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4 Lqwurgxfwlrq
Xqfrqglwlrqdo uhwxuq glvwulexwlrqv duh fkdudfwhul}hg e| wkh *vw|ol}hg idfwv* ri
h{fhvv nxuwrvlv/ kljk shdnhgqhvv dqg duh riwhq vnhzhg/ vhh Ploov +4<<</ fk
8,1 Exw wkh frqglwlrqdo glvwulexwlrq lv dovr fkdudfwhul}hg e| h{fhvv nxuwrvlv
dqg vnhzqhvv zkhq wkh DUFK prgho ri Hqjoh +4<;5, ru lwv jhqhudol}dwlrq
wr JDUFK e| Eroohuvohy +4<;9, duh �wwhg wr uhwxuq vhulhv/ vhh h1j1 Iuhqfk/
Vfkzhuw dqg Vwdxpedxjk +4<;:,/ Hqjoh dqg Jrq}dohv0Ulyhud +4<<4,1

JDUFKprghov duh w|slfdoo| hvwlpdwhg e| wkh phwkrg ri pd{lpxp olnhol0
krrg dssolhg wr wkh qrupdo ghqvlw|/ uhjdugohvv ri zkhwkhu wkh frqglwlrqdo glv0
wulexwlrq lv dvvxphg qrupdo ru qrw1 Wklv pd| ri frxuvh uhvxow lq d odujh orvv ri
h!flhqf| uhodwlyh wr wkh wuxh exw xqnqrzq pd{lpxp olnholkrrg hvwlpdwru1 Lq
uhvsrqvh Hqjoh dqg Jrq}dohv0Ulyhud +4<<4, lqwurgxfhg wkh vhpl0sdudphwulf
pd{lpxp olnholkrrg hvwlpdwru ri JDUFK prghov1 Wkh vhpl0sdudphwulf hv0
wlpdwru lv d wzr0vwhs hvwlpdwru1 Lq wkh �uvw vwhs frqvlvwhqw hvwlpdwhv ri wkh
sdudphwhuv duh rewdlqhg dqg duh xvhg wr hvwlpdwh d qrq0sdudphwulf frqgl0
wlrqdo ghqvlw|1 Wkh vhfrqg vwhs frqvlvwv ri xvlqj wklv qrq0sdudphwulf ghqvlw|
wr dgdsw wkh lqlwldo hvwlpdwru1 Wkh phwkrg kdv qrw ehhq dssolhg pxfk lq
wkh olwhudwxuh wkrxjk1 Wklv pd| eh ehfdxvh wkh hvwlpdwru lv qrw vr vlp0
soh wr frpsxwh/ ixuwkhupruh d fkrlfh ri ghqvlw| hvwlpdwru lv uhtxluhg dqg
vshfl�fdwlrq whvwlqj lv qrw vwudljkwiruzdug1

Wklv sdshu lv frqfhuqhg zlwk h!flhqw JPP hvwlpdwlrq ri JDUFK prg0
hov1 Lq sduwlfxodu zh vkrz wkdw h!flhqw JPP lv d ihdvleoh dowhuqdwlyh wr
wkh txdvl0pd{lpxp olnholkrrg dqg vhpl0sdudphwulf hvwlpdwruv1 Frpsduhg
wr wkh vhpl0sdudphwulf hvwlpdwru h!flhqw JPP kdv wkh dgydqwdjh ri ehlqj
vlpsoh wr frpsxwh dqg vshfl�fdwlrq whvwlqj lv vwudljkwiruzdug1 Dv d frp0
shwlwru wr wkh frpprq txdvl0pd{lpxp olnholkrrg hvwlpdwru h!flhqw JPP
lv dv|pswrwlfdoo| h!flhqw zlwk wkh frh!flhqw ri vnhzqhvv dqg h{fhvv nxuwrvlv
ri wkh frqglwlrqdo ghqvlw| ehlqj lpsruwdqw lq h{sodlqlqj wkh gl�huhqfhv1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh gh�qh wkh
hvwlpdwru lq fdvh ri d JDUFK+4/4, frqglwlrqdo yduldqfh prgho dqg jlyh
vx!flhqw frqglwlrqv iru wkh hvwlpdwru wr eh frqvlvwhqw dqg dv|pswrwlfdoo|
qrupdo1 Wkdw lv/ wr kdyh wkh FDQ surshuw|1 Dv|pswrwlf uhodwlyh h!flhqf|
frpsdulvrq wr wkh txdvl0pd{lpxp olnholkrrg hvwlpdwru vkrzv wkdw h!flhqw
JPP lv dv|pswrwlfdoo| pruh h!flhqw xqghu dv|pphwu| ri wkh frqglwlrqdo
ghqvlw| dqg d vpdoo Prqwh0Fduor h{shulphqw frq�upv wkdw wkh �qlwh0vdpsoh
jdlq fdq eh vxevwdqwldo1 Vhfwlrq 6 lv frqfhuqhg zlwk h!flhqw JPP hvwlpdwlrq
ri wkh JDUFK+4/4,0P uhjuhvvlrq prgho ri Hqjoh/ Ololhq dqg Urelqv +4<;:,1
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Lw lv vkrzq wkdw wkh lqwurgxfwlrq ri d frqglwlrqdo phdq pdnhv wkh frh!flhqw
ri h{fhvv nxuwrvlv dv zhoo dv ri vnhzqhvv lpsruwdqw iru h{sodlqlqj wkh uhodwlyh
h!flhqf| jdlqv ri h!flhqw JPP1 Lq wklv vhfwlrq zh dovr frqvlghu h!flhqw
JPP edvhg vshfl�fdwlrq whvwv1 Wkhvh whvwv duh orfdoo| pruh srzhuixo wkdq
wkh fruuhvsrqglqj Eroohuvohy dqg Zrrogulgjh +4<<5, urexvw fodvvlfdo whvwv
zkhqhyhu wkh h!flhqw JPP hvwlpdwru lv dv|pswrwlfdoo| pruh h!flhqw wkdq
txdvl0pd{lpxp olnholkrrg1 Vhfwlrq 7 looxvwudwhv h!flhqw JPP hvwlpdwlrq
dqg k|srwkhvlv whvwlqj zlwk dq dssolfdwlrq wr wkh gdlo| uhwxuqv wr wkh VS833
lqgh{/ +4<5;04<<4, dqg vhfwlrq 8 frqfoxghv1 Surriv fdq eh irxqg lq wkh
dsshqgl{1

5 DJDUFK+4/4, frqglwlrqdo yduldqfh surfhvv

514 Wkh h!flhqw JPP hvwlpdwru

Frqvlghu wkh gdwd jhqhudwlqj surfhvv
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revhuyh d �qlwh vhjphqw ri wkh surfhvv +4, dqg wkh remhfwlyh lv wr hvwlpdwh
wkh sdudphwhuv wf 5 X zkhuh wf ' Ekfc k�c q�
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zkhuh 6| lv dq lqvwuxphqwdo yduldeoh ixqfwlrq1
Wkh JPP hvwlpdwru ri d sdudphwhu yhfwru w lv wkh vroxwlrq wr +fi1 Kdqvhq
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41
E| frqvwuxfwlrq wkh remhfwlyh ixqfwlrq +6, lv h{dfwo| lghqwl�hg dqg lw lv

zhoo0nqrzq iurp wkh olwhudwxuh wkdw wkh fkrlfh ri zhljkwlqj pdwul{ deryh lv
vx!flhqw exw qrw qhfhvvdu| iru dv|pswrwlf h!flhqf|1 Lq idfw dv|pswrwlf wkh0
ru| grhv qrw glvfulplqdwh ehwzhhq d sdudphwhu ghshqghqw zhljkwlqj pdwul{
dqg d zhljkwlqj pdwul{ edvhg rq dq lqlwldo frqvlvwhqw hvwlpdwru ri wf/ ru iru
wkdw pdwwhu wkh lghqwlw| pdwul{1 Vlpsolflw| vxjjhvwv wkdw wkh lghqwlw| pd0
wul{ pljkw eh d jrrg fkrlfh lq dssolfdwlrqv1 Krzhyhu �qlwh0vdpsoh hylghqfh
lqglfdwhv wkdw doorzlqj wkh zhljkwlqj pdwul{ wr eh sdudphwhu ghshqghqw lv
suhihuuhg dqg vlqfh wkh zhljkwlqj pdwul{ lq +6, lv w|slfdoo| frqvwuxfwhg iru
lqihuhqfh olwwoh dgglwlrqdo h�ruw lv qhhghg iru wklv fkrlfh1

Wr sxw txdvl0pd{lpxp olnholkrrg lq wkh JPP iudphzrun fkrrvh `| '
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zlwk ,| wkh qrupdo txdvl0orjolnholkrrg iru revhuydwlrq w
dqg 6�|h| ' t|1 E| qrwlqj wkdw }| ' 32
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edvhg rq +5, dqg txdvl0pd{lpxp olnholkrrg iroorzv lq fdvh ri v|pphwulf 5|1

4E| gh�qlwlrq 	w lv srvlwlyh gh�qlwh zklfk lpsolhv +y7 � 4,� y5
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Qrwh krzhyhu wkdw lq jhqhudo h!flhqw JPP uhtxluhv dq lqlwldo jxhvv rq wkh
nxuwrvlv dqg vnhzqhvv ri wkh uhvfdohg yduldeoh1 D jxhvv rq nxuwrvlv fdq eh
edvhg rq wkh phdq ri 0e|

�e|EhwA �
/ vlploduo| wkh jxhvv rq vnhzqhvv fdq eh edvhg

rq wkh phdq ri 0�|
��|EhwA �

/ zkhuh hwA lv vrph lqlwldo hvwlpdwru1

515 Dv|pswrwlf surshuwlhv

Doo wkh dv|pswrwlf uhvxowv ehorz duh ghulyhg zlwk d sdudphwhu ghshqghqw
zhljkwlqj pdwul{1 Frpsduhg wr edvlqj wkh zhljkwlqj pdwul{ rq dq lqlwldo
frqvlvwhqw hvwlpdwru ri w ru vlpso| wkh lghqwlw| pdwul{ qr dgglwlrqdo uh0
vwulfwlrqv duh qhhghg1 Wkh odwwhu hvwlpdwruv duh ri frxuvh vshfldo fdvhv ri
wkh uhvxowv jlyhq ehorz1 Ixuwkhupruh doorzlqj iru d sdudphwhu ghshqghqw
zhljkwlqj pdwul{ lv xqlpsruwdqw iru wkh dv|pswrwlf glvwulexwlrq1

Wkh iroorzlqj dvvxpswlrqv duh vx!flhqw iru wkh uhvxowv

+d, 5| � ��_Efc �� dqg E5|c �
2
| � vwrfkdvwlfdoo| lqghshqghqw

+e, . E5e| � ' �e 	 4
+f, q n k� 	 �

+g, X � iw G f 	 @f, � @f � @f�c f 	 @�, � @� � @��c f 	 K, � K � K� 	 �j
+h, wf 5 �?|EX�

Lq frqwudvw wr Ohh dqg Kdqvhq +4<<7, dqg Oxpvgdlqh +4<<9, zh gr qrw
doorz iru LJDUFK1 Ehvlghv jlylqj d vlpsohu dv|pswrwlf wkhru| wklv phdqv
wkdw zh gr qrw kdyh wr frqvlghu ixuwkhu uhvwulfwlrqv rq wkh sdudphwhu vsdfh
dv lv qhfhvvdu| lq wkh fdvh ri LJDUFK1 Lq sduwlfxodu wkh suhvhqw iudph0
zrun fdq eh xvhg wr hvwdeolvk frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wkh
txdvl0pd{lpxp olnholkrrg hvwlpdwru ri wkh JDUFK+4/4, surfhvv zlwkrxw uh0
vwulfwlrqv rq wkh sdudphwhu vsdfh1

Gh�qh ewA dv wkh vhtxhqfh ri plqlpl}huv ri wkh remhfwlyh ixqfwlrq +6,
dqg vxssrvh vrph lqlwldo hvwlpdwruv e��c e�e duh dydlodeoh dqg wkdw wkhvh lqlwldo
hvwlpdwruv rqo| uhtxluhv dvvxpswlrqv +d,0+h,1 Zh wkhq kdyh
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Wkhruhp 4 Vxssrvh dvvxpswlrqv +d,0+h, krog dqg wkdw e�� R$ �W�c e�e R$ �We1
Wkhq ewA R$ wf rq X uhjdugohvv ri �W� ' �� ru �We ' �e dv orqj dv erwk �W�c �

W

e

duh �qlwh

Wkdw lv/ ewA lv frqvlvwhqw iru �qlwh duelwudu| jxhvv rq ��c �e1 Lq sudfwlfh zh
duh ri frxuvh lqwhuhvwhg lq rewdlqlqj dv|pswrwlfdoo| ydolg lqihuhqfh derxw ewA
dqg iru wklv sxusrvh zh qhhg frqvlvwhqw lqlwldo hvwlpdwruv ri �� dqg �e1 Exw
wklv uhvxow kdv d xvhixo frqvhtxhqfh lq whupv ri wkh dv|pswrwlf glvwulexwlrq riewA 1 Lq sduwlfxodu zh zloo eh deoh wr frqfoxgh wkdw wkh dv|pswrwlf glvwulexwlrq
ri ewA lv wkh vdph uhjdugohvv ri zhwkhu �� dqg �e duh nqrzq ru hvwlpdwhg1

Ohw \f ' .\| Ewf� dqg Bf ' .B| Ewf� zkhuh B| Ew� '
Y}|
Yw�

Wkhruhp 5 Vxssrvh dvvxpswlrqv +d,0+h, krogv dqg wkdw e�� R$ ��c e�e R$ �e ru
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Wkh deryh uhvxow doorzv xv wr frpsduh dv|pswrwlf yduldqfhv ri h!flhqw
JPPdqg txdvl0pd{lpxp olnholkrrg1 Wdnlqj h{shfwdwlrqv ri\|/
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Wkh uhodwlyh h!flhqf| udwlr lv vhhq wr ghshqg rqo| rq E�e3��3�2�
E�e3��

dqg lv
vwulfwo| ghfuhdvlqj lq ��1 Wkdw lv/ h!flhqw JPP lv vwulfwo| pruh h!flhqw wkdq
wkh txdvl0pd{lpxp olnholkrrg hvwlpdwru zkhq wkh frqglwlrqdo lqqrydwlrqv
kdyh d vnhzhg glvwulexwlrq1

516 Ilqlwh0vdpsoh surshuwlhv

D vpdoo Prqwh0Fduor h{shulphqw lv frqgxfwhg wr hydoxdwh wkh �qlwh0vdpsoh
surshuwlhv ri wkh hvwlpdwruv51 Zh jhqhudwh gdwd iurp wkh JDUFK+4/4,

5Erwk hvwlpdwruv xvh wkh Qhzwrq dojrulwkp1 Wkh h!flhqw JPP hvwlpdwru xvh Frq0
vwudlqhg Rswlpl}dwlrq +FR, prgxoh lq JDXVV dqg txdvl0pd{lpxp olnholkrrg xvh wkh

9



surfhvv +4, zlwk wzr vhwv ri sdudphwhu frpelqdwlrqv forvh wr zkdw rqh frp0
prqo| hqfrxqwhuv lq dsso|lqj JDUFK+4/4, wr uhdo gdwd/ wf� ' Ef��c f�2c f�.��

dqg wf2 ' Ef�fDc f�fDc f�b�� zkhuh wf ' Ekfc k�c q�
�1 Wkh vdpsoh vl}hv frq0

vlghuhg duh A ' �fff dqg Dfff1 Lqlwldo ydoxhv zhuh fkrvhq duelwudulo| dv
Ef��c f�2Dc f�S.�� dqg Ef�fDc f�f.c f�H.�� iru hdfk vhw ri sdudphwhuv1

Doo wkh h!flhqw JPP hvwlpdwlrqv duh shuiruphg zlwk wkh sdudphwhu gh0
shqghqw zhljkwlqj pdwul{1 H!flhqw JPP hvwlpdwruv zlwk wkh zhljkwlqj
pdwul{ surylghg e| wkh lqlwldo frqvlvwhqw hvwlpdwru/ hwA +zkhuh hwA lv wkh
txdvl0pd{lpxp olnholkrrg hvwlpdwh, dqg wkh lghqwlw| pdwul{ uhvshfwlyho|
shuiruphg ohvv zhoo1 Wkh shuirupdqfh zdv hvshfldoo| srru zlwk wkh lghq0
wlw| pdwul{ zkhuh zh h{shulhqfhg vhulrxv frqyhujhqfh sureohpv1

51614 V|pphwulf ghqvlwlhv

Iru pdq| �qdqfldo uhwxuq vhulhv d |0glvwulexwlrq zlwk d ihz ghjuhhv ri iuhhgrp
�wv wkh hpslulfdo ghqvlw| ri 5| txlwh zhoo1 Wkh txhvwlrq lv li zh fdq lpsuryh
rq txdvl0pd{lpxp olnholkrrg zlwk wkh h!flhqw JPP hvwlpdwru zkhq wkh
uhvfdohg yduldeoh/ 5| kdv d idw0wdlohg ghqvlw|1 Wkh uhvfdohg yduldeoh lv dvvxphg
wr iroorz d |0glvwulexwlrq zlwk D ghjuhhv ri iuhhgrp zklfk jlyhv wuxh nxuwrvlv
ri b1 Wkh |ED� glvwulexwhg udqgrp yduldeoh lv jhqhudwhg dv wkh udwlr ri d
vwdqgdug qrupdo dqg

s
�2
D*D yduldwh1 Wr rewdlq d Efc �� yduldeoh zh glylgh

e| wkh vwdqgdug ghyldwlrq1 Uhvxowv duh jlyhq lq Wdeoh 41
Iru wkh sdudphwhu frpelqdwlrqv frqvlghuhg h!flhqw JPP w|slfdoo| kdv

d yduldqfh wkdw lv vpdoohu wkdq ru htxdo wr wkdw ri txdvl0pd{lpxp olnholkrrg/
wkh jdlq lv vxevwdqwldo iru wkh fdvh ri wf2 dqg A ' �fff1 Ixuwkhupruh wkh
h!flhqw JPP hvwlpdwru kdv ohvv eldv wkdq wkh txdvl0pd{lpxp olnholkrrg
hvwlpdwru lq wklv fdvh1 Wkh eldv ri wkh txdvl0pd{lpxp olnholkrrg hvwlpdwru
lv vpdoo iru wf� exw lqfuhdvhv iru wkh sdudphwhu yhfwru wf21 Lw dsshduv wkdw
wklv whqghqf| lv qrw vr vwurqj iru wkh h!flhqw JPP hvwlpdwru1 Iru A ' Dfff
h!flhqw JPP dqg txdvl0pd{lpxp olnholkrrg duh htxlydohqw iru erwk wf� dqg
wf21

Frqvwudlqhg Pd{lpxp Olnholkrrg +FPO, prgxoh1 Lq erwk fdvhv dqdo|wlfdo ghulydwlyhv
duh xvhg dqg frqvwudlqwv duh lpsrvhg dv 43�43 � d3> d4 dqg 3 ? e ? 41 Doo wkh uhvxowv duh
edvhg rq 8333 uhsolfdwlrqv dqg 433 lqlwldo ydoxhv ri wkh frqglwlrqdo yduldqfh surfhvv zhuh
glvfdughg wr dyrlg lqlwldol}dwlrq h�hfwv1 Txdvl0pd{lpxp olnholkrrg hvwlpdwhv duh xvhg wr
lqlwldol}h d jxhvv rq y6 dqg y7 iru wkh h!flhqw JPP hvwlpdwru1
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Wdeoh 4 Ilqlwh vdpsoh frpsdulvrq ri h!flhqw JPP +JPP, dqg txdvl0
pd{lpxp olnholkrrg +TPOH,/ 5| � |ED�

JPP TPOH
A ' �fff eldv vwg+4, eldv vwg+5, udwlr +4,2+5,

wf�
@f f�f�f f�feD f�f�� f�feS f�b.H
@� f�ffD f�fSS f�ffD f�fSH f�b.f
K �f�f�H f�fH� �f�f�H f�fHD f�b.S

wf2
@f f�f�� f�fD� f�f2. f�fH� f�S2b
@� f f�f�f f�ffD f�f�2 f�b�H
K �f�f�� f�f.� �f�f�e f��fe f�.f2

A ' Dfff
wf�
@f f�ff2 f�f2f f�ff2 f�f2f �
@� f�ff� f�f�f f�ff� f�f�f �
K �f�ffD f�f�. �f�ffD f�f�. �

wf2
@f f�ff� f�f22 f�ffe f�f2� ��fe
@� f�ff� f�f�� f�ff� f�f�� �
K �f�ffD f�f�f �f�ffS f�f2b ��f�

;



Wdeoh 5 Ilqlwh vdpsoh frpsdulvrq ri h!flhqw JPP +JPP, dqg txdvl0
pd{lpxp olnholkrrg +TPOH,/ 5| � B@44@E2�

JPP TPOH
A ' �fff eldv vwg+4, eldv vwg+5, udwlr +4,2+5,

wf�
@f f�ffH f�fDf f�f�2 f�feD ����
@� f�ff2 f�feb f�ffe f�fS� f�Hf�
K �f�f�� f�f.e �f�f2 f�fHD f�H.f

wf2
@f f�f�� f�feS f�f2b f�fbf f�D��
@� f�ff2 f�f2� f�ffe f�f2b f�.2�
K �f�f�D f�fDb �f�f�D f���� f�D��

A ' Dfff
wf�
@f f�ff� f�f�� f�ff2 f�f�H f�.22
@� f f�f2f f f�f2S f�.Hb
K �f�ff� f�f2S �f�ffD f�f�D f�.e�

wf2
@f f�ff2 f�f�� f�ffe f�f�H f�.22
@� f f�ffH f�ff� f�f�� f�.2.
K �f�ffe f�f�b �f�ffD f�f2S f�.�f

51615 Dv|pphwulf ghqvlwlhv

Xqfrqglwlrqdo uhwxuq glvwulexwlrqv duh fkdudfwhul}hg e| wkh *vw|ol}hg idfwv*
ri h{fhvv nxuwrvlv/ kljk shdnhgqhvv dqg duh riwhq vnhzhg1 Exw wkh glvwul0
exwlrq ri wkh uhvfdohg yduldeoh dv zhoo lv fkdudfwhul}hg e| h{fhvv nxuwrvlv
dqg vnhzqhvv zkhq JDUFK prghov duh �wwhg wr gdwd vhh h1j1 Hqjoh dqg
Jrq}dohv0Ulyhud +4<<4,1 Wr frqvlghu dv|pphwulf ghqvlwlhv zh jhqhudwh 5|
dv B@44@0glvwulexwhg zlwk phdq dqg yduldqfh sdudphwhu htxdo wr 21 Wkh
B@44@E2� glvwulexwhg udqgrp yduldeoh lv rewdlqhg iurp uqgjdp lq JDXVV
dqg vwdqgdugl}hg e| vxewudfwlqj 2 iurp lw dqg glylglqj e| 2�*21 Lw kdv wuxh
nxuwrvlv dqg vnhzqhvv jlyhq e| S dqg 2*

s
2 uhvshfwlyho|1 Uhvxowv duh jlyhq

lq Wdeoh 51
Dv iru wkh fdvh ri v|pphwulf 5| zlwk A ' �fff wkh eldv ri wkh h!flhqw

<



JPP hvwlpdwru vhhpv wr eh vpdoohu dqg wkh jdlq lv odujhu iru wf21 Iru
A ' Dfff wkh h!flhqw JPP hvwlpdwru kdv vpdoohu yduldqfh wkdq txdvl0
pd{lpxp olnholkrrg iru erwk wf� dqg wf2 zklfk lv zkdw zh h{shfw vlqfh lw lv
dv|pswrwlfdoo| pruh h!flhqw1 Lq idfw wkh hvwlpdwhg vwdqgdug ghyldwlrq udwlrv
duh txlwh forvh wr wkh wkhruhwlfdo udwlr ri dssur{lpdwho| f�..D1

6 H{whqvlrq wr prghov zlwk d frqglwlrqdo phdq

614 Wkh JDUFK+4/4,0P uhjuhvvlrq prgho

Wkh JDUFK+4/4, frqglwlrqdo yduldqfh surfhvv frqvlghuhg lq vhfwlrq 5 pd| eh
vrphzkdw uhvwulfwlyh lq sudfwlfh1 Khuh zh frqvlghu vrph sudfwlfdo ghwdlov ri
hvwlpdwlqj pruh jhqhudo prghov zlwk wkh h!flhqw JPP hvwlpdwru lqwurgxfhg
lq vhfwlrq 5141 Wkh prgho ri lqwhuhvw lv wkh JDUFK+4/4,0P uhjuhvvlrq prgho
lqwurgxfhg e| Hqjoh hw do1 +4<;:,

+| ' j�

|�n BsE�2| � n 0| +7,

0| ' 5|�|

�2| ' @f n @�0
2
|3� n K�2|3�

zkhuh sE�2| � lv d ixqfwlrq ri wkh frqglwlrqdo yduldqfh dqg lq dgglwlrq wr
vhfwlrq 514 zh dvvxph wkdw 5| lv lqghshqghqw ri j|1 Vx!flhqw frqglwlrqv
iru frqvlvwhqf| dqg dv|pswrwlf qrupdolw| duh/ wr wkh dxwkruv nqrzohgjh/ qrw
nqrzq hyhq iru wkh txdvl0pd{lpxp olnholkrrg hvwlpdwru1 Lq zkdw iroorzv
zh vlpso| dvvxph wkdw vxfk frqglwlrqv duh vdwlv�hg1 Pruh vshfl�fdoo|/ zh
dvvxph wkdw wkh FDQ surshuw| krogv iru erwk txdvl0pd{lpxp olnholkrrg dqg
h!flhqw JPP1

E| xvlqj wkh +udz, yhfwru +5, zh fdq lq dqdorj| zlwk vhfwlrq 514 gh�qh
wkh h!flhqw JPP hvwlpdwru ri wkh prgho +7, dv d vroxwlrq wr

@h}4�?wMX A32

%
A[
|'�

}|

&�
\3�
A

%
A[
|'�

}|

&
+8,

zkhuh wkh sdudphwhu yhfwru w lv jlyhq e| w ' E��c�2�
� c�� ' E@fc @�c K�

� dqg
�2 ' EBc >���1 Wkh jhqhudol}hg prphqw/ }| lv jlyhq e|

}| '
�

{

57 �
Y�2|
Yw

�
�32|

k
��

0|
�|

�
�
02|
�2|

� �
�l

n
�
Y0|
Yw

�
�3�|

k
0|
�|
E�e � ��� ��

�
02|
�2|

� �
�l 68 +9,
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zlwk { ' dE�e � ��� �2�o dqg ghulydwlyhv lq +9, duh frpsxwhg uhfxuvlyho| dv

Y�2|
Yw

' U|3� n

�
K� 2B@�0|3�

YsE�2|3��

Y�2|3�

�
Y�2|3�
Yw

zkhuh U| ' E�c 02| c �
2
| c�2@�0|sE�

2
| �c�2@�0|j

�

|�/ dqg

Y0|
Yw

' �| � B
YsE�2| �

Y�2|

Y�2|
Yw

zlwk Z| ' Efc fc fc�sE�2| �c�j�

|�1
Wkh htxdolw| ri .\| Ewf� dqg .B| Ewf� lv vwudljkwiruzdug wr yhuli| iurp

+9, xvlqj wkh llg surshuw| ri 5| dqg khqfh wkh yduldqfh pdwul{ ri A �*2ewA fdq
eh frqvlvwhqwo| hvwlpdwhg e|

e\3�
A '

#
A3�

A[
|'�

e\|

$3�

ru eB3�
A '

#
A3�

A[
|'�

Ye}|
Yw

$3�

zkhuh e\| ' \|

�ewA� dqg Ye}|
Yw

'
Y}|EewA �

Yw
1 Lqihuhqfh edvhg rq e\A rqo| lqyroyhv

�uvw ghulydwlyhv ri wkh frqglwlrqdo phdq dqg wkh frqglwlrqdo yduldqfh ixqf0
wlrq1 Wklv lv xvhixo vlqfh hvwlpdwlrq ri JDUFK prghov iuhtxhqwo| uho| rq
qxphulfdo dssur{lpdwlrqv wr wkh dqdo|wlfdo ghulydwlyhv1

615 Dv|pswrwlf h!flhqf| frpsdulvrq

Iru wkh sxusrvh ri frpsdulqj wkh dv|pswrwlf yduldqfh pdwulfhv ri h!flhqw
JPP dqg txdvl0pd{lpxp olnholkrrg zh ohw

5 '
k
�3�f|

Y6f|

Yw
�
2
�32f|

Y�2
f|

Yw

l
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zkhuh �2f| ' �2| Ewf� dqg 6f| ' 6|Ewf� lv wkh uhjuhvvlrq ixqfwlrq dqg gh�qh
wkh pdwulfhv

k '

�
� f
f 2

�
w '

�
� ��
�� E�e � ��

�
� '

�

{

�
E�e � �� �2��
�2�� e

�
zlwk wck dqg � wkh *zhljkw pdwulfhv* iru wkh �|c�| dqg \| pdwulfhv uh0
vshfwlyho|1 Gh�qh qh{w

�� ' . E5#5��

iru duelwudu| srvlwlyh vhpl0gh�qlwh pdwul{ #1
Zh fdq wkhq zulwh wkh gl�huhqfh ehwzhhq wkh lqyhuvhv ri wkh dv|pswrwlf

yduldqfh pdwulfhv dv

V3�
C�� �V3�

'�u. ' �� ��g�
3�
u �g +:,

zklfk lv srvlwlyh vhpl0gh�qlwh iru d jhqhudo frqglwlrqdo ghqvlw| dqg wkh prgho
+7,61

Qrwh wkdw �� ' f/ �e ' � lpsolhvk ' w ' � dqg khqfhV'�u. ' VC��

li wkh frqglwlrqdo ghqvlw| lv qrupdo1 Lq wkh fdvh ri h{fhvv nxuwrvlv dqg2ru
vnhzqhvv ri wkh frqglwlrqdo ghqvlw|/ k 9' w 9' �1 Krzhyhu d irupdo surri
wkdw wklv lv vx!flhqw iru h!flhqf| jdlqv lv wrr gl!fxow dqg zh frqvlghu vrph
vlpsoh fdvhv zkhuh srvlwlyh uhvxowv fdq eh rewdlqhg1

Frqvlghu �uvw wkh JDUFK+4/4, uhjuhvvlrq prgho +B ' f lq +7,,1 Lpsrvlqj
v|pphwu| ri wkh frqglwlrqdo ghqvlw| lv qrw vx!flhqw iru V'�u. ' VC��

exw iru wkh frqglwlrqdo yduldqfh sdudphwhuv/ �� zh kdyh VE���'�u. '
VE���C�� 1 Vrph whglrxv exw vwudljkwiruzdug dojheud vkrzv wkdw

V3�E��C�� �V3�E��'�u. ' ��� n
e

E�e � ��
��2 � d��� n 2��2o +;,

� d��� n E�e � ����2o
3� d��� n 2��2o

'
E�e � ��2

E�e � ��2

�
�3�

�� n
�

E�e � ��
�3�

�2

�
3�

6Wkh pdwul{ gl�huhqfh rq wkh uljkw0kdqg vlgh ri +:, dsshduv dv sduw ri wkh gl�huhqfh
ehwzhhq wkh lqyhuvh dv|pswrwlf yduldqfh pdwulfhv ri wkh vhpl0sdudphwulf dqg pd{lpxp
olnholkrrg hvwlpdwruv lq Jrq}doh}0Ulyhud dqg Gurvw +4<<<,1 Wkh| suryh wkdw wklv gl�huhqfh
lv srvlwlyh vhpl0gh�qlwh iru wkh prgho +7,1
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zkhuh ��� ' .@��c|@
�

��c|/ ��2 ' .@�2c|@
�

�2c| zlwk @��c| ' �3�f|
Y6f|

Y>
dqg @�2c| '

�
2
�32f|

Y�2
f|

Y>
1 Qrwh wkdw +;, lv srvlwlyh gh�qlwh iru �e : � dqg lqfuhdvlqj lq �e

lpso|lqj wkhuh lv h!flhqf| jdlqv iru wkh frqglwlrqdo phdq sdudphwhuv lq fdvh
ri h{fhvv nxuwrvlv1

D fruuhvsrqglqj uhvxow iru � dqg �� xqghu dv|pphwu| ri wkh frqglwlrqdo
ghqvlw| lv pruh gl!fxow vlqfh wkh eorfn0gldjrqdo vwuxfwxuh ri V'�u. dqg
VC�� lv orvw1 Zh fdq krzhyhu doorz iru �� 9' f li zh vhw � ' f1 Wklv jlyhv wkh
dv|pswrwlf uhodwlyh h!flhqf| uhvxow iru wkh JDUFK+4/4, frqglwlrqdo yduldqfh
prgho/ wkdw lv/ E�e3��3�2�

�e3�
rewdlqhg lq vhfwlrq 5151 Lq wkh JDUFK+4/4,0P

prgho +7, wkh eorfn0gldjrqdo vwuxfwxuh ri V'�u. dqg VC�� lv orvw hyhq
xqghu v|pphwu| ri wkh frqglwlrqdo ghqvlw|1 Wkxv lq wklv fdvh wkh dojheud lv
wrr whglrxv wr ghulyh uhvxowv vxfk dv +;, uhjdugohvv ri �� ' f ru qrw1 Krzhyhu
zh frqmhfwxuh wkdw gxh wr wkh devhqfh ri eorfn0gldjrqdo vwuxfwxuh wkhuh lv
h!flhqf| jdlqv iru erwk frqglwlrqdo phdq dqg yduldqfh sdudphwhuv xqghu
h{fhvv nxuwrvlv1 Vlplodu frqvlghudwlrqv dsso| iru dq dv|pphwulf frqglwlrqdo
ghqvlw|1

616 vshfl�fdwlrq whvwv

Dv lq wkh idploldu pd{lpxp olnholkrrg vhwwlqj wkh fodvvlfdo OP +vfruh,/ Zdog
dqg OU0whvwv duh dydlodeoh dqg ghulyhg zlwk h{sdqvlrqv lqyroylqj wkh �uvw dqg
vhfrqg ghulydwlyhv ri wkh remhfwlyh ixqfwlrq +fi1 Qhzh| dqg Zhvw +4<;:,,1
Xqghu wkh qxoo k|srwkhvlv/ vd| Mf G @Ewf� ' f/ wkh OP +vfruh, vwdwlvwlf lv
jlyhq e|

1u� '
s
Ah}�A h\3�

A
hBA

k hB�

A
h\3�
A

hBA

l
3� hB�

A
h\3�
A

s
Ah}A +<,

zkhuh �h� ghqrwhv hydoxdwhg xqghu wkh qxoo k|srwkhvlv1 Xqghu rxu dvvxps0
wlrqv rq wkh uhvfdohg yduldeoh/ 5|/ zh rewdlq wkh dv|pswrwlfdoo| htxlydohqw
irup

1u� '
A[
|'�

h}�|
#

A[
|'�

h}|h}�|
$3� A[

|'�

h}| +43,

zklfk lv vlpso| A-2
� iurp wkh olqhdu uhjuhvvlrq ri � rq h}�|1 Dv dq h{dpsoh

ri wkh A-2 irup ri wkh OP whvw frqvlghu wkh h!flhqw JPP frxqwhusduw
ri wkh Hqjoh +4<;5, DUFK+6, fodvvlfdo OP whvw zlwk qr sdudphwhuv lq wkh
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frqglwlrqdo phdq/ zh kdyh

1u� '
�

{
`�

�`2 E`2`
�

2�
3�

`�

2`�

zkhuh `�

� ' E���c ���c ��A � c `
�

2 ' E�2�c ���c �2A � zlwk ��| ' ��
0|
h�|

�
�
02|
h�2|

� �
�

dqg �2| ' h�32| iY�2|
Yw
1 Vlqfh

T*�4A<" A3�
A[
|'�

%
��

0|h�| �
#
02|h�2| � �

$&2
' E�e � ��� �2�

zh fdq frqvwuxfw wkh dv|pswrwlfdoo| htxlydohqw A-2 irup

1u� ' A
`�

�`2 E`2`
�

2�
3�`�

2`�

`�

�`�
' A-2

�

zkhuh -2
� lv wkh xqdgmxvwhg vtxduhg pxowlsoh fruuhodwlrq frh!flhqw iurp d

uhjuhvvlrq ri `� rq `21 Xqghu wkh qxoo k|srwkhvlv ri qr DUFK+6, h�2| '
j20 dqg `2 '

�
�c 02|3�c 0

2
|32c ���c 0

2
|36

�
vr wkdw wkh OP whvw ri wkh qxoo ri qr

DUFK+6, lv frpsxwhg e| A-2
� iurp wkh uhjuhvvlrq ri

kh�� 0|j0 � �
02|
j20

� �
�l

rq `2/ zkhuh h�� lv wkh vnhzqhvv ri +|1 Wkdw lv/ lq frqwudvw wr wkh xvxdo
A-2 irup ri wkh DUFK+6, OP whvw +zklfk lv frpsxwhg e| A-2

� iurp wkh

uhjuhvvlrq ri
�
02|
j20

� �
�
rq`2, zh kdyh qrw lpsrvhg wkh dx{loldu| dvvxpswlrq

ri qrupdolw|1
Vlploduo| wkh Zdog dqg txdvl0OU vwdwlvwlfv duh dydlodeoh1 Wkh Zdog vwd0

wlvwlf kdv lwv xvxdo irup dqg wkh txdvl0OU whvw lv jlyhq e|

1'u- ' A
k
'A EhwA ��'A EewA �l +44,

Lq wkh h{dfwo| lghqwl�hg fdvh 'A EewA � ' f dqg khqfh

1'u- ' A
k
'A EhwA �l +45,

zklfk lv frpsxwhg kroglqj wkh sdudphwhuv lq wkh qxoo k|srwkhvlv �{hg dw
wkhlu uhvshfwlyh qxoo k|srwkhvlv gxulqj wkh lwhudwlrqv1 Qrwh wkdw 1'u- ' 1u�
lq wklv frqwh{w1
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Dv vkrzq e| Qhzh| dqg Zhvw +4<;:, wkh OP/ Zdog dqg txdvl0OU whvwv
duh dv|pswrwlfdoo| htxlydohqw xqghu wkh qxoo dqg orfdo dowhuqdwlyhv1 Xq0
ghu wkh dowhuqdwlyh k|srwkhvlv M� G @Ewf� ' A3�*2� wkhvh whvwv kdyh wkh
�2
^ ElC��� glvwulexwlrq/ zkhuh lC�� ' ��

�
� Ewf�V

3�
C��� Ewf�

�
3�

� lv wkh
qrq0fhqwudolw| sdudphwhu dqg � Ewf� lv wkh Mdfreldq pdwul{ ri wkh ^ � �
yhfwru ixqfwlrq @Ew� ri wkh R � � yhfwru w zlwk ^ � R1 Lw lv xvhixo wr frp0
sduh wklv qrq0fhqwudolw| sdudphwhu wr wkh qrq0fhqwudolw| sdudphwhu ri wkh
Eroohuvohy dqg Zrrogulgjh +4<<5, urexvw fodvvlfdo whvwv zklfk lv jlyhq e|
l'�u. ' ��

�
� Ewf�V

3�
'�u.� Ewf�

�
3�

�1 Iurp wkh uhvxowv ri wkh suhylrxv
vhfwlrq lw lv fohdu wkdw wkh JPP edvhg whvwv duh pruh srzhuixo lq whupv ri
orfdo dv|pswrwlf srzhu1 Lq sduwlfxodu/ zkhqhyhu h!flhqw JPP lv dv|pswrw0
lfdoo| pruh h!flhqw wkdq txdvl0pd{lpxp olnholkrrg1

7 Hpslulfdo Looxvwudwlrq
Lq wklv vhfwlrq zh dsso| wkh h!flhqw JPP hvwlpdwru wr prgho wkh uhwxuqv
wr wkh gdlo| VS833 lqgh{/ +4<5;04<<4, dv d JDUFK0P prgho1 Lqfoxvlrq ri
d phdvxuh ri yrodwlolw| lq wkh frqglwlrqdo phdq ri uhwxuqv lv dq dwwhpsw wr
lqwurgxfh d phdvxuh ri ulvn1 Lw lv dq lpsolfdwlrq ri wkh *phdq0yduldqfh k|0
srwkhvlv* ri wkh uhwxuqv dqg xqghu wklv k|srwkhvlv odujh uhwxuqv duh h{shfwhg
wr eh dvvrfldwhg zlwk kljk yrodwlolw|1

Wkh JDUFK0P prgho kdv ehhq dssolhg e| vhyhudo uhvhdufkhuv wr prgho
wkh uhodwlrq ehwzhhq ulvn dqg uhwxuq h1j1 Iuhqfk hw do1 +4<;:, dssolhg wkh
JDUFK0P prgho wr vxevhwv ri wkh h{fhvv uhwxuqv wr wkh VS833 lqgh{ dqg
frqfoxghg wkdw wkh gdwd zdv frqvlvwhqw zlwk d srvlwlyh uhodwlrq ehwzhhq frq0
glwlrqdo h{shfwhg h{fhvv uhwxuq dqg frqglwlrqdo yduldqfh1 Krzhyhu Jorvwhq/
Mdjdqqdwkdq dqg Uxqnoh +4<<6, rewdlqhg d vljql�fdqw qhjdwlyh uhodwlrq eh0
wzhhq wkh frqglwlrqdo phdq dqg wkh frqglwlrqdo yduldqfh ri h{fhvv uhwxuqv
rq vwrfnv zkhq wkh prgho zdv prgl�hg wr doorz srvlwlyh dqg qhjdwlyh dqwlf0
lsdwhg uhwxuqv wr kdyh gl�huhqw lpsdfw rq wkh frqglwlrqdo yduldqfh1

Wkh glvwulexwlrqdo surshuwlhv ri wkh uhwxuqv wr wkh gdlo| VS833 lqgh{ kdv
ehhq dqdo|}hg lq Ploov +4<<</ fk 8, dqg Judqjhu dqg Glqj +4<<8, lqyhvwljdwhg
wkh surshuwlhv ri devroxwh uhwxuqv1 Wdeoh 6 jlyhv wkh hvwlpdwhv ri wkh �uvw irxu
xqfrqglwlrqdo prphqwv ri wkh glvwulexwlrq ri uhwxuqv wr wkh VS833 lqgh{1

Wkh prghoolqj vwudwhj| lv wr �uvw vshfli| wkh frqglwlrqdo phdq dqg rqfh
vdwlvidfwru|/ whvwv iru wkh frqglwlrqdo yduldqfh vshfl�fdwlrq duh shuiruphg1
Rqo| dxwrfruuhodwlrq lq wkh frqglwlrqdo phdq lv whvwhg iru dqg dq| srvvleoh
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Wdeoh 6 Xqfrqglwlrqdo prphqwv ri uhwxuqv wr wkh VS833 lqgh{

Phdq f�f�H2�
Yduldqfh ���2�..
Vnhzqhvv �f�eH.2D
Nxuwrvlv 2D�e�Se

qrq0olqhdulw| ri wkh frqglwlrqdo phdq lv glvuhjdughg1 Lq whpv ri wkh frqgl0
wlrqdo yduldqfh vshfl�fdwlrq zh uhvwulfw rxuvhoyhv wr wkh JDUFK+4/4, fdvh1

Ilwwlqj dq DU+8, prgho wr wkh uhwxuqv dqg frpsxwlqj wkh OP +43, +txdvl0
OU +45,, whvw ri wkh qxoo k|srwkhvlv ri qr DUFK+e, jlyhv d whvw0vwdwlvwlf ri
DD�S. zlwk d fruuhvsrqglqj R0ydoxh ri .�2��f3�e dqg khqfh zh uhmhfw wkh qxoo
dw dq| uhdvrqdeoh vljql�fdqfh ohyho1 Wklv ohdgv xv wr hvwlpdwh wkh iroorzlqj
JDUFK+4/4,0P prgho iru wkh uhwxuqv

+| ' >f n >�+|3� n >2+|32 n >�+|3� n >e+|3e n >D+|3D n B�| n 0|

�2| ' @f n @�0
2
|3� n K�2|3�

zkhuh wkh fkrlfh ri wkh frqglwlrqdo vwdqgdug ghyldwlrq vshfl�fdwlrq ri wkh
JDUFK+4/4,0P whup lv ri frxuvh duelwudu|1

Wdeoh 7 jlyhv wkh hvwlpdwlrq uhvxowv wrjhwkhu zlwk Er{0Slhufh vwdwlvwlfv ri
wkh ohyhov dqg vtxduhv/ 'E�� dqg '2E�� uhvshfwlyho| +Er{ dqg Slhufh +4<:3,,
dqg Wdeoh 8 jlyhv wkh �uvw irxu prphqwv ri wkh uhvfdohg uhvlgxdov1 Txdvl0
pd{lpxp olnholkrrg hvwlpdwhv duh jlyhq iru frpsdulvrq71

Lqsvhfwlrq ri Wdeoh 7 vkrzv wkdw wkhuh lv hylghqfh iru vwurqj shuvlvwhqfh
lq wkh frqglwlrqdo yduldqfh1 Wkh vxp @� n K lv rqo| voljkwo| ehorz xqlw| iru
erwk h!flhqw JPP dqg txdvl0pd{lpxp olnholkrrg1 Wkh hvwlpdwhv ri wkh
ulvn0suhpld whup/ B duh srvlwlyh iru erwk h!flhqw JPP dqg txdvl0pd{lpxp
olnholkrrg1 Qrwh krzhyhu wkdw wkh h!flhqw JPP hvwlpdwh lv ohvv wkdq kdoi wkh
hvwlpdwh ri txdvl0pd{lpxp olnholkrrg dqg lq frqwudvw lw lv qrw vljql�fdqw dw
xvxdo ohyhov1 Er{0Slhufh vwdwlvwlfv ri wkh ohyhov dqg vtxduhv vxjjhvwv wkdw wkhuh
pljkw eh vrph g|qdplfv ohiw lq wkh gdwd1 Li zh iroorz wkh uhfrpphqgdwlrq ri

7Erwk hvwlpdwruv xvh wkh Qhzwrq dojrulwkp zlwk dqdo|wlf �uvw ghulydwlyhv ri wkh frq0
glwlrqdo phdq dqg yduldqfh ixqfwlrqv1 Wkh h!flhqw JPP hvwlpdwru xvh Frqvwudlqhg Rs0
wlpl}dwlrq +FR, prgxoh lq JDXVV dqg txdvl0pd{lpxp olnholkrrg xvh wkh Frqvwudlqhg
Pd{lpxp Olnholkrrg +FPO, prgxoh1 Lq erwk fdvhv frqvwudlqwv duh lpsrvhg zklfk uh0
vwulfwv d3> d4 iurp }hur dqg 3 ? e ? 41 Txdvl0pd{lpxp olnholkrrg hvwlpdwhv duh xvhg wr
lqlwldol}h d jxhvv rq y6 dqg y7 iru wkh h!flhqw JPP hvwlpdwru1
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Wdeoh 7 JDUFK+4/4,0P hvwlpdwhv ri gdlo| uhwxuqv wr wkh VS833/ vwdqgdug
huuruv lq sduhqwkhvhv edvhg rq zhljkwlqj pdwul{ iru JPP dqg Eroohuvohy0
Zrrogulgjh urexvw vwdqgdug huuruv iru TPOH

JPP TPOH
>f f�ff��be �f�ff�.2

Ef�f�DHS� Ef�f�..H�
>� f��efSeS f��efD�2

Ef�ffHf.� Ef�f�f�D�
>2 �f�fD�ff �f�feDef

Ef�ffHD�� Ef�ffbH2�
>� f�f�SD. f�f�.�D

Ef�ffHeS� Ef�f�fD��
>e f�f�2ff f�ffHDe

Ef�ffHef� Ef�f�f�2�
>D f�f�e�f f�f�HDf

Ef�ffHfH� Ef�f�f�e�
B f�f2..� f�fD.ff

Ef�f2�bS� Ef�f2efe�
@f f�ff.De f�ff.H�

Ef�ff�bf� Ef�ff�f��
@� f�fHb�2 f�fbfH2

Ef�ffDeS� Ef�ffHHb�
K f�bf.H2 f�bfSD2

Ef�ffS2.� Ef�ff.�f�

'E�2� �H�D� �S�b�
'E2e� �D��D ���H.
'2E�2� 2��b� 2f�SD
'2E2e� �2��f �f�HH
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Wdeoh 8 Frqglwlrqdo prphqwv ri uhvfdohg uhvlgxdov

JPP TPOH
Phdq �f�f��2b �f�f�eSS

Yduldqfh ��ffD�� f�bbHDf
Vnhzqhvv �f�D�b�. �f�D�S2�
Nxuwrvlv .�efHb2 .�e�.D�

Er{ dqg Slhufh dqg frpsduh zlwk wkh �2
. dqg �2

�b glvwulexwlrq iru wkh 'E�2�
dqg'E2e� vwdwlvwlfv/ uhvshfwlyho|/ wkh| duh vljql�fdqw dw 8( ohyho1 Wkh'2E�2�
dqg '2E2e� vwdwlvwlfv lqglfdwh wkdw wkhuh pljkw eh vrph g|qdplfv ohiw lq wkh
frqglwlrqdo yduldqfh dv zhoo1

Wr hqwhuwdlq wkh srvvlelolw| wkdw zh qhhg wr gl�huhqwldwh ehwzhhq edg dqg
jrrg qhzv zh frqvlghu d JMU0JDUFK+4/4, vshfl�fdwlrq iru wkh frqglwlrqdo
yduldqfh +Jorvwhq hw do1 +4<<6,,1 Wkh JMU0JDUFK+4/4, vshfl�fdwlrq lv

�2| ' @f n
�
@� n @27

3

|3�

�
02|3� n K�2|3� +46,

zkhuh 73|3� lv dq lqglfdwru ixqfwlrq zklfk wdnhv wkh ydoxh � zkhq 0| 	 f dqg
ydoxh f zkhq 0| : f1

Dq OP whvw ri wkh qxoo ri qr dv|pphwu| djdlqvw wkh dowhuqdwlyh ri wkh
JMU0JDUFK+4/4, vshfl�fdwlrq jlyhv d whvw0vwdwlvwlf ri ���DD zlwk d fruuh0
vsrqglqj R0ydoxh ri ��be��f3H vxjjhvwlqj wkdw wkhuh lv d qhhg wr gl�huhqwldwh
ehzhhq jrrg dqg edg qhzv1

Uhvxowv iurp uh0hvwlpdwlrq zlwk wkh JMU0JDUFK+4/4, vshfl�fdwlrq +46,
iru wkh frqglwlrqdo yduldqfh |lhog rqo| pdujlqdoo| gl�huhqw uhvxowv iurp Wdeoh
7 dqg duh qrw uhsurgxfhg khuh1 Lq vxppdu| wkh Er{0Slhufh vwdwlvwlfv kdyh
ehhq uhgxfhg frqvlghudeo| dqg wkh JMU sdudphwhu lv srvlwlyh dqg vwurqjo|
vljql�fdqw exw B lv qrz forvh wr }hur dqg lqvljql�fdqw dw xvxdo ohyhov iru
erwk h!flhqw JPP dqg txdvl0pd{lpxp olnholkrrg1 Wkhvh uhvxowv r�hu qr
hylghqfh iru d JDUFK+4/4,0P irupxodwlrq ri wkh uhwxuqv wr wkh VS833 lqgh{
exw vxjjhvwv wkdw lw lv lpsruwdqw wr doorz iru dv|pphwulf JDUFK1

8 Ilqdo uhpdunv
Wklv sdshu kdv lqwurgxfhg d ihdvleoh dowhuqdwlyh wr wkh frpprq txdvl0pd{lpxp
olnholkrrg hvwlpdwru dqg wkh vhpl0sdudphwulf hvwlpdwru ri JDUFK prghov1
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Lw kdv ehhq vkrzq wkdw wkh h!flhqw JPP hvwlpdwru lv vlpsoh wr frpsxwh dqg
dv|pswrwlfdoo| h!flhqw uhodwlyh wr txdvl0pd{lpxp olnholkrrg1 Khqfh lq sudf0
wlfh wkhuh lv olwwoh uhdvrq qrw wr suhihu lw ryhu wkh frpprq txdvl0pd{lpxp
olnholkrrg hvwlpdwru1 Frpsduhg wr wkh vhpl0sdudphwulf hvwlpdwru h!flhqw
JPP kdv wkh dgydqwdjh ri ehlqj vlpsoh wr frpsxwh dqg vshfl�fdwlrq whvw0
lqj lv dovr vwudljkwiruzdug1 Rqh h{shfwv wkdw wkh h!flhqw JPP hvwlpdwru
zloo �qg lwv xvh lq dssolfdwlrqv1
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D Surriv
Zh �uvw jlyh d vhulhv ri ohppdv wkdw zloo eh xvhixo lq wkh surriv ri wkh
wkhruhpv1 Iru d udqgrp yduldeoh f| ohw fA ghqrwh A3�

SA
|'�f|/ mmf|mmR wkh

uR�qrup ri f| dqg e| mmf|mm wkh ruglqdu| Hxfolghdq qrup1
Gh�qh wkh xqrevhuyhg yduldqfh surfhvv/ zklfk lv rewdlqhg e| h{whqglqj

wkh revhuyhg surfhvv lqwr wkh lq�qlwh sdvw klvwru|

�2�| '
@f

�� K
n @�

"[
&'f

K&02|3�3&
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Zh wkhq kdyh/ ghqrwlqj � ' @f
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zkhuh wkh �uvw lqhtxdolw| iroorzv iurp deryh/ wkh vhfrqg vlqfh f 	 K 	 � dqg
^ � � dqg wkh wklug e| Mhqvhqv lqhtxdolw|1 Wdnlqj wkh olplw/ dv ^ $ 4/ ri wkh
odvw whup udlvhg wr wkh srzhu ri �

^
vkrzv wkdw lw lv qrw xqlirupo| erxqghg1

Exw iru ^ 	 4 zh kdyh#
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K
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&'f

�
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S� EK3& � K� n �

��*^
$^

	 4

xqlirupo| lq w 5 X dqg khqfh doo �qlwh0rughu prphqwv h{lvw
Wkh iroorzlqj ohppd erxqgv wkh h{shfwdwlrq ri wkh udwlr

����2�| Ewf�

�2�| Ew�

��� xql0
irupo| lq w

Ohppd D15 .
��� �2f|�2�|
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E| d vlplodu dujxphqw wr wkdw lq ohppd D14�����
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zkhuh S2 : f dqg wkh odvw whup lv frqyhujhqw xqlirupo| lq w 5 X iru doo ^ 	 4

Wkh ohppd ehorz frqfhuqv wkh frqyhujhqfh ri wkh xqrevhuyhg remhfwlyh
ixqfwlrq/ '�

A edvhg rq �2�| wr wkh olplwlqj remhfwlyh ixqfwlrq/ '
Ohppd D16 t�TwMX m'�

A �'m R�$ f

Surri1 Dsso|lqj wkh wuldqjoh dqg Fdxfk|0Vfkzdu} lqhtxdolwlhv wr m'�
A �'m

dv lq Qhzh| dqg PfIdgghq +4<<7, wkhruhp 514 zh qhhg wr vkrz xqlirup frq0
yhujhqfh ri mm}�A � }mm dqg mm\�

A �\mm wr }hur1 Wkh phwkrg fkrvhq khuh lv wr
�uvw hvwdeolvk d odz ri odujh qxpehuv iru doo w 5 X1 Xqlirup frqyhujhqfh +dqg
frqwlqxlw| ri wkh olplwlqj ixqfwlrq, zloo iroorz li zh fdq hvwdeolvk vwrfkdvwlf
htxlfrqwlqxlw|/ vhh Dqguhzv +4<<5/ wkhruhp 6 +d,,1 Xqghu dvvxpswlrq +f,
Qhovrq +4<<3, vkrz wkdw �2f| lv vwulfwo| vwdwlrqdu| +dqg fryduldqfh0vwdwlrqdu|,
dqg hujrglf/ khqfh }�A dqg \�

A duh vwulfwo| vwdwlrqdu| dqg hujrglf vlqfh wkh|
duh phdvxudeoh ixqfwlrqv ri �f|1
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Qrwh wkdw +ljqrulqj vrph frqvwdqwv,
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��}��|}���|�� 	 41 Wklv hvwdeolvkhv d srlqwzlvh odz ri odujh qxpehuv1
Wr vkrz frqyhujhqfh lv xqlirup dqg frqwlqxlw| ri wkh olplwlqj ixqfwlrq zh
hvwdeolvk wkdw +d, t�TwMX.
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dqg khqfh zh qhhg wr �qg frqyhqlhqw h{suhvvlrqv iru wkh vhfrqg ghulydwlyh��� Y2�2�|Yw�Yw�
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