ehhq eodphg ru dq dwwhpsw kdv ehhq pdgh1

D srolf| rxwfrph lv idyrudeoh iru O li lw pdnhv R dfnqrzohgjh klp zlwkrxw O kdylqj wr
eodph klv fr0zrunhu/ l1h1 li R eholhyhv O wr eh frpshwhqw zlwk dw ohdvw suredelolw| s. � kdylqj
revhuyhg rqo| wkh rxwfrph { exw wdnlqj wkh vhsdudwlqj fkrlfhv ri fr0zrunhu lqwr dffrxqw1

Gh�qlwlrq 41 D srolf| rxwfrph { lv idyrudeoh li

Su +O @ 4 m O 9@ F, �
si +{� d,

si +{� d, . +4� s, i +{� 4,
� s. �

dqg wkh vhw ri idyrudeoh srolf| rxwfrphv lv

[ @ i{ m Su +O @ 4 m O 9@ F, � sj =

D srolf| rxwfrph lv xqidyrudeoh li lw lv qrw idyrudeoh1

Iru wkh dvvxphg fodvv ri glvwulexwlrqv [ lv dq lqwhuydo ^{>.4, dqg d srolf| rxwfrph lv
idyrudeoh li lw lv deryh wkh wkuhvkrog {1 Lq wkh iroorzlqj lw lv dvvxphg wkdw [ lv qrq0hpsw|/ l1h1
wkdw wkh qhw ydoxh ri dfnqrzohgjlqj d frpshwhqw ohdghu lv vx!flhqwo| kljk1
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Wkh wzr w|shv ri ohdghu gl�hu lq wkhlu fkrlfhv ri fr0zrunhu dqg vhw ri srolf| rxwfrphv dw
zklfk wkh| eodph wkhlu fr0zrunhu +[ iru wkh frpshwhqw w|sh ri ohdghu dqg > iru wkh lqfrpshwhqw
w|sh,1 Wkh vxjjhvwhg vwudwhj| ri wkh ohdghu lv wkxv d sdlu ri vwhs ixqfwlrqv/ rqh iru hdfk w|sh

vV
O
+O> {, @

�
Li O @ 3 wkhq F @ 4 dqg E @ 3 iru doo {
Li O @ 4 wkhq F @ 3/ E @ 3 iru doo { @5 [/ dqg E @ 4 iru doo { 5 [

+517,

Wkh vwudwhj| ri wkh revhuyhu lv vlpso| wr dfnqrzohgjh O li vkh eholhyhv klp wr eh frpshwhqw zlwk
dw ohdvw suredelolw| s1 Ohw � +F> {, @ Su

�
O @ 4 m iF> {j > vV

O

�
eh R*v eholhi ryhu O*v w|sh zkhq vkh

revhuyhv iF> {j dqg vkh eholhiv O*v vwudwhj| wr eh vV
O
1 Wkhq/

vV
R
+F> {, @ iD @ 4 li � +F> {, � s. � dqg D @ 3 rwkhuzlvh = +518,

Iurp O*v vwudwhj| lw iroorzv wkdw � +F> {, lv zhoo gh�qhg iru doo lqirupdwlrq vhwv iF> {j 5 i>j�U
dqg doo lqirupdwlrqv vhwv iF> {j 5 i3> qj � Uq[ zkhuh Uq[ ghqrwhv wkh frpsohphqw wr [1
Krzhyhu/ � +F> {, lv qrw zhoo gh�qhg iru rxw0ri0htxloleulxp revhuydwlrqv dqg wkhuh duh wzr w|shv
ri rxw0ri0htxloleulxp revhuydwlrqv> vkh pd| revhuyh d frpshwhqw fr0zrunhu ehlqj eodphg ru vkh
pd| revhuyh d qrlvh ru dq lqfrpshwhqw fr0zrunhu ehlqj eodphg dw d idyrudeoh srolf| rxwfrph1
Vlqfh Ed|hv* uxoh grhv qrw dsso| wr rxw0ri0htxloleulxp hyhqwv dq| eholhiv fdq eh dvvljqhg wr
wkhvh revhuydwlrqv1 Wkh irupdwlrq ri rxw0ri0htxloleulxp eholhiv lv dvvxphg wr kdyh wkh iroorzlqj
wkuhh uhdvrqdeoh surshuwlhv> +d, R vkrxog irup khu eholhiv lq d frqvlvwhqw zd| iru doo rxw0ri0
htxloleulxp revhuydwlrqv/ +e, R vkrxog xvh rqo| dydlodeoh dqg yhul�deoh lqirupdwlrq/ dqg +f, wkh
eholhi irupdwlrq vkrxog qrw eh frq lfwlqj zlwk wkh lqwxlwlyh fulwhulrq +Fkr0Nuhsv ^5`,1

Dvvxpswlrq 41 Iru doo revhuydwlrqv iF> {j 5 i3> qj � [ ^ i4j � U wkh revhuyhu*v rxw0ri0
htxloleulxp eholhiv duh jlyhq e|

� +F> {, @
si +{� j +4>F,,

si +{� j +4> F,, . +4� s, i +{� j +3>F,,
+519,

iru F 5 i3> 4j dqg � +q>{, @ �� +3> {, . +4� �,� +4> {, iru vrph 3 � � � 41

Lw lv lpsruwdqw wr qrwlfh wkdw wklv zd| ri iruplqj ri rxw0ri0htxloleulxp eholhiv grhvq*w dozd|v
pdnh R eholhyh O wr eh lqfrpshwhqw diwhu kdylqj pdgh dq rxw0ri0htxloleulxp revhuydwlrq1 Iru
vrph idyrudeoh srolf| rxwfrphv vkh pd| eholhyh O wr eh frpshwhqw1 Krzhyhu/ lw pdnhv lw
xqsur�wdeoh iru O wr ghyldwh iurp vV

O
e| eodplqj dq| w|sh ri fr0zrunhu dw idyrudeoh srolf|

rxwfrphv vlqfh wklv fdq qrw lqfuhdvh klv fkdqfhv ri ehlqj dfnqrzohgjhg/ rqo| ghfuhdvh wkhp1 Lq
wkh fdvh R revhuyhv wkdw d frpshwhqw fr0zrunhu lv eodphg dw dq xqidyrudeoh srolf| rxwfrph vkh
grhvq*w eholhyh wkh ohdghu wr eh frpshwhqw zlwk kljk hqrxjk suredelolw| wr dfnqrzohgjh klp1

D qhfhvvdu| frqglwlrq iru vV @
�
vV
O
> vV
R

�
lv wkdw lw vkrxog qrw eh sur�wdeoh iru rqh w|sh ri

ohdghu wr plplf wkh ehkdylru ri wkh rwkhu w|sh/ l1h1 wr sod|

vP
V

+O> {, @

�
Li O @ 3 wkhq F @ 3/ E @ 3 iru doo { @5 [/ dqg E @ 4 iru doo { 5 [
Li O @ 4> wkhq F @ 4 dqg E @ 3 iru doo {=

+51:,

Ohw Hw� eh wkh vhw ri uhdol}dwlrqv ri � vxfk wkdw wkh srolf| rxwfrph lv idyrudeoh zkhq O lv ri
w|sh O dqg F lv ri w|sh F/ l1h1

Hw� @ i� m � @ {� j +O>F, > { 5 [j =
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Ohw wkh suredelolw| +fxpxodwlyh ghqvlw|, ri uhdol}dwlrqv ri � lq Hw� eh ghqrwhg I +Hw�, zklfk lv
wkh suredelolw| ri d idyrudeoh srolf| rxwfrph1 Vroylqj xO

�
vV

�
� xO

�
vP
O
> vV
R

�
iru wkh lqfrpsh0

whqw dqg frpshwhqw w|shv ri ohdghu/ uhvshfwlyho|/ jlyhv

! � ! �
+4� I +H33,, f .4

4�I +H34,
+51;,

dqg

! � ! �
+4� I +H43,, f. �

4�I +H44,
= +51<,

Li wkh wzr lqhtxdolwlhv deryh duh vdwlv�hg vlpxowdqhrxvo| wkhq qr w|sh ri ohdghu kdv dq lqfhqwlyh wr
lplwdwh wkh ehkdylru ri wkh rwkhu w|sh1 Dssrlqwlqj dq lqfrpshwhqw fr0zrunhu orzhuv wkh h{shfwhg
srolf| rxwfrph dqg wkhuhe| wkh suredelolw| ri d idyrudeoh srolf| rxwfrph1 Rq wkh rwkhu kdqg/ lw
hqdeohv O wr eh dfnqrzohgjhg dw xqidyrudeoh srolf| rxwfrphv= kh jlyhv xs +I +Hw4,� I +Hw3,,!
lq rughu wr jdlq +4�I +Hw3,, +!� f,1 Lq dgglwlrq/ kh dovr jlyhv xs vrph h{shfwhg xwlolw|/ 4 ru
�> ghulyhg gluhfwo| iurp wkh srolf| rxwfrph1 Lq wkh vhsdudwlqj htxloleulxp/ wklv wudgh r� pxvw
eh sur�wdeoh iru wkh frpshwhqw w|sh ri ohdghu dqg xqsur�wdeoh iru wkh lqfrpshwhqw w|sh1 Dq
hyhqwxdo lqfuhdvh lq f pxvw wkxv eh frpshqvdwhg e| dq lqfuhdvh lq ! lq rughu wr pdlqwdlq
wkh ruljlqdo lqfhqwlyhv1 Pruh suhflvho|/ wkh uhzdug pxvw lqfuhdvh e| wkh lqfuhdvh lq f wlphv
+4�I +Hw3,, @ +4�I +Hw4,, zklfk lv wkh uhodwlyh suredelolw| ri dq xqidyrudeoh srolf| rxwfrph
zkhq kdylqj dq lqfrpshwhqw fr0zrunhu uhodwlyh wr zkhq kdylqj d frpshwhqw fr0zrunhu1 Lw lv qrw
srvvleoh wr vd| zklfk iru zklfk w|sh ri ohdghu wklv uhodwlyh suredelolw| lv juhdwhvw dqg/ khqfh/
qrw srvvleoh wr vd| zklfk ri ! dqg ! wkdw lv wkh odujhvw/ wklv ghshqgv rq f dqg wkh xqghuo|lqj

glvwulexwlrq i 1 Frpsdulqj wkh h{suhvvlrqv iru ! dqg ! jlyhv wkdw ! lqfuhdvhv idvwhu lq f wkdq
zkdw ! grhv li

4�I +H33,

4�I +H34,
�

4� I +H43,

4� I +H44,
� 3 +5143,

dqg ! � ! li f lv vx!flhqwo| odujh1 Pruhryhu/ li wkh uhodwlyh lpsruwdqfh ri F*v delolw| ghfuhdvhv
vx!flhqwo| zlwk O*v delolw|/ l1h1

� � � @
4�I +H44,

4�I +H34,
+5144,

wkhq ! � ! iru vrph f1 Lq wkh fdvh ! @ ! iru vrph f � 3> ghqrwh wklv frvw f1

Ohppd 41 ! � ! li hlwkhu
+l, 5143 dqg 5144 krog/
+ll, 5143 krogv vwulfwo| dqg f � f> ru
+lll, 5144 krogv vwulfwo| dqg f � f1

Surri1 Vhh Dsshqgl{1

Qr rqh ri wkh wzr htxdwlrqv 5143 dqg 5144 lv e| lwvhoi d qhfhvvdu| ru vx!flhqw frqglwlrq iru wkh
srvvlelolw| wr vlpxowdqhrxvo| vdwlvi| wkh wzr qrq0plplfnlqj frqvwudlqwv1 Lq rwkhu zrugv wklv grhv
qrw fulwlfdoo| ghshqg rq wkh surshuwlhv ri wkh glvwulexwlrq ri � ru wkh vl}h ri wkh frpshwhqw fr0
zrunhu*v frqwulexwlrq wr wkh h{shfwhg srolf| rxwfrph1 Lw lv wkh frpelqdwlrq ri wkhvh wzr idfwruv

:



dqg wkh frvw ri eodplqj wkdw ghwhuplqhv wkh pdjqlwxghv ri wkh frqvwudlqwv1 Iru lqvwdqfh/ Ht1
5144 vwdwhv wkdw wkh frpshwhqw fr0zrunhu*v frqwulexwlrq vkrxog ghfuhdvh zlwk wkh frpshwhqfh
ri wkh ohdghu/ � � � ? 4/ exw dffruglqj wr Ohppd 4+lll, wkh qrq0plplfnlqj frqvwudlqwv pd| eh
vlpxowdqhrxvo| vdwlv�hg iru vrph glvwulexwlrqv i dqg frvwv f hyhq li klv frqwulexwlrq lqfuhdvhv
zlwk wkh frpshwhqfh ri wkh ohdghu/ l1h1 � A 41

Yhuli|lqj wkdw plplfnlqj lv qrq0sur�wdeoh lv xvxdoo| vx!flhqw iru wkh h{lvwhqfh ri d vhsd0
udwlqj htxloleulxp exw qrw lq wklv fdvh ehfdxvh ri wkh srvvlelolw| ri sduwldo plplfnlqj zkhuh
wkh lqfrpshwhqw w|sh ri ohdghu wulhv wr eodph klv frpshwhqw fr0zrunhu dw xqidyrudeoh srolf|
rxwfrphv1 Zlwk suredelolw| t F*v w|sh lv uhyhdohg dqg gxh wr S*v rxw0ri0htxloleulxp eholhiv kh
zloo qrw eh dfnqrzohgjhg1 Krzhyhu/ zlwk suredelolw| 4� t S uhfhlyhv wkh qrlv| vljqdo q dqg lv
lqfrpshwhqw wr glvwlqjxlvk wkh lqfrpshwhqw w|sh ri ohdghu iurp wkh frpshwhqw dqg dfnqrzohgjhv
klp1 Wklv ghyldwlrq pxvw eh qrq0sur�wdeoh lq htxloleulxp dqg wkh suredelolw| ri uhyhdolqj wkh
fr0zrunhu*v w|sh fdq wkhuhiruh qrw eh wrr orz

t �
!� f

!
+5145,

Wkh h{shfwhg sd|r� iurp sduwldo plplfnlqj lqfuhdvhv zlwk wkh uhzdug dqg d kljk uhzdug pxvw
eh edodqfhg zlwk d orz suredelolw| ri wudqvplwwlqj wkh qrlv| vljqdo1 Sduwldo plplfnlqj zrxog
rwkhuzlvh eh sur�wdeoh dqg vV zrxogq*w eh dq htxloleulxp1 Pruhryhu/ wkhuh fdq qrw h{lvw d
vhsdudwlqj htxloleulxp lq zklfk erwk w|shv ri ohdghu eodph wkhlu fr0zrunhuv dw xqidyrudeoh
srolf| rxwfrphv1 R zrxog/ e| Ed|hv* uxoh/ eholhyh O wr eh lqfrpshwhqw diwhu kdylqj revhuyhg d
idlohg dwwhpsw dw d edg srolf| dqg/ khqfh/ qr w|sh ri ohdghu zrxog kdyh dq lqfhqwlyh wr dssrlqw
dq lqfrpshwhqw fr0zrunhu dqg wkhuh zrxog eh qr vhsdudwlqj htxloleulxp1

Wkh sursrvhg vwudwhj| sur�oh vV lv dq htxloleulxp li erwk plplfnlqj dqg sduwldo plplfnlqj
duh qrq0sur�wdeoh1 Sursrvlwlrq 4 vwdwhv wkdw wklv lv wkh fdvh li dw ohdvw rqh ri wkh frqglwlrqv lq
Ohppd 4 krogv dqg wkh suredelolw| ri uhyhdolqj F*v w|sh lv vx!flhqwo| kljk1

Sursrvlwlrq 41 Li +l,/ +ll, ru +lll, lq Ohppd 4 krogv dqg t �
�
!� f

�
@! wkhq vV frqvwlwxwhv d

QH +Qdvk htxloleulxp, iru vrph uhzdug !1

Surri1 Vhh Dsshqgl{1

Lw lv hdv| wr vhh zk| Sursrvlwlrq 4 krogv1 Ohw +l,/ +ll, ru +lll, lq Ohppd 4 krog1 Wkhq ! � !
dqg ohwwlqj ! @ ! pdnhv plplfnlqj qrq0sur�wdeoh iru erwk w|shv ri ohdghu1 Sduwldo plplfnlqj lv

qrq0sur�wdeoh iru wkh lqfrpshwhqw w|sh vlqfh t �
�
!� f

�
@!1 Wklv pdnhv vV d Qdvk htxloleulxp

dqg Fruroodu| 4 fkdudfwhul}hv wkh lqwhuydo ri uhzdugv wkdw duh frqvlvwhqw zlwk htxloleulxp1

Fruroodu| 41 Vxssrvh +l,/ +ll, ru +lll, lq Ohppd 4 krogv1 Wkhq/ li

+l,
�
!� f

�
@! � t ?

�
!� f

�
@! wkhq vV lv d QH iru doo ! 5

k
!> f

4�t

l
dqg li

+ll, t �
�
!� f

�
@! wkhq vV lv d QH iru doo ! 5

�
!>!

�
1

Surri1 Vhh Dsshqgl{1

Wkh lqwhuydo ri uhzdugv frqvlvwhqw zlwk htxloleulxp lv uhvwulfwhg vr wkdw qr nlqg ri plplfnlqj

lv sur�wdeoh zlwklq wkh vshfl�hg lqwhuydo ri uhzdugv1 Lw lv uhvwulfwhg iurp ehorz e| wkh frpshwhqw
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Iljxuh 514= Wkh vhsdudwlqj htxloleulxp h{lvwv iru doo uhzdugv dqg suredelolwlhv t lq wkh htxlole0

ulxp }rqh H1

w|sh*v qrq0plplfnlqj frqvwudlqw dqg iurp deryh lw lv uhvwulfwhg e| hlwkhu wkh lqfrpshwhqw w|sh*v

qrq0sduwldo plplfnlqj frqvwudlqw ru klv qrq0plplfnlqj frqvwudlqw1 Zklfk ri wkh wzr odwwhu

frqvwudlqwv wkdw zloo eh uhvwulfwlqj wkh lqwhuydo ri uhzdugv ghshqgv rq t/ wkh suredelolw| zlwk

zklfk wkh fr0zrunhu*v w|sh lv frqyh|hg/ vhh Iljxuh 5141

Rqh lpsruwdqw frqvhtxhqfh ri wudqvsduhqf| lv wkdw lw hqdeohv wkh lqfrpshwhqw w|sh ri ohdghu

wr wu| wr ghfhlyh R e| sduwldo plplfnlqj1 Wklv lv srvvleoh rqo| ehfdxvh lq htxloleulxp R pxvw

eholhyh O wr eh frpshwhqw zkhqhyhu vkh revhuyhv d idlohg dwwhpsw wr eodph wkh fr0zrunhu

dw xqidyrudeoh srolf| rxwfrphv1 Wkh dowhuqdwlyh/ wkdw vkh eholhyhv O wr eh lqfrpshwhqw/ fdq

qrw eh vxssruwhg lq htxloleulxp> vxssrvh R dfnqrzohgjhg O rqo| li vkh revhuyhg d vxffhvvixo

dwwhpsw wr eodph dq lqfrpshwhqw fr0zrunhu1 Sduwldo plplfnlqj lv wkhq qrw dq dowhuqdwlyh iru wkh

lqfrpshwhqw w|sh ri ohdghu dqg rqo| wkh frpshwhqw w|sh ri ohdghu zloo wu| wr eodph klv fr0zrunhu1

Wklv phdqv/ e| Ed|hv* uxoh/ wkdw R pxvw eholhyh O wr eh frpshwhqw zkhqhyhu vkh revhuyhv d

idlohg dwwhpsw1 Vkh zloo frqvhtxhqwo| dfnqrzohgjh O zklfk frqwudglfwv wkh dvvxpswlrq wkdw vkh

zrxog qrw1

Wkh dvvxpswlrq ri wudqvsduhqf| lv qrw dozd|v dq dssursuldwh dvvxpswlrq ehfdxvh wkh re0

vhuyhu pd| qrw kdyh wkh delolw| wr revhuyh dqg lq wkh qh{w vhfwlrq wkh wudqvsduhqf| dvvxpswlrq

lv h{fkdqjhg wr d qrq0wudqvsduhqf| dvvxpswlrq1

61 Qrq0Wudqvsduhqw Rujdql}dwlrqv

Dvvxph/ dv ehiruh/ wkdw O idlov wr eodph wkh fr0zrunhu zlwk suredelolw| 4 � t1 R ohduqv rqo|

derxw vxffhvvixo dwwhpswv dqg lv wkhuhiruh ljqrudqw derxw dq hyhqwxdo idlohg dwwhpsw/ l1h1 F 5
i>>3> 4j zkhuh F @ > zkhq O kdv qrw eodphg wkh fr0zrunhu ru zkhq vxfk dq dwwhpsw kdv ehhq

xqvxffhvvixo1 Wklv lv wkh dvvxpswlrq ri qrq0wudqvsduhqf|1 Wkhuh duh pdq| sodxvleoh uhdvrqv iru

qrq0wudqvsduhqf|1 O dqg R pljkw eh vhsdudwhg jhrjudsklfdoo| vr wkdw R fdq qrw prqlwru O ru

R pd| qrw kdyh wkh nqrzohgjh wr glvwlqjxlvk d surri0jdwkhulqj dfwlylw| iurp wkh xvxdo gdlo|

<



dfwlylw|1 Dowhuqdwlyho|/ O pd| vhfuhwo| jdwkhu surriv wkdw kh sxwv iruzdug rqo| li kh nqrzv wkdw

wkh| duh vx!flhqw1 Wklv pd| eh wkh fdvh zkhq wkhuh lv d odujh frvw frqqhfwhg zlwk idlolqj dq

dwwhpsw sxeolfo|1

Ohw J3 @ +Q>V3> x3, eh wkh vljqdoolqj jdph xqghu wkh dvvxpswlrq ri qrq0wudqvsduhqf|1 O*v

vwudwhj| vhw VO lv dv ehiruh exw R*v vhw ri vwudwhjlhv lv gl�huhqw1 D vwudwhj| iru R lv d pdsslqj

vR = i>>3>4j � U � i3> 4j dqg V3

R
lv wkh vhw ri doo vxfk pdsslqjv1 Ohw V3 @ VO � V3

R
eh wkh

frpelqhg vwudwhj| vhw1 Wkh sd|r� ixqfwlrqv x3

O
dqg x3

R
duh pdsslqjv iurp wkh vhw ri vwudwhjlhv

wr wkh uhdo qxpehuv/ x3

l
= V3 $ U iru l @ O>R/ dqg x3 @ x3

O
� x3

R
1 Wkh vxjjhvwhg htxloleulxp

vwudwhj| sur�oh lv wkh vdph dv lq Vhfwlrq 5/ dqg wkh htxloleulxp duh gh�qhg e| Ed|hv* uxoh

dv ehiruh1 Dovr wkh vhw ri idyrudeoh srolf| rxwfrphv lv wkh vdph dv lq Vhfwlrq 51 Krzhyhu/
wkh rxw0ri0htxloleulxp eholhiv +Dvvxpswlrq 4, pxvw eh uhgh�qhg wr eh ryhu wkh qhz grpdlq
i3j�[ ^ i4j�U zklfk gl�hu iurp wkh suhylrxv ehfdxvh R fdq qrw revhuyh wkh vljqdo q1 Qrz
dq| rxw0ri0htxloleulxp revhuydwlrq lqyroyhv R revhuylqj wkh fr0zrunhu*v w|sh dqg wkh rxw0ri0
htxloleulxp eholhiv duh dv jlyhq e| 519 lq Dvvxpswlrq 4 zlwk wkh h{fhswlrq wkdw wkh vljqdo q qr
orqjhu fdq eh revhuyhg1

Sduwldo plplfnlqj lv qrw srvvleoh lq d qrq0wudqvsduhqw rujdql}dwlrq> vxssrvh wkh lqfrpshwhqw
w|sh sduwldoo| plplfv wkh frpshwhqw w|sh dv ghvfulehg lq Vhfwlrq 51 Li kh idlov lq eodplqj wkh
fr0zrunhu wkhq R grhvq*w ohduq dq|wklqj derxw wkh dwwhpsw dqg eholhylqj wkdw qr dwwhpsw kdv
ehhq pdgh vkh frqfoxghv wkdw O lv lqfrpshwhqw1 Li O vxffhhgv/ R eholhyhv klp wr eh lqfrpshwhqw
dqg grhvq*w dfnqrzohgjh klp1 Sduwldo plplfnlqj lv frqvhtxhqwo| d qrq0sur�wdeoh ghyldwlrq wkdw
grhvq*w qhhg wr eh frqvlghuhg1 dqg iru vV wr frqvwlwxwh d Qdvk htxloleulxp lw lv vx!flhqw wkdw
plplfnlqj lv qrq0sur�wdeoh/ l1h1 xO

�
vV

�
� xO

�
vP
O
> vV
R

�
iru O @ 3>41 Vroylqj wkh lqhtxdolw| iru

wkh lqfrpshwhqw w|sh jlyhv

! � !
Q

+t, @

+
!

4�I +H34,
t+4�I +H33,,�+I +H34,�I +H33,,

li t 5 +t>4`

.4 li t 5 ^3> t`
+614,

zkhuh t @ +I +H34, �I +H33,, @ +4�I +H33,,1 Iru wkh frpshwhqw w|sh

! � !Q +t, @

+
!

4�I +H44,
t+4�I +H43,,�+I +H44,�I +H43,,

li t 5
�
t> 4

�
.4 li t 5

�
3> t

� +615,

zkhuh t @ +I +H44, �I +H43,, @ +4�I +H43,,1 Wkh wzr slhfh0zlvh gh�qhg ixqfwlrqv deryh
ghvhuyh vrph h{sodqdwlrq1

Wkh ixqfwlrqv !Q dqg !
Q

vshfl�hv wkh orzhu0 dqg xsshu erxqgv rq wkh lqwhuydo ri uhzdugv

wkdw duh frqvlvwhqw zlwk htxloleulxp/ mxvw dv ! dqg ! glg lq Vhfwlrq 51 D kljk +orz, suredelolw|
ri d vxffhvvixo eodplqj dwwhpsw jlyhv d kljk +orz, h{shfwhg sd|r� iurp kdylqj dq lqfrpshwhqw
fr0zrunhu zkloh wkh h{shfwhg sd|r� iurp kdylqj d frpshwhqw fr0zrunhu lv wkh vdph lq erwk
fdvhv1 Wkh h{shfwhg sd|r� iurp kdylqj dq lqfrpshwhqw fr0zrunhu lqfuhdvhv idvwhu lq wkh uhzdug
wkdq zkdw wkh h{shfwhg sd|r� iurp kdylqj d frpshwhqw fr0zrunhu grhv1 Vwduwlqj lq d vlwxdwlrq
zkhuh O lv lqgl�huhqw ehwzhhq dssrlqwlqj d frpshwhqw ru dq lqfrpshwhqw fr0zrunhu/ d ghfuhdvh
lq wkh vxffhvv suredelolw| t pxvw eh frpshqvdwhg e| dq lqfuhdvh lq wkh uhzdug lq rughu wr uhvwruh

lqgl�huhqfh1 Wkh ixqfwlrq !Q dqg +!
Q

, lv wkhuhiruh ghfuhdvlqj lq t iru t A t +t A t, jrhv wr

lq�qlw| dv t dssurdfkhv t dqg +t, iurp deryh1 Qrwlfh wkdw !Q +4, @ ! dqg !
Q

+4, @ !=
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Wkhuh lv dq lpsruwdqw gl�huhqfh ehwzhhq wkh wzr fulwlfdo ydoxhv t dqg t1 Iru wkh frpshwhqw

ohdghu/ zkhq t A t wkhuh h{lvw d uhzdug !Q +t, vxfk wkdw kh suhihuv wkh vhsdudwlqj vwudwhj| wr
plplfnlqj iru doo uhzdugv odujhu wkdq wkdw uhzdug1 Dw t wkhuh qr orqjhu h{lvw dq| vxfk uhzdug
dqg wkh frpshwhqw w|sh vwulfwo| suhihuv plplfnlqj wr wkh vhsdudwlqj vwudwhj| iru doo uhzdugv1 Wkh
odwwhu lv wuxh iru doo t � t dqg !Q lv wkxv htxdo wr lq�qlw| iru doo vxfk t= Iru wkh lqfrpshwhqw w|sh

wkh rssrvlwh lv wuxh1 Zkhq t A t wkhuh h{lvw d uhzdug !
Q

vxfk wkdw kh vwulfwo| suhihuv plplfnlqj
wr wkh vxjjhvwhg htxloleulxp vwudwhj| iru doo uhzdugv wkdw duh odujhu wkdq wkdw uhzdug1 Dw t wkhuh
qr orqjhu h{lvw vxfk uhzdugv dqg kh vwulfwo| suhihuv wkh vhsdudwlqj vwudwhj| wr plplfnlqj zklfk

lv dovr wuxh iru doo t ? t1 Khqfh/ !
Q

lv htxdo wr lq�qlw| iru doo t � t= Wzr revhuydwlrqv fdq
eh pdgh1 Iluvw/ vV fdq qrw eh dq htxloleulxp li t � t vlqfh wkh frpshwhqw w|sh zrxog dozd|v

ghyldwh1 Vhfrqgo|/ li 5143 krogv wkhq t � t dqg rwkhuzlvh t � t1 Pruhryhu/ !Q dqg !
Q

kdv
d vlqjoh0furvvlqj surshuw| dqg lqyhvwljdwlqj wklv surshuw| ixuwkhu jlyhv wkuhh uhvxowv1 Iluvw/ li

t � t dqg ! � !/ ru li t A t dqg ! A !/ wkhq !
Q

grhv qrw furvv !Q iru dq| t � t= Vhfrqgo|/

li t A t dqg ! A !/ ru t A t dqg ! A ! wkhq wkhuh h{lvwv d xqltxh t� 5
�
t>4

�
dw zklfk !

Q

furvvhv !
Q

1 Frpelqlqj wkh vlqjoh0furvvlqj surshuw| zlwk Ohppd 4 vkrzv wkdw 615 dqg 614 fdq
eh vdwlv�hg vlpxowdqhrxvo| xqghu vrph zloo0vshfl�hg flufxpvwdqfhv/ vhh dovr Iljxuh 6141

Ohppd 51 !
Q

+t, � !
Q +t, li dq| ri wkh iroorzlqj lv wuxh/

+l, 5143 dqg 5144 krog dqg t � t/
+ll, 5143 krogv vwulfwo|/ f � f dqg t � t/
+lll, 5143 krogv vwulfwo|/ f � f dqg t � t � t�/ ru
+ly, 5144 krogv vwulfwo|/ f � f dqg t � t�1

Surri1 Vhh Dsshqgl{1

Li dq| ri wkh irxu fdvhv lq Ohppd 5 lv dw kdqg/ wkhq wkhuh h{lvwv dw ohdvw rqh uhzdug vxfk
wkdw qr w|sh ri ohdghu kdv dq lqfhqwlyh wr ghyldwh1 Pruh suhflvho|/ vV lv d Qdvk htxloleulxp iru
hyhu| uhzdug wkdw vdwlv�hv erwk 615 dqg 6141

Sursrvlwlrq 51 Li +l,/ +ll,/ +lll, ru +ly, lq Ohppd 5 krogv/ wkhq vV lv d QH iru doo uhzdugv

! 5
k
!Q +t, > !

Q

+t,
l
1

Surri1 Vhh Dsshqgl{1

Wkh vxjjhvwhg vwudwhj| sur�oh vV lv d Qdvk htxloleulxp li wkh uhzdug ! lv vxfk wkdw plplfnlqj
lv qrq0sur�wdeoh iru erwk w|shv ri ohdghu1 Zkhwkhu wklv lv wkh fdvh ru qrw ghshqgv rq wkh
surshuwlhv ri i dqg j dqg wkh vl}hv ri f dqg t= Zkhq i dqg j duh vxfk wkdw 5143 ru 5144 krogv
dqg f dqg t dvvxphv dssursuldwh ydoxhv/ wkh lqfhqwlyh frqvwudlqwv ri wkh wzr w|shv ri ohdghu fdq

eh pxwxdoo| vdwlv�hg/ l1h1 !
Q

+t, � !Q +t,1 Dq| uhzdug ehwzhhq wkh xsshu0 dqg orzhu erxqg

vdwlv�hv wkh qrq0plplfnlqj frqvwudlqwv pdnlqj vV dq htxloleulxp=

71 Zhoiduh Dqdo|vlv

Dvvxph wkdw wkh sdudphwhuv ri wkh prgho/ h{fhsw iru R*v frvw dqg O*v ydoxdwlrq ri dq df0
nqrzohgjphqw/ duh vxfk wkdw wkh vhsdudwlqj htxloleulxp fdq h{lvw erwk xqghu wudqvsduhqf| dqg
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Iljxuh 614= Wkh htxloleulxp }rqh ri uhzdugv dqg suredelolwlhv t fdq kdyh wkuhh gl�huhqw vkdshv1
Wkh xsshu ohiw gldjudp looxvwudwhv wkh d vlwxdwlrq zkhuh Ohppd 5+l, ru +ll, krogv1 Wkh xsshu
uljkw gldjudp vkrz wkh }rqh zkhq Ohppd 5+lll, krogv dqg wkh gldjudp ehorz zkhq Ohppd
5+ly, krogv1
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qrq0wudqvsduhqf|1 Ohw +!> �, dqg
�
!3> �3

�
eh wkh ydoxdwlrq dqg frvw ri dq dfnqrzohgjphqw dvvr0

fldwhg zlwk htxloleulxp xqghu wudqvsduhqf| dqg qrq0wudqvsduhqf|/ uhvshfwlyho|1 Frpsdulqj wkh
h{shfwhg xwlolwlhv ri R dqg wkh frpshwhqw w|sh ri ohdghu lq erwk vhwwlqjv jlyhv rqh frqglwlrq iru
hdfk sod|hu vshfli|lqj zkhq rqh vhwwlqj lv suhihuuhg wr wkh rwkhu e| wkdw sod|hu1 Wkh lqfrpsh0
whqw w|sh ri ohdghu lv dfnqrzohgjhg zlwkw kh vdph suredelolw| lq erwk vhwwlqjv dqg suhihu wkh
vhwwlqj wkdw kdv wkh kljkhvw uhzdug1

Ohppd 61 Wkh h{shfwhg xwlolw| ri wkh revhuyhu lv kljkhu xqghu wudqvsduhqf| wkdq qrq0wudqvsduhqf|
li dqg rqo| li

� � �
3

�
s +4� t, +4�I +H43,,

�
4� �

3

� s
�

s. +4� s,I +H34,
+714,

dqg wkh fruuhvsrqglqj lv wuxh iru wkh frpshwhqw w|sh ri ohdghu li dqg rqo| li

!
3

� ! � +4� t, +4�I +H43,,!
3 +715,

Surri1 Vhh Dsshqgl{1

Qrwlfh wkdw wkh uljkw0kdqg vlgh ri 714 lv vwulfwo| srvlwlyh vlqfh 4 � �3
� s A 3 lv d qhfhvvdu|

frqglwlrq iru [ wr eh qrq0hpsw| dv dvvxphg1 R*v zhoiduh lv wkxv kljkhu xqghu qrq0wudqvsduhqf|
rqo| li wkh frvw ri dfnqrzohgjlqj O lv orzhu wkdq xqghu wudqvsduhqf|1 Wklv lv ehfdxvh wkh frp0
shwhqw w|sh ri ohdghu lv dfnqrzohgjhg zlwk d kljkhu suredelolw| xqghu wudqvsduhqf| +suredelolw|
4, wkdq xqghu qrq0wudqvsduhqf|1 Wkh orzhu suredelolw| xqghu qrq0wudqvsduhqf| orzhuv wkh h{0
shfwhg sd|r� ri erwk wkh revhuyhu dqg wkh frpshwhqw ohdghu/ fhwhulv sdulexv/ vlqfh wkh revhuyhu
uhfhlyhv wkh jdlq 4 � � zlwk orzhu suredelolw| mxvw dv wkh frpshwhqw ohdghu uhfhlyhv klv uhzdug
zlwk orzhu suredelolw|1 Nhhslqj wkhlu h{shfwhg sd|r�v htxdo lq erwk vhwwlqjv uhtxluhv wkh qhw
jdlq dqg wkh uhzdug wr eh kljkhu xqghu qrq0wudqvsduhqf| wkdq xqghu wudqvsduhqf|/ l1h1 �3

? �

dqg ! A !
31 Vlqfh lw lv rqo| wkh lqirupdwlrqdo dvvxpswlrq wkdw gl�huv ehwzhhq wkh wzr vhwwlqjv

wkh revhuyhu*v frvw ri d sduwlfxodu uhzdug vkrxog eh wkh vdph lq erwk vhwwlqjv1 Lw lv dovr qdwxudo
wr lpsrvh d zhdn prqrwrqlflw| dvvxpswlrq vwdwlqj wkdw d odujh uhzdug frvwv dw ohdvw dv pxfk
dv d vpdoohu uhzdug1

Dvvxpswlrq 51 +Zhdn Prqrwrqlflw|, Lq dq| vhwwlqj/ ru ehwzhhq wkh wzr vhwwlqjv/ !3 A !

lpsolhv �3
� �1

D frqvhtxhqfh ri Zhdn Prqrwrqlflw| lv wkdw wkh wzr lqhtxdolwlhv lq Ohppd 6 pd| eh vdwlv�hg
exw qrw ylrodwhg vlpxowdqhrxvo|1

Sursrvlwlrq 61 Xqghu wkh dvvxpswlrq ri Zhdn Prqrwrqlflw| wkh vhsdudwlqj htxloleulxp xqghu
wudqvsduhqf| pd| Sduhwr grplqdwh wkh vhsdudwlqj htxloleulxp xqghu qrq0wudqvsduhqf|
zkloh wkh uhyhuvhg lv qrw wuxh1

Surri1 Vhh Dsshqgl{

Iru wkh htxloleulxp xqghu wudqvsduhqf| wr Sduhwr grplqdwh wkdw xqghu qrq0wudqvsduhqf|
lw lv qhfhvvdu| wkdw wkh uhzdug lq wkh iruphu lvq*w orzhu wkdq wkdw lq lq wkh odwwhu ehfdxvh ri
wkh zhoiduh ri wkh lqfrpshwhqw ohdghu1 Dq| htxloleulxp uhzdug pxvw vdwlvi| wkh qrq0plplfnlqj
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frqvwudlqwv/ dqg lq sduwlfxodu ! � ! dqg !3
� !Q +t, zkhuh wkh odwwhu frqvwudlqw jrhv iurp ! wr

.4 dv t jrhv iurp 4 wr t1 Khqfh/ iru t forvh hqrxjk wr 4 wkhuh h{lvwv uhzdugv ! dqg !3 frqvlvwhqw
zlwk htxloleulxp vxfk wkdw wudqvsduhqf| Sduhwr grplqdwhv qrq0wudqvsduhqf|1 Wkh lqwxlwlrq lv
wkdw wkh lpsdfw ri wkh lqirupdwlrqdo dvvxpswlrqv ghfuhdvhv zlwk t dqg ydqlvkhv dv t jrhv wr 41
Iru orzhu ydoxhv ri t wkh gl�huhqfh lv juhdwhu dqg iru vx!flhqwo| orz ydoxhv ri t lv wkh glvwdqfh
ehwzhhq wkh wzr frqvwudlqwv ! dqg !

Q +t, odujh hqrxjk wr pdnh doo srvvleoh frpelqdwlrqv ri

uhzdugv dqg frvwv/ +!> �, dqg
�
!3> �3

�
/ ylrodwh hlwkhu 714 ru 715 jlyhq wkh prqrwrqlflw| dvvxpswlrq1

Lq wkdw fdvh qr uhzdug dqg frvw vwuxfwxuh lq rqh vhwwlqj fdq Sduhwr grplqdwh d vwuxfwxuh lq wkh

rwkhu vhwwlqj1

81 Vxppdu|

Wkh lpsdfw ri wzr gl�huhqw lqirupdwlrqdo dvvxpswlrqv/ wudqvsduhqf| dqg qrq0wudqvsduhqf|/ rq

wkh frqglwlrqv iru h{lvwhqfh ri d vhsdudwlqj htxloleulxp kdv ehhq lqyhvwljdwhg1 Dv lv xvxdo lq wklv

nlqg ri prghov/ wkh vhsdudwlqj htxloleulxp h{lvwv zkhq lw lv qrw sur�wdeoh iru rqh w|sh ri ohdghu

wr plplf wkh ehkdylru ri wkh rwkhu w|sh1 Xqghu wkh dvvxpswlrq ri qrq0wudqvsduhqf|/ wkh ohdghu lv

qrw dfnqrzohgjhg li klv dwwhpsw wr eodph wkh fr0zrunhu idlov dqg wkh qrq0plplfnlqj frqvwudlqwv

wkxv fkdqjhv zlwk wkh suredelolw| ri wkh ohdghu*v dwwhpsw wr eodph wkh fr0zrunhu ehlqj vxffhvvixo>

wkh orzhu suredelolw| ri vxffhvvixoo| eodplqj wkh fr0zrunhu wkh kljkhu pxvw wkh ohdghu*v uhzdug

eh zkhq dfnqrzohgjhg1 Lq wkh fdvh ri wudqvsduhqf| wklqjv duh gl�huhqw1 Wkh revhuyhu ohduqv

derxw idlohg dwwhpswv wr eodph wkh fr0zrunhu dqg uhzdugv wkh ohdghu dovr diwhu d idlohg dwwhpsw1

Wkh frpshwhqw ohdghu zloo frqvhtxhqwo| dozd|v eh uhzdughg lq htxloleulxp1 Lw iroorzv wkdw wkh

qrq0plplfnlqj frqvwudlqwv duh frqvwdqw zlwk uhvshfw wr suredelolw| ri vxffhvvixoo| eodplqj wkh

frq0zrunhu1 Wkh kljkhu suredelolw| ri wkh frpshwhqw w|sh ri ohdghu wr eh dfnqrzohgjhg dovr

pdnhv wkh qrq0plplfnlqj frqvwudlqwv dvvxph orzhu ydoxhv xqghu wudqvsduhqf| wkdq xqghu qrq0

wudqvsduhqf|1 Rq wkh rwkhu kdqg/ wudqvsduhqf| rshqv xs iru wkh srvvlelolw| ri sduwldo plplfnlqj

zklfk dggv rqh pruh frqvwudlqw wr wkh wzr qrq0plplfnlqj frqvwudlqwv1 Wkh pdlq �qglqjv duh

vxppdul}hg lq Wdeoh L1
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Wdeoh L

Wudqvsduhqf| Qrq0Wudqvsduhqf|

! � ! ! � !Q +t,

Frqvwudlqwv ! � ! ! � !
Q

! � f@ +4� t,

Suredelolw| ri O @ 3 I +H34, I +H34,
ehlqj dfnqrzohgjhg

Suredelololw| ri O @ 4 4 I +H43, +4� t, . t
ehlqj dfnqrzohgjhg

Htxloleulxp ydoxh t �
�
!� f

�
@! t � t ru

ri t t �
�
!� f

�
@! t � t � t� ru

t � t�

Uhodwlyh vl}h ! � !Q +t,

ri uhzdug ! � !
Q

+t,

Sduhwr grplqdwlrq Hyhqwxdoo| A exw qhyhu ?

91 D Qxphulfdo H{dpsoh

Wkh vwdqgdug orjlvwlf glvwulexwlrq forvho| dssur{lpdwhv wkh vwdqgdug qrupdo glvwulexwlrq1 Ohw �
eh vwdqgdug orjlvwlfdoo| glvwulexwhg/ I +�, @ h�@ +4 . h�, dqg ohw O eh frpshwhqw zlwk suredelolw|

s @ 3=8= Wkh uhodwlyh frqwulexwlrq ri klv delolw| wr wkh srolf| rxwfrph lv � @ 4=8 dqg zkhq

zrunlqj iru wkh frpshwhqw ohdghu wkh frpshwhqw fr0zrunhu frqwulexwhv � @ 3=71 Wkh frvw ri

eodplqj wkh fr0zrunhu lv f @ 3=8 dqg wkh lqwhqvlw| ri S*v suhihuhqfhv ryhu wkh srolf| rxwfrph

lv � @ 41 Wkhvh sdudphwhuv duh khog frqvwdqw wkurxjkrxw wkh h{dpsoh dqg wkh| duh xvhg dv d

frpprq vwduwlqj srlqw iru wkh lqyhvwljdwlrq ri wzr gl�huhqw fdvhv/ +�> !> t, @ +3>5=8>3=<, dqg�
�3> !3> t3

�
@ +3>5=8> 3=<, > xvlqj erwk lqirupdwlrqdo dvvxpswlrqv1 Wkh h{dpsoh lv ghvfulehg lq

Wdeoh LL1
Wkh fdvh +�> !> t, lv wkh prvw idyrudeoh wr erwk wkh revhuyhu dqg wkh ohdghu1 Wkh revhuyhu

lv/ zlwkrxw dq| frvwv/ deoh wr jlyh wkh suhvxpdeo| frpshwhqw ohdghu d kljk uhzdug1 Xqghu
wudqvsduhqf| lw wxuqv rxw wkdw erwk 5143 dqg 5144 krogv dqg ! � ! iru doo f � 3 e| Ohppd 4+l,1
Wkh uhzdug � @ 5=8 vdwlv�hv erwk qrq0plplfnlqj frqvwudlqwv1 Pruhryhu/ t lv vx!flhqwo| kljk
jlyhq � dqg vdwlv�hv wkh sduwldo qrq0plplfnlqj frqvwudlqw1 Dovr xqghu qrq0wudqvsduhqf| lv t

vx!flhqwo| kljk +t A t/ Ohppd 5+l,, dqg � vdwlv�hv wkh qrq0plplfnlqj frqvwudlqwv1 Khqfh/ wkh
vhsdudwlqj htxloleulxp h{lvwv lq erwk vhwwlqjv dqg khuh qrq0wudqvsduhqf| lv Sduhwr grplqdwhg
e| wudqvsduhqf|1

Wkh vhfrqg fdvh
�
�3> !3> t3

�
lv ohvv idyrudeoh wkdq wkh �uvw/ lw lv frvwo| iru R wr dfnqrzohgjh

O zkr lq wxuq ydoxdwhv wkh dfnqrzohgjphqw ohvv wkdq lq wkh �uvw fdvh1 Iru wkhvh sdudphwhu
ydoxhv lw wxuqv rxw wkdw rqo| 51441 Lw iroorzv/ e| Ohppd 4+lll,/ wkdw f fdqqrw eh wrr kljk zklfk
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lv qrw wkh fdvh khuh1 Xqghu wkh dvvxpswlrq ri wudqvsduhqf| wkh uhzdug vdwlv�hv erwk plplfnlqj
frqvwudlqwv dqg t wkh sduwldo qrq0plplfnlqj frqvwudlqw1 Wkh qrq0plplfnlqj frqvwudlqwv duh
vdwlv�hg dovr xqghu wkh dvvxpswlrq ri qrq0wudqvsduhqf|1 Lq wkh odwwhu vhwwlqj t lv dovr kljkhu
wkdq uhtxluhg e| Ohppd 5+lll,1 Wkh vhsdudwlqj htxloleulxp h{lvwv lq erwk vhwwlqjv dqg dovr khuh
lv qrq0wudqvsduhqf| Sduhwr grplqdwhg e| wudqvsduhqf|1

Wdeoh LL

s @ 3=8> � @ 4=8> � @ 4> � @ 3=7> f @ 3=8

Wudqvsduhqf| Qrq0Wudqvsduhqf|

5=43 krogv

5=44 krogv

[ @ ^4=458>.4,
� @ 3 � @ 3=88
! @ 5=8 t � 3=; t @ 3=5499

t @ 3=< ! @ 4=; !Q +3=<, @ 5=3:

! @ 6=:; !
Q

+3=<, @ 5=;:
xR

�
vV

�
@ 4=;< x3

R

�
vV

�
@ 4=;;

xO@4
�
vV

�
@ 6=:; x3

O@4

�
vV

�
@ 6=9<

5=43 grhvq3w krog

5=44 krogv

[ @ ^6=84;>.4,
�3 @ 3=4 � @ 3=<
!3 @ 4=7 f @ :6=57
t3 @ 3=:8 t � 3=97 t� @ 3=3:

! @ 4=34 !Q +3=:8, @ 4=;;

! @ 4=94 !
Q

+3=:8, @ 5=59
xR

�
vV

�
@ 4=<5 x3

R

�
vV

�
@ 4=;;

xO@4
�
vV

�
@ 5=7; x3

O@4

�
vV

�
@ 5=59
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Surri ri Ohppd 41 Uhzulwlqj ! � ! jlyhv

�
4� I +H33,

4� I +H34,
�

4� I +H43,

4� I +H44,

�
f �

�

4�I +H44,
�

4

4� I +H34,
= +14,

+l, Vxssrvh 5144 dqg 5143 krog1 Wkh uljkw0kdqg vlgh ri 14 lv qrq0srvlwlyh dqg wkh ohiw0kdqg
vlgh lv qrq0qhjdwlyh vlqfh f lv qrq0qhjdwlyh e| dvvxpswlrq1 Khqfh/ 14 krogv iru doo f � 3=
+ll, Vxssrvh 5143 krogv vwulfwo| dqg 5144 grhvq*w krog1 Erwk vlghv ri 14 lv vwulfwo| srvlwlyh
dqg 14 krogv iru doo f � f zkhuh

f �

�

4�I +H44,
� 4

4�I +H34,

4�I +H33,
4�I +H34,

�
4�I +H43,
4�I +H44,

� 3= +15,

+lll, Vxssrvh 5144 krogv vwulfwo| zkloh 5143 grhvq*w krog1 Erwk vlghv ri 14 duh vwulfwo|
qhjdwlyh vlqfh f � 3 e| dvvxpswlrq1 Khqfh/ li f � f wkhq 14 krogv1

Surri ri Sursrvlwlrq 41 ! � ! vlqfh +l,/ +ll, ru +lll, lq Ohppd 4 krogv e| dvvxpswlrq dqg
t �

�
!� f

�
@!1 Ohw ! @ != Frqvlghu dq| srvvleoh vwudwhj| v3

O
9@ vV

O
dqg dvvxph wkdw

v3

O
suhvfulehv O wr fkrvh dq lqfrpshwhqw ohdghu1 Wkhq vO "w@3 vP

O
e| dvvxpswlrq dqg

vP
O
�w@3 v

3

O
e| wkh surshuwlhv ri R*v eholhi irupdwlrq1 Wkh odwwhu dovr jlyhv vV

O
�w@4 v3

O
1

D ghyldwlrq suhvfulelqj d lqfrpshwhqw fr0zrunhu fdq qrw eh vwulfwo| sur�wdeoh1 Vlploduo|/

li v3

O
suhvfuleh O wr fkrvh d frpshwhqw fr0zrunhu wkhq vV

O
�w@4 vP

O
e| dvvxpswlrq dqg

vP
O
�w@4 v

3

O
e| wkh surshuwlhv ri R*v eholhi irupdwlrq zklfk dovr jlyhv vV

O
�w@3 v

3

O
1 Khqfh/

wkhuh h{lvwv qr vwulfwo| sur�wdeoh ghyldwlrq iru dq| w|sh ri ohdghu jlyhq wkh dvvxpswlrqv

pdgh deryh1 vV
R

pd{lpl}hv/ e| gh�qlwlrq/ R*v h{shfwhg xwlolw|1 Khqfh/ vV lv d QH iru

! @ !1 �

Surri ri Fruroodu| 41 ! � ! vlqfh +l,/ +ll, ru +lll, lq Ohppd 4 krogv e| dvvxpswlrq1 Iurp
wkh surri ri Sursrvlwlrq 4 lw iroorzv wkdw li plplfnlqj lv d qrq0sur�wdeoh ghyldwlrq/ wkhq
lv vV d QH1 Khqfh/ li

�
!� f

�
@! � t ?

�
!� f

�
@! wkhq ! � +t � f, @t ? ! dqg erwk

plplfnlqj dqg sduwldo plplfnlqj lv qrq0sur�wdeoh iru doo ! 5
�
!> +t � f, @t

�
1 Dqdorjrxvo|/

li t �
�
!� f

�
@! wkhq +t � f, @t � ! dqg erwk plplfnlqj dqg sduwldo plplfnlqj lv qrq0

sur�wdeoh iru doo ! 5
�
!>!

�
1

Surri ri Ohppd 51 Suholplqdulhv= !
Q

+t, dqg !Q +t, dssurdfkhv lq�qlw| dv uhvshfwlyh gh0

qrplqdwru dssurdfkhv }hur1 Vhwwlqj wkh ghqrplqdwruv htxdo wr }hur dqg vroylqj iru t
jlyhv

t @
I +H34,� I +H33,

4� I +H33,
+16,

dqg

t @
I +H44, �I +H43,

4� I +H43,
= +17,

4:



Khqfh/ t � t li dqg rqo| li 5143 krogv1 Wr vhh wkh vlqjoh furvvlqj surshuw|/ vroylqj !
Q

+t, @

!
Q +t, jlyhv wkh xqltxh vroxwlrq

t� @
! +4�I +H34,, +I +H44, �I +H43,,� ! +4� I +H44,, +I +H34,� I +H33,,

! +4� I +H34,, +4�I +H43,,� ! +4� I +H44,, +4� I +H33,,
= +18,

Li wkh ghqrplqdwru lq 18 lv htxdo wr }hur wkhq ! @ !/ t @ t dqg !
Q

+t, @ !
Q +t, iru doo t=

+l, Vxssrvh erwk 5143 dqg 5144 krogv1 Wkhq ! � ! dqg t � t= Wklv lpsolhv wkdw !
Q

+t, @

!
Q +t, dq hyhq qxpehu ri wlphv lq wkh lqwhuydo

�
t>4

�
1 Vlqfh t� lv xqltxh zkhqhyhu rqh ru

erwk ri 5143 dqg 5144 krogv zh frqfoxgh wkdw !
Q

+t, � !
Q +t, iru doo t 5

�
t>4

�
1 Li erwk

5143 dqg 5144 krogv zlwk htxdolw| wkh +l, lv wulyldoo| wuxh1
+ll, Vxssrvh 5143 krogv vwulfwo| dqg 5144 grhvq*w krog1 Ixuwkhupruh/ dvvxph f � f1 Wklv

pdnhv ! � ! e| Ohppd 4+ll, dqg t A t1 Lw iroorzv wkdw !
Q

+t, @ !
Q +t, dq hyhq qxpehu

ri wlphv lq wkh lqwhuydo
�
t>4

�
= t� lv xqltxh lq wklv fdvh dqg/ khqfh/ !

Q

+t, � !
Q +t, iru doo

t 5
�
t> 4

�
1

+lll, Vxssrvh 5143 krogv vwulfwo| dqg 5144 grhvq*w krog1 Ixuwkhupruh/ dvvxph f ? f1 Wklv

pdnhv ! ? ! e| wkh surri ri Ohppd 4 dqg t A t1 Lw iroorzv wkdw !
Q

+t, @ !
Q +t, dq rgg

qxpehu ri wlphv lq wkh lqwhuydo
�
t>4

�
= t� lv xqltxh dqg zh frqfoxgh wkdw !

Q

+t, � !
Q +t,

iru doo t 5
�
t> t�

�
1

+ly, Vxssrvh 5144 krogv vwulfwo|/ f � f dqg 5143 grhvq*w krog1 Wkhq ! � ! e| Ohppd 4+lll,

dqg t A t1 Lw iroorzv wkdw !
Q

+t, @ !
Q +t, dq rgg qxpehu wlphv lq wkh lqwhuydo

�
t> 4

�
= t�

lv xqltxh dqg khqfh !
Q

+t, � !
Q +t, iru doo t 5 ^t�> 4`1

Surri ri Sursrvlwlrq 51 E| dvvxpswlrq grhv +l,/ +ll,/ +lll, ru +ly, lq Ohppd 5 krog dqg

!
Q

+t, A !
Q +t,1 Ohw ! 5

k
!
Q +t, > !

Q

+t,
l
1 Frqvlghu O*v ghyldwlrq v3

O
9@ vV

O
= Vxssrvh

v3

O
suhvfulehv O wr fkrvh dq lqfrpshwhqw fr0zrunhu/ wkhq v

V

O
"w@3 v

P

O
e| dvvxpswlrq dqg

v
P

O
�w@3 v

3

O
e| wkh surshuwlhv ri R*v eholhi irupdwlrq zklfk dovr jlyhv v

V

O
� v

3

O
= Wr fkrvh

dq lqfrpshwhqw fr0zrunhu lv qrw d sduw ri dq| vwulfwo| sur�wdeoh ghyldwlrq1 Qh{w/ vxssrvh

v
3

O
suhvfulehv d frpshwhqw fr0zrunhu1 E| dvvxpswlrq lv v

V

O
�w@4 v

P

O
dqg v

P

O
�w@4 v

3

O
e|

wkh surshuwlhv ri R*v eholhiv1 Dovr/ v
V

O
�w@3 v

3

O
1 S*v vwudwhj| v

V

R
pd{lpl}hv khu xwlolw| e|

gh�qlwlrq1 Jlyhq wkh dvvxpswlrqv deryh/ wkhuh h{lvwv qr vwulfwo| sur�wdeoh ghyldwlrq dqg

v
V lv d QH1 �

Surri ri Ohppd 61 Wkh revhuyhu*v h{shfwhg xwlolw| xqghu wudqvsduhqf| lv

xR
�
vV

�
@ s ^+4� �, . �j +4> 3,` . +4� s, ^�I +H34, � . +4� I +H34,, s. �j +3>4,`

dqg xqghu qrq0wudqvsduhqf|

xQ
R

�
vV

�
@ s

��
4� �3

�
� +4�I +H43,, +4� t,

�
4� �3

� s
�
. �j +4> 3,

�

.+4� s,
�
�I +H34, �

3 . +4�I +H34,, s. �j +3> 4,
�
=

4;



Vhwwlqj xR
�
vV

�
� xQ

R

�
vV

�
dqg vlpsoli|lqj jlyhv

�3
� � � �

+4�I +H43,,
��
4� �

3

� s
�
. s�

3
�

s. +4� s,I +H34,

zklfk suryhv wkh li vwdwhphqw1 Wkh rplwwhg surri ri wkh rqo|0li vwdwhphqw fdq eh uhfrq0

vwuxfwhg e| grlqj wkh �li surri� edfnzdugv1 Dqdorjrxvo|/ wkh frpshwhqw ohdghu*v h{shfwhg

sd|r� xqghu wudqvsduhqf| lv

xO
�
vV m O @ 4

�
@ !� +4�I +H43,, f. j +4>3,

dqg xqghu qrq0wudqvsduhqf|

xQ
O

�
vV m O @ 4

�
@ +I +H43, . t +4� I +H43,,,!

3
� +4�I +H43,, f. j +4> 3, =

Uhzulwlqj xO
�
vV m O @ 4

�
� xQ

O

�
vV m O @ 4

�
jlyhv

!
3 � ! � +4� t, +4�I +H43,,!

3

=

Dovr khuh lv wkh surri ri wkh rqo|0li vwdwhphqw rplwwhg1

Surri ri Sursrvlwlrq 61 E| Ohppd 6 lw lv !3 A ! dqg �3 ? � d qhfhvvdu| frqglwlrq iru qrq0
wudqvsduhqf| wr Sduhwr grplqdwh wudqvsduhqf|1 Wklv frqwudglfwv wkh dvvxpswlrq ri Zhdn
Prqrwrqlflw|1 �

4<



Uhihuhqfhv

^4` Ehvoh|/ W1 dqg Fdvh/ D1 +4<<8,1 �Grhv Hohfwrudo Dffrxqwdelolw| D�hfw Hfrqrplf Srolf|
FkrlfhvB Hylghqfh iurp Jxehuqdwruldo Whup Olplwv�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv

443/ :9<0:<;1

^5` Fkr/ L0N1 dqg Nuhsv/ G1P1 +4<;:,1 �Vljqdolqj Jdphv dqg Vwdeoh Htxloleuld�/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv 435/ 4:<05541

^6` H!qjhu/ P1 dqg Sroeruq/ P1 +4<<<,1 �Khuglqj dqg Dqwl0Khuglqj= D Prgho ri Uhsxwdwlrqdo
Gl�huhqwdwlrq�/ plphr/ Xqlyhuvlw| ri Pxqlfk1

^7` Ihuhmrkq/ M1 +4<;9,1 �Lqfxpehqw Shuirupdqfh dqg Hohfwrudo Frqwuro�/ Sxeolf Fkrlfh 83/
80591

^8` Jleerqv/ U1 dqg Pxusk|/ N1M1 +4<<5,1 �Rswlpdo Lqfhqwlyh Frqwudfwv lq wkh Suhvhqfh ri
Fduhhu Frqfhuqv= Wkhru| dqg Hylghqfh�/ Mrxuqdo ri Srolwlfdo Hfrqrp| 433+6,/ 79;08381

^9` Kduulqjwrq/ M1H1 +4<<6,1 �Hfrqrplf Srolf|/ Hfrqrplf Shuirupdqfh/ dqg Hohfwlrqv�/ Dphu0

lfdq Hfrqrplf Uhylhz ;6+4,/ 5:0751

^:` Mhrq/ V1 +4<<9,1 �Uhsxwdwlrqdo Frqfhuqv dqg Pdqdjhuldo Lqfhqwlyhv lq Lqyhvwphqw Ghfl0
vlrqv�/ Hxurshdq Hfrqrplf Uhylhz 75/ 45360454<1

^;` Ohy|/ J1 +4<<<,1 �Vwudwhjlf Frqvxowdwlrq dqg c\hv Pdq* Dgylvruv� lq Hvvd|v rq Vwudwhjlf

Lqirupdwlrq Wudqvplvvlrq/ Glvvhuwdwlrq lq Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw|1

^<` Ph|hu/ P1D1 dqg Ylfnhuv/ M1 +4<<:,1 �Shuirupdqfh Frpsdulvrqv dqg G|qdplf Lqfhqwlyhv�/
Mrxuqdo ri Srolwlfdo Hfrqrp| 438+6,/ 87:08;41

^43` Urjr�/ N1 +4<<3,1 �Htxloleulxp Srolwlfdo Exgjhw F|fohv�/ Dphulfdq Hfrqrplf Uhylhz

;3+4,/ 540691

^44` Urjr�/ N1 dqg Vlehuw/ D1 +4<;;,1 �Hohfwlrqv dqg Pdfurhfrqrplf Srolf| F|fohv�/ Uhylhz ri

Hfrqrplf Vwxglhv 88/ 40491

^45` Shuvvrq/ W1 dqg Wdehoolql/ J1 +4<<3,1 Pdfurhfrqrplf Srolf|/ Fuhglelolw| dqg Srolwlfv1 Orq0
grq= Kduzrrg Dfdghplf Sxeolvkhuv1

^46` Vhjhqgru�/ E1 +4<<<,1 �D Vljqdoolqj Wkhru| ri Vfdshjrdwv�/ plphr/ Vwrfnkrop Vfkrro ri
Hfrqrplfv1

^47` Wuxhpdq/ E1 +4<<7,1 �Dqdo|vw Iruhfdvwv dqg Khuglqj Ehkdylru�/ Uhylhz ri Ilqdqfldo Vwxg0

lhv :/ <:04571
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